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ABSTRACT

We present a graph-based semi-supervised learning (SSL) method
for learning edge flows defined on a graph. Specifically, given flow
measurements on a subset of edges, we want to predict the flows
on the remaining edges. To this end, we develop a computational
framework that imposes certain constraints on the overall flows,
such as (approximate) flow conservation. These constraints render
our approach different from classical graph-based SSL for vertex
labels, which posits that tightly connected nodes share similar labels
and leverages the graph structure accordingly to extrapolate from
a few vertex labels to the unlabeled vertices.

We derive bounds for our method’s reconstruction error and
demonstrate its strong performance on synthetic and real-world
flow networks from transportation, physical infrastructure, and
the Web. Furthermore, we provide two active learning algorithms
for selecting informative edges on which to measure flow, which
has applications for optimal sensor deployment. The first strategy
selects edges to minimize the reconstruction error bound and works
well on flows that are approximately divergence-free. The second
approach clusters the graph and selects bottleneck edges that cross
cluster-boundaries, which works well on flows with global trends.
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1 INTRODUCTION

Semi-supervised learning (SSL) has been widely studied for large-
scale data mining applications, where the labeled data are often
difficult, expensive, or time consuming to obtain [36, 40]. SSL uti-
lizes both labeled and unlabeled data to improve prediction accuracy
by enforcing a smoothness constraint with respect to the intrinsic
structure among all data samples. Graph-based SSL is an important
branch of semi-supervised learning. It encodes the structure of data

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than the
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

KDD 19, August 4-8, 2019, Anchorage, AK, USA

© 2019 Copyright held by the owner/author(s). Publication rights licensed to ACM.
ACM ISBN 978-1-4503-6201-6/19/08...$15.00
https://doi.org/10.1145/3292500.3330872

Michael T. Schaub
Massachusetts Institute of Technology
University of Oxford
mschaub@mit.edu

Austin R. Benson
Cornell University
arb@cs.cornell.edu

QO labeled C inferred (—> labeled = inferred
o} O
+ N\ rd N
@ O @} o O — O\ /C
® @ O @)
Gl e : .
thickness : flow magnitude
-1.0 0.0 +1.0

Figure 1: Left: classical graph-based semi-supervised learn-
ing for vertex labels. Right: Our framework of graph-based
semi-supervised learning for edge flows.

points with a similarity graph, where each vertex is a data sample
and each edge is the similarity between a pair of vertices (Fig. 1, left).
Such similarity graphs can either be derived from actual relational
data or be constructed from data features using k-nearest-neighbors,
e-neighborhoods or Gaussian Random Fields [21, 39]. Graph-based
SSL is especially suited for learning problems that are naturally
defined on the vertices of a graph, including social networks [2],
web networks [23], and co-purchasing networks [14].

However, in many complex networks, the behavior of interest
is a dynamical process on the edges [30], such as a flow of energy,
signal, or mass. For instance, in transportation networks, we typ-
ically monitor the traffic on roads (edges) that connect different
intersections (vertices). Other examples include energy flows in
power grids, water flows in water supply networks, and data pack-
ets flowing between autonomous systems. Similar to vertex-based
data, edge flow data needs to be collected through dedicated sen-
sors or special protocols and can be expensive to obtain. Although
graph-theoretical tools like the line-graph [15] have been proposed
to analyze graph-based data from an edge-perspective [1, 10], the
problem of semi-supervised learning for edge flows has so far re-
ceived little attention, despite the large space of applications

Here we consider the problem of semi-supervised learning for
edge flows for networks with fixed topology. Given a network with
avertex set V and edge set &, the (net) edge flows can be considered
as real-valued alternating functions f: V XV — R, such that:

_f(j7 l)’ v (la]) €&

0, otherwise.

fG.)) = { (1)

As illustrated in Fig. 1, this problem is related to—yet fundamen-
tally different from—SSL in the vertex-space. Specifically, a key
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as optimal column subset selection (maximum submatrix volume)
and is NP-hard [7]. However, a good heuristic is the rank revealing
QR decomposition (RRQR) [5], which computes

VII=Q[R R (13)

