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Abstract

Among the NP-hard problems is 3SAT [2, 4], which
asks if there exists a satisfying assignment for the
Boolean wvariables in a conjunctive normal form for-
mula. This paper gives a mapping of 3SAT problems
into multi-dimensional definite integrals. These inte-
grals take on values greater than 1 — € if the Boolean
formula is satisfiable and less than 1/2 when it is not.
They thus serve as effective indicators of the satisfia-
bility of Boolean formulas. The number of dimensions
of the integral is the same as the number of variables
in the Boolean formula, so deterministic methods are
unlikely to be successful. However, Monte Carlo tech-
niques look promising. Regardless, the transformation
of the purely combinatorial problem of satisfiability to
the evaluation of a definite integral (of simple, contin-
uous arguments), allows us to apply the vast arsenal of
modern analysis to a problem that hitherto seemed an
unlikely target.

Given a Boolean formula, the problem of determin-
ing the existence of a satisfying assignment to its vari-
ables is known as propositional satisfiability or SAT.
This is the simplest form of theorem proving and oc-
curs in artificial intelligence, automatic verification of
programs, circuit synthesis [11] and diagnosis [13] and
reasoning about programs. In addition to its interest
for applications, SAT was the first problem shown to be
a member of the class of NP-hard tasks [2]. Thus, the
complexity of solving a satisfiability problem is poly-
nomially equivalent to a wide range of other problems
including the traveling salesman problem, graph color-
ing etc. [4].

Existing techniques for determining satisfiability
are, at their core, some form of combinatorial search
[17, 16, 6, 5, 3]. Although the satisfiability problem
can be converted into a linear programming problem
[14, 15], the resulting problem still involves a search-
ing phase to avoid local minimums. On the other

hand, the recent results on the statistical behavior
of satisfiability [12, 8]—the existence of “phase tran-
sition” type behavior—might be explainable using the
analytic tools developed in this paper.

In contrast, this paper demonstrates that SAT prob-
lems can be resolved by computing the value of a mul-
tidimensional integral, with a particularly simple in-
tegrand. This result provides the first direct relation-
ship between an NP hard combinatorial problem and
a natural, continuous problem. Direct, deterministic
methods for computing the multidimensional integral
require an exponential number of evaluations of the in-
tegrand, although Monte Carlo methods look encour-
aging. Regardless, the continuous form of this result
allows the tools of modern analysis to be directly ap-
plied to the satsifiability problem and may provide a
deeper understanding of the complexity of the NP hard
problems.

1. Introduction

To be precise, the satisfiability problems we con-
sider are 3SAT Boolean formulas in the variables
X1,...,X,. These formulas have the form

F(X1,... X,)
=(VivVVaVVa) Ao A (Vo V Va1 V V), (1)

where each Vj is either an X; or its negation, —Xj.
Logical AND is indicated by A and logical OrR by V.
The parenthesized logical OR’s are called clauses. Each
clause consists of precisely three V;. Distributing A
over V allows us to write F as
F(X1,...,Xn) =M1V MyV---V Msk,

where each of the Mj is the logical AND of & V;, one
from each parenthesized clause in (1). F is satisfiable
if at least one of the Mj is satisfiable. Since the M;
are conjunctions of variables and their complements



the only way an M; could not be satisfiable is if the
conjunction contains both an X; and —X;, for some 1.

We map Boolean formulas into polynomials accord-
ing to the rules

1+ 2 1—
Xi—>( —;a%) and —\Xi—>< 2%).

Logical OR is represented by addition and logical AND
is represented by multiplication. Throughout this
paper capital letters represent Boolean variables or
Boolean formulas and lower case symbols represent
their continuous counterparts. So, the Boolean func-
tion F(Xq,...,X,) is mapped to the Boolean polyno-
mial P (F) = f(x1,...,x,). For example,

(X1 V=X2) A (=X1V Xo) —

1+ a2 1— 29 1—x 1+ 29
() ().

Note the important property of the transformation
that leaves the structure of the Boolean formula un-
changed.

PNV V2) A (VsV Vi)
= (@) +2(V2) - (2(Vs) + Z(Va)),
PW)- P(Vs)+---+ P (Va) - Z(Va),
=ZP(ViAVE)V (VI AV V (Va AVE)V (Vo AVY)).
(2)
Thus when a Boolean formula is expressed as an OR
of conjunctions (sum of products), the corresponding
polynomial is a sum of products of terms of the form

1oz
2 2"
We call these products Boolean monomials.

The next step in our approach is to compute a def-
inite integral of these polynomials over each of the n
dimensions. The integral’s kernel is chosen such that
the definite integral of a satisfiable monomial domi-
nates the value of the non-satisfiable monomials. The
key to our approach is the observation that
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On the other hand,
1 2 2
1 2 1
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As w increases (at odd integral multiples of 7), the
first integral tends to 1 and the second integral tends
to zero. The coefficients of the higher order terms grow
slowly so we can precisely bound the omitted terms.

