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Fig. 1. Gradient of volume flux (attenuation) for a geometric parameter (vertical translation) in 3D space, computed by auto-differentiating our Monte Carlo
neutron transport simulation, which is built using our new differentiable estimators. The scene consists of two materials separated by a boundary defined by
the dragon shape. We show the relative mean square error over collision and tracklength estimators against the finite differences.

Neutron transport simulation plays a central role in nuclear engineering,
yet its inverse problems—such as shielding design and sensitivity analy-
sis—remain extremely challenging. The governing transport equation shares
a common mathematical foundation with the volume rendering equation
used for participating media in computer graphics. Recent advances in dif-
ferentiable rendering have demonstrated that inverse problems—such as
recovering scene properties from observations—can be efficiently solved
through gradient-based optimization, where the gradients are estimated
through Monte Carlo methods.

Inspired by these developments, we extend differentiable rendering tech-
niques to neutron transport problems, enabling inverse design and sensitivity
analysis in nuclear systems. To adapt these methods to the neutron trans-
port problem, we generalize the automatic differentiation of Monte Carlo
light transport simulation to multi-energy neutron transport; propose a new
simplified way to handle moving geometric discontinuities; and propose
new estimators for derivatives of volume integrals. We demonstrate the
effectiveness of the proposed framework on several model inverse problems,
including gradient-based optimization of multi-group neutron moderation,
sensitivity analysis of material properties, and diagnostic sensor shape opti-
mization. These results show that differentiable Monte Carlo neutron trans-
port can support optimization and analysis tasks, opening new opportunities
for inverse design in nuclear shielding and related applications.
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1 Introduction

Nuclear reactors, including both fission- and fusion-based systems,
generate large fluxes of high-energy neutrons that propagate through
surrounding materials. Capturing and moderating these neutrons
is essential not only for efficient energy production and system
diagnostics, but also for maintaining structural integrity and opera-
tional safety. To this end, it is crucial to understand how the spatial,
angular, and energy distributions of measured neutrons depend on
design parameters such as source characteristics, material proper-
ties, and the configuration of diagnostic devices. Selecting these
underlying scene parameters to achieve desired neutron measure-
ments constitutes what we refer to as the inverse neutron transport
problem.

Although neutron transport [Davison 1958] arises in a very dif-
ferent physical context than computer graphics, it shares a common
mathematical foundation with light transport in participating media.
Both describe the propagation of particles through space governed
by probabilities of different reactions (like emission, absorption,
and scattering) along their paths. While forward simulation is well
studied, the corresponding inverse problems—such as determining
optimal material configurations or quantifying the impact of un-
certain material properties—remain significantly challenging. In
particular, understanding how variations in material composition
and geometry affect energy distribution is critical for reactor design,
safety assessment, and performance optimization. These challenges
motivate the development of inverse methods capable of computing
sensitivities with respect to both geometry and material parameters,
which is the focus of this work.

Conventional approaches to the inverse problems include adjoint
neutron transport [Hoogenboom 1977; Saracco et al. 2016], which
computes an importance function that quantifies how neutrons at
each phase-space point contribute to a specified response, as well as
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finite-difference Monte Carlo methods, which require a large num-
ber of forward simulations to probe the response landscape. More
recently, data-driven [Li et al. 2024; Sahadath et al. 2025; Zhu et al.
2026], gradient-based approaches have also emerged. However, ad-
joint methods become increasingly difficult to apply in scenes with
complex geometries and multiple responses, while data-driven sur-
rogate models often struggle to provide accurate gradients in high-
dimensional parameter spaces and lack physical guarantees outside
their training regimes. To date, there exists no auto-differentiable
Monte Carlo neutron transport simulator that provides efficient and
unbiased gradient estimates with respect to both complex geometry
and material parameters.

This paper addresses that gap by building a theoretical framework
and providing a gradient-based method for inverse neutron trans-
port. Unlike previous work focused on simple parameters like the
thickness of a shield [Wang et al. 2024b], our approach encompasses
the full range of possible shapes, opening up more design dimen-
sions for this problem. Our key idea is to generalize the concept of
differentiable rendering [Li et al. 2018; Loubet et al. 2019; Zhang
et al. 2019] to differentiable neutron transport.

We show that extending the mathematical framework of differen-
tiable light transport to neutron transport simultaneously simplifies
and complicates the problem. On the one hand, differentiation with
respect to geometric parameters becomes simpler: neutrons pre-
dominantly transmit across material boundaries, and complications
arising from reflection and refraction—central in light transport—do
not arise. On the other hand, neutron transport is substantially more
challenging because it predicts a spatial neutron flux field, whose
dimensionality is higher than the two-dimensional image space typ-
ical in inverse light transport. The material parameters that it takes
as input are also energy dependent. These higher-dimensional input
and output spaces necessitate the development of more efficient
estimators, which must also remain fully differentiable. In differen-
tiable rendering, geometry is typically represented as the shape of
visible objects and interfaces, such as meshes, and primarily affects
visibility. In neutron transport, by contrast, geometry is more often
represented as a partition of space into material regions, using con-
structive solid geometry(CSG). Making CSG directly differentiable,
however, is nontrivial. Thus neutron transport is not merely an
application, but a foundational extension of differentiable transport
theory—one that opens a new domain in which the mathematical
and algorithmic tools of computer graphics can naturally evolve.

To the best of our knowledge, this is the first Monte Carlo neutron
transport framework that is fully differentiable with respect to both
geometry and energy-dependent material parameters via automatic
differentiation. Achieving that, our contributions include:

¢ A novel method for computing radiation gradients that avoids
sampling of geometric boundaries.

e An algorithm for computing gradients via traditionally non-
differentiable track-length estimators, ensuring smoother gra-
dient estimation for volume flux.

o A formulation of the differentiable neutron transport simula-
tion supporting energy-dependent scattering.

e An alternative engineering solution that preserves the conve-
nience of CSG-based material geometry while maintaining
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differentiability with respect to mesh parameters, without
involving a complex CSG solver.

We show three applications of gradients in solving inverse neutron
transport problems, including shielding design, sensor design, and
sensitivity analysis.

