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Abstract

We initiate the study of semi-oblivious routing, a relaxation
of oblivious routing which is first introduced by Räcke and
led to many subsequent improvements and applications. In
semi-oblivious routing like oblivious routing, the algorithm
should select only a polynomial number of paths between the
source and the sink of each commodity, but unlike oblivious
routing, the flow from each source to its sink is not just a
scalar multiple of the single-commodity flow; any amount of
flow can be sent along each selected path. Semi-oblivious
routing has several applications in traffic engineering and
VLSI routing.

Trivially, any competitive ratio ρ for oblivious routing
(includling the polylogarthimic ratio in undirected graphs
obtained by Räcke) also implies competitive ratio ρ for semi-
oblivious routing. In this paper, we focus on lower bounds.
We rule out the possibility of O(1) competitive ratio for
semi-oblivious routing in undirected graphs by providing a
lower bound of Ω( logn

log log n ) in grids or even series-parallel
graphs. More strongly in directed graphs, we rule out the
possibility of sub-polynomial competitive ratio when the
number of paths between each source and its sink is in
O(n1/5). The proof of our lower bound on the grid uses
a non-Markovian random walk on the integers with a mixing
property which may be of independent interest. Last but
not least, our lower bounds on the grid can be significantly
strengthened to show that with paths of at most b bends, the
competitive ratio is in Ω(n

1
2b+1 ). This answers negatively a

long-standing open problem on b-bend routing schemes in
grids posed e.g. in [10, 6].

1 Introduction

In this work we initiate the study of semi-oblivious routing
problems, a class of flow problems which can be described
by the following series of interactions between an algorithm
and an adversary. First, the algorithm selects a set Π of
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paths in a specified graph G of size n. The size of Π
must be polynomial in n. Second, the adversary presents
a multicommodity flow problem in G. Third, the algorithm
computes a solution to the specified multicommodity flow
problem. Every unit of flow must be routed using one of
the paths in Π. The objective is to minimize the congestion
of the most congested edge or vertex in G. We refer to
the set of paths Π as a semi-oblivious routing scheme in
G. We say that Π is ρ-competitive if it is the case that for
every demand matrix that might be selected in step 2, the
algorithm can compute a flow in step 3 whose congestion is
a ρ-approximation to the optimum congestion.

Semi-oblivious routing problems are analogous to obliv-
ious routing problems [11], which may be described using
the same pattern of steps as above, except that in step 1 the
algorithm chooses a single-commodity flow for each pair s, t
(instead of choosing a set of s− t paths) and the flow routed
from s to t in step 3 must use a scalar multiple of the single-
commodity flow chosen in step 1. It is known [5, 8, 11]
that every undirected graph has an oblivious routing scheme
which is O(log2 n log logn)-competitive with respect to
edge congestion, and that such a routing scheme can be com-
puted in polynomial time. However, it is also known [4, 7]
that in general graphs — in fact, even in grids — the op-
timal oblivious routing scheme is Ω(logn)-competitive, and
that in directed graphs or node-capacitated undirected graphs
the competitive ratio of the optimal oblivious routing scheme
can be as large as Ω(

√
n). Can some of these lower bounds

be overcome by using semi-oblivious routing rather than
oblivious routing? In particular, can we achieve competitive
ratioO(1) in undirected graphs, or at least in grids? We settle
this question negatively in Theorems 3.1 and 3.3 below.

Semi-oblivious routing is interesting not only as a relax-
ation of oblivious routing, but also as an abstraction of sev-
eral problems arising in network traffic engineering and in
VLSI design. We briefly touch on each of these applications
next.

Traffic engineering. A common practice in modern
Internet traffic engineering is the use of multiprotocol la-
bel switching (MPLS) to create explicit label-switched paths
(LSPs) between certain ingress and egress points in an au-
tonomous system. By properly apportioning traffic among
these LSP tunnels, ISP’s can achieve desired resource uti-
lization and performance objectives [2]. Because the instan-
tiation and maintenance of LSP tunnels consumes network



management resources, it is infeasible to maintain a large
(e.g. exponential in the network size) set of LSPs. Our
semi-oblivious routing problem thus abstracts the problem
one faces when trying to instantiate LSP tunnels to allow un-
known future demand matrices to be routed in a way which
will approximately minimize congestion.

VLSI design. Routing in the grid to minimize conges-
tion has been extensively studied, largely due to its applica-
tions in the layout of VLSI circuits. Routing with a constant
number of bends was studied in [1, 9]; from these works, it
is known that for routing problems in which each node of the
n× n grid belongs to at most one source-sink pair, the con-
gestion of the optimal one-bend routing is bounded above by
dn/2e + 1, and that a routing with b+ 1 bends can improve
significantly (i.e. by a factor of nΩ(1)) on the congestion of
the optimal routing with b bends when b = 1, 2. Note that
for constant b, the set of all b-bend paths in the grid is a
semi-oblivious routing scheme with O(nb+3) paths, so these
results can all be interpreted as results about semi-oblivious
routing in the grid. Our Theorem 3.1 thus places a non-trivial
lower bound on the congestion that can be achieved using
routes with b = O(1) bends in the n × n grid. For b-bend
routing schemes, this lower bound can be significantly im-
proved; see Theorem 3.4 below. This answers negatively an
old open problem on b-bend routing schemes on grids posed
e.g. in [10, 6].

2 Definitions

Throughout this paper, “log” denotes the base-2 logarithm.

Definition Let G be a graph with n vertices and m edges,
Π a set of paths in G, and let Π(s, t) denote the set of all
paths in Π which start at s and end at t. A Π-valued flow
in G is a vector f specifying a non-negative weight fP for
each P ∈ Π. We say that f satisfies a non-negative demand
matrix D = (Dst)s,t∈V (G) if it is the case that

Dst =
∑

P∈Π(s,t)

fP

for all s, t ∈ V (G).
Suppose that each edge e ofG has a positive real-valued

capacity c(e). We say that f has edge congestion C if

C = max
e∈E(G)

1

c(e)

∑

P∈Π : e∈P

fP .

