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Abstract

From a computational perspective, there is a close connec-
tion between various probabilistic reasoning tasks and the
problem of counting or sampling satisfying assignments of
a propositional theory. We consider the question of whether
state-of-the-art satisfiability procedures, based on random
walk strategies, can be used to sample uniformly or near-
uniformly from the space of satisfying assignments. We first
show that random walk SAT procedures often do reach the
full set of solutions of complex logical theories. Moreover, by
interleaving random walk steps with Metropolis transitions,
we also show how the sampling becomes near-uniform.

I ntroduction

We consider the problem of sampling from the set of satisfy-
ing assignments (“models’) of a propositional theory. Per-
haps the best known methods for sampling from combinato-
rial spaces are Markov Chain Monte Carlo (MCMC) meth-
ods, such asthe Metropolis algorithm and simulated anneal -
ing (Madras 2002; Metropolis et al. 1953; Kirkpatrick et al.
1983). These methods are based on setting up a Markov
chain with a predefined stationary distribution. One can
draw samples from the stationary distribution by running the
Markov Chain for asufficiently long time. Unfortunately, on
many hard combinatoria problems, the Markov chain takes
exponential time, in terms of problem size, before reaching
its stationary distribution.

These methods can also be used to find optimal solutions
to combinatoria problems. For example, simulated anneal -
ing (SA) uses the Boltzmann distribution as the stationary
distribution. By lowering the temperature to near zero, the
distribution becomes concentrated around the minimum en-
ergy states, which correspond to the solutions of the combi-
natorial problem under consideration. For example, to find
a satisfying assignment of a propositional theory, one can
use an energy function that assigns to each truth assignment
an energy (or cost) equal to the number of violated logical
constraints. Zero cost solutions correspond to satisfying as-
signments.

Unfortunately, standard SA on apropositional theory is of
little practical use, because on theories of practical interest,
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SA at low temperature does not reach the stationary distri-
bution in a reasonable number of steps. Severa alternative
local search methods have been discovered that find assign-
ments for large and complex propositional theories, involv-
ing up to amillion variables and severa million constraints.
These methods exploit properties of random walks. We will
refer to them as random walk strategies.

An intriguing question to consider is whether these ran-
dom walk strategies can also be used to sample uniformly
or near uniformly from the set of satisfying assignments of a
propositional theory. If so, this would have interesting im-
plications for a wide range of probabilistic reasoning tasks,
because of the close connections between sampling models
from a propositional theory and probabilistic inference. In
particular, if one could sample propopositional models ef-
ficiently, then one obtains an efficient method for Bayesian
inference and a range of other forms of probabilistic rea-
soning. The full technical details on the connections be-
tween sampling from alogical theory and probabilistic rea-
soning are not overly complicated but not the focus of this
paper. We refer to, e.g., (Roth 1996; Littman et al. 2001,
Park 2002).

We will show that one can indeed exploit ideas from ran-
dom walk based methods to obtain effective near-uniform
sampling of the models of certain propositional theories.
More specifically, we show that a random walk strategy
which incorporates a greedy bias, called WalkSAT, samples
nearly uniformly on several structured propositional theo-
ries. We will also see that on hard random formulas, Walk-
SAT does find al assignments, but the sampling is far from
uniform. We then consider a hybrid strategy which inter-
leaves simulated annealing (SA) steps and WalkSAT steps.
This hybrid strategy restores the sampling to near uniform.
See the scatterplots in Figure 1 for a preview of this result.
Each data point correspondsto a solution of the theory (2531
total). Thevertical axis givesthe frequency with which each
solution was reached. The top panel shows that the ratio be-
tween least frequent and most frequently found solutionsfor
WalkSAT is around a factor of 10%; the bottom panel shows
how interleaving simulated annealing steps reducesthe non-
uniformity by around a factor of 1,000 (a factor 10 between
most frequent and least frequent remains). (Note that SA by
itself can generally not reach any solution on these theories.)
We also present aformal analysisin support of our empirical



WalkSat algorithm
T T

quency

solution fre

500 1000 1500 2000 2500
solutions
Hybrid algorithm

uenc!
quency
o
b
:
‘

|
Iy
T

=
o
I

solution fre

H
oI
‘

10

500 1000 1500 2000 2500
solutions

Figure 1. Sampling of hard random 3SAT instance. Top:
Walksat. Bottom: Hybrid.

findings.
We believe that our results are a promising first stepin the
use of random walk strategies for sampling.