2 Related Work

Neutron Transport. Monte Carlo methods are widely used in neu-
tron transport [Davison 1958], particularly in complex scenarios
such as neutron slow-down, where fast neutrons are moderated to
thermal energies through a sequence of collision events. Several
Monte Carlo simulators are available for neutron transport, includ-
ing OpenMC [Romano et al. 2015], MCNP [Kulesza et al. 2024], and
Tripoli-4 [Petit et al. 2008]. While these tools are highly effective
for forward simulation, they offer limited support for inverse prob-
lems and differentiable analysis. Our work focuses on providing
a theoretical framework that enables automatic differentiation of
Monte Carlo estimators with respect to both geometry and material
parameters.

Classical estimators—including the collision estimator, the track-
length estimator, and their variants [Spanier and Gelbard 2008]—have
also been adopted in computer graphics in the form of photon beams
[Habel et al. 2013; Ktivanek et al. 2014], photon planes [Bitterli and
Jarosz 2017], and photon surfaces [Deng et al. 2019], enabling ef-
ficient volumetric and time-of-flight rendering [Liu et al. 2022].
Unlike light transport, where an additional integration dimension
is required to make photon primitives unbiased estimators, the
track-length estimator in neutron transport is naturally unbiased
for estimating volume flux. Our goal here, however, is to make these
estimators differentiable with respect to geometry and material
parameters.

Inverse Neutron Transport. A wide range of inverse problems arise
in neutron transport. These include sensor design [Sjoden 2002;
Wang et al. 2024b; Yi et al. 2012], where adjoint methods and Monte
Carlo simulations are used to optimize sensor geometry for maximal
response; shielding optimization [Chen and Yan 2023; Rockwell 1956;
Yun et al. 2019], which typically assumes simplified geometries and
relies on Monte Carlo analysis to evaluate candidate designs; and
sensitivity analysis of nuclear data [de la Lluvia et al. 2026; Leray
et al. 2017; Rochman et al. 2014]. Classical sensitivity approaches
typically derive estimators for each class of parameters with theory
in [de Lataillade et al. 2002], and [Roger et al. 2005], whereas our
formulation expresses the transport estimator in a differentiable
form and obtains gradients through automatic differentiation. As
a result, derivatives with respect to multiple parameters can be
accumulated simultaneously within a single Monte Carlo simulation
using the same set of sampled paths.

Physically-based Differentiable Rendering. Starting from [Li et al.
2018], which estimates geometry gradients of pixel values by explic-
itly sampling discontinuities in the integrand of the path integral,
the main focus of physically based differentiable rendering has been
to handle discontinuities arising from geometry and visibility terms.
In general, existing approaches fall into two categories. The first cat-
egory [Zhang et al. 2021a, 2020, 2019] reformulates the path-space



integral into a material-space integral and separates the gradient
into interior and boundary contributions by generalizing the Leibniz
integral rule. The second category [Bangaru et al. 2020; Loubet et al.
2019; Vicini et al. 2021; Zeltner et al. 2021] reparameterizes the inte-
gral such that the integrand has well-defined geometry derivatives
that smoothly interpolate boundary motion. To efficiently sample
discontinuity boundaries, [Wang et al. 2024a; Zhang et al. 2023]
collect samples near discontinuities during the forward rendering
pass and project or reweight them during gradient computation. Our
surface flux gradient computation falls into the reparameterization
category; however, unlike previous methods, our problem setup
allows us to move all gradient terms entirely into the integrand,
eliminating all explicit handling of boundaries or edges.

Differentiable Volumetric Rendering. [Gkioulekas et al. 2013] de-
rives analytic gradients with respect to participating-media param-
eters represented on volume grids. Subsequently, [Yu et al. 2023;
Zhang et al. 2021b] enable geometry gradients in scenes containing
participating media by formulating the problem in path space and
discretizing volumes using tetrahedralization. [Nimier-David et al.
2022] introduces differential ratio tracking to compute unbiased
gradients of volumetric properties defined on voxel grids. In the
context of subsurface scattering, [Deng et al. 2022] estimates gra-
dients with respect to both geometry and volumetric parameters
by modeling the volume beneath refractive surfaces using a dif-
fusion approximation. In contrast, our method jointly computes
gradients with respect to both geometry and material parameters
in scenes containing piecewise-homogeneous participating media
separated by surfaces. The scattering and absorption properties are
energy-dependent, and energy shifts during scattering are fully sup-
ported. Our approach does not require tetrahedralizing the volume
or sampling the boundary, and it accommodates arbitrary geometry
representations, requiring only ray intersection queries.

Applications. Differentiable light transport through volumes has
been applied to a range of inverse problems, including reconstruct-
ing complex materials such as leaves [Deng et al. 2024], designing
projection patterns for volumetric 3D printing [Nicolet et al. 2024],
plasma visualization [Oztiirk et al. 2025], and atmospheric sensing
[He et al. 2026]. Our work shares this general gradient-based inverse
optimization framework, but differs in the governing scattering law,
the role of energy dependence, and the physical quantity predicted
by the forward solver.

3  Overview

In nuclear reactor design, neutron transport is treated separately
from the underlying physics of neutron generation and microscopic
material interactions. We assume that the neutron source is known
and specified as a prescribed function, and that neutron-material
interactions are characterized statistically through known scattering
distributions. Under these assumptions, the neutron transport prob-
lem reduces to predicting the statistical spatial, angular, and energy
distributions of neutrons after emission and multiple scattering,
given the source, the geometry and the properties of surround-
ing materials. Mathematically, this problem is closely analogous to
light transport: given a source, scene geometry, and optical material
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surface current detector

Fig. 2. Problem setup with an emission source, a shielding material, and two
measurement types: (a) surface current on the detector and (b) volumetric
flux.

properties, the distribution of photons is obtained by physically
simulating the transport of light.

Although neutron transport is mathematically analogous to light
transport, there are important differences between the two problems.
First, neutrons exist at multiple energy levels, and their scattering
behavior is strongly energy dependent. Second, the detectors in
neutron transport are typically not limited to an image plane, as is
common in light transport simulations. Depending on the analysis
objective, neutron transport may be solved to compute (a) the energy
leakage at the surface of a shielding structure (surface integral), (b)
the spatial distribution of neutrons (volume integral), or (c) the en-
ergy distribution of neutrons. Each of these quantities corresponds
to a different type of measurement process, analogous to different
types of “cameras” in light transport. Third, surface effects, such as
reflection and refraction, are not important in neutron transport.