Here, II is a permutation matrix that keeps R; well-conditioned.
Each column permutation in IT corresponds to an edge, and the re-
sulting edge set E® for active learning chooses the first m* columns
of TI. This approach is mathematically similar to graph clustering al-
gorithms that use RRQR to select representative vertices for cluster
centers [9]. The computational cost of RRQR is O(m?).
Recursive Bisection (RB). In many real-world flow networks,
there exist a global trend of flows across different cluster of vertices.
For example, traffic during morning rush hour flows from rural to
urban regions or electricity flows from industrial power plants to
residential households. The spectral projection of such global trends
is concentrated on singular vectors v € Vg with small singular
values corresponding to gradient flows (e.g., v¢ in Fig. 2), as was
the case with the Chicago traffic flows (Fig. 6).

Building on this observation, our second active learning algo-
rithm uses a heuristic recursive bisection (RB) approach for select-
ing labeled edges.’ The intuition behind this heuristic is that edge
flows on bottleneck-edges, which partition a network, are able to
capture global trends in the networks’ flow pattern. We start with
an empty labeled set EL, a target number of labeled edges ml, and
the whole graph as one single cluster. Next, we recursively partition
the largest cluster in the graph with spectral clustering and add
every edge that connects the two resulting clusters into &, until
we reach the target number of labeled edges. Similar methods have
been shown to be effective in semi-supervised active learning for
vertex labels [18]; in these cases, the graph is first clustered, and
then one vertex is selected from each cluster. While any other graph
partitioning algorithm could be used and greedy recursive bisection
approaches can be sub-optimal [33], we find that this simple meth-
ods works well in practice on our datasets, and its iterative nature
is convenient for selecting a target number of edges. The computa-
tional cost of the recursive bisection algorithm is O(mlogn).

4.2 Results

We repeat the experiments in Section 3 on traffic networks with
labeled edges ET selected by our RRQR and RB algorithms. For
comparison, the ZeroFill approach with randomly selected labeled
edges is included as a baseline. Our RRQR algorithm outperforms
both recursive bisection and random selection for networks with
synthetic edge flows, where the divergence-free condition on ver-
tices approximately holds (Fig. 8). However, for networks with
real-world edges flows, RRQR performs poorly, indicating that the
divergence-free condition is too strong an assumption (Fig. 9). In
this case, our RB method consistently outperforms the baselines,
especially for small numbers of labels.

To provide additional intuition for the RB algorithm, we plot
the selected labeled edges and the final clusters in the Winnipeg
and Chicago network when allowing 10% of edges to be labeled
(Fig. 10). The correlation coeflicients resulting from random edge

SWe call this algorithm recursive bisection although it does not necessarily gives two
clusters with the same number of vertices.
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Figure 8: Graph-based semi-supervised active learning for
synthetic flows. The plots show the Pearson correlation co-
efficients between the estimated flow vector f* and the syn-
thetic ground truth edge flows f as a function of the ratio of
labeled edges. Our rank-revealing QR (RRQR) active learn-
ing performs well on synthetic datasets.

10 Anaheim Barcelona
0.8f e
C ,r’
o >
D 0.6 -
o
204 ---- ZeroFill
S —— Random
0.2 —— RRQR
— RB

0.0

correlation

O'%.O 0:2 0f4 Of6 Of8 1.0 0.0 Of2 0f4 Of6 0f8 1.0
ratio labeled (|&4|/]€]) ratio labeled (|&-|/]€])

Figure 9: Graph-based semi-supervised active learning for
real-world traffic flows. The plots show the Pearson correla-
tion coefficients between the estimated flow vector f* and
the ground truth f measured in four transportation net-
works, as a function of the ratio of labeled edges. With our
Recursive Bisection (RB) active learning method to select
edges, we now perform better than the baseline (ZeroFill)
on the Chicago traffic dataset (cf. Fig. 5).

selection and RB active learning are p,,,q = 0.371 and prg = 0.580
for the Winnipeg road network, respectively. For the Chicago road
network we obtain correlations of p;,,4 = 0.151 and prp = 0.718.
Thus, the active learning strategy alleviates our prior issues with
learning on the Chicago road network by strategically choosing
where to measure edge flows.



