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Gaussian Processes (GPs) Re-using Lanczos
Multivariate normals are distributions over vectors; Lanczos on K computes partial tridiagonalization:
Gaussian processes are distributions over functions. KQk = QuTi+ Q1€ Br. QI Q=1
1 :RY— R is the mean field; k : R? x R — R is the kernel. N Bi ... Bk
fm GP(H,k) means QK — [Cﬁ . . CIk} . Tk — trldlag o1 O ... O
VX = . cRY - 1 Bi ... Bx—1
f - SQ“"“;(X”)’ . Xi € IR Start from g1 = z/||z|| and compute approximations
~ , where TN T 78 . ~ _ . .
X | (x: Kxx) u=Kz ~||Z||Qk T, Te, (Conjugate gradients)
x € fRn; (Fx)i = 1(Xi) 1 \ Kk=2z" (Io F() z ~ ||z||?e] (log T ) e; (Gauss quadrature)
ux € R"; (1x)i = p(x) RN, g 1 k ) €1
Kxx € R™"; (Kxx)ij = K(Xi, X). LN [ NN RS Open question: does it make sense to precondition both?

Write Kxx as K when unambiguous.

GP Regression

Hessian Estimators

| o » For Hessian of .%}, exploit E[zzT] = I
Bayesian framework: prioris f ~ GP(u, k). ) )
Obtain noisy measurements: ) %y, 1 r ( Jd°K IK -~ 18K) -

— _C 2—K
Vi = f(Xi) + &, Ej ~ N(O’ 62) NN 5’9;5’ 9] 2 &9,-5’ 9]' &9,' 89]'
e o NPT, [ 2 . '
Posterior is GP(u’, k') with :1]3 T d°K 2BKZZTK_18_K -
U/(X) = u(x)+ Kyxc | 89,'89]' d 6; 39]' _
K'(x,y) = Kyy — Kxx K Kxy » Can also tackle Hessian of .Z|x| with an independent probe Z:

where Kc =y — uy, K = Kyx + 62l. T 8202”,,(‘ : k—1aKi'<—1‘9K - 2K

» Compute ¢ (and hence posterior mean) via Cholesky or CG. 00,00, o 26, 96 06,00;

> For fast CG, make matvecs with K scale via 1 [ (e (0K u7s 0K - . 32K \ _
> Low rank approximation (inducing point methods) =5E |2 (K1a922 K1 -0 K1ae-ae-) z
> Interpolation to regular grid + FFT i ’ J RV

> Fast multipole expansions

» What about learning kernel parameters as well?
Re-using computations

Likelihood and Gradient Estimators For each of m probes z,, use one Lanczos decomposition for
Uy = R_1Zg Kg:ZZUOgR)Zg
> Typllcally k depends on a vecj[or. qf hyperparan_vete_r S0 A few additional matvecs with derivatives:
» Estimate 6 from data by maximizing the (log) likelihood IK 92K
L8ly) = %, + Lk —g|og(277:) Ve = 56, Y= 5606
- 2
where (again with ¢ = K~ '(y — ux)) d — 8_KC d; — 0°K -
- d6; 06,006,
1 - 02, 1 7+ (0K . .
Ly = —é(y— un)'c, 55, EC 0 C The remaining computations are all sums and dot products:
i i - :
1 1
1 ; 0Lk 1, [ 19K L~ ——|(y—ux) c+=Y x+nlog(2r)
%K‘:—ElOgdetK, 86, :—Etr (K 8—9I>, 2 : m; _ |
» Stochastic expression for %k, and first derivative_s: | i;oi” N ; cTd 1 Y ulw,
Ve (T e i dl o Tp-19K O M
Lk =—5E [z (log K)z} =——FE|z'K '—2Z2], 5 : - -
2 891 2 L &91 | 8 gy ~ 1 CTd"+lZ((ZTd')(UTd')—|—(ZTd')(UTd'))
for random z € R" with entries independent, mean 0, variance 1. 00,00, 2 P m e\ AT AR AT
» Estimate via sample means with several random probe vectors 92 & 1‘ [ 1 ) '
. . B . . Kl Ty, . T Mulw,
(typical choice is Rademacher = Hutchinson estimator). ~ Z Uy Wy ji Z(ug Wy i) (Up Wy )
_ _ 5’9,8 91 2m ¢ | m—1 / | |
» Solves and log computations via CG / Lanczos. e#0

Hickory Data Set Variance Reduction

It lower variance needed, easily available control variates.

> Ex: K = WXUKUUW§U+ZI, Wy interpolates from U to X points.
> Write Wy = QR (sparse economy).
» | 0g det and estimate are easy to compute:

(a) Point pattern data () Prediction by exact ~ (C) Scaled eigenvalues (d) Lanczos |og det I’V< — |Og det(RKuuRT = 62 I) aF 2(|X| — ‘U‘) |Og O.
X T T
» Lanczos-based solvers now integrated into GPML z" (logK) z=z" Qlog(RKyuR" + 0°1)Qz + (2log 0)(||z||* — || Q" z||°)
» Better kernel learning vs. cruder approximations to log det » New estimator for log det of K:
» Example: Fit log-Gaussian Cox process model to 703 hickory trees oo det K — [ T : T > } y
e tK=FE |z (logK)z—az'(logK)z| + ologdet K.
in Michigan (data from R spatstat package) o8 EE (log K) (log K) e
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