The inverse problem, in this context, consists of inferring scene
parameters—such as source characteristics, material properties, or
geometric configurations—to achieve desired values of these mea-
surements. When gradients of these measured quantities with re-
spect to the underlying parameters are available, gradient-based
optimization methods, including stochastic gradient descent, can
be employed to efficiently solve such inverse problems.

This work focuses on deriving differentiable estimators for neu-
tron transport with emphasis on gradients of two commonly used
measurements: the surface current (J), defined as the net flow of
neutrons across a surface, and the volumetric flux (®), defined as a
volume integral of neutron density (see definitions in Table 1).

Fig. 2 illustrates a simple problem setup: a neutron source is placed
in space, and a shielding material (in the purple shape) blocks the
fast neutrons emitted from the source. Let N(x, w) be the neutron
radiance representing the angular neutron density, marginalized
over energy. Two measurements we are considering here are:

Current. (J) Current, analogous to irradiance in rendering, is
the net count of neutrons crossing an oriented surface (shown in
Fig. 2(a), marked green), which is the integral of neutron radiance
over the area A of the surface and over all directions of propagation
Q:

J:/A/QN(X, w)(n(x) - w)dxdw. (1)
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Fig. 3. Path Sample formulated in sequence of directions and distances

This measurement is important because it gives us information
about neutron leakage at the surface of a shield or at the interface
of a detector that counts all neutrons absorbed within a volume.
Understanding how each parameter in the scene affects this quantity
is crucial.

Flux. ($) Flux is average neutron density within a volume (shown
in Fig. 2(b), marked green), integrated over all propagation direc-
tions:

o= % /W /Q N(x w)dxdo. @)

Flux is important because relevant reactions, such as absorption
(converting a neutron’s energy to heat) and Tritium breeding (fis-
sioning Lithium to produce Tritium) happen at collisions, and flux
is proportional to the collision density through the macroscopic
total cross section, which gives the collision rate o,®. Measuring
the flux and its gradient for the scene parameters helps us under-
stand how the outcomes of these reactions are affected by the scene
parameters.

Both types of measurements can be expressed as integrals of the
neutron density against a score function W (x, w) (of the detector)
over all directions and the detector domain Vj:

I:[Vd/QN(x, W)W (%, w)dxdow, 3)

The distribution N arises from neutrons that start at the source,
travel through space, and undergo scattering in the material. To
model this process we consider paths like the one shown in Fig. 3.
The neutrons travel in straight lines with constant velocity before
collision events occur. The points x; for 0 < i < k represent the
locations of collision events. When a collision happens, the neu-
tron either is absorbed or is scattered to travel at another veloc-
ity. With this model of neutron propagation, the neutron density
N (%, ) can be computed by summing over all paths weighted by
the emission E(xo) at the start and the throughput of the path. The
weighting function f (X ... Xy, 6) assigns a weight to each neutron
path, accounting for attenuation between collisions, energy- and
direction-dependent scattering probabilities, and geometric factors
arising from the probability measure over paths. The measurement
I due to paths of length k is an integral over this neutron path
space:

Ix :/;E(xo)f(xo...xk, O)YW (xx)dxk . . . dxo. (4)
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Symbol Description

N(x, w) Neutron Radiance, angular neutron density,
marginalized over energy.

J Current, the net neutron flow across a surface
(unit: #neutron cm=2s71).

0] Flux, the total distance neutrons propagate
per unit volume per unit time (unit: #neutron
cm~%s71).

I General Measurement.

X Point position in Cartesian coordinate system.

t Distance in Cartesian coordinate system.

2] Solid Angle.

Q Solid angle space.

r Conventional path space.

= Direction—distance path space.

d Path in direction—distance space, where d =
X0, W0, L5 - -+ s Wf—2, t—2, Xk

f (d) Path contribution function in direc-

tion-distance space.
fo(wi, wir1)  Scattering term between direction w; and w;41.

fi (1) Attenuation along distance t.

E(x) Emission function.

W(x) Sensor score function.

dV(x) Infinitesimal volume element.

r Distance along the ray to the nearest surface.
0 Scene parameters, including the geometry pa-

rameter (vertices position, transformation) and
the material properties (like total cross section
oy, scattering cross section o)

Table 1. List of symbols and definitions.

In practice, E can depend on the direction towards x; and W can
depend on the direction from x;_1, but for simplicity of notation we
assume these functions are isotropic in the following derivations.
Some particular challenges when differentiating this quantity
are (a) that f(xo . ..Xg, 8) contains discontinuities whose positions
depend on 6, and (b) that we need to compute estimates for large
collections of score functions W (x) that arise from voxel grids.
As shown in Fig. 3, a neutron travels from x; to x;;; along direc-
tion w; by distance t;. In our case, the weighting function is only
piecewise continuous, and it has jumps not just at the boundary of
the shielding geometry but also where different materials meet in
the interior. We use the boundary to refer both to the boundary of
the geometry and to the interfaces between materials (marked as
purple lines). The integration domain is defined by path vertices
being inside the boundaries of the materials. But it is equivalent
to consider the vacuum outside the materials as another material,
turning the outer boundary into another interior discontinuity, so
these two types of boundaries can be handled in the same way.
Previous work like Yu et al. [2023] and Zhang et al. [2021b] com-
putes geometric gradients by decomposing into an interior integral
and a boundary integral. This approach requires additional bound-
ary sampling and also does not directly cover the case where there



are material interface boundaries in the interior, like the multi-layer
material configurations considered in this work. In contrast, we
present a simpler method for estimating shape gradients that avoids
explicit boundary integrals. By applying a suitable reparameteri-
zation, the geometry dependence can be handled entirely within
the interior integral. To introduce this reparameterization, we first
express the neutron transport path integral in a direction—distance
formulation.