Given the Boolean formula F(Xq,...,X,) we con-
sider the integral

F(F) =
1 1 w w
[i~'[1f(x1,...,xn)(gcosixl)><'~ (5)
w w
X (5 cos §xn) dxy - - dxy,

which is the multivariate version of the integral given
in (3) and (4). We call #(F) the indicator of F. If
f is a Boolean polynomial we will also use #(f) to
represent the integral given above. The absolute value
of #(F) is the w-norm of the F, which we denote by
1F|lw = |2 (F)| = || fllo. We show that for large values
of w, the value of the w-norm identifies whether or not
the boolean formula is satisfiable.

Using (2) we can focus on a single monomial. We
show that all non-satisfiable monomials, MnsaT, sat-
isfy

| Mnsar]|w < 22,
w

where B is effectively computable. If a 3SAT Boolean

formula Fixsar is not satisfiable then each of the 3*

monomials in its sum of products form is also not sat-

isfiable. Thus,

3*B
[l EFnsar]|w < R

If Mgar is a satisfiable monomial, we show that

A
1-— "l < I (Msar) = || Msat||w,

where A is an explicitly computable value. A satisfiable
formula has at least one satisfiable monomial. The non-
satisfiable monomials can be as small as —Bw™2, so
A 3B
1- 2T < | Fsatllw,
If w is chosen such that w? > §(A + 3¥B), where § is a
real number larger than 1 then

1
1— = <||Fsar|w-

1
| FnsaT]lw < 5 and 5

By increasing w moderately we can make § as large
as desired, increasing the gap between the w norm of
satisfiable and non-satisfiable Boolean formulas.



Note that even if A and B are exponentially large
they will not affect the size of w much. Although w is
at least 3%, i.e., exponential in the number of clauses
in F', the number of bits required to represent w is
still polynomial and thus the number of bit operations
remains polynomial in the size of the input.

In Section 2 we provide the details of the computa-
tions of A and B given above. Section 3 discusses ap-
proaches to computing ||F||,, for Boolean formulas and
discusses the problems and promises of Monte Carlo
techniques for this problem. Finally, in Section 4 we
discuss the potential impact of these results.

2. Effective Bounds

In this section we prove precise bounds on the size of
integrals of the form given in (5), where f is a Boolean
polynomial. As noted in the introduction, initially we
develop estimates for Boolean monomials, i.e., expres-
sions of the form

Flar, ... an) = (%i%)(%i%)

which are the product of £ > n terms. Recall that n is
the number of variables of the Boolean formula, and &
is the number of terms in the conjunction.

For Boolean monomials the multidimensional inte-
gral can be written as a product of one dimensional
integrals. For instance,

/1/1 Lom) (1 2 (£ cos22,) x
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So, we begin by computing bounds on univariate
Boolean monomials of the form

N (w) = F(T™" A (=T)")

m

Y e\ /1 t\ jw w
= -+ = - — = (—cos—t) dt.
\2 2 2 2) \2772

In Section 2.1 we derive upper and lower bounds
for satisfiable univariate boolean monomials, in Sec-
tion 2.2 we give upper bounds for non-satisfiable uni-
variate monomials—lower bounds are not needed. In
Section 2.3 we combine these results to get precise
bounds on the satisfiable and non-satisfiable (multi-
variate) monomials, and Section 2.4 we state the full
theorem for Boolean formulas.

2.1. Satisfiable Univariate Monomials

Define S,,, to be the indicator of a satisfiable uni-
variate monomial:

S =N = I(T™) = 7((-T)"™)
e t\" sw w

First, observe that the value of S, is independent of
the sign chosen for the + in the integral since

/_11157" (%cos gt) dt=0

whenever r is odd.
By simple integration we have
w w
50:281115, and Slzsini.

Integrating by parts twice gives the following recur-
rence, which permits computation of higher values of

S
1 t\™ rw w
— 4+ = (— cos —t) dt
2 2 2 2
1+t mo wt+m 1+t m-t wt
=|=4+= sin — —(=+= cos —
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m(m — 1) 1 t\" % jw  w
- 2 /<2+2> <2cos2t) dt.

This recurrence can be unrolled into

m/2

LW (-1 m! (—1)™/2m!
Sp = sin — :
Y ; w? (m — 21)! * wm
m/2 .
w (—1)* m!
Teosy ; WIH (m — 21 — 1)1’
(7)
when m is even and
(m-1)/2 , .
. w (-1 m!
Sm = - I ——
Sy ; w?  (m — 2i)!
(m-1/2 ,
w (—1) m!
teosy D (m—2i— 1)’

=0

(8)



when m is odd. Notice that the only difference between
these two formulas is the doubling of the last term in
the even case. This technical complication arises from
the fact that Sy is twice Sy. From (7) and (8) we note
that the coefficients of w=2* are bounded by m?’ and
the heighest power of w™! that occurs is no greater
than m.