Figure 10: The clusters discovered by our recursive bisec-
tion algorithm in Winnipeg (left) and Chicago (right) road
networks, where the vertex coordinates are computed by
spectral-embedding. In each network, 10% of the edges are se-
lected as the labeled set EL and the ground truth edge flows
on those edges are plotted as black arrows.

5 EXTENSIONS TO CYCLIC-FREE FLOWS

Thus far, our working assumption has been that edge flows are ap-
proximately divergence-free. However, we might also be interested
in the opposite scenario, if we study a system in which circular flows
should not be present. Below we view our method through the lens
of basic combinatorial Hodge theory. This viewpoint illuminates
further how our previous method is a projection onto the space of
divergence-free edge flows. By projecting into the complementary
subspace, we can therefore learn flows that are (approximately)
cycle-free. We highlight the utility of this idea through a problem of
fair pricing of foreign currency exchange rates, where the cycle-free
condition eliminates arbitrage opportunities.

5.1 The Hodge decomposition
Let f be a vector of edge flows. The Hodge decomposition provides
an orthogonal decomposition of f [25, 29]:

gradient flow
—_—

divergence-free flow

f = Bly © Cw @ h (14)
—— —— ——
edge flow curl flow harmonic flow

where the matrix C € R™* (called the curl operator) maps edge
flows to curl around a triangle,

1’ {7; = (i’_jv k)’ 87‘ = (l9j)’ i <j < k
1, Ju=0(,J.k), & =(0k),i<j<k

ru = .. . . . (15)
-1, Ty =(,j,.k), E& =(,k),i<j<k

0, otherwise

and (BTB + CCT)h = 0. Here, the gradient flow component is zero
if and only if f is a divergence-free flow. Thus far, we have focused
on controlling the gradient flow; specifically, the objective function
in Eq. (6) penalizes a solution f where ||Bf]| is large.

We can alternatively look at other components of the flow given
by the Hodge decomposition. In Eq. (14), the “curl flow” captures all
flows that can be composed of flows around triangles in the graph.
This component is zero if the sum of edge flows given by f around
every triangle is 0. Combining Egs. (1) and (15), the curl of a flow
on triangle 7;; = (i, j, k) with oriented edges (i, j), (j, k), and (i, k)
is [CTf]y = f(i.)) + fU. k) = f(i. k) = f(i.)) + fU. k) + f(k, D).
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currency pair index in the exchange.

Finally, the vector h is called the harmonic flow and measures
flows that cannot be constructed from a linear combination of
gradient and curl flows. Projecting edge flows onto the space of
gradient flows is the HodgeRank method for ranking with pairwise
comparisons [20]. In the next section, we use ||CTf|| as part of an
objective function to alternatively learn flows that have small curl.

5.2 An application to Arbitrage-Free Pricing

We demonstrate an application of edge-based learning with a dif-
ferent type of flow constraint. In this case study, edge flows are
currency exchange rates, where participants buy, sell, exchange,
and speculate on foreign currencies. Every pair of currencies has
two exchange rates: the bid is the rate at which the market is pre-
pared to buy a specific currency pair. The ask is the rate at which
the market is prepared to sell a specific currency pair. There is also
a third widely used exchange rate called the “middle rate,” which is
the average of the bid and ask, is often used as the price to facilitate
a trade between currencies. An important principle in an efficient
market is the no-arbitrage condition, which states that it is not
possible to obtain net gains by a sequence of currency conversions.
Although the middle rates are widely accepted as a “fair” rate, they
do not always form an arbitrage-free market. For example, in a
dataset of exchange rates between the 25 most traded currencies at
2018/10/05 17:00 UTC [8], the middle rates for CAD/EUR, EUR/JPY
and JPY/CAD were 0.671200, 130.852 and 0.0113876, respectively.
Therefore, a trader successively executing these three transactions
would yield 1.000146 CAD from a 1 CAD investment.

