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Abstract

Generalized structural equations models (GSEMs) Anonymous (2021), are, as
the name suggests, a generalization of structural equations models (SEMs). They
can deal with (among other things) infinitely many variables with infinite ranges,
which is critical for capturing dynamical systems. We provide a sound and com-
plete axiomatization of causal reasoning in GSEMs that is an extension of the
sound and complete axiomatization provided by Halpern [2000] for SEMs. Con-
sidering GSEM s helps clarify what properties Halpern’s axioms capture.

1 Introduction

Systems that evolve in continuous time are ubiquitous in all areas of science and engi-
neering. A number of approaches have been used to model causality in such systems,
ranging from dynamical systems involving differential equations to rule-based models
Laurent, Yang, and Fontana (2018) for capturing complex interactions in molecular bi-
ology and hybrid automata Alur et al. (1992) for describing mixed discrete-continuous
systems. The standard approach to modeling causality, structural-equations models
(SEMs), introduced by Pearl [2000], cannot handle such systems, since it allows only
finitely many variables, which each have finite ranges. But continuous systems typi-
cally have real-valued variables indexed by time, which ranges over the reals (e.g., the
temperature at time ¢).

An extension of SEMs, generalized structural-equations models (GSEMs), which
can capture such systems, was recently proposed Anonymous (2021)." The goal of
this paper is to provide a sound and complete axiomatization of GSEMs, in the spirit of
that provided for SEMs by Halpern [2000]. There are a number of features of GSEMs
that make reasoning about them subtle. We briefly discuss some of them here.

! Anonymous (2021) is also under submission to AAAI *21. We have included it in the supplementary
material for the reviewer’s benefit.



Like SEMs, GSEMs are defined with respect to a signature S that describes the
variables in the model, their possible values, and the allowed interventions. The lan-
guage L£(S) of causal formulas that we consider (like that of Halpern [2000]) is pa-
rameterized by S. A GSEM is a mapping that, given an intervention, produces a set of
assignments to the variables given in S, called outcomes; intuitively, they correspond to
possible outcomes after the intervention is performed. If the signature S is finite (i.e.,
there are finitely many variables, each of which can take on only finitely many values),
there can be only finitely many outcomes. This is, in particular, the case with SEMs.
But in general, in a GSEM, there may be infinitely many outcomes. This complicates
reasoning about them, as we shall see.

Another complication involves allowed interventions. In SEMs, all possible inter-
ventions are allowed; that is, we can intervene by setting any subset of the variables to
any of the values in their ranges. In GSEMs, we have more expressive power: we can
specify which interventions are allowed. The idea of limiting the set of interventions
has already appeared in earlier work Beckers and Halpern (2019); Rubenstein et al.
(2017). Intuitively, allowed interventions are the ones that are feasible or meaningful.
The set of allowed interventions is part of the signature; it also has an impact on the
language. In the language £(S), we allow a formula of the form [)? + Z]p (which can
be read “after intervening by setting the variables in Xtof, © holds”) only if X«
is an allowed intervention: if an intervention is not allowed, we cannot talk about it in
the language. As shown in Anonymous (2021), restricting to allowed interventions is
useful even when the signature is finite; we can describe interesting situations that are
inconsistent with all interventions being allowed (see Example D.1).

Besides creating the possibility for infinitely many outcomes, the infinitary sig-
natures required for continuous-time systems pose certain technical problems. If, for
example, we have variables ranging over the reals, and we can refer to all possible
real numbers in the language, then the language must be uncountable. Although we
believe that all our results continue to hold for uncountable languages, having uncount-
ably many formulas makes soundness and completeness arguments much more com-
plicated. We thus restrict the language so that it can refer explicitly to only countably
many values and countably many interventions. This still leaves us with an extremely
rich language, which easily suffices to characterize systems that occur in practice.

It is shown in (Anonymous, 2021, Theorem 2.1) that £(S) is rich enough to com-
pletely characterize SEMs, as well as GSEMs over infinitary signatures where there
are only finitely many outcomes to each intervention (so, in particular, GSEMs with
finite signatures); specifically, it is shown that if each of M and M’ is either a SEM
or a GSEM for which there are only finitely many outcomes to each intervention, then
M and M’ are L(S)-equivalent, that is, they agree on all formulas in £(S), iff they
are equivalent, that is, iff they have the same outcomes under all allowed interventions.
(We remark that this is no longer the case if we consider GSEMs for which there may
be infinitely many outcomes for a given context and intervention, which can certainly
be the case in dynamical systems; see Example 4.3.)

Halpern [2000] provided axiom systems AX 1 (S) and AX%_(S) that he showed
were sound and complete for general SEMs and acyclic SEMs, respectively. In this
paper, we extend AX " (8) to arbitrary GSEMs, and several interesting subclasses of



GSEMs (such as GSEMs with unique outcomes). First, we show that AX *(8) is sound
and complete for the class of GSEM s satisfying AX " (S), if S is finite and S is univer-
sal; that is, if all interventions are allowed. This is an easy corollary of (Anonymous,
2021, Theorem 3.4), which states that if S is finite and universal, then every SEM
with signature S is equivalent to a GSEM satisfying AX T (S), and vice versa. The as-
sumption that S is universal is critical here. Example 3.6 in Anonymous (2021) gives
a GSEM over a finite signature S that satisfies all the axioms of AX T (S) but is not
equivalent to any SEM. This implies that AX+(S) is no longer complete for SEMs
when S is not universal (Theorem 5.6).

We then show that a subsystem of AX *(S) that we call AX," . (S) is sound and
complete for arbitrary GSEMs over a finite signature S. We also show that, as in SEMs,
extending AX T (S) with one more axiom gives a sound and complete system for finite
acyclic GSEMs; we conjecture a similar result holds for general acyclic GSEMs. Ex-
tending these results to arbitrary (possibly infinite) signatures S is nontrivial, because
one of the axioms of AX,! . (S) is no longer in the language £(S) when S is infinite.
We show that this axiom can be replaced with a new inference rule that gives an equiv-
alent system when S is finite. Moreover, the resulting axiom system, AX} . (S), is
sound and complete for arbitrary GSEMs (Theorem 6.2). We further show that sev-
eral properties of SEMs (such as having unique outcomes for all interventions in all
contexts) can be enforced in GSEMs by adding axioms from AX(S) to AX},;.(S)
(Theorem 6.2). Doing so helps clarify what properties the added axioms capture.

2 SEMs: a review

Formally, a structural-equations model M is a pair (S, F), where S is a signature,
which explicitly lists the endogenous and exogenous variables and characterizes their
possible values, and F defines a set of modifiable structural equations, relating the val-
ues of variables. We extend the signature to include a set of allowed interventions, as
was done in earlier work Beckers and Halpern (2019); Rubenstein et al. (2017). Intu-
itively, allowed interventions are the ones that are feasible or meaningful. A signature
Sisatuple (U, V,R,T), where U is a set of exogenous variables, V is a set of endoge-
nous variables, and R associates with every variable Y € U/ UV a nonempty, finite set
R(Y) of possible values for Y (i.e., the set of values over which Y ranges). We assume
(as is typical for SEMs) that I/ and V are finite sets, and adopt the convention that for
Y CUUY, R(}_}) denotes the product of the ranges of the variables appearing in Y;
that is, R(Y) := Xy ey R(Y). Finally, an intervention / € Z is a set of pairs (X, x),
where X € V and z € R(X). We abbreviate an intervention I by X « &, where
X C V. Weallow X to be empty (which amounts to not intervening at all).

JF associates with each endogenous variable X € V a function denoted F'x such
that Fix : R(U UV — {X}) — R(X). This mathematical notation just makes precise
the fact that F'x determines the value of X, given the values of all the other variables
in U4 U V. If there is one exogenous variable U and three endogenous variables, X, Y,
and Z, then F'x defines the values of X in terms of the values of Y, Z, and U. For
example, we might have Fx (u,y, z) = u+y, which is usually writtenas X = U +Y.



Thus, if Y =3 and U = 2, then X = 5, regardless of how Z is set.

The structural equations define what happens in the presence of external interven-
tions. Setting the value of some variable X to x ina SEM M = (S, F) results in a new
SEM, denoted Mx. .., which is identical to M, except that the equation for X in F is
replaced by X = z. Interventions on subsets X of V are defined similarly. Notice that
My, . is always well defined, even if (X « #) ¢ Z. In earlier work, the reason that
the model included allowed interventions was that, for example, relationships between
two models were required to hold only for allowed interventions (i.e., the interventions
that were meaningful). Here, the set of allowed interventions plays a different role,
influencing the language (what we are allowed to talk about).

Given context u € R(U), the outcomes of a SEM M under intervention X « Tare
all assignments of values v € R()V) such that the assignments u and v together satisfy
the structural equations of M ¢, . This set of outcomes is denoted M (u, X « z).
Given an outcome v, we denote by v[X] and v[X] the value that v assigns to X and the
restriction of v to R()_(' ) respectively. An important special case of SEMs are acyclic
(or recursive) SEMs. Formally, an acyclic SEM is one for which, for every context
u € R(U), there is some total ordering <., of the endogenous variables (the ones in
V) such that if X <, Y, then X is independent of Y, that is, Fix(u,...,y,...) =
Fx(u,...,y,...)forally,y’ € R(Y).

3 Axiomatizing SEMs

In order to talk about SEMs and the information they represent more precisely, we use
the formal language £(S) for SEMs having signature S, introduced by Halpern [2000].

We restrict the language used by Halpern [2000] to formulas containing only al-
lowed interventions. Fix a signature S = (U, V, R, Z). A primitive event (over signa-
ture S) has the form X = x, where X € V and z € R(V). An event is a Boolean
combination of primitive events. An atomic formula (over S) has the form [}7 — Yo,
where Y ¥ € T (i.e., it is an allowed intervention), and ¢ is an event. A causal
Sformula (over S) is a Boolean combination of atomic formulas. The language £(S)
consists of all causal formulas over S. There are a number of minor differences be-
tween the language considered here and that considered by Halpern [2000]. First, since
Halpern implicitly assumed that all interventions were allowed, he did not have the
restriction to allowed interventions. Second, Halpern considered a slightly richer lan-
guage, where the context u was part of the formula, not on the left-hand side of the
. Specifically, a primitive event had the form X (u) = x. It has become standard not
to include the context u in the formula (see, e.g., Halpern and Pearl (2005); Halpern
(2016)).