Similarly, if each vertex v of G has a positive real-valued
capacity c(v), we say that f has vertex congestion C if

C = max
v∈V (G)

1

c(v)

∑

P∈Π : v∈P

fP .

Definition A semi-oblivious routing scheme in a graph G
is a set Π of paths in G, such that for each pair of distinct

vertices s, t, Π contains at least one path from s to t. Suppose
that each edge e ofG has a positive real-valued capacity c(e).
Given a demand matrix D, we define optΠ(D) to be the
minimum edge congestion of a Π-valued flow which satisfies
D. We define the competitive ratio of Π to be

ρ(Π) = sup
D

(
optΠ(D)

opt
P(G)(D)

)
,

where P(G) denotes the set of all paths in G and the
supremum is taken over all nonzero demand matrices D.

3 Our results

Trivially, if there exists an oblivious routing scheme in a
graph G with competitive ratio ρ, then there exists a semi-
oblivious routing scheme with competitive ratio ρ. (Simply
take each of the flows in the oblivious routing scheme, and
represent it as a weighted sum of paths.) Thus, using the
results of [5, 8, 11], every undirected graph of size n has
a semi-oblivious routing scheme whose competitive ratio
(with respect to edge-congestion) isO(log2 n log logn). Our
first result shows that this upper bound can not be improved
to O(1), even when the graph is a grid.

THEOREM 3.1. The competitive ratio of every semi-
oblivious routing scheme in the n × n grid is in
Ω(logn/ log logn).

The proof of Theorem 3.1 uses a non-Markovian random
walk on the integers with a mixing property which may be
of independent interest.

THEOREM 3.2. There exists a random walk
. . . , Z−1, Z0, Z1, . . . on the integers with the following
property. For every integer ` > 1, every residue class
x ∈ Z/(`), and every pair of integers t, u such that
t− u > 8` log3(2`), Pr(Zt ≡ x (mod `) ‖ Zu) > 1

2` .

Given the lower bound for semi-oblivious routing in grids,
perhaps there is a simpler class of graphs (e.g. graphs
of bounded treewidth) which admits semi-oblivious routing
schemes with congestion O(1). The following lower bound
for series-parallel graphs (which have treewidth 2) rules out
this possibility.

THEOREM 3.3. There exist series-parallel graphs of size n
in which every semi-oblivious routing scheme has competi-
tive ratio Ω(log n/ log logn).

The lower bound in Theorem 3.1 can be strengthened when
the semi-oblivious routing scheme in question consists of all
paths with at most b bends, for some constant b.

THEOREM 3.4. There exists a multicommodity flow in-
stance in the n-by-n grid which can be satisfied by a flow
with edge-congestion one, but any flow which satisfies the



demands using paths with less than b bends has congestion
Ω(n

1
2b+1 ).

Theorem 3.4 is especially interesting since answers nega-
tively an old open problem (see e.g. [10, 6]) which asks
whether or not allowing only a constant number of bends
per each flow path in multicommodity routing on the grid is
sufficient to achieve at most a constant factor (even a poly-
logarithmic factor) times optimal congestion.

Finally the main question left open by our work is the
following.

Question Does every directed graphG with n vertices have
a semi-oblivious routing scheme (with a polynomial number
of paths) with congestionO(polylog(n))? Does every node-
capacitated undirected graph have such a routing scheme?

The following theorem provides evidence for a negative
answer to this question, though the number of paths between
each commodity is still sub-linear.

THEOREM 3.5. There is a node-capacitated undirected
graph with n vertices such that if Π is any semi-oblivious
routing scheme satisfying |Π(s, t)| = O(n1/5) for all s, t,
then the competitive ratio of Π, with respect to vertex con-
gestion, is Ω(n1/10). A fortiori, the same lower bound holds
for directed graphs.

Theorems 3.1 and 3.2 are proved in Section 5, Theo-
rem 3.3 in Section 4, Theorem 3.4 in Section 6, and Theo-
rem 3.5 in Section 7.

4 Semi-oblivious routing in series-parallel graphs

In this section we describe the construction which un-
derlies Theorem 3.3, showing that series-parallel graphs
do not have semi-oblivious routing schemes which use a
polynomial number of paths and achieve competitive ratio
o(logn/ log logn). Our construction uses a family of graphs
G(k, r) defined recursively as follows. Let K = k6 and let
[K] = {1, 2, . . . ,K}. G(k, 1) consists of a sequence of ver-
tices s = s0, s1, . . . , sK = t with a pair of parallel edges
joining si−1 to si for 1 ≤ i ≤ K. (If a simple graph is
desired, one can subdivide each of the edges into a path of
length two. The lower bound will remain valid.) Recursively
define G(k, r) by starting with a copy of G(k, r − 1) and
transforming each edge e = (u, v) into a copy of G(k, 1),
identifying the vertices s, t ofG(k, 1) with the endpointsu, v
of edge e. The graphs G(k, 1) and G(k, 2) are illustrated in
Figure 1.