Any collision point x; (i < k) on the path can be expressed as the
result of a sequence of offsets from the emission point x, as follows:

i1
xi(0) =x0+ ) £(0)w;(6). 6)
j=0
Therefore, we write a neutron path as (xq, to, 0o, - - -, tk—2, Wk—2, Xk)

with t; = ||xi11 — x| and w; = #; ! (x;41 — X;). We will show that this
formulation is easier to work with in the problem of differentiating
neutron transport.

With this parameterization, we can write a path dy of length k as
a sequence of directions @i = @y - - - Wi—2, a sequence of distances
tx =t - t_, and two points residing on the source x, and sensor
Xy, respectively:

di = {x0, @, 7, Xx}. ()

Note that Hl = xoX; represents the neutron path with no collisions.
This forms the modified path space E; with k — 1 collision events
as the Cartesian product of directional space Z“(w € =), distance
space Z! (f € E'), the space of the source Ay (xo € Ay), and the
space of the sensor Sy (X € Sy ): B¢ = Ag X Sqg X B X EL.

The corresponding weighting function for path dy in this direction-
distance formulation is :

k-1 k-1
F@o) = ECoW i) [ [ folen | | fict, ()
i=1 i=0

where f;(t;) = e~ b O and £ (. 0) = o fo (i, 04, -1, 0) is
the phase function which can depend on 6. Note that f; (¢;) = e™"1%
in a homogeneous volume. We use f;(tx, 8) and £, (@, 0) to ab-
breviate Hi‘;l fo(wi, 0) and Hf:_ol fi(t;,0). Then we write the path
space integral using the distance and direction formulation. Given
a source with volume A; and a sensor with volume Sy, the total
measurement I of the neutron is:

/ / E(x0)W (%) / fi (21, 6) for (g, 0) dtydwy dxodxy.
Aq JSq B0 JEL

17(0)
®)

In this space, we will show that the discontinuities can be stabilized
with a simple reparameterization of only the t variables. Further-
more, we will show in Sec. 5 that we can integrate out the variable
tr—1 when the score function W has a convenient form, leading to a
track-length estimator.

4 Reparameterization of the Distance Subspace

In this section, we reparameterize the distance subspace, consisting
of the t variables, to handle discontinuities.
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Fig. 4. Two path samples with path length of k = 2 in an arbitrary shape.

Sample 1, with 7y = tgt?, is the path that connects xo, x(l),xg. Sample 2, with

Ty = 1)1}, is the path that connects xo, x}, x3.

4.1 Reparameterization for Single Scattering

We first consider reparameterizing the distance subspace with a sin-
gle collision event (k = 2). Given a surface enclosing a material with
total cross-section o; and single scattering albedo @, we compute
the flux at the detector surface due to neutrons that scatter once in
the material. This quantity is equal to the path space integral Eq. (8)
for a path length of k = 2, whose gradient with respect to 6 can be
written as

= [ oo e, o

Our task now is to estimate 3%131. Writing I} (6) in Fig. 4 as:

ro(wo,0)
/ / Flto, 1,00 fo (00, 01, O)dtodwoo,  (10)
QJo

the key idea is to apply the change of variable ty = t;ro(wo, ) to
remove the parameter dependency from the integral bounds. Then
the gradient is:

1
%I;”(G)=/Q/O a—ag[ft(t(')ro,tl,Q)fw(wo,wl,9)r0(9)]dt6dw0,
(11)

which is straightforward to estimate by Monte Carlo integration
and automatic differentiation because its integrand is continuous
and its bounds are constant.

This reparameterization is powerful because it allows us to com-
pute an unbiased gradient estimate by simply applying automatic
differentiation to the forward Monte Carlo simulation.

4.2 Generalizing the reparameterization to multiple
scattering

Now we are ready to consider the case where there is more than
one scattering event and generalize the expression to Ij.

Consider how the reparameterization works for I3, when there
are two scattering events in the material a%Ig"(@):

d ro(6) r1(0,ty) B
Q// // i (to, t1, t2, 0) fo, (w0, w1, ) dty dtgdas.

QJo aJo
(12)

Using the reparameterization introduced in the last section, where

to = tyro(wo, ), t1 = tir1 (@2, tyro, 0), (13)
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we can move the gradient operator of a%lg"(@) into the integrand
and get,

1 1
0 ’ ’ 7 1ur 1—
L[] sl oo o010 adgd.,
E;J 0 0

(14)
where the Jacobian matrix J3(0) between ty, t; and £, t] is:
dr| ro(0, wo) 0 d; (15)
dty |~ 3%/)71(@1, 0,t5r0)  r1(w1, 0, t5ro) dt].

Notice that J3(6) is a triangular matrix and thus its determinant
equals the product of the diagonal elements:

| T3(0)] = ro(6, wo)ri (w1, 6, tyro). (16)

We know from the sampling process that the location of a point i
on the path is independent of the later points j, (j > i) on the path.
Therefore, the Jacobian matrix is always a lower triangular matrix.
In other words, for a path of length k (k > 1), we can reparameterize
to...tk-2 @S tyro ...t _,Tk—, Where tj...t] is a variable in the unit
hypercube, and the determinant of the Jacobian between the two
parameterizations is then:
k-2
1Te(O)] = [ ] (6, 0), (17)
i=0

thus to compute the gradient of I (6) for a geometry parameter 0,
we have

a - =
L L %[m(e)m(to’ro,...,tk_l,e)fw(ak, 0) [T, 0.
* YEk 18)

After the reparameterization, the t; are defined on the normalized
space [0, 1]. We use E;f to denote the normalized distance space of
path length k.

4.3 Reparameterization for a Piecewise Continuous
Integrand

As shown in Fig. 3, a ray may travel through multiple materials,
each with different cross-sections. This leads to a piecewise integral,
separated by the position of the material interface, which depends
on the shape parameter 6.

