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Abstract. It is known that the second dominant eigenvalue of a matrierd@nes the convergence rate of the power method.
Though ineffective for general eigenvalue computatior, power method has been of practical usage for computingtétiersary
distribution of a stochastic matrix. For a Markov chain witiemorym, the transition “matrix" becomes an ordertensor. Under
suitable assumptions, the same power method has been usedhpate the limiting probability distribution of a trarieit probability
tensor. What is not clear is what affects the convergeneeofahe iteration, if the method converges at all. Castirgabwer method as
a fixed-point iteration, we examine the local behavior oftibalinear map, identify the cause of convergence or divergieand provide
a family of counterexamples showing that even if the tramsiprobability tensor is irreducible and aperiodic, thevpoiteration may
fail to converge.
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1. Introduction. Suppose that a given matrik € R™*™ has a dominant eigenvalue in the sense that
its spectrum satisfigs\;| > |A2| > |As3] > ... > |\,]|. It can be proved that the sequer{cq,} generated
from the iterative scheme

{ Wg+1 = Aviik, (1.1)
. Wkt .
Xh+1 Wil

converges to the unit eigenvecter associated with\;. This procedure, known as the power method, has
been the most rudimentary means for eigenvalue computafibough the power method is not effective
per se, its fundamental principle sheds light on more ads@neethods. For example, the Rayleigh quotient
iteration which is a variation of the shifted inverse powesthod continues to play an integral role due to
its rapid convergencé [14], whereas the shifg®® algorithm which can be interpreted as an application
of the power method on subspaces with reorthogonalizatianddern day’s power horse for eigenvalue
computation([156].

In certain cases, the power method remains to be useful fopating the eigenvector associated with the
dominant eigenvalue of a matrix. One such instance is inpipication of Markov chain analysis where the
stationary distributionr satisfyingwr P = = for a row stochastic matri® is needed. Recall is universally
the dominant eigenvalue of any stochastic matrixgse the dominant left eigenvector.

It is a well known fact that the second dominant eigenvalpi®f A affects the convergence behavior
of the sequencéxy }. It is typically said that converges rate is the rd@@. An important application that
exploits this knowledge is the search engine Google. Rhistyery large-scale web hyperlink matifk is
slightly modified via a binary column vectarto remove dangles (caused by dead end pages) and keep it row

stochastic. Then the rank-1 matdix:= 22~ with 1 = [1,1,...,1]7 is added through the combination

n

G(c)a<H+%> +(1-a)FE,

wherea € (0,1), so thatG(«) is row stochastic, irreducible, and aperiodic, which easwa unique and
positive stationary distribution. The power method is teasployed to approximate the corresponding
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which is known as the PageRank in the internet commuhity Bdcause is of size billions by billions,
even a straightforward task such as matrix-to-vector plidétions is overwhelming. We can afford to
perform only finitely many times of iterations. The role oétbecond dominant eigenvalue therefore becomes
important. It is an exercise to show that| = « [12]. It has been said that Google uses- .85, whence

the PageRank with be withitD—* accuracy by aboufi0 iterations, regardless of the size of the mafifix

As the demand for large data by different disciplines insesammensely in recent years, considerable
attention has been turned to higher-order tensors. Whiteestlassical results in matrix theory can be ex-
tended naturally to tensors, there are cases where thenearity of tensors makes the generalization far
more cumbersome. The notion of eigenvalue is one such itestddepending on the applications, there are
several ways to mull over how an eigenvalue of a tensor shoelldefined([3.19, 10, 15]. In this paper, we
use Markov chain with memory as a model to rationalize twacepits of eigenvalues.

1. The classical concept of eigenvalues when a transitiobaghility tensor is used to derive the evo-
lution of the joint probability density functions.
2. The so called-eigenvalue when a transition probability tensor is usetktive the evolution of the
state probability distribution.
Our interest is motivated by recent applications of the pomethod to compute the limiting probability
distribution vector associated with a Markov chain with noeyn[8]. Two questions arise and we intend to
offer a clarification in this presentation. First, the asption used to propose the-eigenvector computation
is dubious and unjustifiable as our theory will show. Secaven if the proposed scheme of dominait
eigenvector is acceptable, what affects its rate of comrergis still not clear. Our theory gives insight into
this limiting behavior. Under a different context, it is pdde that the largest of the so calléfieigenvalues
becomes desirable [113]. Our framework of analysis canyebsilgeneralized.

