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Abstract

survey of recent work in this model.
The Steiner tree problem in undirected graphs is
an important problem in combinatorial optimization.
Formally, the problem is defined as: Given an undirected graph G = (V, E), with edge weights we ∈ R+
and a subset T ⊂ V of “terminal” nodes, we wish to
compute the weight of the minimum spanning tree
of G that contains all vertices in T . That is, what
is the minimum cost of connecting all the terminal
nodes together? The metric Steiner tree problem is
the same as above with the additional restriction that
the edge weights of G follow the triangle inequality.
In our project, we consider the latter and refer to
it as the Steiner tree problem. The decision version
of the Steiner tree problem can be shown to be NPcomplete via a reduction from vertex cover [4]. However, a simple 2-approximation algorithm is known.
We present an adaptation of this algorithm to the
semi-streaming model. We make use of existing developments in the semi-streaming literature, in particular graph sketches and graph spanners [5].

We present an algorithm for constructing approximate Steiner trees in the graph streaming context.
Massive graphs arise in many modern settings. But
traditional methods for analyzing such graphs are infeasible, due to resource limitations. However, recent work has dealt with many well-known problems on such graphs. Here, we consider the semistreaming setting, where an algorithm is limited to
O(n polylog n) space while processing its stream. We
emulate a well known 2-approximate algorithm for
calculating Steiner trees in an offline setting, making use of existing semi-streaming algorithms for constructing spanners and
 minimumspanning trees. The
result is a 2(1 + ) 2 logloglogn n + 1 -approximation for
the weighted metric Steiner tree problem, where  is
a user defined accuracy parameter.
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Introduction

In recent years there has been a lot of work on analyzing properties of massive graphs. Such graphs, for
example, representing friends in a social network, require prohibitively large amounts of memory to store.
One approach is to process the edges in a data stream
model. That is, edges (and their weights) are revealed
in a sequential fashion, and an algorithm must process the data in the order it is seen, while using only
a limited amount of memory. In particular, there has
been focus on the semi-streaming model, where an
algorithm is permitted O(n polylog n) space, where n
is the number of vertices of the graph. See [5] for a
∗ authors
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Background

In the past few years, researchers have developed
models and algorithms that can efficiently process
large data streams. It has been demonstrated that
O(n polylog n) space is sufficient to compute both
graph spanners [3] and minimum spanning trees [2].
We briefly describe the main techniques and existing
work that our algorithm relies on, and the reader is
encouraged to read the references for a detailed exposition.
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2.1

Count-Sketch

Algorithm 1 Sparse Recovery
1: procedure Sparse-Recovery
2:
Set d = 100 log3/2 n = O(log n)
3:
Set w ≥ 3k = O(k)
4:
Construct Count-Sketch table C for x
5:
if Any row of C has > k non-zero columns
then
6:
output DENSE
7:
else
8:
output x̃ . x̃ is constructed in the usual
way

A common task in big data processing is to maintain
a space efficient representation of the data, called a
“sketch”. This allows us to estimate properties of the
data without having to store it explicitly.
Count-Sketch [6] is one such example. The setting is as follows. There is a stream of updates
{a1 , a2 , . . . , am } to a vector x ∈ Rn . Each update
ai is of the form (it , δt ) ∈ [n] × R. This means that at
time t, the vector x is updated as xit ← xit + δt . We
want to be able to estimate properties of x such as
it’s pth frequency moment, it’s k largest coordinates,
etc. without storing x explicitly.
Count-Sketch maintains a 2D array C ∈ Rd×w .
Each coordinate i of x is hashed to some column in
each row of C. So, C can be thought of as having
d compact representations of x and every cell of C
maintains a signed count of the elements of x that
land in that “bucket”. We use 2d mutually independent hash functions:

Often, we want to be able to approximate a vector
x by a sparse vector. Sparse vectors have obvious
space benefits and operations on sparse vectors can
be significantly faster. Claim 2 [8] turns out to be
a key component of the `0 -sampling algorithm presented in the next subsection. We describe the required modification to Count-Sketch in Algorithm 1.

• ∀j ∈ [d]. hj : [n] → [w] hashes indices of x to Claim 2. With O(k log n) random bits, CountSketch can:
columns of C in row j.
• ∀j ∈ [d]. rj : [n] → {−1, +1} outputs a random
sign for indices of x in row j.