A random multicommodity flow in G(k, r), which we
will denote by F (k, r), can be defined recursively as follows.
In G(k, 1) the flow F (k, 1) chooses a random path from s
to t and routes one unit of flow along this path. There is a
complementary path from s to t whose edges carry no flow.
In the recursive step, we are given a random multicommodity

(a) (b)

Figure 1: The graphs G(3, 1) and G(3, 2).

flow F (k, r − 1) in G(k, r − 1) such that there is a path
from s to t whose edges carry no flow, and all other edges
carry one unit of flow. We first double all the demands in
F (k, r − 1). When we build G(k, r) from G(k, r − 1) we
replace each edge e = (u, v) of G(k, r − 1) with a copy of
G(k, 1). If edge e carried a unit of flow in F (k, r − 1) then
we route two units of flow from u to v by sending one unit
on each edge of the copy of G(k, 1). The remaining edges
of G(k, r − 1) become a subgraph of G(k, r) consisting of
K copies of G(k, 1) concatenated serially. In each of these
copies of G(k, 1) we route one unit of flow from the vertex
which corresponds to s to the vertex which corresponds to
t, using the random flow F (k, 1). Let Dk,r be the random
demand matrix satisfied by the flow F (k, r).

Setting r = k, we have a defined a random flow problem
in G(k, k). The lower bound of Ω(k) = Ω(logn/ log logn)
comes about from the following observations; those which
are not obvious from the construction are proved below.

1. There are k = Ω(logn/ log logn) different classes
of commodities, distinguished by the distance between
their source and sink.

2. The optimal solution routes all the commodities in such
a way that each edge is used by only one class of
commodities, and the congestion on that edge is 1. In
fact, the partition of the edge set among the commodity
classes is achieved as follows: first half of the edges
are chosen at random and reserved for class 1. Then,
recursively, the remaining edges are partitioned among
the remaining classes.

3. Let L be the total load induced on all edges by the
optimum flow. The combined capacity of all edges in
G is O(L). The load from routing commodities in class
j (for 1 ≤ j ≤ k) is 2−jL.

4. A small fraction (i.e., 2−k) of the edges are not used
by any class of commodities in the optimal routing
solution. Call this edge set E∗. Unfortunately, for
each j these edges are located so close to the sources
and sinks for commodities of type j that with high
probability, all of the paths used by the routing scheme
Π for those commodities will have about 2j−k fraction
of their edges in E∗. Consequently the amount of load
on edges in E∗ caused by commodities in class j is
about 2−kL.



5. Summing over all commodity classes, the edges in
E∗ carry a load of k · 2−kL. Since their capacity is
only O(2−kL), there must be an edge in E∗ whose
congestion is k.

Before we begin the proof, let us specify the counterex-
ample more precisely. As above, given an integer k > 1, let
K = k6. The edge set E of G(k, r) is the set [Kr]×{0, 1}r
(edges of the graph are arranged in Kr levels from left to
right, as shown in Figure 1.) The vertex set V of G(k, r) is
a quotient set of {0, 1, . . . ,Kr} × {0, 1}r. Define an equiv-
alence relation ∼ on this set by specifying that for two ele-
ments (p, a) and (q, b), the relation (p, a) ∼ (q, b) holds if
and only if p = q = jK` for some non-negative integers
j, `, and ai = bi for ` + 1 < i ≤ r. The vertex set of G
is the set of equivalence classes of ∼, and the left and right
endpoints of an edge whose label is (p, a) are the equiva-
lence classes containing (p − 1, a) and (p, a), respectively.
The equivalence class of (0, 0) will be denoted by s, and the
equivalence classes of (Kr, 0) will be denoted by t.

A path P from s to t in G(k, r) is specified by
a sequence of edges (m, a(m)), where m runs from 1

to Kr. The bit strings a(m) must satisfy a
(m−1)
i =

a
(m)
i for all i > 1 such that Ki−1 6 |m. For any path P from
s to t, let ψi(P ) ∈ {0, 1}Kr denote the sequence
(a

(1)
i , a

(2)
i , . . . , a

(Kr)
i ). (Here i can be any number between

1 and r.) As we have seen, the sequence ψi(P ) is constant
between consecutive powers of K i−1.

For any path P from s to t, specified by a sequence of
edges (m, a(m)) as above, a partition of the edge set E \ P
into subsets Ei (1 ≤ i ≤ r) is defined as follows. Edge
e = (m, a) belongs to Ei if ai 6= a

(m)
i but aj = a

(m)
j

for all j < i. Clearly |Ei| = |E|/2i. A demand matrix
DP is defined as follows. DP

v,w = 2r−i if there exist
integers p, q ∈ {0, . . . ,Kr} such that p is a multiple of
Kr+1−i, q = p + Kr+1−i, v is the equivalence class of
(p − 1, a(p)), and w is the equivalence class of (q, a(q)).
Otherwise DP

v,w = 0. When P is a path from s to t chosen
uniformly at random, the distribution of the demand matrix
DP is the same distribution denoted by Dk,r in Section 4.
For a commodity with source v = (p − 1, a) and sink
w = (q, b), we define the class of the commodity to be the
number r + 1 − logK(q − p). Thus, for example, class 1
consists solely of the commodity with source s and sink t.

If v, w is a commodity in class i, it is easy to see that Ei
contains 2r−i disjoint paths of length Kr+1−i joining v to
w. The demandDP

v,w may be routed from v to w by sending
one unit of flow on each of these paths. In this way, we can
define a flow satisfying the entire demand matrix DP , such
that the flow for commodities in class i put one unit of load
on all the edges in Ei and does not use any other edges. We
call this flow the optimal flow. It puts one unit of load on
L = (1 − 2−r)|E| of the edges of G.

Let Fi = Ei−1 \ Ei. (When i = 1 we are adopting the
convention that E0 = E. We will also put F0 = E.) We
have P = Fr ⊂ Fr−1 ⊂ . . . ⊂ F1 ⊂ F0 = E, and each
edge set has twice as many elements as the preceding one.

LEMMA 4.1. If Q is a path joining the source and sink of
a commodity in class i, then at least Kr+1−i edges of Q
belong to Fi−1.