This paper is organized as follows. In order to understaacffect of the second dominant eigenvalue,
we recast the power method applied to a matrix a fixed-panaiion and perform a local analysis in Sec-
tion[d. This approach is somewhat different from the traditil way to prove the convergence of power
method, but allows us to generalize the analysis for the poweghod to higher-order tensors. For our ap-
plications, we concentrate on transition probability tasswhich naturally arise from Markov chain with
memory. This connection is briefly reviewed in Secfidon 3. Arkéev chain with memory requires two types
of dynamics to reflect the evolution of the probability distitions for both the state and the memory. The
dynamics naturally translates into two types of power méshia order to find the probability distributions
of the stead-state vector and the joint probability derfsibction, respectively. These iterative schemes and
their limiting behavior are discussed in Sectigng 3.2[dmédpectively. One of our main contributions is at
identifying the true origination of the “second" dominaigenvalue in the tensor setting. As a consequence,
we find that the convergence of the power method proposeq ia fdt always guaranteed and we illustrate
this by counter examples.

2. Convergence of power method for matrices A typical way to argue the rate of convergence of the
power method for a matrid is by expanding the starting vector

n
Xp = Z CiVi
=1
in terms of the basis of eigenvectors, . . ., v,,. The iteratex;, can then be expressed as
k n i k
Cl>\1 vy + Zi:Q Ci (/\—i) Vi
k n i k .
01>\1 Vi + Zi:g C; (/\—i) V;
Hence, we see that the non-essential quantities decaymafrapproximatelyﬁ—f |. Such a loose argument

is conceptually acceptable, but can hardly be generalzéshisors because the tensor space may not have a
basis of eigenvectors.

X =




We now offer an alternative argument. 1%t~ ! denote the unit sphere R". Without loss of generality,
supposed is nonsingular. Define a mdp: $7~! — $»~! by

Ax

£ = ot (2.1)

where the normalization by the 2-norm is only for conven&nthe power method can be cast as the fixed-
point iteration

X1 = f(xx). (2.2)

Sincef is a continuous function mapping from a compact set intdfjteg the Brouwer fixed-point theorem,
there is a poink € $"~! such thatf(x) = x. In particular, by switching the sign if necessary, we may
assume that the dominant unit eigenvestpiis one such a fixed point. We now describe the local behavior
of f nearbyv;.

Forx, sufficiently neamw, we have the linear approximation

X1 — vi = f(xg) — £(v1) = Df(v1)(xx — v1), (2.3)
where it is easy to see that the Jacobian matrikisfgiven by

A AxxTATA

Df(x) = - - (2.4)
[ Ax||2 [ Ax]|3
It follows that atv; we have
1 T
Df(vq) = m([ —vivy A (2.5)
1

Obviously,v] Df(vy) = 0. Letw; € C" be any eigenvector ol " associated with eigenvalug € C,
i =2,...n. Thenitis known thatv,) vi = 0 since); # \1. Thusw, Df(v;) = ﬁw] In all, we make
the following conclusion.

LEMMA 2.1. The spectrum of the Jacobian matid (v ) is precisely{o, ﬁ, ﬁ, - |§_1|}
Let Df(vy) = U~'AU be the spectral decomposition of the matfiy (v1). Then by [Z.B) we can write
U(xp+1 — vi) = AU (xg — v1), (2.6)
implying that
A2
1T Gek1 = va)lloo & |32 U Gk = V1) oo (2.7)

It is in this sense that once, is sufficiently close tovy, thenxy.; is even closer and that the rate of linear
convergence is given by the rati% |

3. Transition probability tensors. A typical Markov chain is a stochastic process of randomaldes
{X:}2, over a finite state spac&, where the conditional probability distribution of futustates in the
process depends only upon the present state, but not ondhers of events that preceded it. That is,
among the stateg € .S, we have the Markov property

PI‘(Xt+1 == 5t+1|Xt = Sty. .- ,Xg = SQ,Xl = 81) == PI‘(Xt+1 == 5|Xt = St).