Random Walk Strategies

Without loss of generality, we will assume that our proposi-
tiona theory is given in Conjunctive Norma Form (CNF).
That is, the theory consist of aconjunction (logical “and”) of
disunctions. Each disjunction (also called a “clause”) con-
sists of thelogical “or” of aset of literals, where each literal
is a Boolean variable or its negation. The goa is to find a
setting to the Boolean variables such that there is at least
one literal in each digunction that evaluatestot r ue.

The problem of determining whether a CNF formula has
asatisfying assignment is also referred to as the satisfiability
or SAT problem. SAT isthe prototypical NP-complete prob-
lem (Cook 1971). Therefore, it is generally believed that in
the worst-case one has to search through the full space of al
2N assignments to find a satisfying assignment if one exists,
where N is the number of Boolean variables of the theory.
Because the SAT problem is NP-complete, it has a tremen-
dous range of applications (Garey & Johnson 1979). The
problem of counting the number of satisfying assignmentsis

#P-complete (Valiant 1979), and believed to be significantly
harder than NP-complete (again, worst-case).

We refer to a CNF formulawith exactly k literalsin each
clause as k-CNF; the associated satisfiability problemis re-
ferred to as k-SAT. For & > 3, the satisfiability problem
is NP-complete. However, 2-SAT can be solved in linear
time. Interestingly, counting the number of 2-SAT assign-
mentsis #P-complete. This suggests that counting is signif-
icantly harder than determining satisfiability.

A random walk procedure for satisfiability is a decep-
tively simple search technique. Such a procedure starts
with a random truth assignment. Assuming this randomly
guessed assignment does not aready satisfy the formula,
one selectsone of the unsatisfied clauses at random, and flips
the truth assignment of one of the variables in that clause.
Thiswill cause the clause to become satisfied but, of course,
one or more other clauses may become unsatisfied. Such
flips are repeated until one reaches an assignment that sat-
isfies all clauses or until a pre-defined maximum number of
flips are made. This simple strategy can be surprisingly ef-
fective. In fact, Papadimitriou (1991) showed that a pure
(unbiased) randomwalk on an arbitrary satisfiable 2SAT for-
mulawill reach a satisfying assignment in O(2V 2) flips (with
probability going to 1). More recently, Schoening (1999)
showed that a series of short unbiased random walks on a 3-
SAT problemwill find a satisfying assignment in O(1.334 %)
flips (assuming such an assignment exists), much better than
O(2") for an exhaustive check of all assignments.

To gain some further insight into the behavior of random
walk strategiesfor SAT, let us briefly consider an elegant ar-
gument introduced by Papadimitriou showing polytime be-
havior on 2SAT. Consider a satisfiable 2SAT formula F' on
N variables. Let T' denote a satisfying assignment of F'.
The random walk procedure starts with a random truth as-
signment, 7”. On average, this truth assignment will differ
from T' on the assignment of N/2 letters. Now, consider
an unsatisfied clause in F' (if no such clause exists, then T
is a satisfying assignment). Without loss of generality, we
assume that the unsatisfied clause is of the form (a Vv —b).
Since this clause is unsatisfied, 7" must assign both literals
in the clause to False (which means that « is assigned False
and b True). Also, the satisfying assignment 7" is such that
a least one of the literals in the clause is assigned to True.
Now, randomly select a variable in the clause and flip its
truth value in 7. Since we have only two variables in the
clause, we have at least a 50% chance of selecting the vari-
able corresponding to the literal set to Truein T'. (Note that
if T satisfies exactly one literal in the clause, we will select
that literal with 0.5 probability. If T satisfies both literals,
we select the “right” literal with probability 1.0.) It follows
that with at least 50% chance, the Hamming distance of our
new truth assignment to 7" will be reduced by 1, and with at
most 50% chance, we will have picked the wrong variable
and will have increased the Hamming distance to the satis-
fying assignment. Finally, we appea to a basic result for
one-dimensional symmetric random walks, which says that
after L? steps, the random walker will on average have trav-
eled a distance of L from the starting point. Given that our
random walk starts adistance N/2 from the satisfying truth



assignment 7T, after order N2 steps, the walk will hit a sat-
isfying assignment, with probability going to one. Note that
although the walk may at first wander away from the satis-
fying assignment, it will “bounce off” the reflecting barrier
at distance N. Also, our analysisis worst-case, i.e., it holds
for any satisfiable 2SAT formula

It isinstructive to consider what happens on a 3SAT for-
mula, i.e., a conjunctive normal form formulawith 3 literals
per clause. In this case, when flipping a variable selected at
random from an unsatisfied clause, we may only have 1/3
chance of fixing the “correct” variable (assuming our satis-
fying assignment satisfies exactly oneliteral in each clause).
This leads to a random walk heavily biased away from the
solution under consideration. The theory of random walks
tells us that reaching the satisfying assignment under such a
bias would take an exponential number of flips. And, infact,
in practice we indeed see that a pure random walk on a hard
random 3SAT formula performs very poorly.