For single scattering, the piecewise integral is

M rj(0,0)
1;":./02/0 fe(to, t1, 05, 0) fir (w0, w1, 0, 0)dtydewy, (19)
j=1

where M is the number of materials a neutron passes through when
traveling from x, along direction wy, and r;(wo, ) is the distance,
for which the neutron is in material j with material properties o;.
For each material, we do the piecewise reparameterization such that
ty = rj(wo, 0) tg , and putting this back into the integral gives the
following expression:

M 1 . .
I;n:'/g;z'/o' ft(térj,tl,UJ,G)fw(wo,wl,Gj,Q)FJ(Q)dtédwo (20)
=
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Again, because the bounds are fixed and the integrand is continuous,
the gradient can be computed by integrating the gradient of the
integrand:

M 1
Elg':/gz;/o %ﬁ(térj(e)’tl;O-j)fw(wo,CUl,O'j,e)rj(e)dtbldwo.
=
(21)

A proof of the proposed piecewise reparameterization in 1D is pro-
vided in the supplementary material.

5 Gradient for the Volume Flux

In addition to estimating surface current, we also aim to estimate
volume flux, which is the integral of the neutron radiance over
a volume. Starting from the general version of the measurement
in Eq. (8), for a flux sensor in volume Vy, the sensor response is
W(xy) = m, and thus

”(;d” /A . /V y /: . /: . E(x0) f; (D) foo (@) dErdop dxpdxo. (22)

If we replace the x; with X;_; + wg_1t;—1, the flux can be written
as:

1 —
= vl /AdE("“)/Ew Ras) (23)

/ fo (@) fi (te—1)dtx—y dwy_1dErdogdxq,
Q(x-1.Va) r(xk-1,Va)

Ia

(29)
where r(xx_1, Vy) is the interval that the neutron could travel inside
the volume V;, and Q(xx_1, Vy) is the solid angle subtended by
the volume from the point xx_;. The main idea of pre-integration,
underlined in Eq. (24), is to compute a closed-form expression to re-
place the inner-most integral, which integrates over the last distance
with the precomputed solution I,.

5.1 Track-length Estimator for Flux

For one volume sensor, this computation seems affordable. But what
is really needed is a tensor grid of volume flux sensors, like the grids
in Fig. 6. Computing the analytic solution of I, for a large number
of voxel sensors requires evaluating every voxel within an infinite
distance along the travel direction of the neutron sample, and for
each voxel, an attenuation at the entry point is needed. This, in
combination, makes the estimates of volume flux expensive.

Instead, we want an estimator that allows one path sample to
contribute to many sensors at once. This is related to the track-
length estimator, which contributes the length that each path travels
in a voxel to that voxel’s integral. We briefly review the idea of
the track-length estimator here, starting from a one-dimensional
example.

Imagine there is a one-dimensional space, where the neutrons are
propagating along the +x direction. The space is discretized into
bins of width w; and the flux of each bin is

I = / " £.(d)dd (25)
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Fig. 5. Gradient validation of tally (surface current on the sensor) value with respect to the upward y offset (b) and the height (a) of the shield. We visualize for
the "y-offset" case, the value and the gradient of path space of length k=1, k=2, k=3, k=4 separately, showing that our method is capable of computing the
gradient of multiple scattering events. In contrast, the naive autodiff could only compute the gradient with uncollided quantities.

where d is the distance between a point in the bin and the origin.
Inside the integral in Eq. (25), the closed form expression for the
attenuation at a distance d from the source is

fi(d) =g 9ot =/ ore "% ds.
d

The interpretation of Eq. (26) is that the flux at a distance t = d
from the source equals the total number of neutrons that collide at
a distance beyond t = d.

By definition, the expected value of a function of a random vari-
able X is

(26)

[9(X)] = /R g(x)p(x)dx (27)

where p(x) is the probability density of x. Therefore, f;(d) can be
formulated as the expected value of an indicator function over a
random variable defined on t € [0, +o0] where

fi(d) =/ 1(t > d)p(t)dt;  with p(t) = ore” ", (28)
0
The Monte Carlo estimator for f;(d) is

i 1(t > d)p(t))

o p@) )

1

@] =

where the probability cancels out and what remains is a constant
contribution for each sample j. Putting this back into Eq. (25), re-
ordering the integration, and analytically integrating over d gives:
N

1 Y1t > d)p(t)
/ p(t)

where L,,(x, t;) is the distance that the jth neutron sample traveled
in the interval [r, r + w]. This is called the track-length estimator

N
1 .
= — J
dd N jil Ly(x,t/), (30)

for the volume flux. This approach makes the estimate of the flux
smoother by pre-integrating one distance dimension. As shown in
Fig. 6, given the same number of neutrons, the track length estimator
can achieve significantly smoother volume flux estimates.

5.2 Track-length Estimator for Flux Gradients

The key question here is whether we can estimate the gradient of
the volume flux using the same set of neutron samples as the track-
length estimator of the flux and get similar, smoother estimates
of gradients. However, we observe that the main difficulty arises
from the piecewise nature of the function ¢(t, d), where for each
neutron sample, the length ¢;(0) depends on the parameters. Di-
rect automatic differentiation of the standard track-length estimator
does not yield a valid track-length estimator for the gradient. This
is expected: both geometry and material parameters influence the
estimator through the lengths of neutron trajectories, and differ-
entiating these lengths produces contributions only from volumes
that contain the beam endpoints (where the collision happens), ef-
fectively resulting in a collision-type gradient estimator rather than
a track-length one.

In this section, we derive an estimator for flux that is equal to
the track-length estimator but when differentiated, yields a lower-
variance estimator for the gradient of the flux. Suppose there is
a material interface located r(0) from emission, where r(6) < r,
and the total cross section parameters of the two materials are of
when 0 < t < r(0) and 0';’ where t > r(0). Then the attenuation
up to a distance d > r(6) from the emitter is therefore f;(d, r(6)) =
—Ufr(e)—af

e (d=r(9) 'and its gradient with respect to 6 is:

S H(dr(0) = ~(of — D r(O) Zr(0), ()
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Fig. 6. Collision Estimator and Track-length estimator: The first row illustrates several physical quantities — the collision estimator, track-length estimator,
and their gradients in a 2D scene. In the second row, we demonstrate the accuracy of our track-length estimator by comparing the visualization of the 2D
neutron fluxes computed with different estimation methods. The fluxes are visualized in the left three plots, while their respective flux gradients are visualized
in the right three plots. Out of the 6 plots, the 1st and the 4th plots visualize the analytical solutions of the flux and its gradient in this setup. The same two
quantities, derived with our track-length estimator in the 3rd and 6th plots, demonstrate significantly lower variance compared to those derived from the
baseline collision estimator in the 2nd and 5th plots. Both methods estimate the flux using the same number of samples. We compute the relative mean

square error of the collision and tracklength estimators geometry gradients against the analytic results.