Without loss of generality, we may identify the statesSas {1,2,...,n}. Assume further that the chain is
time homogeneous. Then a transition probability maltix [p;;] defined by

pij = Pr(Xep1 =5 | Xy =1) (3.1)
3



is independent of and row stochastic because, given the current stgte= i, the next stepX;;; must
assume one of the statesdn The above process is generally characterized as memﬂyles

There are situations where the data sequence does deperabbwafues. A number of interesting
applications are mentioned in! [8] with references which Wwallsnot repeat here. The list includes wind
turbine design, alignment of DNA sequences, and growth &frper chains due to steric effect. To model
this kind of phenomenon, a Markov chain with memaetyis a process satisfying

Pr(Xip1 = se11| Xt = 84,00, X1 = 81) = Pr( X1 = se41|Xe = 56,0, Xiomy1 = St—my1)  (3.2)

for all t > m. Assume again time homogeneity, a Markov chain with memory 1 can be conveniently
represented via the ordei-tensorP = [p;,.,...,,] defined by

pi1i2mim = Pr(XtJrl = i1|Xt = ig, S ,Xt,erQ = Zm> (33)
Necessarily) < p;,i,...i,, < 1 and for every fixedm — 1)-tuple (i, . .., %, ) we have
Z p’il’i2-~-im = 1 (34)

i1=1

P is called a transition probability ten&or

3.1. Markov chain process. The dynamics of a Markov chain with memory goes as followst the
joint probability density function of state variah},, ... X;_,, .2 overS at timet be denoted as

(t)

Wi, t—mt2 = [m, 5 ], (3.5)
where
ml) = PH(Xy = day. ., Xemmt2 = im)-
Note thatll; 1, . +—m+2 is an order-(m-1) tensor with the property
> AL -t (3.6)

12,0 tm=1

The probability distribution ofX;;, denoted by the column vectaf!*1) | can be calculated as the tensor
product

XD =P @ g1 tomi2 = [(Dir Met1,. t—mi2)] € R, (3.7)

wherep;, . denotes the, -th facet in thel st direction of? and(-, -) is the Frobenius inner product generalized
to multi-dimensional arrays. In order to carry on this evioln, we need to compute the next joint probability

density functioll, ;¢ 4—mas = [r "2 _,]. Toward this, we observe

i1 lm

n
Miv1t,. t—mt3 = g Pr(Xit1, Xe, s Xt—mas, Xtmmt2 = im)

im=1

n

= Z Pr(Xt+1|Xta v aXt—7rz+3; Xt—m+2 = im) Pr(Xt7 .o -Xt—m+3; Xt—m+2 = im)- (38)

im=1

1Strictly speaking, based on the definitien {3.2), it showdalled a chain with memory 1.
2In the case of a chain with memory 1, note tf#ats column stochastic.
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FIGURE 3.1. Update of joint probability functiodl; 1 ; fromIT; ;1.

More specifically, we obtain an entry-wise expression

n
Tr%(fir»?nﬂ = Z p’il’i2~~~im7rg?“im (3-9)

im=1

and the process can move on.
For a Markov chain with memor3, the relation[(3.9) can be expressed as

Ht+1,t = [P(Z, ]., S)Ht’tfl(]., Z)T, e ,P(Z, n, :)tht,l(n, S)T] (310)

whereP(:, j,:) € R"*™ andIl, ;_1(j, :) stand for thej-th facet in the2nd direction ofP and thej-th row of
I1; ;—1, respectively. The summation over the indgxs included in the matrix-to-vector multiplication.

Note that the operation specified [n_(3.9) is not the usualenognsor product defined in the literature
[6]. We denote this transition of the joint probability déggunction by the symbol

IGit1,. t—mi3=POEOI i1, t—mio. (3.11)

The procesd (3.11) for the joint probability density fupnatis analogous to that df (3.7) for state distribution.
Indeed, it is necessary to understand the limiting behafitire joint probability density function before the
limiting behavior of the sequendex()} can be characterized. So far as we know, an analysis basedlylir
on these processes has not been completely available yeshaleresent some partial results in this paper.