Proof. [Proof sketch.] When i = 1 there is nothing to prove,
since F0 = E. When i > 1, the reader may verify from the
definition of Fi−1 that it contains every shortest path from v
to w. But the structure of G(k, r) is such that any path from
v to w which is not a shortest path is a very circuitous path
that has even more thanKr+1−i edges in Fi−1. See Figure 1
for intuition. 2

LEMMA 4.2. Suppose P is a uniformly random
path in G(k, r). Let us condition on the sequences
ψ1(P ), . . . , ψi−1(P ); this conditioning will be implicit in
all expressions involving probabilities and expectations.
(Note that the conditioning determines the edge set Fi−1.)
Let Q be any simple path in G(k, r) joining two vertices
v, w such that v = (p− 1, a), w = (q, b), and both p and q
are divisible by Kr+1−i. Then E(|Q ∩ Fi|) = 1

2 |Q ∩ Fi−1|,
and

Pr

(
|Q ∩ Fi| <

(
1

2
− 1

k2

)
|Q ∩ Fi−1|

)
< e−2k2

.

Proof. If Q ∩ Fi−1 = ∅ then there is nothing to prove. Oth-
erwise, the structure of G(k, r) guarantees that any simple
path which intersects Fi−1 does so in a union of subpaths
of length Kr+1−i. Each of these subpaths is further par-
titioned into K subpaths of equal length, each of which is
either disjoint from Fi or contained in it according to the
value of one bit of the sequence ψi(P ). Since different sub-
paths correspond to different bits, we find that the random
variable (|Q ∩ Fi|)/ (|Q ∩ Fi−1|) has the same distribution
as the fraction of heads observed in at least K tosses of a fair
coin. The expression for E(|Q ∩ Fi|) is now obvious, and
the tail bound for |Q ∩ Fi| follows by applying Chernoff’s
bound to the fraction of heads observed in at least K fair
coin tosses. 2

LEMMA 4.3. If Π is any set of eo(k
2) paths in G(k, k),

and P is a uniformly random path in G(k, r), then with
probability 1−o(1) the following holds for every pathQ ∈ Π
joining the source and sink of a commodity in class j of the
flow problem DP :

|Q ∩ P | ≥ (1 − 1/k)2j−k|Q|.
Proof. Lemma 4.1 says that |Q ∩ Fj−1| ≥ |Q|. Applying
Lemma 4.3 for i = j, j + 1, . . . , k, we find that

Pr

(
|Q ∩ P | <

(
1

2
− 1

k2

)j−k
|Q|
)
< ke−2k2

.



Using the fact that
(

1
2 − 1

k2

)j−k
>
(
1 − 1

k

)
2j−k, we obtain

Pr
(
|Q ∩ P | <

(
1 − 1

k

))
< ke−2k2

. The lemma follows by
applying the union bound over all paths in Π. 2

THEOREM 4.1. Any semi-oblivious routing scheme Π in
G(k, k) has competitive ratio Ω(k) = Ω(logn/ log logn).

Proof. We have |Π| = nO(1) = eO(k log k), so we may
apply Lemma 4.3 to conclude that with high probability over
the random choice of a demand matrix DP , the inequality
|Q ∩ P | ≥ (1 − 1/k)2j−k|Q| holds for all paths Q ∈ Π
joining the source and sink of a commodity with positive
demand in DP . Assume from now on that this holds for
all such Q. The commodities in class j (1 ≤ j ≤ k)
contribute Ω

(
2−j |E|

)
units of load in the optimal flow by

sending all of their demand along shortest paths. Therefore,
in any Π-valued flow satisfying DP , the commodities in
class j also contribute Ω

(
2−j |E|

)
units of load, and at least

Ω
(
2j−k2−j |E|

)
= Ω

(
2−k|E|

)
of this load is on edges of

P . Summing over commodity classes 1, 2, . . . , k, we see
that the total load on edges of P is Ω

(
k2−k|E|

)
. Since

|P | = 2−k|E|, it follows that at least one edge in P has
load Ω(k). 2

5 Semi-oblivious routing in the grid

This section proves that a semi-oblivious routing scheme in
the grid which uses a polynomial number of paths must have
a competitive ratio bounded below by Ω(logn/ log logn).
As was the case with series-parallel graphs, the lower bound
comes from constructing a random routing problem in the
grid with the same properties (1)-(5) given above in the proof
sketch for Section 4. For the grid lower bound, Figure 2
illustrates the random partition of the edge set which is
described in step (2), along with the optimal routes for the
commodities in class 1. The random stripes running from the
lower left to the upper right are parallel copies of a random
walk in the grid, each of whose steps is either in the positive
x or positive y direction.

A subtlety arises which accounts for the most of the
complexity in the proof. In the step labeled as (4) in the proof
sketch given above, we must prove that with high probability
(over the choice of the random walk path), each path in Π
which traverses a constant fraction of the diameter of the
grid must have about half of its edges in the black stripes and
about half of its edges in the white stripes. Unfortunately, if
the stripes were defined using an ordinary (i.e. Markovian)
random walk, the walk does not mix rapidly enough to
ensure that this happens with sufficiently high probability.
Instead we must use a non-Markovian random walk which
is designed to have better mixing properties. The non-
Markovian walk is defined and analyzed in Section 5.1.

5.1 A non-Markovian random walk on the integers.
Our goal in this section is to define a random walk

Figure 2: The first level of the grid construction.

. . . , Z−1, Z0, Z1, . . . on the integers which takes steps of
bounded size but requires only O(` polylog(`)) steps to be-
come nearly equidistributed modulo `, for every `. Such
a random walk must mix more rapidly than the standard
random walk on Z, which requires Ω(`2) steps to become
equidistributed modulo `.