where the attenuation itself can be replaced by the track-length
estimator, yielding

N
12} .
(@ r(0) ~ ~(of - at)—r(ﬁ) Z 1t >d). (32
_/ =1
Integrating the flux gradient in Eq. (32) over the interval [r,r + w]

gives us:

2]

()= o0 [ (a,—at>21<tf>d>dd 53

_ 1 0 ul j b a
- ﬁa_erw);Lw(x(e),t )(o7 - 0f). (34)

Now, we want to enforce -2 Salla] = [Z 371a] by multiplying by a
parameterized constant ¢(r (), o°) such that

Sc(r(0),P) = oP -1 0) 55
C(r(6),07 )
0 ,O'tD =—"2"t" -
“r(@-en) C(r(6),a7) 1 o

where 0P = 0¥ —o¢ represents the difference of scattering properties

between the materials on two sides of the interface, and the symbol

~ stands for the part of the computation whose computational graph
is detached from the propagation of gradlents thus considered as
a scalar, that is to say C(d) = C(d) and C(d) = 0. These two
conditions give the following equation:

570 Cr0).0P) = aPC(r(0). o) 37)

SIGGRAPH 26, July 19-23, 2026, Los Angeles, CA, USA.

Solving the ODE in Eq. (37) gives us
C(r(6).01) = e~ (38)

If we generalize this to M material interfaces along the path segment,
the constant modifying the track-length estimator is

Cy = e~ S U?i’i(e), (39)

where o}" is the difference between the two materials on the ith
boundary along the direction of the path segment and r;(6) is the
distance from the interface to the starting point of the current path
segment. Summarizing the aforementioned modification to the track-

length estimator, we have

Cum(t))
w ) jp———}
= (Cm())

When the value of this estimator is computed, it is equivalent to
(30), and when its derivative is computed through automatic differ-
entiation, the result is a valid estimator for a%la.

(40)

5.3 Track-length Estimator in Multiple Scattering

When extending the track-length estimator to multi-bounce paths,
the most direct approach is to apply it to the final segment of the
neutron trajectory. Specifically, we replace 1, in Eq. (24) with the
modified track-length estimator from Eq. (40), and then reparame-
terize the distance subspace. This yields

1
=1 | E to70s -ty k-1, 0) for (@, 0
”(Vd” Ag (XO)/E(a /E;ctﬁ( 0o k—lrk 1 )f ((I) )

J0)

[T (Xk—1, Wk—1, W, 9)]dwk—1df;<d5;<dxo,
Q(xp-1.Va)
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Fig. 7. We validate our neutron transport implementation against a conventional neutron transport simulator (OpenMC) by comparing both surface flux
estimates and their gradients with respect to geometric and material parameters (specifically, the total cross section) at multiple energy groups. Gradients
from OpenMC are approximated using finite differences and are shown with error bars, while our gradients are obtained via automatic differentiation of the
Monte Carlo simulation. The leftmost column illustrates the material composition and scene geometry. The sphere scene has an isotropic point emission
source in the center of the sphere, and the torus scene has an isotropic ring emission source in the center of two tori.

Here, the starting point of the final segment, x_;, depends on all
previous sampled distances and directions. Consequently, after repa-
rameterization, the beam length term L., (xx—1(6), t;) also depends
on the geometry parameter 6. The angular domain Q(x;_1, V)
likewise depends on 0 through the location of xj_;. However, the
overlap length between a beam and a voxel is continuous with re-
spect to the beam orientation, except at degenerate configurations
where the beam becomes parallel to voxel edges. Under the assumed
scattering distribution, such parallel configurations form a measure-
zero set. Therefore, the differentiation operator can be safely moved
inside the integral.

6 Implementation

We implemented our differentiable neutron transport simulator in
Python using the differentiable numerical backend Dr. Jit [Jakob et al.
2022a], alongside ray—geometry intersection routines adapted from
the open-source renderer Mitsuba 3 [Jakob et al. 2022b]. Although
Mitsuba 3 is originally designed for light transport and provides
automatic differentiation support, it lacks several components essen-
tial for neutron transport. These components are energy-dependent
scattering functions, energy-dependent material properties, efficient
support for a large number of volumetric flux measurements, and a
geometry representation capable of handling non-manifold struc-
tures in which material interfaces may exist within the interior of
the geometry.

Geometry Representation. We represent the scene geometry using
constructive solid geometry (CSG), in which regions of different
materials are defined through Boolean combinations of primitive
shapes. The leaves of the CSG tree may consist of either analytic
primitives or triangle meshes. Rather than explicitly constructing

the geometry from Boolean operations—which would require recom-
putation or remeshing and introduce non-differentiable topology
changes—we evaluate the Boolean relationships implicitly during
ray tracing by operating directly on the leaf geometries. This im-
plicit evaluation is particularly advantageous for gradient-based
optimization, as it allows us to optimize only a subset of the leaf
geometries while supporting multiple parameterizations of a shape
without altering the underlying scene topology.

Energy Dependence of Material Properties. Neutron transport de-
pends on energy in two fundamental ways. First, material properties—
such as the total cross section and albedo—depend on the neutron’s
speed, or equivalently, its energy. Second, the scattering process
may transfer a neutron from one energy level to another according
to the energy-dependent scattering kernel. We model this behavior
using a discrete set of energy groups. Each neutron sample belongs
to a single energy group at any given time, and material proper-
ties are queried conditionally based on that group. At a scattering
event, the neutron may either remain in its current energy group
or transition to a different group, per sampling of the scattering
function.