3.2. Power method for joint probability density functions. In this subsection, we elaborate further
on the limiting behavior of the joint probability densityrfation. It will be instructive if we first consider the
Markov chain with memory 2. With the drawing in Figlire13.1, maght have a better grasp of the dynamics.

As the step evolves, we have two sequences of probability distribtimnbe processed hand by hand.
First, we have a distributiofl; ;1 = [m;,:,] Of memories(X;, X;_1) overS x S. Second, a distribution
x(*1) for X, ,, overS based on this memory is defined via

xtD =P I, . (3.12)
5



In the meantime, the memory is also evolved into
Oy =PIl 1. (3.13)

The mechanism for computing the distributigfi*!) for the random variablé;,; can be thought of as
taking the Frobenius inner product of the matiix;_; (plotted as the separated horizontal plane at the top
of Figure3.1) with each (horizontal) cross section of theste” in the 1st direction. That is, the probability

of being moved into statg at stept + 1 is given by

TARED DD ILRELR (3.19)

to=11i3=1

Similarly, the probability of having memor¥,; = i1, X; = i, at the steg + 1 is given by

mitt = szm . (3.15)

131

which is the inner product of th&-th row of I1; ,_, (plotted as the horizontal bar in the plafig;_; of
Figure[3.1) with each row of the (vertical) cross sectiorheftensof® in the2nd direction. Clearly, we have
the relationship

n
t+1 t+1
p Y =N Al. (3.16)
ia=1
Because each term“jr1 in (3.18) is nonnegative, we see thdt*!) converges if and only ifl; ; ;
converges as goes to infinity. If suffices to consider the limiting behavad the iteration[(3.15). For each
fixed iz, we may rewrite this updating mechanism in the matrix-toteemultiplication form

i1 (:yi2) = P(yin, )y g1 (i, ) (3.17)

This scheme isot exactly the ordinary power method applied to the maRi, is, :) because to execute
the iteration [(3.1]7) we must know thig-th row of II, ;1. In other words, the iterations(3]17) under the
operationa must be carried out simultaneously forall=1,...,n

We can rewrite the iteratiol (3113) in the following way. Leic()/) denote the vectorization of the
matrix M formed by stacking the columns &1 into a single column vector and then? x n? permutation
matrix that does the index swapping

Also, let B be then? x n? block diagonal matrix whos&-th diagonal block is precisely the x n matrix
P(:,i2,:). Then the operation is equivalent to the matrix-to-vector multiplication

vec(Il;y1+) = BCvec(Il; 1), (3.18)

which is exact the power method applied to tffex n? matrix A := BC. Itis not difficult to check thatd
has the block structure

P(:,1,1) 0 0 P(:,1,2) 0 0 .| P(G1,n) O ... 0
0 P(21) 0 0 P(,2,2) 0 0
A= ; . ; : ; . :
0 0 ... PGn1) 0 0 ... PEm2) | ... 0 0...PGnmn



Note that, by [[(3}).A is itself column stochastic. Also, b/ (3.&ec(Il; ;1) is itself a distribution
vector. From this point on, everything follows from our urgtanding about the conventional power method.
We summarize the results as follows.

THEOREM 3.1. Suppose thaP is the transition probability tensor of a Markov chain wittemory 2
such that the Perron-Frobenius eigenvalug A) = 1 of the correspondingl is simple. Then, starting with
any generic initial memory distributioly 1, it is true that

1. The convergence of the joint probability density funwigenerated by (3.1.3) is guaranteed.

2. The rate of convergence is the second dominant eigenial(id)| of the matrixA.

3. The limit pointﬁ of joint probability density functions is the de-vectotima of the normalized
dominant eigenvector o4 under the 1-norm.

4. The stationary distributioi of the states under this Markov chain (3.12) with memory &tsxéind
is the row sum of the limiting joint probability density fuion.

3.3. Higher memory. For Markov chains with memories higher than 2, the convergeiithe sequence
{Il¢ t—1,..+—m+2} generated by (3.11) can still be guaranteed because, with selious rearrangement, the
linear relationship[(3]9) can still be written in terms of atmnix-to-vector multiplication. The difficulty is
at the complicated description of the corresponding madriwhose structure depends upon how the tensor
IT; +—1,...t—m+2 IS vectorized.