Next we define the semantics of £(S). An assignment v € R(V) satisfies the
primitive event X = x, written v |= (X = ) if v[X] = z. We extend this definition
to Boolean combinations of primitive events by structural induction in the obvious
way, that is, say that v = e; A ey iff v = €3 and v |= ey, and similarly for the
other Boolean connectives V and —. Fix a SEM M with signature S. Given a context
u € R(U), we say that M satisfies the atomic formula [Y < §]¢ in context u, written



(M,u) = [Y « 7). if all outcomes v € M (u,Y « 7) satisfy (. Finally, we extend
this definition to causal formulas by structural induction as above. That is, M,u
[Y « JloA[Z A ift (M, u) = [Y < #pand (M, ) |= [Z + Z]t), and similarly
for V and —. As usual, (Y < ) is taken to be an abbreviation for =[Y «+ 7](—¢).
It is easy to check that (M, u) |= (Y < §)¢ iff ¢ is true of at least one outcome
v € M(u,Y < ). The causal formula v is valid in M, written M = 1, if M, u = 1
for all u € R(U); ¢ is satisfied in M if (M, u) |= ¢ for some context u € R(U).

We now review Halpern’s axiomatization of SEMs where all interventions are al-
lowed (which is based on that of Galles and Pearl [1998]). To axiomatize acyclic SEMs,
following Halpern, we define Y ~» Z, read “Y affects Z”, as an abbreviation for the
formula

VR CV,3eR(X) weR(y) 242 €R(Z)
(X < T(Z=2)N[X &Y «yl(Z=2));
that is, Y affects Z if there is some setting of some endogenous variables X for which
changing the value of Y changes the value of Z. This definition is used in axiom D6

below, which characterizes acyclicity.
Consider the following axioms:

DO0. All instances of propositional tautologies.

DI Y « (X =z = X #2)ifz,2' € R(X), 2 #2' (functionality)
D2. [Y AVeerx) X =) (definiteness)
D3. (X « YW =wAp) = (X « ZW — w)(p) (composition)
D4. [X « #(X = 7) (effectiveness)
D5. ((X(—x Y ) (W=wnZ=2NX «FEW u)(Y =yAZ=7)
S (X« HW =wAY =yAZ =2),f Z =V - (XU{WY}
(reversibility)

D6. (Xog~ X1 Ao o AXjoq » Xi) = (X ~ Xo) (recursiveness)
D7. ([X « Zo A [X « (e = ) = [X « T (distribution)
DS. [X + T if @ is a propositional tautology (generalization)

D9. (Y « PHtrue A ((Y < o = [Y « o) if Y =V — {X} (unique outcomes
forV —{X})

D10(a). (57 — Ptrue (at least one outcome)
D10(b). (Y « o = [Y « e (at most one outcome)
MP. From ¢ and ¢ = 1, infer 1) (modus ponens)

Let AX ™ consist of axiom schema DO-D5 and D7-D9, and inference rule MP; let
AXF  be the result of adding D6 and D10 to AX .

Tec



These are not quite the same axioms that Halpern [2000] used, although they are
equivalent for SEMs. In more detail:

* Instead of an arbitrary formula ¢ in D3, Halpern had just formulas of the form
Y = . But since in the case of SEMs, every propositional formula ¢ is equiv-
alent to a disjunction of formulas of the form Y = 7, and (X « Z)(p V ) =
(X « BV (X « T)y is provable from the axioms (cf. Lemma B.2), our
version of D3 is easily seen to be equivalent to the original version for SEMs,
but is stronger in the case of GSEMs.

» D5 follows from D2, D3, D6, D7, D8, D10, and MP, so Halpern did not include it
in his axiomatization. (This was already essentially observed by Galles and Pearl
[1998].) Indeed, as we show below (Proposition C.2), in the presence of these
other axioms, D5 holds even without the requirement that Z=V- {)_(' , 17}

¢ Halpern’s version of D4 said [W < w; X < z|(X = x). Using DO, D7, and D8
(and some standard modal logic reasoning), it is easy to see that the two versions
are equivalent.

* Halpern had slightly different versions of D9 and D10. Specifically, the second
conjunct is Halpern’s version of D9 is \/weR(X)D? +— 9](X = x). For finite
signatures, our version of D9 is equivalent to Halpern’s in the presence of the
other axioms, as we prove in the supplementary material (see Theorem C.1).

* Finally, Halpern also had an additional axiom D11; we discuss this below.

As mentioned before, the language £(S) considered here differs from the language
considered by Halpern [2000], which we denote £ (S), in two ways. First, Halpern
implicitly assumed that all interventions were allowed, so he did not have the restriction
to allowed interventions. That is, all formulas of the form [)7 + 9] were included in
L (S), where Y C Vand 7 C R(}_}) Second, the causal formulas in L (S) were
built from atomic events of the form X (u) = z as opposed to the form X = .
Halpern [2000] gave semantics to formulas with respect to models M, not with respect
to pairs (M, u). In Halpern’s semantics, M |= [Y <« #](X(u) = z) if all outcomes
v e MY « 7 satisfy X = z. It is easy to see that M |= [V « §](X(u) = z)
iff, in the semantics of this paper, (M, u) |= [Y + 7](X = z). To deal with the richer
language, Halpern [2000] had an additional axiom:

DI (Y « D (p1(u)A. .. Apg(ug)) & (Y < Dor(w)A. . A — Dop(ug),if
i (u;) is a Boolean combination of formulas of the form X (u;) = « and u; # u;

fori # j.

D11 is used in Halpern’s completeness proof only to reduce consideration from formu-
las that mention multiple contexts to formulas that mention only one context, which
are easily seen to be equivalent to formulas in £(S). We can show that the axioms
without D11 are sound and complete for £(S) using exactly the same proof as used
by Halpern to show that the axioms with D11 are sound and complete for £z (S), just
skipping the step that uses D11 to reduce to formulas involving just one context. This is



formalized in the following theorem, where a signature S = (U, V, R, Z) is universal
if Z = Zyniv, the set of all interventions.

Theorem 3.1: Halpern (2000) If S is a universal signature, then AX™ (resp., AX.)
is a sound and complete axiomatization for the language L(S) for SEMs (resp., acyclic
SEMs) with a universal signature S.

As we shall see (Theorem 5.6), the assumption that S is universal is critical here;
Theorem 3.1 is not true in general without it.

4 GSEMs

In this section, we briefly review the definition of GSEMs Anonymous (2021); we
encourage the reader to consult Anonymous (2021) for more details and intuition. We
also prove some results regarding the extent to which the language £(S) characterizes
GSEMs, and introduce the class of acyclic GSEMs. We include a few results from
(Anonymous (2021)) to help set the scene.

The main purpose of causal modeling is to reason about a system’s behavior under
intervention. A SEM can be viewed as a function that takes a context u and an inter-
vention Y + / and returns a set of assignments to the endogenous variables (i.e., a set
of outcomes), namely, the set of all solutions to the structural equations after replac-
ing the equations for the variables in Y with Y = . Viewed in this way, generalized
structural-equations models (GSEMs) are a generalization of SEMs. In a GSEM, there
is a function that takes a context u and an intervention Y <+ i and returns a set of
outcomes. However, the outcomes need not be obtained by solving a set of suitably
modified equations as they are for SEMs. This relaxation gives GSEMs the ability to
concisely represent dynamical systems and other systems with infinitely many vari-
ables, and the flexibility to handle situations involving finitely many variables that can-
not be modeled by SEMs.

Because GSEMs don’t have the structure that SEMs have by virtue of being defined
in terms of structural equations, we may want to rule out certain unintuitive possibili-
ties. In particular, we require that after intervening to set X « Z, all outcomes satisfy
X = Z. This is in fact the axiom D4 (effectiveness) given above.

Formally, a generalized structural-equations model (GSEM) M is a pair (S, F),
where S is a signature, and F' is a mapping from contexts and interventions to sets
of outcomes. As before, a signature S is a quadruple (U4, V, R,T), except that we no
longer require I/ and V to be finite, nor R(Y") to be finite for all Y € &/ U V. The big
difference is that F is a function F : 7 x R(U) — P(R(V)), where P denotes the
powerset operation. That is, it maps a context u € R(U) and an allowed intervention
I € T to a set of outcomes F(u,I) € P(R(V)). As with SEMs, we denote these
outcomes by M (u, I). As we said, we require that each outcome v € F(u, X « )
satisfy v[X] = 7. Since the semantics of |= as we have given it is defined in terms of
M (u,I), we can define |= for GSEMs in the identical way.

It is shown in Anonymous (2021) that GSEMs generalize SEMs in the following
sense: Two causal models M and M’, which may either be SEMs or GSEMs, are



equivalent, denoted M = M : , if they have the same siggature, and thgy have the same
outcomes; that is, if for all X C V), all values & € R(X) such that X < # € Z, and
all contexts u € R(U), we have M (u, X <+ &) = M'(u, X + ).

Theorem 4.1: (Anonymous, 2021, Theorem 3.1) For all SEMs M, there is a GSEM
M’ such that M = M.

Recall that in the introduction we defined two models with signature S to be £(S)-
equivalent if they agree on all formulas in £(S). Call a GSEM M finitary if, for all
contexts and interventions, the set of outcomes is finite. A GSEM with a finite signature
(a finite GSEM) is bound to be finitary, but even infinite GSEMs may be finitary. As
shown in Anonymous (2021), equivalence and £(S)-equivalence coincide in SEMs
and finitary GSEMs.

Theorem 4.2: (Anonymous, 2021, Theorem 2.1) If M and M’ are finitary causal
models over the same signature S, then M = M' iff M and M' are L(S)-equivalent.

As the following example shows, the assumption that M and M’ are finitary is
critical.

Example 4.3 Consider two GSEMs M, M’ with the same signature S = (U, V, R, T).
V consists of countably many binary endogenous variables, thatis, V = {X;, Xo,... }
and R(X;) = {0, 1} for all 7. The models have only one context u (i.e., I consists of
one exogenous variable with a single value). There is only one allowed intervention, the
null intervention (). The outcomes of this intervention are as follows. F(u, () consists
of all assignments to the variables X; where only finitely many of the X; take the value
0. F'(u, ) consists of all assignments to the X; where only finitely many X take the
value 1. Note that for a finite subset of the variables, restricting the outcomes of either
model to that subset yields all assignments to that subset. Hence, a formula of the form
(@) is false in both models if — is valid, and true in both models otherwise, because
 is a finite formula and as such can depend only on finitely many variables. Hence,
the distinct models M and M’ satisfy the same set of causal formulas over £(S). 1

4.1 Acyclic GSEMs

In this subsection, we introduce a class of GSEMs analogous to acyclic SEMs. Just as
many SEMs used in practice are acyclic, we expect that many GSEMs of practical in-
terest will also be acyclic. For example, the GSEMs constructed in Anonymous (2021)
to model dynamical systems are acyclic according to our definition.