Simulator. Our simulator works by tracing neutrons from the
source and making contributions to sensors, computing the path
weights using the differentiable approach from Section 4. We sup-
port two types of sensors: surface current sensors, which accumulate
the total energy per energy group incident on a surface, and volume
flux sensors, which estimate the neutron flux on a user-specified
volumetric grid of resolution N X N X N. For surface current sen-
sors, we use next-event estimation, connecting each sensor to every
vertex along each neutron path. For volume flux sensors, neutron
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Fig. 8. Equal sample comparison on gradient estimation between the track-length estimator and the collision estimator on 3D scenes with two materials
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offset to the geometry. We compute the relative mean square error of collision and tracklength estimator against the finite differences.

paths are stored as beam segments and then contributed to the cor-
responding grid cells using the differentiable track-length estimator
from Section 5. With differentiable estimators in use throughout, the
derivatives are propagated in reverse mode, so that they propagate
from measurements to any desired parameters.

Optimization. We employ stochastic gradient descent with the
Adam optimizer for all optimization tasks. For optimization over
triangle meshes, we also use the large-step preconditioner proposed
by Nicolet et al. [2021] to improve smoothness and robustness.

7 Experiments and Results

In this section, we first present experiments validating our gradient
computations for both surface current measurements and volumet-
ric flux measurements. We then demonstrate the effectiveness of
these gradients in solving three representative problems of neutron-
ics: (1) shielding optimization, (2) sensor design, and (3) sensitivity
analysis.

7.1 Gradient Validation

We validate our simulation framework against a conventional Monte
Carlo neutron transport simulator, OpenMC [Romano et al. 2015].
Specifically, the gradient estimates from our method are compared
with finite differences of measurements computed by OpenMC.
In Fig. 7, we consider two benchmark scenes composed of two
randomly generated materials and three energy groups. We evaluate
the gradients of the surface-escaping neutron energy with respect
to both geometric parameters (the radius of the inner sphere and
the offset of the inner torus) and material parameters (the total cross
section in the highest energy group).

In Fig. 6, we validate the gradient of the volume neutron flux
with respect to the position of a material interface using a two-
dimensional scene for which an analytical solution is available. This
comparison demonstrates the effectiveness of our gradient estimator
relative to the collision estimator when using the same number of
samples.
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Finally, in Fig. 8, we extend this validation to three-dimensional
scenes under different source configurations, evaluating the gradi-
ents of the volume neutron flux with respect to geometric parame-
ters such as the offset of the geometry.

7.2 Shielding Optimization

In Fig. 9, we demonstrate an example of shielding shape optimiza-
tion in which an isotropic neutron source emits fast neutrons, and
the optimization objective is to minimize the neutron current col-
lected at the surface of a rectangular sensor, subject to a volume
constraint. In this setting, the optimal solution is expected to con-
centrate material within the pyramid-shaped region defined by the
source and the rectangular sensor, while removing material outside
this region. This is because the material placed elsewhere would
primarily increase the number of neutrons scattered toward the
SEnsor.

Consistent with this physical intuition is the optimal shield shape
solved using our method. Under a strict material budget, the op-
timized shape progressively pushes material closer to the source,
thereby maximizing the distance neutrons travel within the shield-
ing material. This increased path length enhances attenuation and
ultimately minimizes the radiation reaching the sensor.

7.3 Sensor Design

For diagnostic purposes, the neutron flux in a tokamak hall is mea-
sured using neutron detectors. One of the most prevalently used
detectors, built with Boron-10, is primarily sensitive to neutrons
at relatively low energies, whereas the neutron field in the hall
is dominated by fast neutrons. Consequently, fast neutrons must
be moderated before reaching the detector in order to produce a
measurable signal. To this end, additional energy-shaping compo-
nents are typically introduced to slow down neutrons and enhance
detector response.
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Fig. 9. The scene consists of a point source on the left and an area sensor (green plane) on the right, with a shielding material initially placed between them
(blue geometry). The optimization seeks a shield shape that minimizes the neutron surface current incident on the sensor under a volume constraint. In (a)—(c),

the material is expected to be redistributed from less effective regions into the region that directly blocks the sensor from the source, and our optimization
matches this expectation. In (d)—(f), the optimization not only predicts a similar blocking geometry but also shifts material toward the source, which increases

neutron path lengths within the shield and thereby enhances attenuation of neutrons reaching the sensor. The geometry is represented as a triangle mesh,

with the vertex positions treated as optimization variables.

Wang et al. [2024b] investigated the effect of the thickness of a
cylindrical high-density polyethylene sleeve on the Boron-10 de-
tector response. Specifically, they examined how well the sleeve
moderates fast neutrons. In Fig. 11, we reproduce their experimental
setup within a synthetic scene and extend it by exploring more gen-
eral design spaces, enabling optimization over additional geometric
degrees of freedom beyond sleeve thickness alone.

Following the basic scene setup of Wang et al. [2024b], we ini-
tialize the optimization with a cylindrical sensor and a cylindrical
neutron moderator enveloping it. Then, we optimize the moderator
thickness to maximize the sensor response. For validation, we per-
form a parameter sweep over the moderator thickness and simulate
neutron transport to evaluate the energy collected by the sensor in
the target energy group. The optimal thickness and corresponding
response obtained from this sweep agree with the results produced
by gradient-based optimization.

We then relax the optimization parameterization to model the
moderator’s surface as a mesh, rather than restricting it to a cylindri-
cal shape. During this process, we constrain the moderator volume
to remain equal to that of the optimal cylindrical moderator. Under
this more flexible parameterization, the optimization discovers a
new moderator shape and its placement relative to the cylindrical
sensor. This new design found by our method achieves a higher
response than the optimal cylindrical configuration.

7.4 Sensitivity Analysis

Real-world material properties are typically obtained from experi-
mental measurements and are therefore subject to uncertainty. In
neutronics, it is often the case that the full probability distributions
of these uncertainties are unavailable; instead, only bounded inter-
vals for quantities such as the mean and variance are known. Under
such epistemic uncertainty, practitioners are interested in estimat-
ing upper and lower bounds on physical quantities of interest, as
well as identifying which parameters the results are most sensitive
to, in order to prioritize design optimization efforts.