Here we show how to construct a “fair” set of exchange rates
that is arbitrage-free. We first encode the exchange rates as a
flow network. Each currency is a vertex, and for each pair of cur-
rencies A and B with exchange rate ri/ B, we connect A and B
with log(r2/B) units of edge flow from A to B, which ensures that
f(A,B) = —f(B, A). The resulting exchange network is fully con-
nected. Under this setup, the arbitrage-free condition translates into
requiring the edge flows in the exchange network to be cycle-free.

We can constrain the edge flows on every triangle to sum to 0 by
the curl-free condition ||CTf|| = 0. Moreover, in a fully connected
network, curl-free flows are cycle-free. Thus, we propose to set
fair rates by minimizing the curl over all triangles, subject to the
constraint that the fair price lies between the bid and ask prices:

£ = arg min ICTE)2 + A2 - |If — £id)2 g p, fPid < £ < g5k (1)

The second term in the objective ensures that the minimization
problem is not under-determined. In our experiments, A = 1.0-1073
and we solve the convex quadratic program with linear constraints



using the Gurobi solver. Unlike the middle rate, which is com-
puted only using the bid/ask rates of one particular currency pair,
the solution to the optimization problem above accounts for all
bid/ask rates in the market to determine the fair exchange rate.
Figure 11 shows the fair exchange rates, and the computed rates
for CAD/EUR, EUR/JPY and JPY/CAD are 0.671169, 130.845 and
0.0113871, respectively, removing the arbitrage opportunity.

6 RELATED WORK

The Laplacian L appears in many graph-based SSL algorithms to
enforce smooth signals in the vertex space of the graph. Gaussian
Random Fields [39] and Laplacian Regulation [4] are two early
examples, and there are several extensions [34, 37]. However, these
all focus on learning vertex labels and, as we have seen, directly
applying ideas from vertex-based SSL to learn edge flows on the
line-graph does not perform well. In the context of signal processing
on graphs, there exist preliminary edge-space analysis [3, 31, 38],
but semi-supervised or active learning are not considered.

In terms of active learning, several graph-based active semi-
supervised algorithms have been designed for learning vertex la-
bels, based on error bound minimization [16], submodular optimiza-
tion [17], or variance minimization [19]. Graph sampling theory
under spectral assumptions has also been an effective strategy [12].
Similarly, in Section 2.2, we give exact recovery conditions and de-
rive error bounds for our method assuming the spectral coefficients
of the basis vectors representing potential flows are approximately
zero, which motivated our use of RRQR for selecting representative
edges. There are also clustering heuristics for picking vertices [18];
in contrast, we use clustering to choose informative edges.

7 DISCUSSION

We developed a graph-based semi-supervised learning method for
edge flows. Our method is based on imposing interpretable flow
constraints to reflect properties of the underlying systems. These
constraints may correspond to enforcing divergence-free flows in
the case of flow-conserving transportation systems, or non-cyclic
flows as in the case of efficient markets. Our method permits spec-
tral analysis for deriving exact recovery condition and bounding re-
construction error, provided that the edge flows are indeed (nearly)
divergence free. On a number of synthetic and real-world prob-
lems, our method substantially outperforms competing baselines.
Furthermore, we explored two active semi-supervised learning algo-
rithms for edge flows. The RRQR strategy works well for synthetic
flows, while a recursive partitioning approach works well on real-
world datasets. The latter result hints at additional structure in the
real-world data that we can exploit for better algorithms.
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A APPENDIX

Here we provide some implementation details of our method to
help readers reproduce and further understand the algorithms and
experiments in this paper. First, we present the solvers for learning
edge flows in divergence-free and curl-free networks. Then, we
further discuss the active learning algorithms used for selecting
informative edges. All of the algorithms used in this paper are
implemented in Julia 1.0.