In SEMs, acyclicity is defined using the notion of independence. Recall from Sec-
tion 2 that given a SEM M and endogenous variables X and Y, we say that Y is
independent of X (in context u) if the structural equation Fy (u,...) for Y does not
depend on X. An acyclic SEM is a SEM whose endogenous variables V can be totally
ordered (for all contexts u) such thatif X <, Y, then X is independent of Y in context
u.

We cannot use this definition for GSEMs, since there are no equations. But we can
generalize an alternate characterization of acyclicity. In acyclic SEMs, there is always



a unique outcome, and you cannot change the outcome for variables preceding X by
intervening on X. More precisely, let Vo x = {Y € V: Y <, X}. Then the outcome
v of doing I; X < x in context u and the outcome v’ of doing I; X <+ z’ in context u
agreeon V2, x (V[V<,x] = v/[V<, x])- In words, in acyclic SEMs, changing variables
later in the ordering does not affect variables earlier in the ordering. In fact, a SEM is
acyclic if and only if there are orderings =<, such that this condition holds.

This gives a natural way to extend the definition of acyclicity to GSEMs. Since
the condition v[V< x] = v/[V<,x] is a condition on outcomes, it makes sense for
GSEMs. Acyclic GSEMs may have multiple solutions, so we need to strengthen the
condition slightly. Given a set .S of outcomes and a subset Y of V, define the restriction
of StoY, denoted S[Y], as S[Y] = {v[Y] | v € S}.

Definition 4.4: A GSEM M is acyclic if, for all contexts u, there is a total ordering
<u of V such that:

Acycl. Forall X € V, for all z,2' € R(X), forall I € Z, we have M (u,I; X +
DVawx] = MO T, X  2/)[V2ox].

It is natural to wonder whether this condition needs to involve all variables preced-
ing X. After all, in SEMs, acyclicity is defined in terms of independence, and indepen-
dence is defined pairwise. Indeed, the pairwise version of this condition is sufficient
for SEMs; a SEM M is acyclic if and only if for all contexts u, there is a total ordering
< such that the following holds.

Acye2. If Y <, X, thenforall I, z, ', wehave M (u, [; X < z)[Y] = M(u, [; X +
2[Y].

Clearly Acycl implies Acyc2. In SEMs, they are equivalent.

Proposition 4.5: If M is a SEM, then M satisfies Acycl iff M satisfies Acyc2 (for a
fixed context u).

However, in GSEMs, the two conditions are not equivalent; we claim that the
stronger condition Acycl is more appropriate for characterizing acyclicity. The fol-
lowing example illustrates why.

Example 4.6: Define a GSEM M with binary variables A, B, C, a single context u,
allowed interventions Z = {A + 0,A+ 1,B«+ 0,B + 1,C + 0,C + 1}, and the
outcomes

M(u,C « 0) = {(0,0,0),(1,1,0)} and
M(u,C « 1) = {(0,1,1),(1,0,1)}

where (a,b,c) is short for (A = a, B = b,C = ¢). The outcomes for A < a and
B < b are similar: for example, after the intervention A <~ a, A=aand B =C @ a.

M is not acyclic when acyclicity is defined using Acyc2. To see this, fix an or-
dering of the variables; since the model is symmetric, we take the ordering A, B, C
without loss of generality. Then intervening on C, the last variable in the ordering,



changes the outcomes for the other two; M (u, C' + 0)[{A, B}] = {(0,0), (1,1)}, but
M(u,C + 1)[{A,B}] = {(0,1),(1,0)}, violating Acycl. This seems to us the cor-
rect classification: M should not be acyclic. The fact that intervening on C' changes the
possible values for (A, B), but both A and B precede C' in <, cannot occur in acyclic
SEMs. However, M is acyclic when acyclicity is defined using Acyc2. This is because
intervening on C' does not affect the possible values for A (A = 0 and A = 1 in the
two outcomes for each intervention) or for B (B = 0 and B = 1 in the two outcomes
for each intervention). il

All the GSEMs introduced in Anonymous (2021) for modeling of dynamical sys-
tems, namely, ODE GSEMs (Section 4), GSEMs for hybrid automata (Appendix D.1),
and GSEMs for rule-based models (Appendix D.2) are acyclic. The order <, in each
case corresponds to time; intervening on variables at a given time cannot affect vari-
ables earlier in time (or at the same time).

In SEMs, acyclicity corresponds to the axiom D6, which captures the weaker Acyc?2.
To get an axiom for acyclicity for GSEMs, we need a modification of D6 that captures
the stronger Acycl. But we cannot express the full Acycl, because variables may have
infinite ranges, the set V- X may be infinite, and the set of interventions may be in-
finite. Thus, we consider a finitary version of Acycl. It suffices that it hold for all
finite choices. Given a finite set of variables X1, ..., Xy, finite sets U; C R(Xj;), for
i=1,...,k, and a finite set ' of interventions, let X; ~>z v, .. v, X1,.... X, X—i SaY
that intervening on X; after performing some interventions in Z’ affect the values of
X—i = (Xl, e ,Xi_l, XZ‘+1, NN ,Xk), which is in U—i = U1 Xoeee X Ui—l X Ui+1 X
-+ X Ug. Thatis, X; ~>7 v, ... Uy, X1,...,.X, X—s 1s an abbreviation of

Va2 cU;,§€U_; I€T!
X+ a)(Xim1 = ) ALX < 2)(Xim1 # ).

Consider the following axiom:

k
D6+_ \/i:1 _‘(Xi ST UL U X1 X X—Z)

(There is an instance of this axiom for all choices of Z', Uy, ..., Uy, and X1, ..., Xj.
D67 is clearly sound in acyclic GSEMs, since in an acyclic GSEM, every finite sub-
set of variables has a maximum element under <, and this element does not affect
the others. Moreover, in SEMs, D61 implies D6, which Halpern used to axiomatize
acyclic SEMs. This is because D6™ holds iff there is an ordering <, of the endoge-
nous variables such that Acycl holds, and D6 holds iff there is an ordering such that
the weaker condition Acyc2 holds. As the results of the following sections show, D6™
captures acyclicity.

5 Axiomatizing finite GSEMs

Our goal is to provide a sound and complete axiomatization of GSEMs. We start with
finite GSEMs, that is, GSEMs over a finite signature; in the next section, we consider
arbitrary GSEMs. Note that the language £(S) given above for SEMs makes perfectly
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good sense for finite GSEMs; the semantics of the language for GSEMs is identical to
the semantics for SEMs. Because GSEMs are more flexible than SEMs, they do not
satisfy all the axioms in AX™+. As we now show, a strict subset of AX T provides a
sound and complete axiomatization of finite GSEMs.

Definition 5.1: AX;"

basic consists of axiom schema DO, DI, D2, D4, D7, D8, and
inference rule MP.

Theorem 5.2: AX,"

basic

is sound and complete for finite GSEMs.

The proof of this and all other results can be found in the supplementary material.
Let AX, ;;sicymc consist of the axioms in AX,’ . along with axiom schema D6*. Then

Theorem 5.3: AX,"

basic,rec

is sound and complete for acyclic finite GSEMs.

As shown in Anonymous (2021), if S is a universal signature, then SEMs over S
are equivalent in expressive power to finite GSEMs where the axioms in AX T hold.

Theorem 5.4: Anonymous (2021) If S is a universal signature, then for every finite
GSEM over S that satisfies the axioms of AX ™ (S) there is an equivalent SEM over S,
and for every SEM over S there is an equivalent finite GSEM over S that satisfies the
axioms of AX(S).

Since equivalence is the same as £(S)-equivalence, this immediately implies the
following.

Corollary 5.5: If S is a universal signature, then AXV(S) is a sound and complete
axiomatization for L(S) for finite GSEMs satisfying AXT(S).

Despite its apparently trivial nature, Theorem 5.5 does not hold in general for non-
universal signatures, as (Anonymous, 2021, Example 3.6) shows. This example, in-
cluded in the supplementary material for completeness (Example D.1), is a GSEM
over a finite signature S that satisfies the axioms of AX ™ (.S) but is not equivalent to a
SEM.

The existence of a finite GSEM satisfying AX T that is not equivalent to an SEM
has a significant implication.

Theorem 5.6: AX 1 (S) is not complete for SEMs of signature S when some interven-
tions are not allowed in S, although it is sound.

6 Axiomatizing infinite GSEMs

Things change significantly in infinite GSEMs. To see just one of the problems, note
that if X is a variable with infinite range, then instances of D2 corresponding to X,
namely [V YI(V,er(x)X = ), are no longer in the language, since the dis-
junction is infinitary. Moreover, if R(X) is uncountable and the language includes all
formulas of the form X = z for € R(X), then the language will be uncountable.
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While there is no difficulty giving semantics to this uncountable language, there seem
to be nontrivial technical problems when it comes to axiomatizations.

On the other hand, suppose that, for example, the range of X is the real numbers. In
practice, we do not want to make statements like X = 73 —e. It should certainly suffice
in practice to be able to mention explicitly only countably many real numbers. (Indeed,
we expect that, in practice, it will suffice to talk explicitly about only finitely many
real numbers.) Similarly, it should suffice to talk explicitly about only countably many
variables and interventions. To get a countable language, we thus proceed as follows.

Given a signature S = (U, V, F,Z) or S = (U, V,F,T), let W be a countable
subset of V; we call the elements of W named variables. For each named variable X R
let R'(X) be a countable subset of R(X), except that we require that (a) if R(X) is
finite, then R’ (X) = R(X) and (b) if R(X) is infinite, then so is R’ (X). The elements
of R'(X) are called named values. Finally, let Z' be an arbitrary countable subset of
7, except that we require that if X < # € Z/, then X C W and # C R/(X) and
we assume that 7' is closed under finite differences with Z, so that if I; € 7,1, €I,
(I, — I,) U (I, — Iy) is finite, and I, = X < &, where X C W and 7 € R/(X),
then I € 7’. That is, if we are willing to talk about the intervention I, and I is
an allowable intervention that differs from I; only in how it sets a finite number of
variables, all of which we are willing to talk about, as well as the values that they are
set to, then we should be willing to talk about I as well. The language EW’R,’I, (S)

consists of Boolean combinations of basic causal formulas [)7' + 7] where Y «
i € T’ and ¢ is a Boolean combination of events of the form X = x, where X € w
and z € R'(X). Ly, », 1,(S) is clearly a sublanguage of £(S). Intuitively, it consists
only of entities (variables, values, and interventions) that can be named. Since there are
only countably many entities that can be named, it easily follows that 'CVT/,R’.I’ (S) is
countable.