Let {Xi,j : i, j ∈ Z} be a set of independent random
variables, each uniformly distributed on {0, 1}. For an
integer m = 2s−1t where s, t are integers and t is odd, let
η(m) denote the unique element of {2s, 2s+1, . . . , 2s+1−1}
which is congruent to t−1

2 (mod 2s). Note that for every
integer k > 1, the set η−1(k) is an arithmetic progression
with difference at most k2.Define a functionψ : Z → Z×Z

by ψ(m) =
(
η(m),

⌊
m2−η(m)

⌋)
. For an integer m let

Ym = Xψ(m)

Zm =





∑m
i=1 Yi if m > 0

0 if m = 0∑−m
i=1 −Y−i if m < 0.

Note that Zm+1 − Zm ∈ {0, 1} for every integer m.
The following theorem proves the rapid mixing property

(mod `) that was asserted earlier. Before stating it, we must
define two pieces of notation. First, for any integers t ≤ u
we let Ft (resp. Ft,u) denote the σ-field generated by the
random variables {Ym |m ≤ t} (resp. {Ym |m ≤ t or m ≥
u}). Second, for any positive integer ` we define

τ(`) = `dlog(4`2)e3.



THEOREM 5.1. Let ` be a positive integer and let x be any
element of the cyclic group Z/(`). If u− t > τ(`) then

1

2`
≤ Pr(Zu ≡ x (mod `) | Ft) ≤ 3

2`
.

Proof. Assume ` ≥ 2; otherwise the lemma is trivial. Let h
be the function defined on Z/(`) by

h(a) =

{
1 if a ≡ 0 (mod `)
0 otherwise.

Let ω = e2πi/`. Using the identity

h(a) =
1

`

`−1∑

b=0

ωab,

we find that

Pr(Zt ≡ x (mod `) | Fu) = E(h(Zt − x) | Fu)
= 1

`

∑`−1
b=0 E

(
ωb(Zt−x) | Fu

)

= 1
`

[
1 +

∑`−1
b=1 E

(
ωb(Zt−x) | Fu

)]
.

To finish, it suffices to prove that
∣∣E
(
ωb(Zt−x) | Fu

)∣∣ < 1
2`2

for 1 ≤ b ≤ `−1. We may assume without loss of generality
that 1 ≤ b ≤ `/2, since the numbers E

(
ω(`−b)(Zt−x) | Fu

)

and E
(
ωb(Zt−x) | Fu

)
are complex conjugates and hence

have the same absolute value.
Let k ≥ 0 be the least integer such that 2kb ≥ `

3 .

Observe that `3 ≤ 2kb ≤ 2`
3 , hence

∣∣∣1 + ω2kb
∣∣∣ ≤ 1.

The set η−1(k) is an arithmetic progression with difference
at most k2, so the set J0 = η−1(k) ∩ [u + 1, t] has at least
(t−u)/k2 > `dlog(4`2)e elements. Let J ⊆ J0 consist of all
elements m ∈ J0 such that bu2−kc < bm2−kc < bt2−kc.
The number of elements in the set J0 \J is at most 2k, which
is less than `, hence |J | ≥ `dlog(2`2)e.

Let J = {u + 1, u + 2, . . . , t} \ J. Let F denote the
σ-field generated by the random variable Y =

∑
j∈J Yj as

well as Zu, Zu−1, Zu−2, . . . . We have

Zt − x = Zu − x+ Y +
∑

j∈J

Yj ,

and the random variables {Yj : j ∈ J} are independent
of F . Moreover, the set {Yj : j ∈ J} comprises at most
2k copies of each of the random variables X(k, i), as i runs
through the set I = {bj2−kc | j ∈ J}, and these random

variables X(k, i) are mutually independent. Hence,

E

(
ωb(Zt−x) | F

)
= ωb(Zu−x+Y )

E

(
ω

P

j∈J
bYj

)

= ωb(Zu−x+Y )
E

(
ω

P

i∈I
2kbX(k,i)

)

= ωb(Zu−x+Y )
∏

i∈I

E

(
ω2kbX(k,i)

)

= ωb(Zu−x+Y )
∏

i∈I

1

2

(
1 + ω2kb

)

∣∣∣E
(
ωb(Zt−x) | F

)∣∣∣ =
∣∣∣ωb(Zu−x+Y )

∣∣∣
∏

i∈I

1

2

∣∣∣1 + ω2kb
∣∣∣

≤2−|I| ≤ 2−|J|/2k ≤ 2−|J|/` <
1

2`2
,

as desired. 2

COROLLARY 5.1. Given a sequence A =
. . . , A−1, A0, A1, . . . of residue classes in Z/(`), and
a set R ⊆ Z/(`), define T (A,R) to be the random set of
integers T (A,R) = {s |Zs − As ∈ R}. If u− t = 2mτ(`)
then

Pr

„

|T (A, R) ∩ [t, u)| <
1

16
·
|R|

`
· (u − t)

‚

‚

‚

‚

Ft

«

< |R|e−m/96

Proof. We will prove the corollary when R is a singleton
set {r}. The full corollary follows using the union bound,
together with the observation that |T (A,R) ∩ [t, u)| < 1

16 ·
|R|
` · (u − t) implies that for some r ∈ R, |T (A, {r})| ∩

[t, u) < 1
16` (u− t).

For any integer a ∈ Z, let Va be the random variable
which counts the number of s such that τ(`) ≤ s−a < 2τ(`)
and s ∈ T (A, {r}). Let Wa = min{Va, 6τ(`)/`}. From
Theorem 5.1 we have

(5.1) E(Wa | Fa) ≥
1

4
τ(`)/`.

Let s = 2τ(`). Equation (5.1) establishes that the sequence
of random variables W̃i = Vu+is − 1

4τ(`)/` are a martin-
gale difference sequence. The differences are bounded by
6τ(`)/`. Applying Azuma’s inequality for submartingales,
we find that

Pr

(
m−1∑

i=0

Wu+is <
m

8
τ(`)/`

∥∥∥∥∥ Ft
)

< exp

(
−
(
mτ(`)

8`

)2(
1

12m(τ(`)/`)2

))
= e−m/96.