However, we can counter this“negative” bias by consider-
ing the gradient in the overall objective function we are try-
ing to minimize. The idea is that the gradient may provide
the random walk with some additional information “point-
ing” towards the solution, and thus towards the right vari-
able to flip. In SAT, we want to minimize the number of
unsatisfied clauses. So, in selecting the variableto flip in an
unsatisfied clause, we can bias our selection towards a vari-
ablethat leads to the greatest decrease in the overall number
of unsatisfied clauses. Introducing a bias of this form leads
us to the WalkSAT agorithm and its variants. For the de-
tails of these algorithms, we refer to (Selman et al. 1994;
McAllester et al. 1997). WalkSAT remains one of the most
effective local-search style methods for SAT.

Table 1: Summary statistics from coverage experiments

INST. RUNS HITs HITs RATIO RATIO

(x10°%) RARE CoM  WSAT HYBRID
RAND. 50 53 9 x10° 17000 10
LoG. 1 84 4x10° 50 17
VERIF. 1 45 318 7 4

Sampling results

Given the effectiveness of current random walk style proce-
dures for finding satisfying assignments, we now turn our
attention to the question of how well such procedures can
sample from the set of all satisfying assignments of a logi-
cal theory. Note that since the theory behind random walk
SAT procedures relies on hitting an extremal point (corre-
sponding to a solution) as quickly as possible, thereis no a
priori guarantee that we will reach all solutions or that we
will sample from solutions uniformly. Contrast this with
an equilibrium based sampling approach such as SA: us-
ing the number of unsatisfied clauses as a cost function and
with temperature going to zero, SA is guaranteed to sam-
ple uniformly from the satisfying assignments, provided it
approaches the stationary distribution (which is of course a
problemin practice).

We consider a hard random 3-SAT instance, a more
structured problem from a planning application, as well as
a structured instance from microprocessor verification do-
main. In order to generate arandom 3-SAT instance, we first
created 100 uniform random 3-SAT instances, with 70 vari-
ables and 301 clauses (Mitchell et al. 1992). We chose an
instance with 2531 solutions for our detailed experiments.
(Relsat (Bayardo & Pehaushek 2000) was used to system-
atically generate al solutions.) For the logistics planning
formula, we started with logistics.d.cnf available from Satlib
with over 10'° solutions. To facilitate solution set sampling
experiments, we added 52 unit clauses, constraining the in-
stance to 1600 solutions. For the verification domain, we
chose a formula from Miroslav Velev's formula suite SSS-
SAT.1.0. We added 287 unit clauses to reduce the number of
solutionsto 6144.

Table 1 shows our experimental results for sampling so-
lutions of these three instances. For the random 3-SAT
(see row marked “rand.”), logistic (row marked “log.”), and
verification (row marked “verif.”) instances, we performed
50x10°, 1% 106, and 1 x 10° runsof WalkSAT, respectively.
The first key observation is that WalkSAT ultimately finds
every solution for all instances. So, apparently, in terms of
“solution set coverage”, the random walk strategy works al-
ready quite well. In Table 1, the column marked “ hits rare”
gives the number of times the rarest solution was reached;
“hitscom.” givesthe number of times the most common so-
lution was found. The column marked “ratio Wsat” gives
the ratio of hits of the most common to the rarest solution
for the WalkSAT algorithm. So, for example, on the random
instance, we see that the most frequently visited solution is
sampled 1.7 x 10* times more often than the satisfying as-
signment that is sampled the least frequent. The sampling of
the verification and planning formulas by WalkSAT is much
more uniform (ratio of 7 and 50, respectively). The last col-
umn of the table shows how we can still significantly im-
prove the sampling ratio by using a Hybrid sampling strat-
egy. We discuss this strategy in the next section.