This sublanguage, although not as expressive as the full language, is still extraor-
dinarily expressive. For example, if the exogenous variables are X; for ¢ ranging over
the real numbers, we could choose W to be the subset of {X: | t € R} for which ¢ is
rational. Likewise, if each variable X ranges over the real numbers, we could choose
R(X}) to be the rationals.

We are interested in axiomatizing classes of GSEMs essentially using subsets of
the axioms in AX T, but it seems that we need one new inference rule. While we keep
axiom D2, it applies only to variables X such that R(X) is finite. However, even if
R(X) is infinite, we still want to be able to conclude something like [Y + ¢](3z(X =
x)): after setting Y to 9, X takes on some value. Of course, we cannot say this, since
we have no existential quantification in the language. Although it is far from obvious,
the following rule of inference plays the same role as D2 for variables X with infinite
ranges.

D27". Suppose that S C R’'(X) is a finite subset of values of X that contains all the
values of X mentioned in the formula = [Y < §]¢, and some value in R’(X)
not in the formula if there is such a value. Then from ¢ = Ayes[Y ~ §](¢ =

(X # z)) infer p = [Y «+ §]—).
Note that if R(X) is infinite, since we have assumed that R'(X) is infinite if R(X) is,
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there will always be an element in R’(X) that is not mentioned in ¢ or 1.
While D2F may not look anything like D2, we can show that in the case of variables
X with finite range, it is equivalent to D2 in the following precise sense:

Proposition 6.1: If AX}, . isthe result of replacing D2 with D2 in AX, ;[mc, then we
can derive D2 for variables with finite ranges in AX}, ... Moreover, D2 is derivable
in AX;}

basic for variables X with finite range, in the sense that zfAXbasw Fo =
NeeslY — 7l(¢ = (X # z)) and R(X) is finite, then AX;S .+ o = [V « §]—.

basic

While D2Jr is unnecessary for finite GSEMs, it is necessary for infinite GSEMs. Let
AXF (S, W,R’,T') consist of all the axioms and inference rules in AX basw(S ) to-

gether with D2, restricted to formulas in Ly o 7:(S). Then AXy, (S, W,R,T')

is sound and complete for GSEMs over S (see Theorem 6.2 below). 2

Considering GSEMs also helps explain the role of some of the other axioms. A
GSEM S is coherent if for all interventions X + Zand X — T Y +— yinZ,if Y is fi-
nite, v € F(u, X + &), and v[Y] = 7, then v € F(u, X + &;Y < ). The intuition
for coherence is straightforward: if we think of the assignments in F(u, X « Z) as
representing the “closest” assignments to u for which X = Zholds,and Y = i already
holds in some assignment v € F(u, X« Z), then v is one of the assignments closest
to u where both X = #and Y = § hold, so v should be in F(u,)? — BY 7).
Note that this intuition applies equally to the case where Y is infinite (“strong co-
herence ) However, this seems to be harder to axiomatize, because the intervention
X z; Y ¢ is not guaranteed to be in Z’. We leave the problem of axiomatizing

“strong coherence” to future work. As we show, D3 correponds to coherence and D6™
corresponds to acyclicity. As their names suggest, D10(a) corresponds to each inter-
vention having at least one outcome (in any given context), and D10(b) corresponds to
each intervention having at most one outcome, so D10 (i.e., the combination of 10(a)
and 10(b)) corresponds to each intervention having a unique outcome. This is made
precise in Theorem 6.2 below.

On the other hand, D5 and D9 do not seem meaningful in GSEMs. They do not have
analogues if we have infinitely many variables, since we cannot express Z = Z and
there are uncountably many complete interventions (interventions of the form Y « v
forY =V — {X}).

Let G(S) denote the class of GSEMs over S. Let G='(S) and G='(S) denote
the class of GSEMs over S where each intervention has at least one and at most one
outcome, respectively; let G coh denote the class of coherent GSEMs over S; let Go<ve
denote the class of acyclic GSEMs over S. Given a subset A of {D3, D671, D10(a),
D10(b)}, let A be the corresponding subset of {coh, acyc, > 1, <1} Let AXp, . 4 (S, W,R,T)

be the axiom system consisting of the axioms and rules of 1nference of AX} .. to-

2We remark that the soundness of D2F depends on the fact that we have assumed no structure on the
domain, so the only way we have of comparing variable values is by equality. If we assumed an ordering
on the domain, so that, for example, we could write X > x in addition to X = x and X # =z, then D2+
would no longer be sound. For example, taking ¢ = true, ¢ = (X > 2), S = {1,2},and ¥ = §, from
X >2= (X #2AX # 1), we would not want to infer X < 2! While we can extend D27 to deal with
> and other “nice” relations, pursuing this topic would take us too far afield here.
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gether with the axioms in A, restricted to the language Ly; . 1, (S). Let GA be the
class of GSEMs satisfying the properties in A; that is, GA = N PeA GP. Then

Theorem 6.2: AXy, .. 4(S, W,R/,T') is sound and complete for the class G* of
GSEM:s with signature S over language L3, 5, 7.(S).

We remark that the completeness proof requires several nontrival ideas beyond what is
needed for the analogous results for SEMs (and modal logics).

7 Conclusion

GSEMs are a flexible, powerful generalization of SEMs that allow us to reason about
systems with infinitely many variables, such as dynamical systems. In this paper, build-
ing on the axiomatization of SEMs given by Halpern [2000], we give sound and com-
plete axiomatizations for GSEMs, and for several interesting subclasses of GSEMs.
Our results also clarify the properties that Halpern’s axioms capture in SEMs.
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A Proof Sketch for Theorem 6.2

In this section, we sketch the completeness portion of Theorem 6.2. We proceed in
the same spirit as for finite GSEMs (Theorem 5.2). The proof of that theorem uses
essentially the same technique as that used by Halpern [2000]. We briefly sketch the
details here: Suppose that ¢ € L£(S) is consistent with AX,' . (S) (i.e., we cannot
prove —p in AX," , (S)). Then ¢ can be extended to a maximal consistent set C' of
formulas; that is, ¢ € C, every finite subset C” of C'is consistent with AX;" . (S)
(i.e., the conjunction of the formulas in C’ is consistent with AX;" . (S)), and no
strict superset C* of C' has the property that every finite subset of C* is consistent
with AX; ,.(S). Standard arguments show that, for every formula 1) € £(S), either
¢ or ) must be in C; moreover, every instance of the axioms in AX,} , (S)isin C.
Define a finite GSEM M ¢ with signature S as follows. For all contexts u and allowed
interventions Y < § € Z, define F(w,Y + ) = {v € R(V) | (¥ « PV =
v) € C}. Thus, the formulas in C tell us how interventions work in M “. To finish the
proof, we need to show that M is a GSEM, and that it models . That is, given a fixed
context u, (M, u) = ¢.

However, in the case of infinite signatures, there are a number of new subtleties. We
can no longer define the function F in M by taking v € F(u,Y « §)if (Y < i)(V =
v) € C, because V = v is an infinitary formula, so is not in the language. We deal with
this by saying that the outcome v is in F(u, Y « ) if (¥ « (X = v[X]) € C for
all finite X C W.

But there is a more serious problem. In the proof of Theorem 5.2, we showed
that (for the model M constructed from the maximal consistent set C'), we have that

(M, u) = ¢iff p € C.Butsuppose that X is a variable such that R(X) = {x1, z2, 23, ...

is countable, R'(X) = R(X), and Y « y € Z' N Z. It is not hard to see that the set
C' = {{Y + y)true, [Y + y|(X # 21),[Y + y](X # x2),...} is consistent with
AXy . (since every finite subset of this set is obviously consistent). Hence C” can be
extended to a maximal consistent set C'. But there is no model M such that (M, u) = ¢
for all formulas ¢ € C’. Thus, we have to restrict the set of maximal consistent sets

that we consider.

Definition A.1: A conjunctive formula is a conjunction of formulas of the form X = =
and X # x. (The formula true is viewed as conjunctive, since it is an empty conjunc-
tion.) A set C' of formulas in L3, ., 7,(S) is acceptable for (Y < i) with respect to

Z € W, where  is a conjunctive formula, if there is some z € R’(Z) and a conjunc-
tive formula 1) such that every conjunct of ¢ is a conjunct of ¢, Z = z is a conjunct
of 1) for some z € R/(Z), and (Y « ) € C. C is acceptable if C is acceptable
for every formula of the form ()7 + )¢ € C such that ¢ is conjunctive formula and
Zew.l

The set C above is not acceptable for (Y <— y)true and X, and cannot be extended
to an acceptable consistent set. Our proof technique involves constructing a model from
an acceptable maximal consistent set. So we must show that every consistent formula
is included in an acceptable maximal consistent set. The next lemma gives the key step
for doing this. Its proof can be found in the supplementary material.
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Lemma A.2 [f C'is a finite subset of Ly, 5, 1,(S) consistent with AXy, ;. 4(S, W, R, T,
(Y < 9)p € C,and X € W, then there exists a formula ) € Ly 5, 7,(S) — C such
that C'U {1} is consistent with AXy, ... 4(S, W,R',T') and acceptable with respect

10 (Y « i) and X.

We can now prove completeness. Given a formula ¢ consistent with AX7, ;. 4 (S, W, R/, T'),

we construct a maximal acceptable set C' consistent with AXy, . (S, W, R, T' )
containing ¢ as follows. Let g, 01, 02, . . . be an enumeration of the formulas in Ly o 1:(S)

such that oy = ¢ and let X, X7, Xo, ... be an enumeration of the variables in W. It
is well known that there is a bijection b from IN to IN x IN such that if b(n) =
(n1,n2), then n; < n. We construct a sequence of sets Cp, Cy,Cy, ... such that
Co = {¢}, Ck C Cky1, and (a) either o, € Cy, or Cy U {0y} is inconsistent with
AXGsic.a(S, W, R/, '), (b) Cy is consistent, (c) if b(k) = (k1,ks) and oy, has the
form <}7 +— ¥)p, then Cj41 is acceptable with respect to o, and Xj,. We construct
the sequence inductively. Given C, then we add o1 to Cy, if Ci, U {o)41} is con-
sistent. In addition, if o, has the form <17 + ), then we apply Lemma A.2 to add a
formula if necessary to make C} 1 acceptable with respect to o, and Xj,.