1. If x is k-sparse, output x with probability ≥ 1 −
1/n.

At time t, an update ai = (it , δt ) is processed in the
following way: For j = 1, 2, . . . , d, Increment Cj,hj (it )
by rj (it ) · δt . We compute x̃, an estimate of x, as
x̃ = median(zj ) where zj = rj (i) · Cj,hj (i) ∀j ∈ [d].
The following claim is proved in [6].

2. If x is not k-sparse, output DENSE with probability ≥ 1 − 1/n.

2.3

`0 -sampling

Definition 2. The support of a vector x, supp(x), is
3
1
and w > 2 . Then ∀i ∈ [n]: the set of non- zero coordinates of x.
δ

The goal of `0 -sampling is to sample a coordinate of
1. E[zj ] = xi
x uniformly at random from supp(x), i.e. sample co2. Pr[|x̃i − xi | ≥ kxk2 ] ≤ δ
i 6=0]
ordinate i with probability I[x
kxk0 . Graph sketching
By picking
d = O(log 2n2 ), we only need relies heavily on `0 -sampling. Various other applica

tions are mentioned in [7]. The following claim and
log 2n2
O
space to store C versus O(n) space if we
2
algorithm are presented in [7] and [9].
were to store x explicitly.
Claim
3. There is an `0 -sampler using
2
1
O
log
n
log
2.2 Sparse Recovery
δ bits of space that

Claim 1. Let d ≥ log

1. with probability ≥ 1 − δ, gives a uniform sample
from supp(x).

Definition 1. A vector x is called k-sparse if it has
≤ k non-zero coordinates.
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2. with probability ≤ δ, fails.

to compute a (1 + ) approximate weight to a minimum spanning tree using O(−1 n log3 n) space. However, in order to compute the weight of a minimum
spanning tree exactly in the semi-streaming model,
O(log n/ log log n) passes over the data are required
[1].
The algorithms described in [1], and the algorithm
we construct, require that we can sample uniformly
at random from the neighbours of a given vertex v
(at least approximately). In order to do this, we can
construct sketches for `0 -sampling from the characteristic vector of the neighbourhood of v.
Let γ v ∈ {0, 1}n be the characteristic vector of the
neighbourhood of vertex v. That is, γ v [u] = 1 if
and only if u is a neighbour of v. Then we apply a
sketch S for `0 -sampling to γ v , such that querying
S(γ v ) returns a uniformly random sample from the
neighbours of v, with high probability [1]. This key
observation will be used extensively in our algorithm
for finding the weight of a minimum spanning tree.
However, we must be aware of the following caveat.
We may naturally wish to query our sketch S(γ v )
more than once, and would expect to be returned uniformly random independent neighbours of v. However, this in general is not possible with `0 -samplers
[1].

Algorithm: Let I0 = [n] and let I1 , I2 , . . . , Ilog n be
random subsets of [n], where each Ih chooses each
h
element of x independently with probability 2n . We
run log n + 1 copies of Sparse-Recovery (SR) where
SRh only considers coordinates of x in Ih and set
k = 12 log 1δ . SRh could fail either by outputting
DENSE or by returning the 0 vector. Let h be the
smallest index such that SRh succeeded, ie. it output
a non-zero k-sparse vector. We output a random nonzero coordinate from this vector, which is a uniform
random sample from supp(x).

2.4

Graph Sketching

An important tool in our algorithm is the strategy
of graph sketching, where the graph is first mapped
to a smaller-dimensional “sketch” space [1]. Since
the graphs we are dealing with are assumed to be
very large, performing such computations on them
directly is infeasible. Instead, we hope that we can
infer useful properties of our original graph from computations performed in the sketch space, with high
probability. Ahn et al. have shown that many useful
and interesting properties of graphs can be computed
in this manner including (but not limited to) connectivity, bipartiteness, and the weight of a minimum
spanning tree [1].
We consider the dynamic graph streaming model,
where the algorithm is presented with a stream of
updates to the edges of the graph. Specifically, the
updates are in the form of edge insertions and deletions. The algorithm sees the stream only once (or
perhaps a small number of times), and must process
the edges dynamically, as it sees them. In particular,
the algorithms we consider fit into the semi-streaming
model, where we are allowed O(n polylog n) storage
space [1]. When n is very large, this is considerably
less space than would be required to store an arbitrary n-vertex graph.
One factor distinguishing streaming algorithms is
the number of passes over the data they require. In
the case of connectivity and bipartiteness, a single
pass is sufficient to check these properties exactly,
with high probability. Also, a single pass is sufficient