A.1 Graph-Based SSL for Edge Flows

We created a Julia module NetworkOP for processing edge flows
in networks. It contains a FlowNetwork class which records the
vertices, edges and triangles of a graph as three ordered dictionar-
ies. The NetworkOP also provides many convenience functions,
such as computing the incident matrix of a FlowNetwork object.
Such functions greatly simplify our implementations for learning
unlabeled edge flows. In this part, we assume the labeled edges are
given. In Appendix A.2 we show algorithms for selecting edges.

using SparseArrays, NetworkOP;
using LinearMaps, IterativeSolvers;

function ssl_df (A::SparseMatrixCSC{Float64,Int64},
F::SparseMatrixCSC{Float64,Int64},
IdU::Vector{Int64}, lambda=1.0e-1)

A: adjacent matrix of the graph

# F: anti-symmetric matrix for ground truth flows

# IdU: list of indices for unlabeled edges

=+

# create a flow network object
FN = NetworkOP.FlowNetwork(A);
length(FN.VV); # n:
length(FN.EE); # m:

number of vertices

number of edges

# assemble edge flows to vector

fhat = NetworkOP.mat2vec(FN,F);

# the trival solution for Eq.(6)

fo = collect(fhat); fO[IdU] = zeros(length(IdU));
# the incidence matrix for network

B = NetworkOP.mat_div(FN);

# expansion operator \Psi and its transpose
expand = ff->collect(sparsevec(IdU,ff,m));

select = ff->ff[IdU];

# the operator in iterative least-squares problem
LinearMap{Float64};

map (ff->vcat (Bxexpand(ff), lambdaxff),
pp->select(B'xpp[1:n]) + lambdax*pp[n+1:end],
n+length(IdU), length(IdU);
ismutating=false);

# infer edge flows on unlabeled edges with LSQR

fU = lsqr(op, vcat(-Bxfo, zeros(length(IdU))));

# fstar: the inferred edge flow vector

fstar = fo + expand(fU);

map =
op =

return fstar;
end
Figure 12: Code snippet for inferring edge flows in a
divergence-free network by solving a least-squares problem.

% Although we considered unweighted graphs in this work, we choose ordered dictio-
naries over lists for future exploration of weighted graphs.

using SparseArrays,
using JuMP,

NetworkOP;
Gurobi;

function ssl_cf(A::SparseMatrixCSC{Float64,Int64},
bid::Vector{Float64},
mid::Vector{Float64},

ask::Vector{Float64}, lambda=1.0e-3)

# A: adjacent matrix of the graph

# bid: flow vector f*{bid} representing bid rate

# mid: flow vector f*{mid} representing middle rate
# ask: flow vector f*{ask} representing ask rate

# create a flow network object
FN = NetworkOP.FlowNetwork (A);
n = length(FN.VV); # n:
length(FN.EE); # m:
# map from edge to edge-index

e2id = Dict(e=>i for (i,e) in enumerate(keys(FN.EE)));

number of vertices

m = number of edges

model = Model(solver=GurobiSolver(Presolve=0));

# variables are the fair exchange rates

bid[i] <= f[i=1:m] <= ask[il]);

# objective function in Eq.(20)

@objective (model, Min,
sum((fle2id[(i,j)]]+f[e2id[(j,k)I]1-f[e2id[(i,k)]JI)*2

for i=1:n, j=i+1:n, k=j+1:n) +

sum((f[i]l-mid[i])*2 for i=1:m))*lambda*2;

@variable (model,

status =
# fair:
fair =

solve(model);
flow vector f*{fair} representing fair rate
getvalue(f);

return fair;

end

Figure 13: Code snippet for fair pricing in a arbitrage-free
foreign exchange network by solving a quadratic program
with linear constraints (QPLC).

Learning flows in divergence-free networks. Our algorithm
for solving Eq. (6) is presented in Fig. 12. This algorithm takes
three arguments as input: (1) A € R™ " is the adjacency matrix
of a graph; (2) F € R™ " is the matrix containing ground truth
edge flows, where F;; = f(i,j) = —Fj;; and (3) IdU € N is the
edge indices of unlabeled edges. The edge flow matrix F is trans-
formed into an edge flow vector f with the mat2vec function (line
17). Following the formulation in Eq. (7), we define the incidence
matrix B (line 21), the expansion operator ® and its transpose (line
23,24), then we assemble them into a linear map (line 27-31) as
the main operator in the least-squares problem. Finally, we solve
the least-squares problem with an iterative LSQR solver from the
IterativeSolvers. jl package.