Let C = U2 ,Cy. Clearly C contains ¢. It is consistent, since if not, some finite
subset of C' must be inconsistent. But this finite subset must be contained in C}, for
some k, and C, is consistent, by construction. Finally, C'is acceptable. For suppose that
(Y « i) € C and X € W. There must exist k; and ks such that (Y < )¢ = oy,
and X = Xp,. Let k = b'(ky, ks). Since o, = (Y « §)¢ € C, it must already
be in C, (since it would be added in the construction of Cy, if it was not already in
Cp,—1). By the choice of b, k1 < k, so o, € C. By construction, Cj,; is acceptable
with respect to (Y < §)¢ and Xj,, hence so is C.

We now construct a model M€ with signature S. For 1ntervent10ns Y gy €
T, we take F(Y « 7,u) = {v | for all finite subsets X C W, (Y « (X =
v[X]) € C}. Now we still need to define F on interventions in Z — Z'. Let v* be a
fixed assignment. For I € Z — T, define F(I,u) = {v*}. We claim that M € GA
and that 1) € C' iff, for all contexts u, we have (M, u) |= 1. If these claims hold,
then we have produced a model M€ of ¢ that satisfies the properties in A, completing
the consistency proof. We refer the interested reader to the supplementary material for
the proofs of these claims. Both proofs use the definition of M ¢ to relate the formulas
in C' to the properties of M. We show the first claim separately for each property in
A given its counterpart axiom in A. The second claim is proved by structural induction

on. 11

B Proofs

Proposition 4.5: If M is a SEM, then M satisfies Acycl iff M satisfies Acyc2 (for a
fixed context u).

Proof: We need only prove that Acyc2 implies Acycl in SEMs, since the other direc-
tion is obvious. Fix a context u. We first claim that if M satisfies Acyc2, then M has
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unique solutions. Fix an intervention I; it suffices to show that for all variables X there
is « such that for all solutions v € M(u, ), v[X]| = x. We show this by induction
on <. For the base case, let X be the minimum variable with respect to <,,. Acyc2
implies that the structural equation for X does not depend on any variables; that is, it is
a constant Fx = x. Hence v[X] = z for all solutions v € M (u, I). For the inductive
step, Acyc2 implies that the structural equation for Z does not depend on variables
Y >u Z. Hence Fz only depends on variables preceding Z. But by inductive hypoth-
esis, those variables have the same values in all solutions. Plugging those values into
Fz, we find that F is also a constant. Now that we have shown that M has unique so-
lutions, we can finish the proof by observing that Acyc?2 states that the unique outcome
of I; X + x and the unique outcome of I; X <+ 2’ agree on all variables Y <, X.
But this implies Acyc1. 1l

Theorem 5.2: AX,"

basic

is sound and complete for finite GSEMs.

Proof: First we prove soundness. Fix a finite GSEM M and context u. DO is trivially
sound. D1 is sound since for all v € M(u,Y < ), we have that v[X] = 2 =
v[X] # 2 for & # z'. D2 is sound since for all v € M(u,Y <« ), we have that
v[X] € R(X). D4 is sound by definition of GSEMs. D7, D8 and MP are trivially
sound.

Next we prove completeness. Fix a finite signature S. It suffices to show that for any
causal formula ¢ € £(S) that is consistent with AX, . (S), there is a finitet GSEM
M and context u such that (M, u) = ¢.

To prove this, we use essentially the same technique as that used by Halpern [2000].
We briefly sketch the details here: Suppose that ¢ € £(S) is consistent with AX,, , (S)
(i.e., we cannot prove - in AX, ;(;S ;(S)). Then ¢ can be extended to a maximal con-
sistent set C' of formulas; that is, ¢ € C, every finite subset C’ of C' is consistent with
AX; .. (8S) (i.e., the conjunction of the formulas in C” is consistent with AX,’ . (S)),
and no strict superset C* of C' has the property that every finite subset of C* is con-
sistent with AX,! . (S). Standard arguments show that, for every formula ¢ € £(S),
either ¢ or =@ must be in C'; moreover, every instance of the axioms in AX gfmc(é’ )
is in C. Define a finite GSEM M with signature S as follows. For all contexts u and
allowed interventions Y « 7 € Z, define F(u,Y « ) = {v € R(V) | (¥ «
7)(V = v) € C}. Thus, the formulas in C tell us how interventions work in M. Fix
a context u. To finish the proof, we need to show two properties of M: first, that M is
in fact a GSEM (that is, it satisfies effectiveness) and second, that (M, u) = ¢. These

both follow from a standard truth lemma:

Lemma B.1: For all ¢ € L(S),

v e Ciff (M,u) = ¢. (1

That is, C' contains exactly the formulas true of M. Effectiveness follows from Lemma B.1
because C' contains all instances of D4. The desired result (M, u) | ¢) also follows
easily from Lemma B.1 using the fact ¢ € C.

To prove Lemma B.1, the key step is to prove (1) for the basic causal formulas
[)7 < ¢]p. Since C' is maximal, and causal formulas are, by definition, Boolean combi-
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nations of basic causal formulas, the result then follows by a straightforward structural
induction on ). ~
It suffices to check (1) for basic causal formulas of the form [Y" < g](A .,V #
v), since for all events p,
AXf PV el a [V < g \ ~(v=v), )
viE—p

where, as usual, we write AX F ¢ to denote that ¢ is provable in the axiom system
AX. Viewing the formula p as a predicate on outcomes, (2) expresses the intuitively
obvious claim that p is equivalent to the predicate that checks that its input is not equal
to any outcome not satisfying p.

To prove (2), we need one lemma, which we state here without proof, but which
follows from just DO, D7 and DS using standard modal logic arguments.

Lemma B.2:

(@) AX) o F [V < flor AIY = flpr & [V §l(p1 A g2)

basic

(b) AXf b (¥ = o1V ea) Saxs (¥ P VY« fes

Letop1 = (Axevrer(x)wsza(X =2 = X # ) and op2 = (V xey perx) (X =
x)). These formulas are the conjunctions of the formulas after the [17 + ¢] in D1 and
D2 respectively. Let org = ¢p1 A ¢p2. YEq says that, for each variable X € V),
there is exactly one value z € R(X) such that X = z.

It follows from D1, D2, and Lemma B.2 that AX;(;S,L.C - [17 — Ylerg. Itis

straightforward to show that ypg = (p < /\,__,V # V) is a propositional tau-
tology. By D8, we have that AX," .+ [V « #l(¢pq = (p = NAvie—pV # V).

basic
Hence, by D7, AX, . Y « 7(p & Avie—p V # v). Using D7 again, it follows
that AX,} ;. F Y —iflpe Y « 7 Avie—, V # V), which is exactly (2).

It remains to prove (1) for formulas of the form [Y « #( Nvie—pV # V). Since C
is maximal and consistent with AX," . |

it follows from Lemma B.2 that [V + Ay, V # v) € C if and only if for
allv = —p, [Y « 7](V # v) € C. Clearly, we also have that (M, u) = [V «
YI(Ayp-, V # v) if and only if for all v |= —p, (M, u) |= [Y < 7](V # v). Finally,
by definition, =[Y « 7](V # v) is (Y « #)(V = v). Therefore, it suffices to prove
(1) for formulas ¢ of the form (Y « )(V = v).

Suppose that ) € C'. Then, by definition of M, we have that v € F(u, Y « ), SO
(M, u) |= 1. Conversely, suppose that (M, u) |= 1. Then v € F(u,Y <« ). Again,
by definition of M, this implies that ¢ € C. |}

Theorem 5.3: AX;"

basic,rec

is sound and complete for acyclic finite GSEMs.

19



Proof: Over finite signatures, it is straightforward to verify that D67 is equivalent to

(X = { X, X X, X)) 3)

-

i=1

where X — Y abbreviates the formula Vx,x/eR(X),yeR(?),IeI X =y o g1 Y. Sound-
ness is clear; given an acyclic GSEM M and context u, for all instances of D67, the

definition of acyclicity implies that the disjunct corresponding to the largest element of
{X1,..., X} } with respect to <, is satisfied by M. For completeness, we build off the

proof of Theorem 5.2. It suffices to show that the model M constructed in that proof is

acyclic. M has only one context u, so it suffices to show the acyclicity condition Acycl

holds for that u. Lemma B.1 implies that M satisfies all instances of D6™ in context

u. Hence, for every instance ¢ of D61, M satisfies at least one disjunct 1 < i < k

of ¢ (in context u). We use this to construct an order <, over ) as follows. Consider
the unique instance o) of D6" where {X1,..., X} = V. Let i be any disjunct of
oy satisfied by M, and define the maximum element of <, to be X;. Next consider
the unique instance @51 of D67 where {X1,..., Xy} = V — {X;}. Let j be any

disjunct of ¢y, satisfied by M, and define the second largest element of <y, to be X;.

Repeating this process gives an order <, of all the variables, such that for all X € V,

M satisfies =(X — V< x). But this implies that M satisfies Acycl.ll

Corollary 5.5: If S is a universal signature, then AX™(S) is a sound and complete
axiomatization for L(8) for finite GSEMs satisfying AX T (S).

Proof: Since for every finite GSEM satisfying AX ™ (S) there is an S-equivalent SEM
and vice versa, the same set of causal formulas is valid in each class of models. Since, as
shown by Halpern [2000], AX *(S) is a sound and complete axiomatization of SEMs,
the result follows. il

Theorem 5.6: AX 1 (8) is not complete for SEMs of signature S when some interven-
tions are not allowed in S, although it is sound.

Proof: For incompleteness, consider the causal formula ¢ that characterizes the shell
game and its outcomes, thatis, o = [S1 < 1](S1 = 1A S =1AZ = 1) A[S2 +
1](S1 = 1 A Sy = 1 A Z = 0). This formula is false in all SEMs with signature
Sshenr (the signature of Mpe). Hence, - is true in all SEMs with signature Sgpeq;-
However, = is not provable from AX T (Sgper), because Mgy satisfies all axioms
of AXT (Sshetr), but @ is true in Mpy;. For soundness, as we observed, all the axioms
of AX* (Sshell) are valid in Msper- I

Proposition 6.1: If AXj., ;. is the result of replacing D2 with D27 in AX}, .., then we
can derive D2 for variables with finite domains in AX}:, ... Moreover, D2 is derivable
in AX,;siC for variables X with finite range, in the sense that if AX;zsic Fo=

Aees|Y — 7l( = (X # 2)) and R(X) is finite, then AX;" .+ o= [V « ]

basic
Proof: To prove the first claim, suppose that R(X) is finite. Define S = R(X), ¢ =

true,and ¢ = \, .o X # @ Clearly, AX,\ . o = [Y « 7)(¢ = \,cg X # 2),
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s0 AX}, .. F o= [V « 7)(—). But —¢ is equivalent to Vier(x) X = ., s0 using
D7 and D8, we can conclude that AX;, ;. F [V « GV er(x) X = ), as desired.