2.5

Minimum Spanning Tree

In order to emulate the simple algorithm for computing an approximate Steiner tree in the semi-streaming
model, our algorithm must compute a minimum
spanning tree in a streaming fashion. We follow the
method of [1] for doing this using O(log n/ log log n)
passes over the data stream. The approach is a modification of Boruvka’s algorithm, presented in Algorithm 2.
A naive adaptation of this to the streaming setting
is to emulate each iteration of the loop in Algorithm 2
using O(log n) passes over the data. In the first pass
we construct `0 -samplers for each vertex v, sample
an incident edge at random and remember its weight
wv . In the next pass we ignore any edge that arrives
with weight greater than wv when constructing the
`0 -samplers. Thus, in O(log n) passes we will have
found the minimum weight edge incident on v, and
3

Algorithm 2 Boruvka’s offline MST algorithm
1: Input: G = (V, E)
2: Output: T , an MST of G
3: procedure Boruvka(G)
4:
for i = 1, ..., log2 n do
5:
for v in V do
6:
ev ← min weight edge incident on v
7:
for v in V do
8:
Add ev to T
9:
Contract ev in G
10:
return T

The first step is a randomized vertex-labeling
phase, before any of the data stream is seen. Then,
as the stream is processed, the algorithm grows BSTs
around the dense clusters of G. The final spanner output is the union of these BFS trees along
with additional edges from the “sparse part” of the
graph. Feigenbaum et al. show that with appropriate choice of parameters, this algorithm constructs a (1 + )(2 log n/ log log n + 1)-spanner for
weighted graphs using O(−1 n polylog n log W ) space
[3], where W is the ratio between the maximum and
minimum edge weights in G.

we repeat this process O(log n) times to find a minimum weight spanning tree. Ahn et al. make two
further optimizations which improve the analysis of
this algorithm to O(log n/ log log n) passes over the
data [1].
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2.6

3.1

Steiner Tree in the Streaming
Model
Algorithm

In the offline setting, a simple 2-approximation algorithm [12] first finds the minimum spanning tree of
a new graph H where the vertices V (H) are the terminal nodes T and the edges E(H) are the shortest
paths between pairs of terminal nodes in the original graph G. We use 2 streams to adapt the above
offline algorithm to the semi-streaming setting. Our
algorithm proceeds in the same 2 phases: computing
shortest paths between terminal nodes and finding
the minimum spanning tree of H.
It is natural to try and implement a shortest path
algorithm like Dijkstra’s or Floyd-Warshall to perform phase 1. However, Feigenbaum et al. prove
a lower bound on the space requirements to construct even a BFS tree [3]. In particular, they state
that any algorithm that computes the first k layers
of a BFS tree from any given vertex with probability ≥ 23 requires either greater than k2 passes or
1
Ω(n1+ k polylog n) space, for any even constant k. So,
we use graph spanners in our algorithm to approximate shortest path distances.
The input to our algorithm is the graph G =
(V, E), presented as a stream I = ha1 , a2 , ..., am i,
where each ai represents an edge insertion and a
weight. We are also given a set T of “terminal”
nodes, which it can store explicitly, since there are
at most n of them. The algorithm is allowed to

Graph Spanners

An important subroutine in numerous graph algorithms, and a fundamental problem in its own right,
is that of computing shortest path distances between
vertices in a graph. One method for doing this
is through the use graph spanners, sparse graphs
in which the notion of distance (i.e., shortest path
length) is maintained.
Definition 3. Given a graph G = (V, E), an αspanner of G is a subgraph S = (V, E 0 ) such that,
for any u, v ∈ V , dG (u, v) ≤ dS (u, v) ≤ αdG (u, v),
where dG (·) is the length of the shortest path from u
to v in G.
Our algorithm uses the method of [3] for spanner
construction in the streaming setting. In the semistreaming setting, this gives a (2 log n/ log log n +
1)-spanner for unweighted graphs, and a (1 +
)(2 log n/ log log n + 1)-spanner for weighted graphs.
Intuitively, the algorithm constructs a collection of
small, dense subgraphs, which are then connected
together to form a spanner using the sparse part of
the original graph. The algorithm operates on unweighted graphs, but can be extended to the weighted
case by a technique of geometric grouping [3].
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make O(log n/ log log n) passes over I in a sequen
tial manner. The output is a 2(1 + ) 2 logloglogn n + 1 approximate Steiner Tree of G. We proceed in two
phases.
3.1.1