It is worth noting that in the above context, the Markov pissie acting on the joint probability density
function is really a linear map from the spak& ! of order{m — 1) tensors tal""~*. As such, the notion
of eigenvalue fofP is no different from the ordinary notion of eigenvalue fouage matrices.

4. Power method for Z-eigenvector computation. The proceeding discussion is a formal way to cal-
culate the probability distributior*t1) based on the relationship(B.7). The stationary distritsutf the
states follows from the same relationship only after thatiimg joint probability function is known. One
alternative approach to circumvent this complication iagsume that a limiting joint probability distribution
of the high-order Markov chain is the Kronecker product sfiiniting probability distribution. The rationale
is that, if the sequencgx(?} has reached a stationary distributidmver S, then it is reasonable to think of
the steady-state probability among states are indepenéleath other. As such, a joint probability density
function should be of the form

lim I p—1,. t—ma2 =XRXR®...0X. (4.2)
t—o00 —_—
m — 1 times

Thus, referring back td _(3.7), the stationary distribuioshould satisfy the equation
P®i1z2R0z2Q...02z =1z, (4.2)
which is conveniently abbreviated as
Pz =g (4.3)

in the literature and its solution is called tHeeigenvector associated with theeigenvalue 119, 10, 15] 2]. It
can be shown that solutions 6f (#.3) do exist and that all tikeess of solutions are positive, / is irreducible
[8, Theorem 2.2]. Under some additional conditionsRyrthe solution is even uniquel[8, Theorem 2.4].

We do want to point out that the assumptibn{4.1) is dubiousinadvertently implies that the limiting
distribution of memories is of rank one. We shall give nuroarevidence to show that it is not the case in
general. Consequently, the stationary distributidnom (3.7) does not satisf{/ (4.3). Regardless, solving the
equation[(4.B) is of mathematical interest in its own rightius, it might be worth continuing to discuss the
power method applied t@ in the sense 0f(413) for computing the dominaigigenvector which we denote
by z. We should also point out that-eigenvectors are not scaling invariant. So cares mustkes taehen
performing the normalization which is an essential part pbaer method. For our applications, all iterates
are automatically of unit length in 1-norm, so this normatiian does not cause a concern.
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Quite a few methods have been proposed for computing eigsrgia tensor[4, 5,18, 11, 13,17,112.8]19],
depending on which definition of eigenpairs is of interesttivated by[(1.11), an iterative scheline

Zpy1 = Pzt (4.4

starting with a prescribed probability vectay, is perhaps the simplest means for finding fheigenvector
z in (4.3). Note that eachy,, remains to be a probability vector under exact arithmetie $equencéz,;
does converge linearly to a solution bf (4.3) under certaimditions.

Since the power method for matrices is affected by the sedomtinant eigenvalue of the underlying
matrix A, we are curious to know what part & affects the rate of convergence bf {4.4), if it converges
at all. By casting such a power method for the domindsgigenvector as a fixed-point iteration, we gain
some insight into the cause of convergence or divergencé-Eigenvector computation. In the following, we
employ a technique similar to the preceding section to ametlye power iteration for tensors. We specifically
work on the transition probability tens@t, though the idea works in general. Our main point is to shat th
for tensors the “second eigenvalue" comes into play in a falersomplicated way.

4.1. Attribute of the second dominant eigenvaluelLet A”~! denote the standard simplexk®, that
is,.

A" ={z e R"|2; >0, andei =1} (4.5)

=1
Define the magf : R” — A"~! by

'Pz'rn—l

S ey

(4.6)
whenever the denominator is not zero. Note fjat.1+ = Pz™ ! mapsA™~! into itself, so there exists
at least one poirg € A"~! such thaff(z) = z. We are interesting in knowing how fast the iteratibn(4.4)
converges to such a fixed point.