Thescatterplot in thetop panel of Figure 1 givesthe actual
solution frequency (#hitg/#runs) for each of the 2531 solu-
tions of the random formula. (One data point per solution.)
The figure further confirms the results from Table 1: Walk-
SAT’s solution sampling can be highly non-uniform. No-
tice the log scale on the y-axis. 4 orders of magnitude vari-
ance. The Kullback-Leibler(KL) divergence (Bishop 1995)
between this data and uniform distribution is 1.2431. (A
similar figure for the logistic problem shows the pointsin a
relatively narrow band.)

Improving uniformity: Hybrid strategy
In order to improvethe uniformity of the sampling by Walk-
SAT, we explored a hybrid strategy. In this strategy, we se-
lect with probability p a random walk style move and with
probability 1 — p, a simulated annealing step. We used
fixed temperature annealing (i.e., Metropolis) moves (Sait
& Youssef 2000).1 More specifically, for each SA move, we

The temperature was tuned by hand to obtain the most uni-
form sampling. We used T = 0.1. The hybrid strategy is not very
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Figure 2: Solution space and the solution frequency for each
solution.

consider arandomly selected neighbor of the current assign-
ment. (A neighbor is an truth assignment that differs from
the current truth assignment on a single letter.) When the
neighbor satisfies the same or more clauses as the current as-
signment, the a gorithm moves to the neighbor assignment.
When the neighbor satisfies fewer clauses than the current
assignment, we consider the ACost, which gives the de-
crease in the number of satisfied clauses. The agorithm
moves with probability e ~2C°st/Temp to the neighbor (oth-
erwise stays at the current assignment).

The bottom panel of Figure 1 gives our results. (p = 0.5;
5,000 steps of the mixed chain.) We see a dramatic im-
provement in the uniformity of sampling. The ratio be-
tween the most frequent and least frequently sampled so-
[ution is now around 10 (a factor 1000 improvement). The
KL-divergence between the data and uniform distribution is
reduced to 0.1495. The last column of Table 1 also shows
significant improvementsin uniformity for the two other do-
mains. Apparently, the SA moves help make the sampling
much more uniform. Note, however, that we do need Walk-
SAT transitions to actually reach solution states efficiently.

We further explored the interesting band structure of the
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Figure 3: Ratio of least frequent versus most frequently sam-
pled solution for hybrid.

bottom panel. We used a multi-dimensional scaling (Lee
2000) technique to project the high-dimensiona solution
space into two dimensions. Figure 2 shows the solution
space with probabilities to reach each solution by WalkSAT
and the Hybrid algorithm. (Not al datapoints are printed to
make the figure readable in black and white.) Generally, the
closer two solutions appear in the Figure 2, the closer they
are in Hamming distance. We can see from the figure that
the solutions form clusters. For the WalkSAT a gorithm, the
number of times a solution is reached varies considerably
from solutionto solution, even within acluster. However, for
the Hybrid a gorithm, solutions within the same cluster are
sampled with a similar frequency. This suggests that a Hy-
brid algorithm can move around a cluster quite effectively,
thereby “smoothing” out the probabilities. Overal, the Hy-
brid method samples much more uniformly than Walk SAT
by itself. (SA samples even less effective, because it often
does not reach any solution.)

In Figure 3, we show how the effectiveness of the sam-
pling depends on the choice of p. We give the ratio of the
most frequent solution to the least frequent solution as a
function of the number of steps taking in the hybrid chain.
The figure shows that thereis a clear optimal ratio: 50% SA
movesis better than 30% or 70%. In fact, for 30% and 70%,
it becomes difficult to measure the ratio when the chain runs
only for a small number of steps (less than 200), because
not all solutions are found on such short runs even after a
million runs.

Analysis
In this section, we present some analysisthat illuminatesthe
difference in sampling using a standard MCMC approach,
such as SA, versus arandom walk based strategy.

First, it is useful to highlight the fundamental difference
between a Metropolis style algorithm and a random walk
procedure for SAT. As we discussed, Papadimitriou showed
that a random walk procedure for SAT will find a solution
to any satisfiable 2CNF formulain O(NN2) time, where N
is the number of variables in the formula. This is not the



case for SA. (We will use SA as a prototypical example of
an MCMC method.)

Consider aformula F'* of thefollowing form: a V ¢1,a VvV
C2,...aV ¢y,—aVb,—aV b,

Theorem 1 SA at fixed temperature with probability going
to 1 takes time exponential in n to find a satisfying assign-
ment of £'*.