To conclude the proof, we observe that
∑m−1

i=0 Wu+is ≤∑m−1
i=0 Vu+is ≤ |T (A, {r}) ∩ [t, u)|, and that m

8 τ(`)/` =
1

16` (u− t). 2



5.2 Random height functions and routing problems in
the infinite grid. We may define a random function H :
Z × Z → Z using the random walk (Zi)i∈Z defined in
Section 5.1, as follows:

H (x, y) = Zx+y − x.

This function has the following two properties:

1. For any integers a, x, y,H (x−a, y+a) = H (x, y)+a.

2. For any integers x, y, exactly one of the relations H (x+
1, y) = H (x, y), H (x, y + 1) = H (x, y) holds.

Property (1) implies that the function (x, y) 7→ (H (x, y), x+
y) is invertible. In fact, its inverse is the function

Υ(z, w) = (H (0, w) − z, w + z − H (0, w)).

Property (2) implies that the sequence Pz =
(. . . ,Υ(z,−1),Υ(z, 0),Υ(z, 1), . . .) is an infinite path
in Z × Z such that each point is joined to the next by the
vector (1, 0) or (0, 1). (These infinite paths are the random
walk paths represented by the black and white stripes in
Figure 2.)

For an integer k ≥ 2, let νk(x) denote the unique
integer in the interval

(
−k5

2 ,
k5

2

]
which is congruent to

b 1
2 + x

((k−1)!)5 c modulo k5. For an integer x let λ(x)
denote the largest k such that νk(x) is odd, or λ(x) = 1
if no such k exists. (There are always only finitely many
k such that νk(x) is odd, because νk(x) = 0 whenever
(k − 1)! > |2x|1/5.) For a point s = (x, y) ∈ Z2, let
L(s) = (λ(H (s))!)5. Define an infinite demand matrix
D = (Dst)s,t∈Z as follows. For a point s = (x, y), put
t(s) = Υ(H (s), x+ y + L(s)) and let

Dst =

{
1/L(s) if t = t(s)
0 otherwise.

LEMMA 5.1. There exists a flow f in the infinite grid which
satisfies D and whose edge congestion is equal to 1.

Proof. For a vertex s, let z = H (s). Recall the path Pz =
(. . . ,Υ(z,−1),Υ(z, 0),Υ(z, 1), . . .) defined earlier. Define
P (s) to be the subpath of Pz joining s to t(s). The flow f
sends 1/L(s) units of flow on path P (s), for every s ∈ Z2.
For an edge e of the grid, either e does not belong to any
of the paths Pz (z ∈ Z) and f sends no flow on e, or e
belongs to exactly one path Pz and there are (λ(z)!)5 paths
P (s) ⊂ Pz containing e, each of which carries (λ(z)!)−5

units of flow. In the former case, the congestion of e is 0; in
the latter case the congestion of e is 1. 2

The next lemma concerns the function

λk(x) =

{
λ(x) if 2 ≤ λ(x) ≤ k
1 otherwise.

LEMMA 5.2. Fix some k ≥ 2 and let m = (k!)5. The
values of λk(x) and of νi(x) (2 ≤ i ≤ k) depend only
on the residue class of x modulo m. If x is a uniformly
random element of Z/(m) then the random variables νi(x)
are mutually independent, and each is uniformly distributed
in its range. For 1 ≤ j ≤ k, the number of elements
x ∈ Z/(m) which satisfy λk(x) = j is at most 4 · 2j−km.

If i ≥ j and I is a subinterval of
(
− i5

2 ,
i5

2

]
whose length is

denoted by |I |, then the number of x ∈ Z/(m) which satisfy

λk(x) = j and νi(x) ∈ I is at least
(

|I|−2
4i5

)
2j−km.

Proof. If x ≡ y (mod m) then the numbers 1
2 + x

((i−1)!)5

and 1
2 + y

((i−1)!)5 differ by a multiple of i5 for every i ≤
k. Consequently, νi(x) = νi(y) for every i ≤ k. The
value of λk(x) is completely determined by the values of
ν2(x), ν3(x), . . . , νk(x), hence the residue class of xmodulo
m determines λk(x) as well as ν2(x), . . . , νk(x).

Let m′ = ((k − 1)!)5, and let h be the homomorphism
Z/(m) → Z/(m′) induced by the canonical homomorphism
Z → Z/(m′). For a given element y ∈ Z/(m′), the set
h−1(y) has exactly k5 elements, and as x runs through the
elements of h−1(y), the function νk(x) takes each integer
value in the interval

(
−k5

2 ,
k5

2

]
exactly only. It follows

that if x is a uniformly random residue class in Z/(m),
the random variable νk(x) is uniformly distributed in Z ∩(
−k5

2 ,
k5

2

]
, and is independent of h(x). From the first

paragraph of this proof, we know that h(x) determines the
values of νi(x) for 2 ≤ i < k. By induction on k, we may
conclude that the random variables νi(x) (2 ≤ i ≤ k) are
mutually independent, and each is uniformly distributed in
its range.

In particular, let Ei, Fi, Gi(I) respectively denote the
events that νi(x) is even, that νi(x) is odd, and that νi(x) is
an element of the interval I which is odd if i > 1, even if
i = 1. We have

1

2
− 1

i5
≤ Pr(Ei) ≤

1

2
+

1

i5

1

2
− 1

i5
≤ Pr(Fi) ≤

1

2
+

1

i5

|I | − 2

2i5
≤ Pr(Gi(I)) ≤

|I | + 2

2i5
.