We have already introduced one kind of tensor producin (3.4), namely,

n

n
m—1._
P@12Q--Qz=Pz" "= | > puiy iy T, : (4.7)
E/_/ . .
m — 1times 2,00m =1 vi=1

where the subscript i®; indicates that the first index iR is excluded from the summation. We identify
this first index by the dummy variablg, so this product ends up with a column vector. Likewise, we& no
introduce another kind of tensor produgt, that will occur in the following analysis. Specifically,

n
n

PRuz®: -z := g Puiig..vgimLig =" Tiy =" Tiiyy, ) (4.8)
%/_/ Py
m — 2 times 12500050 im =1 v we=1

wherei, means that guantities associated with this particularndirade taken out from the remaining list.
Note that the double subscript @y, indicates that the first and tifeth indices inP are excluded from the
summation. This product results in ark n matrix whose entries are identified by the double infaxv,).

It is easy to verify that the important relationship

(P ®1,€ Zm—2) h=7pP ®1 ZZ—Q Qh® Zm—é (49)

3Thoughz;, remains to be a probability vector, it does not have the saraning asc(t) which truly represents the distribution of
the random variabléX; at stept. We thus use different notations.

8



holds for any givéh € R™. When/ = 3, for example, we have
P®:1z0h®z® - ®2z:=(P®32®---®z)h.

Similar to the local analysis developed earlier for masjaaur first task for tensors is to calculate the
Jacobian matrixDf (z). Toward this goal, the Fréchet derivatifeatz € A"~! acting on an arbitrary
h € R" is somewhat easier to manipulate by the generalized Lefioituct rule,

(Pz'm—l)/ h=7pP ®1 h® z"”_2 + P ®zQ h® Zm_3 +...+P @1 Zm_2 ® h. (410)

By using [4.9), we can represent the action of the derivatparator in terms of matrix-to-vector multiplica-
tion:

ToP®yz®---Qz) Pz 1) —Pz T (N Peyz® - Qz
Df(z)h = ((24—2 L i <7>zn>11,1>2 (Qr=p P ®re >)h (4.11)

and thus retrieve the Jacobian information.
At a fixed pointz € A", the equation[(4]3) is satisfied and the corresponding Jatabatrix is
reduced to the matrix

Df(z)=(I-z1") <ZP®1gz® ) (4.12)

Q

Each ternP ®1,z ® - - - ® z in the summation fof? is itself column stochastic. Furthermore,

0z = <ZP BUZR - ® Z> zZ= ZP~”L '=(m-1)z, (4.13)

£=2

showing that\; = m — 1 is the dominant eigenvalue &fwith the right eigenvectdt. It follows that Df(z)
an eigenvalué.

The Jacobian matrix in(4.112) is analogous to thaflin](2.B)particular, the matriX? in (4.12) plays
the same role as the matrikin (Z8). Supposev; € C" is an eigenvector d? " with eigenvalues\; € C,
i=2,...,n. If Qis positive, the we havg\;| < m — 1 andw 'z = 0. It follows that

w DfZ)=w' (I-21")Q=w'Q=\w', (4.14)

implying that the Jacobian matrif(z) has eigenvalugsand those of) with modulus less tham — 1. We
have thus reached the following conclusion.

THEOREM4.1. The limiting behavior of the iteration by the power methodlj4s determined by the
second dominant eigenvalue of the maftixiefined in[(4.12). If the iteration converges at all, then e
of convergence is\2(2)].

In the power method for matrices, the second dominant eajeawf the matrix4 alone affects the
limiting behavior. In the power methof (4.4) for the tensarss the second dominant eigenvalue of the
matrix Q) that affects the convergence. Take notice of the summati@hi2) for defining the matri®. Such
a combination by runningthrough different facets d® is far more complicated. Being able to pinpoint this
cause of convergence or divergence is an interesting fiedtdtown right.

4.2. Examples of divergenceWe have already pointed out that(2) = m — 1. For convergence,
we needX2(02)| < 1. It becomes suspicious that the gap between these two doheigenvalues can be
always so wide. In this section, we give a family of exampliea wansition probability tensor showing that
|A2(€2)| > 1 and hence the power method does not converge.

9
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FIGURE 4.1.Order-3 transition probability tensor over 2 states.