For each pair, we query the spanner S constructed
in phase 1 to obtain an approximate shortest path
distance between the two in G. Note that we do
not store all such pairs and pass them to the stream
at once. Instead, we pass these pairs to the stream
as they are created. This prevents us from exceeding the O(n polylog n) space restriction of the semistreaming model.
Let J be the stream of edges representing H. We
now take J to be the input to the minimum spanning tree algorithm presented in [1]. We proceed in
log n rounds. Naively, in each round, we process the
stream O(log n) times. On each pass we construct
n `0 -samplers, one for each vertex. We sample the
neighbours of each vertex and “remember” the weight
of the edge selected. While processing the stream in
the following round we ignore any edges whose weight
is greater than that of the “remembered” weight for
its endpoints. In this fashion we ensure that we find
the minimum weight edge incident on each vertex, in
each round [1]. Having found this edge for each vertex, we add it to M , the minimum spanning tree of
H. We then “contract” the edges we add to M in the
following manner. If we add an edge (u, v) to M in
round i, then in round i + 1, we process updates to
edges incident on u and v using the same `0 -sampler.
The output of the algorithm is T , an exact minimum
spanning tree of the graph H, and thus an approximate Steiner tree for the graph G.
We can reduce the number of passes of the algorithm with the following observations made by Ahn
et al. First, at each round, the number of vertices
of the graph is at least halved. So emulating the
ith phase can be done in log2i n passes. So only a
Plog n
total of i=1 log2i n = O(log n log log n) passes are
required. With this fact, and the idea that in each
round we could find not just the lightest weight edge
but the k lightest, Ahn et al. are able to show that
only O(log n/ log log n) passes are required, and that
this is sufficient to fit the semi-streaming criteria [1].

Phase 1

In the first phase, we execute the algorithm of [3] on
I. The first step of their algorithm is a randomized
vertex-labeling phase, before any of the data stream
is seen. Set L0 = [n], the “level 0” labels. Then with
probability n−1/t each label l ∈ L0 will be chosen
as selected, and placed in the set S 0 (here, t is an
accuracy parameter). From each label in S 0 , a new
label l0 = l + n is created, and added to L1 . This
continues until level bt/2c, and the final set of labels
Sbt/2c
is L = i=1 Li .
As the stream is processed, the algorithm assigns
labels from L to the vertices. For l ∈ L, let C(l) be
the set of vertices with label l. For each C(l), we store
a BFS tree, T ree(l), which we build up as edges are
processed. We also maintain a set D of edges which
connect the clusters C together. For l, l0 ∈ Lbt/2c if
u has label l and v has label l0 , then we add (u, v)
to D. The algorithm also remembers edges incident
on each vertex that are not part of any T ree(l), or of
D. The spanner S we output is the union of the BFS
trees T ree(l), the set D, and the sets of other edges
incident on each v.
Feigenbaum et al.
show that by taking
t = Ω(log n/ log log n), this algorithm constructs a
(2 log n/ log log n+1)-spanner for unweighted graphs.
However, this can be extended to weighted graphs
using a technique of “geometric grouping” to produce a (1 + )(2 log n/ log log n + 1)-spanner using
O(−1 n polylog n log W ) space [3], where W is the ratio between the maximum and minimum edge weights
in G.
3.1.2

Phase 2

Now, we construct a stream to represent the graph
H, as described earlier where V (H) = T (the set of 3.2 Analysis
terminal nodes) and E(H) are the shortest paths between pairs of terminal nodes in G. To do so, we Let W be the ratio between the maximum and minfirst iterate over pairs of terminal nodes (ti , tj ) ∈ T 2 . imum edge weights in G. In the first phase, we con5



struct a (1 + ) 2 logloglogn n + 1 -spanner S that uses
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