All the remaining claims in the statement of the lemma
follow from these probability estimates, along with the fact
that these events are mutually independent for different
values of i. 2

5.3 Proof of the lower bound. Let the random function
H and the random demand matrix (Dst)(s,t)∈Z2 be defined
as in the preceding section. Let Λ ⊂ Z2 denote the set of
all (x, y) such that λ(H (x, y)) = 1. Similarly, let Λk ⊂ Z2

denote the set of all (x, y) such that λk(H (x, y)) = 1.



LEMMA 5.3. Suppose λ(H (s)) = k and νk(H (s)) ∈(
−k5

6 ,
k5

6

]
. Suppose moreover that k is even. For any path

P from s to t(s), the probability that |P ∩ Λ| < 2−k−4L(s)

is less than e−k
1.5

provided that k is sufficiently large.

Proof. We focus first on the probability Pr(|P ∩ Λk| <
2−kk−4L(s)). Write s = (x0, y0) and let w = x0 + y0.
For j = 1, . . . , L(s) let vj = (xj , yj) denote the first vertex
in P to satisfy xj + yj = w + j. (Such a vertex exists, for
each i, because as one traverses P the parameter x+ y starts
at w and finishes at w + L(s), and it increases by at most 1
on each step.) We have H (vj) = Zw+j−xj . We shall apply
Corollary 5.1 with

Ai =

{
xi−w if w ≤ i ≤ w + L(s)
0 otherwise.

Let ` = 2((k − 1)!)5. Since k is even, for any integer z the
values of ν2(z), . . . , νk(z) — and therefore also of λk(z)
— are determined by the residue class of z in Z/(`). Let
R denote the set of residue classes z ∈ Z/(`) such that
λk(z) = 1. Note that |R| = 2−k`, and that (x, y) ∈ Λk
if and only if there exists some r ∈ R such that H (x, y) ≡ r
(mod `). Defining the sequence A as above, we see that

|P ∩ Λk| ≥ |T (R,A) ∩ [w,w + L(s)]|.

Now, recall that τ(`) = `dlog(4`2)e3 which is
bounded above by 16((k − 1)!)5(k log k)3. So L(s) >
1
16τ(`)k

2(log k)−3, which is greater than 192k1.5τ(`) for
sufficiently large k. Applying Corollary 5.1 with m =
96k1.5 we conclude that

Pr(|P ∩ Λk| < 2−k−4L(s)) < e−k
1.5

.

To finish, we will prove that if |P ∩Λk| > |P ∩ Λ| then
|P ∩ Λ| ≥ 2−kk−4L(s). Indeed, if P intersects Λk \ Λ it
means that λ(H (v)) = j > k for some v ∈ P . In turn, this
implies that νj(H (v)) is odd. But by our hypothesis on s,
νj(x) = 0 for every x such that |x−s| < (k!)5/6, so we may
conclude that |H (v) − H (s)| ≥ (k!)5/6. As we move along
the portion of P which joins s to v, the function H assumes
every value between H (s) and H (v). By Lemma 5.2, at
least (1−12/k5)2−km/12 of these values belong to λ−1(1).
Hence |P∩Λ| ≥ (1−12/k5)2−km/12,which is greater than
2−k−4m for sufficiently large k. 2

THEOREM 5.2. For any positive integer d, if n > ((2d)!)5

and Π is a set of fewer than nd paths in the n × n grid
Gn, then there is a demand matrix D for Gn which can
be satisfied by a multicommodity flow of edge congestion
1, but any Π-valued flow satisfying D has edge congestion
Ω(logn/ log logn).

Proof. Sample a random demand matrix D from the distri-
bution defined in the preceding section, and keep only those
commodities whose source and sink both belong to the set
{1, 2, . . . , n}2. In this way we obtain a random demand ma-
trix for G = Gn. The fact that D can be satisfied by a flow
of edge congestion 1 now follows directly from Lemma 5.1.
We will prove that with high probability, every Π-valued
flow satisfying D has edge congestion Ω(logn/ log logn).
For a pair of vertices s, t, let dΠ(s, t) denote the minimum
of |P ∩ Λ| over all paths P ∈ Π joining s to t. Let k be the
largest integer such that (k!)5 < n. We will show that

1. |V (G) ∩ Λ| = O
(
2−kn2

)
.

2.
∑
s,tDstdΠ(s, t) = Ω

(
2−kn2 logn/ log logn

)
.

From these two facts, it follows immediately that for any
Π-valued flow satisfying D, there is a vertex v ∈ Λ whose
congestion is Ω(logn/ log logn). Since the edge congestion
of a flow in G is at least one-fourth of the vertex congestion,
this proves the theorem.

The first fact follows easily from Lemma 5.2. To prove
the second fact, we observe that the height function H maps
V (G) to a set of n consecutive integers which includes 0.
It is easy to prove that the set of all h such that |H −1(h) ∩
V (G)| > n/2 contains a subset X consisting of at least n/4
consecutive integers. Let Xj be the subset consisting of all
x ∈ X such that λ(x) = j and νj(x) ∈

(
− j5

6 ,
j5

6

]
. By

Lemma 5.2 we obtain the lower bound |Xj | = Ω(2j−kn).
Let Sj = H

−1(Xj); note that by construction, |Sj | =
Ω(2j−kn2). If ((d + 4) logn)2/3 < j ≤ k and j is even, we
may apply Lemma 5.3 to say, for every path P ∈ Π which
joins s to t(s) for some s ∈ Sj , that with probability at least
1 − 1/nd+3 the set P ∩ Λ has Ω(2−j(j!)5) vertices. Taking
a union bound over all such paths P , we may say that with
probability 1 − 1/n we have dΠ(s, t(s)) = Ω(2−j(j!)5) for
all even j between j0 = ((d + 4) logn)2/3 and k and for all
s ∈ Sj . Recalling that Ds,t(s) = (j!)−5, we obtain

∑

s,t

DstdΠ(s, t(s))

≥
∑

j0<j≤k,j even

∑

s∈Sj

Ds,t(s)dΠ(s, t(s))

≥
∑

j0<j≤k,j even
Ω(2j−kn2)(j!)−5Ω(2−j(j!)5)

= Ω(2−kn2k) = Ω(2−kn2 logn/ log logn).