For the second claim, suppose that AX;" ;. F ¢ = Aes[V « 7l = (X #
z)), where S C R/(X) and S contains some value in R’ (X) not in ¢ = [Y « 7]
if there is one. First we consider the case S = R(X). Applying Lemma B.2, we
have AX;) . F ¢ = Y « T(Nperxy¥ = (X # 2)). Itis easy to see that
Neer(x)( = (X # 2)) is logically equivalent to ¢ = A\ e () (X # @), which is
logically equivalent to Ve (x)(X = x) = —1. Thus, using D7 and D8, we get

AXS o= [V Gl(Vaer(x) (X = 2) = ).

Now using D2, D7, and D8, we easily get
AXGH

basic

Fo = [Y g,

as desired.

Next we consider the case S # R(X). Since we assumed that R(X) is finite,
R/(X) = R(X). Hence there is a value in R’(X) that is not mentioned in ¢ = [V
g1, so there must be such an element in .S, say . By assumption, AX;;SZ.C Fop=
/\Ies[)7 +— 9)(¢ = (X # x)). Thus, there exists a derivation of ¢ = /\Ies[i7 —
§(p = (X #2))in AX, . . Forall 2’ ¢ S, we can replace x with 2’ everywhere in
this derivation. The result is a derivation of ¢ = A\ oo (o [Y ¢ Ul(0 = (X #
z))in AX,! ... (Notice that ¢ and ¢ remain unchanged, since they do not mention z.)
Thus, AX,L . F o = [Y « (¢ = (X # 2')). Using the assumption that R(X)

is finite, it then follows that AX," ¢ = /\xeR(X)[? — yl(p = (X # z)). The

basic

result now follows from the argument given for the case S = R(X). Il
Theorem 6.2: [f A C {D3, D6, D10(a),DI10(b)} and A is the corresponding subset
of {coh,>1,< 1}, then AXy, ;. A(S,W,R',I') is sound and complete for the class

A . .
G of GSEMs with signature S over language ’CW,R’,I’ (S).
Proof: The soundness of all the axioms and inference rules with respect to the appro-
priate class of structures is straightforward except for D27, To see that D27 is sound in
GA(S), suppose that ¢ = [Y < ¢]1) is a formula in Ly g 7:(S) that mentions only
z1,...,2, € R'(X), and there is a value zi11 € R'(X) — {z1,...,2r}. Suppose
further that the formula

0= o= NI « g = (X #))

is valid in GA(S). We want to show that ¢ = [Y < 7]— is valid in GA. Suppose not.
Then there is a GSEM M € G# and context u such that (M, u) = ¢ A (Y « 7)1,
Thus, there must be some outcome v* € F(u, Y ) such that v* satisfies . Let
o* == v*[X]. Since (M,u) =AMLY « ¢]( = (X # ,)), it cannot be the case
that z* € {z1,..., %K1}

Now define a model M’ = (S, F’) with the same signature S as M, but a modified
mapping F', defined as follows. Let v[z/ X] denote the outcome such that v[z/X][X] =
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x and forall Y # X, v[z/X]|[Y] = v[Y]. Define the outcome v" (the r indicates “re-
placing” z* by xj11) as v© = v[zp41/X] if v[X] = ¥, otherwise v = v.
Suppose X ¢ W. Define

F'(u,W @) = {v' | veF(u,W + &)}
For x # x4 1, define
F'(u, W+ ;X + 2) =F(u,W + @; X < z).
Finally, define

F'(uW  @; X < Tpyq) =
(Vizre1/X] | v € Flu,W « @)}

We claim that M’ is a counterexample to the supposed validity of # in G4 (S). This
claim consists of two subclaims: first, that M’ does not satisfy 6, and second, that
M' € GA(S).

First we argue M’ does not satisfy 6. It suffices to show that a formula ¢ that
does not mention the values x, xx1 cannot distinguish M and M’; that is, M |= ¢
iff M’ = . To show this, it suffices to consider atomic causal formulas, since all
other causal formulas are Boolean combinations of these. Let ¢ = [W < ]y be an
atomic causal formula in Z that does not mention 2 or zy1. The claim that M |=
» < M’ | ¢ follows from a straightforward structural induction on + in the first
two cases defining F’, namely X ¢ W and X € W,w[X] # xj,1. The third case
(X € W,w[X] = xp41) is not possible since, by assumption, [WW < ](v) does not
mention Tj1.

Next we argue that M’ € G4(S). M’ was defined to have signature S, so it suffices
to show that M’ satisfies the axioms of A. It is clear from the definition of F’ that
|F'(u,W + )| < |[F(u,W < )|, where | - | denotes set cardinality. To see this,
note that in the second case defining F, the two outcome sets are identical, whereas in
the first and third cases, F’(u, W < 1) is the image of F(u, W < ) under the maps
v = v"and v — v[zg1/X], respectively. Suppose that A includes the property < 1,
so M satisfies < 1. Then [F'(u, W « )| < [F(u,W « @)| < 1, so M’ satisfies
< 1. Itis also clear that if [F(u, W « @)| > 1, then |F’(u, W « )| > 1, since the
image of a nonempty set is a nonempty set. Hence, if > 1 € A, M’ satisfies > 1.

It remains to show that if coh € A, then M " satisfies coh. That is, for all interven-
tions Z < Z, T « £, all contexts u, and all assignments v’,

if v/ e F'(u,Z « 2) and v'[T] = 1,

— — 4
then v/ € F'(u, Z + 2. T « ). @

This turns out to be the most involved part of the soundness proof.

It suffices to prove (4) for two cases: (a) T —t=X — and (b) X ¢ T. This
follows from two facts. First, if (4) holds for T1 — t1 and T2 < t2, it also holds for
T, + tl,Tg + 5. To see this, suppose that v/ € F/(u, 7 Z) and V[Tl, T2] =11 ts.

22



Applymg @to T « B glves v € F/(u, 7« 22Ty «+ £1), then applying it to
T2 — 1y gives v/ € F’(u 7 « Z: T1 — tl,Tg — tg) Second, any intervention
T « #can be written as T1 — t1 T2 + ty, where X ¢ Tl, and either T2 = 0, if
XgéT orTy=1p=X < z,if X € T.

We now prove (4) for these two cases. Suppose that v/ € F'(u, 7 « Z) and
v [T] — #. We want to show that v/ € F'(u, Z < 2. T « 1).

First suppose that X ¢ Z. Then, by definition of F”, there is some v € F(u, Z +
Z) with v/ = v". For case (a), if * # zj11, then v[X]| # x*; otherwise v/[X] =
v'[X] = g1, but vV/[X] = & # 241, a contradiction. It follows v/ = v, since
v"[X] = v[X] when v[X] # z*. Thus v[X] = z, and by the coherence of M, v €
F(u,Z < Z. X « z). But by definition of F/, F'(u, Z + #: X + z) = F(u, Z «
7 X «z). Thus v/ = v € F/(u, Z < 7; X « ), the desired conclusion. And if z =
Tpi1, then v/ = v7 = v = v[zi41/X]. But by definition of F/, F/(u, Z + 7, X «
Trt1) = {Vi[zre1/X] | vi € F(u,Z < 2)}. In particular, v/ = v]zpsq/X] €
F(u,Z < Z: X < j41) as desired.

For case (b), if X ¢ T, then v[T] = v"[T] = f. so by the coherence of M,
v e F(u,Z < ZT < t). Thus by definition of F/, v € F'(u, Z < #;T < {). But
v =v",s0v' € F/(u, 7 « Z T « f), as desired.

Now suppose that X € Z and zz = Z[X]. For case (a), we have v [X] =2z by
effectiveness, and v/[X] = z by assumption, so 2z = . Hence, Z + Z:T « i =
Z « %X + x = Z + Z. The desired conclusion v/ € F'(u,Z « Z;T « 1)
trivially follows from the assumption v/ € F'(u, Z + Z).

For case (b), write Z « 7 = 7' + 2y X + x, where X ¢ 7' Ifx % Tkl
then by definition of F’, we have that F'(u, Z «+ 7) = F(u,Z <« Z). Hence v/ €
F(u,Z < Z), and by the coherence of M, v’ € F(u,Z  Z;T + 1) = F(u, Z' +
7:X «x;T 1) =F(u,Z « Z;T « t: X < z). But again, by definition of F’,
Fu,Z « T+ tX «2)=F (w2 + 7;T + £ X + 2) = F (0,7 «
7 X ;T « 1) =F'(u,Z < 2T < ). The desired conclusion v/ € F(u, Z «+
2T « t) follows. On the other hand, if # = x4 1, then by definition of F/, F'(u, Z
Z) = {V[zr11/X] | v € F(u,Z' « Z)}. Thus, there is some v € F(u, Z' + 7
with v/ = v([zy,1/X]. Further, v[T] = v'[T] = t, since v[zj1/X] differs from v’
only at X, if at all, and X ¢ T. So, by the coherence of M, v € F(u, 7' 7 T « F)
Thus again by definition of F/, v/ = v[zy,1/X] € F’(u, 7' — 2T « ' X «
Trt1)- But Z' + T’<—L‘#X<—zk+1_Z#’ 7:X ¢ app T — =27
2T 1, sowehavev € F/(u, Z 7 T<—f) asdesued

For completeness, we proceed in the same spirit as the proof of Theorem 5.2. But
there are a number of new subtleties. In Theorem 5.2, a maximal consistent set C
was used to construct a causal model M. We defined the function F in M by taking
veF(uY <« ¢)if (Y < 9)(V =v) € C. Butif there are infinitely many variables,
V = v is an infinitary formula, so is not in the language. We deal with this by saying
that the outcome v is in F(u,Y « ) if (Y « #)(X = v[X]) € C for all finite
Xcw.