Learning flows in cycle-free networks. Our algorithm for com-
puting the fair rate in a foreign exchange market is given in Fig. 13.
It takes as input the (fully connected) adjacency matrix A as well as
the flow vectors bid, mid, ask € R™ representing the correspond-
ing logarithmic exchange rates between currencies. Then we use
the JuMP. j1 package to set up the optimization problem in Eq. (16).
The linear constraints and quadratic objective function are speci-
fied in line 22 and 24-27 respectively. Finally we solve the QPLC
problem with the Gurobi. j1 package (line 29).



using Clustering, NetworkOP;
function al_rb(A::SparseMatrixCSC{Float64,Int64},
ndim::Int64,
ratio::Float64)
# A: adjacency matrix of the graph
# ndim: number of vectors in spectral clustering
# ratio: ratio of labeled edges
# create a flow network object
FN = NetworkOP.FlowNetwork(A);
m = length(FN.EE); # m: number of edges
# compute the embedded vertex coordinates
X = spectral_embedding(FN, dims);
IdL = []; # the indices for labeled edges
clusters = [[1:m]]; # list with current clusters
# map from edge to edge index
e2id = Dict(e=>i for (i,e) in enumerate(keys(FN.EE)));
while (length(IdL) < ratio*m)
# find the cluster with maximum cardinality
max_id = argmax([length(cc) for cc in clusters]);
cluster = clusters[max_id];
Xc = X[:,cluster];
km = kmeans(Xc,2,init=:kmpp); # perform k-means
cid = assignments(km); # get cluster assignment
# split the cluster into two, update cluster list
clusters[max_id] = cluster[cid .== 1];
push!(clusters, cluster[cid .== 21);
# add the edges connecting two clusters to IdL
for i in clusters[max_id]
for j in clusters[end]
e =1<37?7 (@, (3,1);
if (e in keys(e2id))
push!(IdL, e2id[el);
end
end
end
end
end

Figure 15: Code snippet of the recursive bisection active
learning algorithm for selecting informative edges.

using LinearAlgebra, NetworkOP;

1

2

3 function al_rrqr(A::SparseMatrixCSC{Float64,Int64},
4 ratio::Float64)

5 # A: adjacency matrix of the graph

6 # ratio: ratio of labeled edges

7

8

9

# create a flow network object
FN = NetworkOP.FlowNetwork(A)

10 n = length(FN.VV); # n: number of vertices
11 m = length(FN.EE); # m: number of edges

12 # the incidence matrix for network

13 B = NetworkOP.mat_div (FN);

14

15 # basis for cyclic edge flows
16 VC = nullspace(B);

18 # permutation order from RRQR

19 od = qr(VC',Val(true)).p;

20 # the indices for labeled edges
21 IdL = od[1:Int64(ceil(mxratio))];

22
23 return IdL;
24 end

Figure 14: Code snippet of the RRQR active learning algo-
rithm for selecting informative edges.

A.2 Active Learning Strategies

Now we look at the implementation of the two active learning
algorithms. Given the adjacency matrix A as input, those active
learning algorithms output the selected indices IdL € N™" of edges
to be labeled.
RROQR algorithm. We present our RRQR active learning algo-
rithm in Fig. 14. First, we compute an orthonormal basis V¢ for
the cycle-space C = ker(B) representing cyclic edge flows (line 16).
Then, we perform pivoted QR decomposition on the rows of V¢
(line 19), and the edge indices for labeled edges are given by the
first m" permutations (line 21).
Recursive bisection algorithm. We present our recursive bisec-
tion active learning algorithm in Fig. 15. This algorithm first uses
a spectral embedding to compute the vertex coordinates (line 15).
Then it repeatedly chooses the largest cluster in the graph (line
24-26), uses the k-means (Lloyd’s) algorithm to divide the chosen
cluster into two (line 27-31), and adds the edges that connect the
two resulting clusters into the labeled edges indices (line 33-40).
Note that the k-mean algorithm sometimes fails due to bad initial
cluster centers or vertices with same embedded coordinates; how-
ever, we omit the code for dealing with those corner cases here due
to limited space.

The complete implementation of all of our algorithms can be
found at https://github.com/000Justin000/ssl_edge.git.


https://github.com/000Justin000/ssl_edge.git
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