2

6 Lower bounds for the number of bends

In this section, we prove Theorem 3.4 by showing that
in a grid it is impossible to route multicommodity flows
with constant (or even polylogarithmic) competitive ratio for
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Figure 3: Construction illustration for Theorem 3.4 (a)
building block (level one) (b) construction for odd level
numbers (c) construction for even level numbers.

congestion while having only a constant number of bends per
each flow path.

We start with a level one (` = 1) building block as
follows. We consider a k-by-k2 grid, in which there is a
source in each node at the first row (thus there are k2 sources
in total). We will determine k in terms of n later in the
proof. Now we extend this construction for levels l > 1
as follows (See Figure 3.) For level ` = 2`′ (` = 2`′+1), we
construct building blocks of size k`+1-by-k` (k`-by-k`+1)
by taking k blocks of level `− 1 and place them on the same
set of columns (rows) with k` − k`−1 row (column) spacing
between the consecutive blocks and after the last block. We
define our graph to be a block of level 2b with k = n

1
2b+1

(add some dummy columns before the first column to make
the graph n-by-n grid). We will put the sources on some
vertices of the last column and the last row as follows. Each
source s has a unit demand for the unique sink t on the last
column or the last row which lies on the same diagonal that
source s lies.

First we observe that there is one source per diagonal
because of spacing that we used to create the blocks at
each stage. Thus we can route the flow from each source s
with edge-congestion one by taking repetitively unit vertical
and unit horizontal edges along the 45 degree diagonal (see
Figure 3.a) until we reach to the unique node t at the last
column or the last row of the block of level i, for 1 ≤ i ≤ 2b.
Thus we can satisfy all the unit demands betweens sources
and their corresponding sinks with edge-congestion one.

In a block of level ` = 2`′ − 1, there are k`+1 sources
and at least 2/3 of them have to exit horizontally (otherwise,

we have congestion more than k/6 in the columns). In a
` = 2`′, there are k`+1 sources and 2/3 of them have to exit
vertically. Thus 2/3 of the flows have to run horizontally
at the odd stages and 2/3 have to run vertically at the even
stages. This means that 1/3 of the flows have to bend in
each pair of levels. Hence, the average number of bends
over all levels and flow paths is at least b. Thus there is a
flow which bends at least b time which is a contradiction to
our assumption.

7 Node-capacitated and directed graphs

In this section, we prove Theorem 3.5 by constructing a
node-capacitated undirected graph as a counterexample (we
can make this an edge-capacitated directed graph by standard
reductions). The counterexample is a graph with a single
sink node w attached to the right side of a bipartite graphG.
The graph G is constructed in [3]. We repeat the definition
of G here, and we recall its basic properties. Let d be a
positive integer, and letX be the ring (F2)

d (i.e. the cartesian
product of d copies of the fields F2 = {0, 1}, with addition
and multiplication defined componentwise). Let b = 1 −
1
2 log2(3). ConsideringX as a vector space over F2, let Y be
a linear subspace of dimension bbdc such that the cardinality
of the set Z = {z ∈ X | zy 6= 0 for all nonzero y ∈ Y } is as
large as possible. G is a bipartite graph (VL ∪ VR, E) where
VL = X × Z, VR = X , and E = {((xL, zL), xR) |xR −
xL = yzL for some y ∈ Y }.

Letting n = |V (G)|, the following properties of G are
proven in [3]:

1. n = 4d−o(d).

2. Every vertex in VL has degree 2bd = n0.2075....

3. The edge set of G is partitioned into matchings
{Mi}i∈I , each of size 2d−o(d) = n0.4999....

4. EachMi is an induced matching, i.e. ifML,MR denote
the sets of left and right endpoints of edges of Mi,
respectively, then there is no edge from ML to MR

except for the edges of Mi.

5. For each such matching Mi, if Γ(ML) denotes the set
of all vertices adjacent to ML, then |Γ(ML) \MR| <
3d/2 = n0.39624....

Let G̃ be the graph obtained from G by adjoining a single
sink vertex w with edges (v, w) for every w ∈ VR. Sup-
pose Π is a semioblivious routing scheme for G̃ such that
|Π(s, t)| = O(n1/5) for every pair s, t. We define a de-
mand matrix D(i) for each matching M = Mi (i ∈ I)
by specifying that D(i)s,t = 1 if s ∈ ML, t = w, oth-
erwise D(i)s,t = 0. Choose the matching M uniformly
at random. For every s ∈ VL, the neighbor of s in M
conditional on the event s ∈ ML is uniformly distributed



among the n0.2075... neighbors of s. (This follows from the
fact that the matchings Mi are a partition of the edge set
E.) Since there are only n0.2 paths in Π(s, w), the proba-
bility that Π(s, w) contains a path starting with an edge of
M is only n−0.0075, so the expected number of vertices s
that have such a path is |M |−0.0075. Let us now fix a match-
ing M = Mi (i ∈ I) such that fewer than |M |/2 vertices
s ∈ VL have a path in Π(s, w) starting with an edge of M .
Recall thatM is an induced matching, so if s ∈ ML and P is
a path from s to w which does not begin with an edge of M ,
then P passes through a vertex in Γ(ML) \MR. If we sat-
isfy the demand in D(i) using a Π-valued flow, then at least
|M |/2 = n0.4999... units of flow must therefore go through
the vertex set Γ(ML) \ MR. This vertex set has cardinal-
ity n0.39624... so at least one of its vertices has congestion
greater than n1/10.
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