But there is a more serious problem. In the proof of Theorem 5.2, we showed
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that (for the model M constructed from the maximal consistent set ('), we have that
(M,u) E ¢iff p € C.Butsuppose that X is a variable such that R(X) = {x1, 22, z3,...}
is countable, R'(X) = R(X),and Y < y € Z' N Z. It is not hard to see that the set
C' = {{Y « ytrue, [Y <+ y|(X # x1),[Y + y](X # x2),...} is consistent with
AX . (since every finite subset of this set is obviously consistent). Hence C” can be
extended to a maximal consistent set C'. But there is no model M such that (M, u) = ¢
for all formulas ¢ € C’. Thus, we have to restrict the set of maximal consistent sets
that we consider.

Definition A.1: A conjunctive formula is a conjunction of formulas of the form X = x
and X # x. (The formula true is viewed as conjunctive, since it is an empty conjunc-
tion.) A set C of formulas in Ly; 5, 7,(S) is acceptable for (Y « )¢ with respect to

Z € W, where © is a conjunctive formula, if there is some z € R'(Z) and a conjunc-
tive formula 1) such that every conjunct of  is a conjunct of 1\, Z = z is a conjunct
of ¥ for some z € R'(Z), and (Y « §)vp € C. C is acceptable if C is acceptable
for every formula of the form <§7 «— ) € C such that ¢ is conjunctive formula and
ZeW.

The set C’ above is not acceptable for (Y« y)true and X, and cannot be extended
to an acceptable consistent set. Our proof technique involves constructing a model from
an acceptable maximal consistent set. So we must show that every consistent formula
is included in an acceptable maximal consistent set. The next lemma gives the key step
for doing this.
Lemma A.2: IfC'is a finite subset of L5, 1o, 7, (S) consistent with AXyy, .. 4(S, W, R, T),
(Y < 9)p € C, and X € W, then there exists a formula 1) € Ly 1, 7,(S) — C such
that C'U {1} is consistent with AXpy, ... 4(S, W,R/,T') and acceptable with respect

0 (Y < i) and X.

Proof: Let C be a finite subset of Ly (S) consistent with AXp ;.. 4(S, W, R, T).

W, R, T'
Let 6 be the conjunction of the formulas in C, and let {z1, ...,z } be the values in
R’(X) mentioned in §. There are two cases. If there exists a value x5 1 € R'(X) —
{z1,...,x1}, then we claim that one of the formulas

ONY — §)(AX = x;),i = 1,..., k+1 must be consistent with AXFosicn(Ss W, R, T)).
Forifnot, then § = [Y « 7](¢ = X # ;) must be provable in AXGosie.a(S, W,R,T)
fori = 1,...,k+ 1. By D2%, s0ois # = [Y <« #]—. But since, by assumption,
(Y « )¢ is one of the conjuncts of 8, = (Y < )¢ is also provable, so @ is not
consistent with AXy, ;. 4(S, W,R’,T'), contradicting the consistency of C.

If there does not exist a value zp1 € R'(X) — {z1,...,2%}, then R'(X) =
{z1,..., 2}, s0by D2, [Y « #](X = z,V...VX = x) is provable in AXGosic.a(S, W, R, T").
Thus, sois 0 = (Y < (@A X = x1 V...V X = z). It easily follows that
O A (Y < 7)(p A X = z;) must be consistent for some i = 1, ..., k. In either case,
we can add a formula of the form (Y <« §)(¢ A X = ) to C while maintaining its
consistency. I

We can now prove completeness. Given a formula ¢ consistent with AX . (S, W, R, T'),
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we construct a maximal acceptable set C' consistent with AX}, ;. (S, W,R/,T')
containing ¢ as follows. Let 09, 01, 02, . . . be an enumeration of the formulas in L3 , 7/(S)

such that oy = ¢ and let X, X1, Xo, ... be an enumeration of the variables in W. It
is well known that there is a bijection b from IN to IN x IN such that if b(n) =
(n1,n2), then n; < n. We construct a sequence of sets Cp,C1,Cy, ... such that

= {¢}, Cx C Ck1, and (a) either o, € Cy, or Cx U {0y} is inconsistent with
AXg‘asich(S, W, R',T"), (b) Cy, is consistent, (c) if b(k) = (k1, k2) and oy, has the
form ()7 <« §)p, then Cj41 is acceptable with respect to o, and Xj,. We construct
the sequence inductively. Given C, then we add 041 to Cy, if C, U {041} is con-
sistent. In addition, if o, has the form (17 + ¥)p, then we apply Lemma A.2 to add a
formula if necessary to make Cj; acceptable with respect to oy, and Xy, .

Let C' = U2 ,Cy. Clearly C contains . It is consistent, since if not, some finite
subset of C' must be inconsistent. But this finite subset must be contained in C}, for
some k, and CY, is consistent, by construction. Finally, C' is acceptable. For suppose that
(Y « )¢ € Cand X € W. There must exist k; and ko such that (Y « )¢ = oy,
and X = Xp,. Let k = b=1(ky, ks). Since o, = (Y « §)¢ € C, it must already
be in C}, (since it would be added in the construction of Cy, if it was not already in
Cl,—1)- By the choice of b, k1 < k, so oy, € Cf. By construction, Cj,+1 is acceptable
with respect to (Y « §)¢ and X}, , hence so is C.

We now construct a model M with signature S. For interventions Y « TS
7, we take F(Y « 7,u) = {v | for all finite subsets X C W, (Y « (X =
V[X ) € C}. Now we still need to define F on interventions in Z — Z'. Let v* be a
fixed assignment. For I € Z — 7', define F(I,u) = {v*}. We claim that M© € G4
and that ¢ € C' iff, for all contexts u, we have (M, u) |= 1. If these claims hold,
then we have produced a model M ¢ of ¢ that satisfies the properties in A, completing
the consistency proof.

First we show that for all contexts u and formulas ¢ € EW’R,’I, (S), we have

peC & (M) ke 5)

Fix a context u € U. It suffices to show (5) for the dual basic causal formulas ¢ =
<}7 < ¥)p. This is because it is easy to see that every causal formula is a Boolean
combination of dual basic causal formulas. The result follows for all causal formulas
by a straightforward structural induction.

Now p is a Boolean combination of primitive events of the form X = z. We can
write p in DNF. That is, there exists £ > 0 and conjunctive events d; for 1 < ¢ < k
such that p < \/, -, d; is a propositional tautology.

By Lemma B.2(b), we have AXpusic - <§7 — Pp & \/1<i<,€<)7 + )d;. So,
again by structural induction, it suffices to show (5) for formulas ¢ of the form ¢ =
(Y < i), where ~ is a conjunctive formula.

We now do this. For the “only if” direction, suppose that (MY, u) = (Y « #)~.
Then there is some assignment v € M€ (u,Y <« ) such that v = ~. By definition of
M, for all finite sets X C W, we have (Y + 7)(X = v[X]) € C. Let Zbe the

(finite) set of variables mentioned in ~y; then, in particular, (Y < i)(Z = v[Z]) €
C. Using DO, D1, D7, and D8, we get that AXbamA(S,W,R’,I’) Y « g]}(Z
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v[Z]) = (Y « §)¢. Since C' is a maximal consistent set, we must have (¥ «
N(Z =v[Z]) = (Y « )¢ € C. The fact that C is a maximal consistent set implies
that it is closed under implication, so since (Y « §)(Z = v[Z]) € C, we must have
(Y « §)p € C, as desired.

Conversely, suppose that (Y + ¥)y € C. Fix an enumeration X;,i > 1, of the
set of named variables W. For i > 1, let Z; = {X17 ..., X;}. Let o9 = 7. Since
C' is acceptable, we can find formulas (Y «+ #)¢1, (Y < §)@g,... € C such that
for ¢ > 1, every conjunct of ¢;_ 1 is a conjunct of ¢;, and for some x; € R( i)s
X, = x; is a conjunct of ¢;. Let & be any assignment to the variables 1V — W, and
define v = {(X;,2;) | i > 1} U ((V — W) « ). Since every conjunct of v is
a conjunct of each ;, we have v = 7 But every finite subset .S of W is contained
in Z; for some i. Thus, AX; ... - (Y « s = (¥ « (S = v[9]) for all i
sufficiently large. It follows from the maximality of C' that for all finite subsets .5 of
W, (Y < (S = v[S]) € C. By definition of M€, it follows v € MY (Y « i, u).
But then by definition of |=, we have (MY, u) |= ~, as desired. It remains to show
that M© € GA, that is, that M satisfies all the properties of .A. We proceed one
property at a time. Suppose that > 1 € A. Then A contains D10(a). Fix an intervention
Y « jjand context u € R(U). If Y < § ¢ T', then MC(u,Y « §) = {v*}, so the
intervention Y < #/ has exactly one outcome. If Y i € T, then by D10(a), we have
<Y « ¢)true € C. Since C is acceptable, we can use the construction in the proof of
the truth lemma to find v such that (Y < (X = v[X]) € C for all finite subsets X
of W. Then, by the definition of M€, v € M (u,Y <« ), so the intervention Y < i
has at least one outcome.

Next suppose that < 1 € A. Then A contains DlO(b) Again, the case Y i ¢
T’ is immediate. Suppose that Y + ¢ € Z'. If v,v' € MC (u, Y « 7). then by
definition of M€, we must have (Y <« #)(X = v[X]) € C forall X € V. Suppose
for contradiction that v # v’. Then there is a variable Z such that v[Z] # v'[Z].
Since v/ € MCP(Y « §,u), we must have (Y (2 = v'[Z]) € C. By DI0(b),
for all o € Ly, 7,(S), we have Y « P = [Y «~ :lﬂ’l/) € C. Thus, [Y «
71(Z = v'[Z]) € C. Then by D2, we have [Y « §](Z # v[Z]) € C, and so
Y « §1(Z = v[Z)) AN[Y « §(Z = Vv'[Z)]) € C. It follows from Lemma B.2
that [Y « §)(Z = v[Z] A Z = Vv'[Z]) € C.,s0 [Y « §]false € C. But since
(Y « iNtrue € C,and (Y < §)true is just an abbreviation for ~[Y « 7] false, C
is inconsistent, a contradiction. Hence v = v, and so the intervention Y < 1/ has at
most one outcome.