Consider an ordes-transition probability tensoP over S = {1, 2} depicted in Figur€4]1 whele <
a,b,c,d < 1anda + d # b+ c. Write its dominant eigenvect@ = [z,1 — z] . Then the equatiofi{4.3) is
equivalent to the quadratic equation

(a—b—ct+d)z?+(b+c—2d—1)z+d=0

whose two real solutions are trivially

S 2d+1-b—cE\/(b+tc—1)2+4d(1—a)
#= 20a—b—c+d)

. (4.15)

Depending on the values afb, ¢, d, we are interested in the root satisfyidg< z < 1. The corresponding
Q is given by

b+c+ (2a—b—c)z 2d+ (b+c—2d)z

Q=PR12z2+PRi3z= (—2a4+b+c)z+2—b—c (2d—b—c)z—2d+2

(4.16)

which has eigenvaluesandb + ¢ — 2d + 2(a — b — ¢ + d)z. Thus the second eigenvalue®is

1+ /(b+c—1)2+4d(1 - a),

depending on which is used.

As a numerical example, take= 0 andb = ¢ = d = 1. Thenz = *1%‘/5 andly = 1 —+/5. In
this case the power method cannot generate the limitingpstat distribution vectoz becausé,| > 1.
Indeed, our numerical experiment indicates that the igsrgenerated by the power method will have two
accumulation point§l, 0] T and[0, 1] " and that the iterations move back and forth between thespdints.
The dominant eigenvectaris repelling equilibrium.

In fact, using continuity argument, we can see that therstexd set of positive transition probability
tensors with nonzero measure for which the power methodnwiliconverge. For instance, take= ¢ and
b=c¢=d=1- e Then the correspondir@(e¢) has its second eigenvalue- v/8¢? — 12¢ + 5 < —1 for
allo<e< %ﬁ.

4.3. Deviation from true stationary distribution. We have suggested earlier that although the domi-
nantZ-eigenvector computation of a transition probability @8 is of mathematical interest, to rationalize
its application via the assumptidn (#.1) might need furftstification. In this subsection, we give numerical
evidence to show the deviation of results based on this ggtsumfrom the true Markov process.
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FIGURE 4.2. Comparisons between the stationary distributrand the dominantZ-eigenvectorx, and the corresponding
distributions of memories.

We randomly generate 400 test data oRér Each data set includes one order-3 transition probability
tensorP, two starting distribution vectors_; andxg, and one order-2 tensél _; = x_1 ®x representing
the joint probability density function for the starting merny. Entries in the data are generated independently
from the identical uniform distribution over the intery@J 1] and then are normalized accordingly to meet the
stochastic requirements. After going through the calautathe limiting joint probability density function is
denoted by, the stationary distribution by, and dominang -eigenvector by.. We compare the histograms
of |x —z|, ||x* — I1||, ||z% — II||, and||x*> — Z?||, all measured in the-norm. The results are plotted in
Figure[4.2. As can be seen, the variati@as- x|| and||z?> — x?|| shown in the upper drawing does seem to
suggest that the two distributiogsandx might be called statistically closg![1]. However, the vaoas in
the lower drawing indicate that the difference betwBeandz? is statistically more significant.

5. Conclusions. In this paper, we cast the power method as fixed-point imaif some properly de-
fined mappings. Limiting behavior of iterates generatedhsypgower method can be understood from the
spectrum of the corresponding Jacobian matrices at the-finedt. When the power method is applied to a

matrix A, the ratio i—f‘ does show up as the dominant eigenvalue of the Jacobiarxmaitbnfirming the

known fact that the second dominant eigenvalyeof A affects the rate of convergence. When the power
method is applied to a transition probability tensor of orde two types of power methods are involved
— one iterates on the joint probability density functionieh is essentially the same as the conventional
power method for computing the dominant eigenvector; ardother iterates on the distribution vectors,
which amounts to computing the dominateigenvector. We identify two specially structured masigl
ands2 for the two power methods, respectively. The second domgiganvalue will affect the local behavior
nearby a fixed-point of the corresponding power method. htrest to the matrices, it is possible that the
second dominant eigenvalue@fhas modulus greater than one and, hence, the fixed-poinéjseier.

11
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