Traditionally, this type of sensitivity and uncertainty analysis in
neutronics is performed using brute-force approaches that rely on
a large number of Monte Carlo simulations. Each simulation sam-
ples material properties within the prescribed uncertainty intervals
and computes the corresponding response. Aggregating the results
yields empirical bounds or cumulative distribution functions (CDFs),

from which uncertainty ranges—such as the gap between upper and
lower envelopes—can be estimated.

In Fig. 10, we demonstrate an example of propagating uncertainty
using local gradient information. Specifically, we approximate the re-
sponse uncertainty by treating the perturbed quantities as normally
distributed and use this approximation to construct an estimated
probability box (p-box). We analyze uncertainty arising from the
total cross section (a) and from geometric parameters (d) for a single
energy group. In addition, we study uncertainty in the total cross
section across multiple (three) energy groups, both without covari-
ance (b) and with covariance (c). In all cases, we compare our results
against a Monte Carlo baseline, a standard approach widely used
in contemporary neutronics sensitivity analysis [de la Lluvia et al.
2026].

8 Conclusion and Discussion

We have presented a theoretical framework for solving inverse prob-
lems in neutron transport using techniques from differentiable ren-
dering. Our approach first applies a reparameterization technique
for the Monte-Carlo algorithm to estimate surface current gradients
with respect to shield geometry. We then introduce a modification
to the track-length estimator that enables direct estimation of the
geometry gradients of volume flux. This method is generalized to
handle arbitrary shapes and multiple material layers, providing de-
signers with greater flexibility. Such flexibility enables optimization
strategies that go beyond uniform shield thicknesses, allowing the
exploration of novel and previously unseen design solutions.
This work also raises several directions for further research:

Geometry Representation. In the current formulation, for shape
optimization of in non-symmetrical devices like stellarators, we
prevent self-intersection by enforcing positive displacements for
inner surfaces. However, in complex, non-symmetric geometries,
singularities may arise where displacements from the innermost
surface converge to the same point. Addressing these cases will
require more robust geometry representations to ensure stable and
accurate optimization in the presence of such singularities.

Sensitivity Analysis. We demonstrate an example of probability
box (p-box) estimation for uncertainty quantification using gradient-
based methods. While this approach is computationally efficient, it
may produce overly conservative bounds with long tails when the
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Fig. 10. We show that differentiable neutron transport enables efficient, gradient-based p-box construction for uncertainty estimation under epistemic
parameter uncertainty. From left to right, the examples increase in simulation complexity, progressing from a single cross-section parameter, to a three-
parameter multi-group transport setting without covariance, to the same multi-group setting with parameter covariance. In the multi-group examples, we
fix parameter channel 0 and introduce uncertainty in channels 1 and 2, and compare the Monte Carlo p-box against the first-order gradient delta-method
approximation. In the rightmost column, we further illustrate the approximation errors that arise when the gradient-based approach is applied to nonlinear

and non-monotone parameters, such as geometric variables.

parameter-to-response mapping is strongly nonlinear. This behavior
is evident in Fig. 10(d), where the geometric uncertainty shown in
the second row of Fig. 7 overlaps regions in which the first-order
gradient approaches zero. In such cases, linear gradient-based ap-
proximations fail to capture local curvature in the response surface.
Addressing these limitations—by incorporating higher-order deriva-
tives via local Taylor expansions or by adopting hybrid gradient
sampling strategies—is not the primary focus of this work. Never-
theless, the availability of accurate local gradients enables a range
of sensitivity analysis tasks, including identifying influential param-
eters, characterizing locally linear response regimes, and designing
measurement configurations that are maximally informative under
uncertainty. Exploring these directions constitutes an interesting
avenue for future work.

Track-length Estimates with Multiple Bounces. Our current im-
plementation applies the track-length estimator only to the final
segment of each neutron path. When combined with the reparam-
eterization in Sec. 4, this can lead to collision-like gradients for
paths with k > 1 scattering events, see Fig. 12 for reference, and
may introduce singularities when beam directions become nearly
parallel to voxel boundaries. Replacing the box filter with continu-
ous basis functions could smooth the voxel response and mitigate
these degeneracies. More broadly, it would be interesting to inves-
tigate track-length estimators applied to transport segments other
than the final one, which may distribute gradient information more
effectively along multi-collision paths.

Beyond Neutrons. As noted in the introduction, fusion reactions
produce multiple particle types, including neutrons, gamma rays,
alpha particles, and beta particles. Gamma rays exhibit different
interaction behavior at material interfaces, potentially posing new
challenges for gradient estimation. Likewise, the leakage patterns of
alpha and beta particles from the plasma core are closely tied to the
plasma’s state. Designing shielding to mitigate damage from these
charged particles will require incorporating plasma simulations into
the optimization process—a non-trivial but promising extension of
this work. In addition, neutral beam injection systems—commonly
used to heat and trigger fusion plasmas—are themselves modeled
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using Monte Carlo particle transport. Extending differentiable trans-
port techniques to neutral beam simulations could enable gradient-
based optimization of source design and beam shaping, providing
further opportunities for integrated design optimization across fu-
sion systems.
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Fig. 11. Sensor Optimization. The sensor (yellow cylinder) is placed inside the reactor to capture high-energy neutrons. As shown in the side view (the second
row), the neutron source is located to the right of the sensor. Because the sensor is most sensitive to neutrons in the lower energy group, a moderator (green
envelope) is attached to the sensor to slow down fast neutrons through scattering events, thereby increasing the sensor response. In the classical design,
the moderator is assumed to be cylindrical, and the optimal radius is determined by sweeping over a range of radii and simulating neutron transport for
each configuration. We show that, by computing the gradient of the sensor response with respect to the radius, the optimal radius can instead be obtained
efficiently using gradient descent. Furthermore, we fix the moderator volume to match that of the cylinder at the optimal radius and allow the shape to deform
freely from the cylindrical initial condition using vertex-based geometry gradients. This gradient-based full-mesh optimization (the opt. mesh illustration)
produces a new moderator shape with a higher sensor response (yellow curve). Notably, the optimized shape is no longer symmetric and shifts slightly away
from the neutron source, as seen in the side view (row two of the opt. mesh illustration). This shift reduces neutron energy attenuation while increasing the
number of neutrons scattered toward the sensor, resulting in improved response.
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