Now suppose that coh € A. Then A contains D3. Fix an intervention Y « ¥ and
context u € R(U). Suppose that v € MY (u,Y « 7) and that v[IW] = w. We want
to show that v.e M (u,Y « ;W < w). First suppose that ¥ < § ¢ Z’. Then
(because 7' is closed under finite differences with ), we have Y GiW +—w¢T.
By the definition of MY, we have MC(w,Y « ) = MC(0,Y « ;W « w) =
{v*}. Thus, if v € MC(u,Y « §),thenv = v* sov € M%(u,Y « 7:W + w),
as desired. Next, suppose that Y 7/ € I'. Then by the definition of M, we have
(Y « (X = v[X] AW = w) € C for all finite subsets X of W. By D3, it follows
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that (Y « 7:W « w)(X = v[X]) € C for all finite subsets X of 1. But, by the
definition of M, this implies that v € M (u,Y <« ;W <« w), as desired.

Finally, suppose that acyc € A. Then A contains D6. We want to show that the
model M¢ constructed as above is acyclic. Suppose that X, X5, . .. is an ordering of
the named variables, xi, x§7 ... 1s an ordering of the named values, for each named
variable X;, and I, I5, ..., is an ordering of the named interventions. (We can do this
since all these sets are countable.)

Say that an ordering (i.e., permutation) Y7,...,Y, of Xy,...,X,, is n-legal if
—(Yj ~z,00,0;m,.y; Yoi) for j o= 1,...,n, where if Y; = Xj, then U; =

{zF ... 2F} and Z,, = {I1,...,I,}. We now construct a tree whose root is labeled
by () and whose nodes at depth n are labeled by permutations of X1, ..., X, and the
children of a node labeled Y7,...,Y,, are labeled by extensions of Yi,...,Y,, to in-

clude X, (i.e., X,,41 is slotted somewhere into the permutation.) Next remove all
nodes that are not n-legal. The fact that M satisfies all instances of D61 implies
there has to be at least one node remaining at each depth. Moreover, all the ances-
tors of that node also remain (because if (Y7,...,Y;,) is an n-legal ordering, then
(Y1,...,Y;1,Yi41,...,Y,) is easily seen to be an (n — 1)-legal ordering). So, by
Konig’s Lemma, there is an infinite path starting from the root. This path must be a se-
quence of legal orderings; it defines a total well-founded order <* on all the variables
X1, Xo,..., where X; < X if, for n = max(i, j), X; < Xj in the ordering at depth
n on the path. Note that if X; < X in the ordering at depth n, then X; < X for all
orderings on the path at depth n’ > max(4, j), since the orderings are consistent.

We claim that this ordering satisfies Acycl. For if not, there must be some X € V,
some values x, z’ of X, some I € Z, and some context u such that Mc(u7 I X «
) V2.x] # MC(u, I, X < 2')[V<, x]. Let n be sufficiently large that I € Z,,, and
that for all of the finitely many ¢ such that Y; <, X, the following hold: (1) n > ¢; and
Q) x, 2", M®(u, I, X + 2)[Yi], M®(u,I,X « 2)[Y;] € {a%,...,2%}. This gives
us a contradiction to the fact that the ordering at the nth level of the tree is n-legal.
Thus, the ordering must satisfy Acycl, and M is acyclic, as desired. il

C Additional results

We want to make precise and prove the claim in the main text that Halpern’s version of
Do,

YV iptrue A(\/ [V < (X =x)),
zeR(X)

which we call HD9, is equivalent to ours,
()7 +— Ptrue A ((37 — PN = [}7 — 7o),

in the presence of the other axioms. It turns out that the only other axioms we need
are DO, D1, D2, D7, and D8. So let AX ¢ be the axiomatization consisting of these
axioms and MP, let AXypy = AXpg U {HD9}, and let AXpy = AX g U {D9}.

Theorem C.1: For a finite signature S, AXppo is equivalent to AX pg.
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Proof: Since S is finite, without loss of generality we can assume that Y = { X7, X5, ...
for some n. It clearly suffices to show that each instance of D9 is provable from A Xypg
and that each instance of HD9 is provable from A Xpg. For the first claim, we show that

AXppo (Y + Ptrue A (Y « o = [Y < o).
Since one conjunct of HD9 is the formula (37 + Y)true, it follows that
AXupo F <17 «— Ptrue.

(Formally, we are using DO, MP, and the observation that a A b = a is a propositional
tautology; in the sequel, we omit the details of such obvious propositional reasoning.)
Thus, it suffices to show

AXupo - (Y + e = [Y « Fle.
Using an argument almost identical to that given to prove (2), we can show that

AXpo Y < illp e \/ V=v); (6)
viEe

we leave details to the reader. (Note that our argument for (2) used only the axioms of
AXEg.)
From DO, D7, D8, and MP, using standard modal logic arguments, it follows

AXpg H (Y « DoAY gl = 9) = (¥ < Py. )

Combining (6) and (7), it follows that AXpg = (Y « )¢ & (¥ < §)(V o,V =
v). Applying Lemma B.2, it follows that

AXpoF (Y < iee \[ YV «HIV=v). (8)
vi=e

Taking the conjunction over V of the second conjunct of HD9 gives

AXupot N\ IV < il(X =x).
XeVzeR(X)

Then using DO to distribute and over or and then applying Lemma B.2 gives

AXpypo F \/ [?(—?ﬂ(V:V)
veR(V)

If v = —p, then V = v = - is a propositional tautology. Thus, using D7 and
D8, we have that

AXupo F Y « 7V =v) = [Y « §l-¢.
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Taking the contrapositive and using the fact that (37 < ) is an abbreviation for
Y + ¢]—p, we get that

Since this is true for all v such that v |= -, it follows from (8) that

vi=e
If v |= ¢, then standard arguments using D7 and D8 show that

AXupo F Y « 1V =v) = [Y « fle.
It follows B B
AXupo F (Y < o =Y + ylo,

as desired. . .
For the second claim, we show that AXpg = (Y « §Htrue A (V e [Y

y(X = 932) As before, AXpg b (Y <« §)true, so it suffices to show AXpo F
VierlY < 9l(X = z). Since AX pg includes D2, AXpg = [Y = §](V ,er(x)(X =
x)). Combining this with AXpg F (Y <« §)true using (7) gives AXpg F (X —

) (Vierx)(X = z)). Applying Lemma B.2, it follows AXpg = V crx)(Y <
§)(X = z). But then by D9, AXpo =V crx)[Y ¢ 4](X = z), as desired.

Theorem C.2 Let AX ™ consist of DO, D2, D3, D6, D7, D8, D10, and MP. Then AX ~
implies D5. That is,
AX (X« ZY «y)(W=wAZ =2
AMNX —ZW —w)(Y =yAZ=27)) )
S (X DHW=wAY =yA
Proof: Using D10(a) and D10(b), we get that AX~ F (Y « e < [Y « fle.
Hence, by DO, it suffices to prove the propositionally equivalent statement
AX T H(X «ZY «y(W=wAZ=7)
ANX —ZW—w](Y =yAZ=17) (10)
S[X«fW=wAY =yAZ=2).
Assume [X «— B;Y «— y(W =wAZ =)A[X « W —w|(Y =yAZ = 2).
First observe that D6 implies =(Y ~» W) V =(W ~~ Y)). Assume without loss of

generality that =(Y ~» W). We will use Lemma B.2 frequently in this proof, to Justlfy
treating | T — (@ A1) as | T — o A T < 11 and vice versa. Thus from [X +—
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TY «— y| (W« wAZ =7 weget[X « &Y + y|(W < w). Then =(Y ~ W)
implies [X «+ Z|(W « w).

Second, D2 implies that Z must take on some value in the outcome resulting from
the intervention X < Z, that is, VZeR( 7) Z = Z. To see this, take the conjunction of
instances of D2 over Z € Z, that is, /\ZEZ[X < @|(V,er(z) Z = #). Then applying
Lemma B.2(a) and distributing and over or, we have [X <« (Vzerz) Z =7,
or equivalently by D10, (X « f>(v5’e72(2) Z = 7). Then applying Lemma B.2(b)
yields /e 7/ (X < 3)(Z = 7).

Suppose without loss of generality that (X « #)(Z = *), or equivalently by D10,
[X « Z](Z = z*). But then [X < Z](Z = Z* AW = w). By D3, this implies [X «
;W « w|(Z = z*). However, we assumed [X + & W « w|(Y =y A Z = 7).
Thus 2* = Z,and so [X < Z|(Z = ZAW = w).

Finally it remains to show [X < Z](Y = y). Using D2 again, there must be y*
such that [X « Z](W = wA Z = ZAY = yx). Again, by D3, this implies [X <«
W «— w|(Z «+ ZAY < y*). But we assumed [ X < Z; W «— w](Y =yAZ = Z).
It follows y* = y. Thus [X <+ Z|(W =w AY =y A Z = Z) as desired. I

D Shell game example

As mentioned in Section 5, the following example, which is Example 3.6 of Anony-
mous (2021), is a GSEM over a finite signature S which satisfies the axioms of AX T (S),
but is not equivalent to a SEM.

Example D.1: Suppose that Suzy is playing a shell game with two shells. One of the
shells conceals a dollar; the other shell is empty. Suzy can choose to flip over a shell.
If she does, the house flips over the other shell. If Suzy picks shell 1, which hides the
dollar, she wins the dollar; otherwise she wins nothing. This example can be modeled
by @ GSEM Mpeni = (Ssheirs Fshen) with two binary endogenous variables Sy, So
describing whether shell 1 is flipped over and shell 2 is flipped over, respectively, and a
binary endogenous variable Z describing the change in Suzy’s winnings. (The GSEM
also has a trivial exogenous variable whose range has size 1, so that there is only one
context u.) That defines Uspeir, Vsheir, and Rspeir; we set Zgpep = {S1 1,82 < 1}
finally, F's;,¢;; is defined as follows:

F(u,S; « 1) = Mgpen(u, 51 < 1)
={(S1=1,5=1,2Z=1)}

F(u, Sy « 1) = Mgpeu(u, Se + 1)
={(51=1,8=1,Z=0)}

As shown in Anonymous (2021), M.y, is a GSEM where all the axioms in AX ™+ (Sgper)
are valid (note that in the case of D9, validity is vacuous, since none of the relevant in-
terventions is in £(Ssper). However, Mgy is not equivalent to a SEM; no SEM M’
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over Sgpenr can have the outcomes Mypep(u, S1 + 1) ={(S1 =1,5% =1,Z =1)}
and Mgpey(u, S1 < 2) = {(S; = 1,52 = 1,Z = 0)}. This is because in a SEM,
the value of Z would be specified by a structural equation Z = Fz(U, S1, S2). This
cannot be the case here, since there are two outcomes having S; = So = 1, but with
different values of Z. i
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