The details of the proof are somewhat tedious. Infor-
mally, the argument goes as follows. There are two satisfy-
ing assignments of the formula. They both have a assigned
to Fal se, in order to satisfy the last two clauses, and ¢,
through ¢,, assigned to Tr ue (b can be assigned arbitrarily).
We start with a random assignment. First assume that o is
assigned Tr ue inthisassignment. Any proposed flips of the
variables ¢; through ¢,, will be accepted by SA because they
do not create any new unsatisfied clauses (cost function does
not increase). Flipping of ¢; through ¢,, amountsto a ran-
dom walk on an n-dimensional hypercube formed by these
variables. In such awalk, the probability of reaching an area
where only a small number of variables, say, y/n of them,
areassigned Fal se isexponentialy vanishing. With anon-
vanishing fraction of the variablesin ¢, through ¢,, assigned
Fal se, the probability that a proposal to flip a to Fal se
will be accepted is exponentially small (note that tempera-
tureisfixed and n goesto infinity), and finding the satisfying
assignment takes exponential time. Informally, we are stuck
inan areawith local minimadefined by a setto Tr ue. If the
search startswith « assigned to Fal se, with probability go-
ingto 1, it will beflipped to Tr ue in a polynomia number
of flips, getting us to the previous scenario.

A randomwalk strategy findsasolutionfor F'* efficiently,
sinceit isin 2CNF. Moreover, it will find the two satisfying
assignments with equal probability due to symmetry in the
formula. However, symmetry does of course not exist in all
formulas. In fact, when the solution space is very asym-
metrical, a random walk strategy can have vastly different
probabilities of reaching different solutions. Thisis shown
by considering the following formula F'** : z V y;,z V
Y2, TV Yn, Yn VY1, Y1 VY2, Y2 VY3, - Yp—1 V Yn.
Thefinal n clauses require y; through y,, to adopt the same
value. Therefore, this formula has exactly three assign-

ments. Theyare S1 : 2 = 1,y3 = y2 = -y = 0,
52;x:17y1:y2:~~yn:1,and53Z$:0,y1:
y2 = ---yn = 1. (0 denotes Fal se and 1 denotes Tr ue.)

We will show that in a pure random walk algorithm, the last
assignment is reached with an exponentially small probabil-
ity. (The other two solutions are symmetric and are reached
with probability 0.5(1 — €), where e is the probability of
reaching Ss.)

Theorem 2 Pure randomwalk strategy on F'** reaches as-
signment S3 with an exponentially small probability.

One observation is that during pure random walk search
on F**, if variable x is ever assigned Tr ue, it will immedi-
ately satisfy all clausesin which it appears, so x will never
beflippedto Fal se again during the entire search. To show
that a solution with = assigned Fal se israre, we only need
to consider the case where x isinitially assigned Fal se.

At the beginning of the search, we can expect about 3
variables among y; through y,, to be assigned Tr ue. Now
we need to calculate the probability that the algorithm flips
al of these n variablesto Tr ue, while not flipping the val-
ues of . Note that during the search, if the (n + i)th clause
is unsatisfied, variable y; must be Fal se. Since x is aso
Fal se, the ith clause is also unsatisfied. Thisimplies that
before x is flipped, at least half of the unsatisfied clauses
come from the first n clauses. The pure random walk algo-
rithm at each step first picks an unsatisfied clause at random,
then flips a random variable in that clause. So at each step,
thereisat least £ probability that variable z isflipped. Since
the number of steps needed is greater than 3, the probability

n

that = is kept Fal se in al these stepsis less than (2)~%.
This means that the probability of reaching S5 with = set to
Fal se isexponentialy small.

So, in principle, MCMC methods such as SA sample uni-
formly from states with an egqual cost value (number of un-
satisfied clauses). However, Thm. 1, shows an example
where reaching the stationary distribution (assume low tem-
perature SA) takes exponentia time, even on a 2-CNF for-
mula. On the other hand, Random Walk (and its extension,
WalkSAT) is much more effective at finding solutions but
may sample quite non-uniformly (Thm. 2). This leads us
to our Hybrid strategy introduced earlier. As we discussed,
our empirical results show that the Hybrid strategy isindeed
quite promising. Let us now try to obtain a better under-
standing as to why the hybrid strategy may work well. (At
this point we do not have a full rigorous analysis of the hy-
brid strategy.)

