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The kernel polynomial method (KPM) is a standard tool
in condensed matter physics to estimate the density of
states for a quantum system. We use the KPM to instead
estimate the eigenvalue densities of the normalized adFigure 1: Nonzeros in graph adjacency matrix null vectors
jacency matrices of “natural” graphs. Because natural
with two or three elements.
graph spectra often include high-multiplicity eigenvalues
corresponding to certain motifs in the graph, we introformal (dual) Chebshev series:
duce a pre-processing phase that counts just these special
∞
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X
X
eigenvalues, leaving the rest of the eigenvalue distribution
µ(x) =
δ(x − λj ) ∼
dn φn (x) ≈
gn,d dn φn (x),
to be estimated by the standard KPM.
j=1

Additional details
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where λj ∈ [−1, 1] are the eigenvalues of Ā, φn (x) =
√

(2Tn (x))/ (1 + δ0n )π 1 − x2 is a dual basis to the
Chebyshev polynomials Tn , dn = tr(Tn (Ā)) are the Chebyshev moments of the spectral distribution, and the the
constants gn,d are smoothing factors that damp Gibbs
oscillations in the expansion. The first two Chebyshev
moments, d0 = N and d1 = tr(Ā) = 0, can be computed
exactly; the remaining moments are computed by the
stochastic trace estimator dn = E[z T Tn (Ā)z] where z
is a vector of independent standard normals; thus, the
moments can be estimated by a three-term recurrence
involving multiplications by Ā and vector operations.

Spectral information plays two broad roles in problems of
geometry and physics. First, individual (extremal) eigenvalues and their corresponding eigenvectors reflect features
such as metastable states in diffusion processes, or bounds
on isoperimetric constants, e.g. via Cheeger’s inequality. Second, the distribution of eigenvalues or density of
states reflects features such as electronic band structure in
quantum systems, or the volume and dimension of a manifold, e.g. via Weyl’s law. In contrast, in spectral graph
theory the extremal eigenvalues and their corresponding
eigenvectors play a starring role, while the distribution
of eigenvalues has been less studied. The shape of the
eigenvalue density is known for some families of random
graphs: the normalized adjacency spectra of Erdos-Renyi
random graphs have a semicircular density [4], while scalefree and small-world model graphs have more complicated
eigenvalue distributions [3, 5, 6, 7, 8]. However, with a few
exceptions [1, 2], spectral densities for specific real-world
graphs are rarely computed.

Filtering eigenvalues through structural motifs Structural motifs in graphs produce particular eigenvalues associated with localized eigenvectors [1]. For example,
when two nodes have identical neighbors, the normalized
adjacency matrix both has a zero eigenvalue and a corresponding eigenvector with only two nonzeros. These
eigenvalues often have high multiplicity, leading to “spikes”
in the histogram that are misleadingly blurred by the use
of smoothing factors; see, for example, the zero eigenvalue
in Figure 2. We therefore propose a two-step process in
which we first count some motif-related eigenvalues, then
use the KPM to estimate the distribution of the remaining
eigenvalues. We focus on null vectors of the normalized
adjacency matrix, which are in one-to-one correspondence
with null vectors of the standard adjacency matrix.
We use two approaches to remove zero eigenvalues. First,

The Kernel Polynomial Method Exploring real-world
graph spectra by computing all eigenvalues of large matrices is expensive. But an efficient alternative, the kernel
polynomial method (KPM) [9, 10], is widely used for similar spectral density estimates in condensed matter physics.
In the KPM, the spectrum of the normalized adjacency
matrix Ā of an undirected graph is written as a generalized function and estimated by truncating and filtering a
1

3000

3000

2500

2500

2000

2000

1500

1500

1000

1000

500

500

0
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

0
−1

1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Figure 2: Spectral histogram for a PGP privacy network. Bars indicate exact eigenvalues (courtesy David Gleich);
dots indicate a KPM estimate using 10 probe vectors and 1000 moments without preprocessing (left) and with
preprocessing (right). Preprocessing reduces the problem size from 10680 to 8673, and visibly improves the artificial
smoothing of the “spike” at zero.
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