By observing runs of the Hybrid a gorithm, we found that
the behavior can be characterized by two phases. Before the
search finds a solution, the random walk strategy plays the
dominant role. In this first phase, it is important to reach
some solution. In Table 2, we compare the average num-
ber of stepsit takes WalkSAT, Hybrid and SA algorithmsto
reach the first solution state. It shows that the Hybrid num-
bers are closer to the WalkSat numbers, and relatively far
from the SA numbers. Thisisthefirst phase. (Thetable pro-
videsagood illustration of the limitations of a pure MCMC
approach: it simply takes too long to reach any satisfying
assignment.)

Table 2: Flips needed to reach first solution.

INSTANCE ~ WALKSAT HYBRID SA
p=05
RANDOM 382 677 24667
LoGisTiIC 5.7 x 10° 155 x10° > 10°
VERIF. 36 65 10821

After the algorithm reaches a solution, the search enters
phase two where the SA moves dominate. In the second
phase, the algorithm explores clusters of solutions. A clus-
ter isaset of connected solutions, so that any two solutions
within a cluster can be connected through a series of flips
without leaving the cluster. In many domains of interest,



solutions usually exist in clusters (Mézard et al. 2002). In
phase two the algorithm behaves like SA because after the
search enters a cluster of solutions, unsatisfied constrainsno
longer exist, and the random walk portion of the search is
effectively turned off until an uphill move brings the search
out of the cluster. Because SA has good properties in ex-
ploring a connected space, it samples near-uniformly and in
practice often effectively explores the neighboring solution
states.

SA has the following useful property when exploring a
cluster of solutions:

Theorem 3 SA at zero temperature samples all solutions
within a cluster uniformly.

Consider the Markov Chain formed inside a cluster of sat-
isfying assignments. For a node (satisfying assignment) i,
the transition probablllty from 4 to neighboring node j in-
side the cluster is . If the selected neighbor in outside the
cluster, however, SA will not make the move since temper-
ature is 0. Therefore there is a self cycle with probability
% for node i, where d; is the degree of node i inside its
cluster. (In other words, d; is the number of neighboring
assignments (one truth value “flipped”) of the current state
that are also satisfying assignments.) This Markov chainis
ergodic.

More formally, the transition matrix of the chainis P =
(pq;j ), where

L if i and j neighborsin cluster;

n?
Pij = { e ifi=g
0, otherwise.

Theithentry of g-Pis 2 37 pri = %(dm 1pn-diy—

L for all i. Therefore, ¢ = (%, %,---, L) isthe stationary
distribution of the underlying Markov cham

A key question is how fast the stationary distribution is
reached. This is determined by the mixing time. By us-
ing a Fourier analysis of the eigenvalues, one can show that
the mixing time on a full hybercube is O(nlogn), where
n is the number of dimensions. So, sampling from a full
hypercube is very efficient. However, a cluster of satisfy-
ing assignments forms a subset of the hypercube and rigor-
ous analysis of the mixing time of a subset of the nodes of
a hypercube is beyond current analysis (Morris & Sinclair
1999). Our empirical observations suggest that SA samples
quite effectively from the solution clusters.

Given the algorithm’s ability to sample from a cluster
nearly uniformly, the probability mass of a solution is very
near to the ratio of the probability of reaching the cluster
that the solution belongs to and the size of that cluster. Let
C denotea cluster of solutions, Pc denote the probability of
reaching the cluster, and |C| denote the size of C'. We have
for the probability P, of reaching assignment « in cluster C'

Fc
Va € C, P, ~
IC]

Idedlly, if P¢ is proportional to |C| for al clusters, this
approach would achieve perfect sampling. However, thisis
not quite the case, which explains why our current hybrid

does not sample fully uniformly. In particular, our empirical
results show that larger clusters are reached with a higher
probability, but not fully proportionally to their size. We are
currently exploring other hybrid strategies that may further
increase the uniformity of the sampling process.

Conclusions

We have considered the problem of sampling satisfying as-
signments of Boolean satisfiability problems. This problem
is closely related to various probabilistic reasoning tasks,
and is believed to be much harder than the already in-
tractable problem of finding a single satisfying assignment.

We have shown how random walk style procedures pro-
vide a promising technique for sampling from the set of sat-
isfying assignments. These procedures can reach solution
clusters for much larger problem instances than standard
MCMC methods. Moreover, by using a hybrid strategy, we
demonstrated how one can get reasonably uniform sampling
in several problem domains. Our findings point to a promis-
ing research direction for the development of a new class of
sampling techniquesthat combine random-walk style proce-
dures with MCMC methods.

An interesting direction for future research is to adapt
complete search methods, such as Davis-Putnam style pro-
cedures, for sampling. We are currently exploring such an
approach.
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