When w is restricted to odd multiples of 7, (6) re-
duces to

m(m —1
R (9)
and
4
50:2, 51:1, and 52:1——2.
w

A short table of the S, is included in Appendix A.
When w > 2m, S; and S3 are positive and less than or
equal to 1. Applying induction to (9), we see that this
is also true for all m.

To compute a lower bound for |S,,|, the triangle
inequality is applied to (9),

m(m—l).

1
S| > [1] — ) Sps

w?

w

last inequality follows from the upper bound on S,,.
These results are summarized in the following propo-
sition.

Proposition 1 If m is positive and w is an odd mul-
tiple of ™ greater than 2m, then

m(m — 1)

1= P T = 1Sl < 1

If m =0 then Sy = 2.
2.2. Unsatisfiable Univariate Monomials
For the unsatisfiable univariate monomials, we only

need to compute upper bounds. That is, we need to
compute upper bounds for Nr(,f ) where,

N = (T A (=T)")
L N1 2\ sw w
—/_1<§+§> (rz) (5o 5t) ot

The “degree” of the Boolean monomial is m.
Observe that if f(¢) is a function of ¢t and f is its

indicator,
= 1 [0 (f ft) dt
=/, 5 €05 5 ,

2

then the indicator of f(t)(1 — &) is

+w—s

1 o?

r—1 r—1
_ N( ) 62 Ny(n_Q)
w

) = N (Spar).

From the previous section we know that .S, is a sum
of terms of the form

a; w b; w
—sin— and — cos—~ (11)
ws 2 3 2
where the a; and b; are monic polynomials in m of
degree less than i. Applying .4 to these expressions

we have

LG+

it 2 wit2 S
b
N —j,cosi —
wJ 2
bi-(G+1) . w b+ w
T Sin 5 —+ wj+2 COSs 5

N is also the sum of terms of the form (11). In
particular, we can write

N = a(()r) sin % + b(()r) cosg

where

. — L. r—1
a;j’ =jb; " +3( — 1)a§»72 ),

o7 = —jal Y+ - by,

(13)

and az(ffj) and bl(,”’j) are the coefficients of Nr(,::g])

Recall from (7) and (8) that the largest k for which

. s .
Sim_2y has non-zero terms is m — 2r, so Ny(n) will have

terms of order no larger than m (in w™!). Thus the
j that appear in (13) is never larger than m. By the

previous section, aEO) and bgo) are bounded by (m —



2r)" < m®. So, at worst, the difference formula above

(r)
k

doubles a; ’ with each increase in r. That is,

o], 167 < 27m’.

This estimate allows us to compute an upper bound
on N,(,qr, ), which is given in the following proposition.

Proposition 2 Let § be a real number larger than 1
and assume w is an odd integral multiple of ® such
that

w > —. (14)
then

. 2m\"
v <o (22) (15)

Proof: As usual, we can ignore the coefficients of the
cosine terms in (12). Since we are looking for upper
bounds we can use the triangle inequality and take the
absolute values of the coefficients of the sine terms.
Furthermore, notice that the lowest order term non-
zero coefficient is either the w™" term or w™""! term
depending on whether r is even or odd.

2 T m
||Ng>|‘w§ﬂ [1+@+...m_]
w” w wm

Since all the terms in the series are positive, the series
is bounded above by the infinite version of the series:

2m)" m  m?
Nl < Sy Ty T
w’ w w
< (2m)" 1 < 5(2m)"
- T _m — ro
w 1 w

w
For the last inequality to hold we must have

1<1 m
) w’

which is equivalent to (14). []

Notice that the quantity inside parentheses in (15)
is less than 1 so that |Ny(,f)| is largest when r = 1.
Furthermore, due to the fact that leading term of S,
does not include a cosine term, the leading term of
Ny(,f), for odd 7 does not include a sine term. Thus
||Nr(nl)|\w actually has order w=2 not w~! as one might
at first expect.

2.3. Bounds on Multivariate Monomials

Assume Mgt is a satisfiable monomial that involves
X; or =X to order e; and doesn’t involve ¢ of the X;’s
at all. Since the total degree of the monomial is k,

€; ei—l
IMsaello =20 ] {1—%}

w
e1+-ten=k

Each term in the product is less than 1, so |Mgar| is
minimized when ¢ = 0. This requires the e; to all be at
least 1. The product is minimized when e; = k—n+1
and eg = e3 = --- = ¢, = 1 and maximized when the
e; are all equal. Therefore,

(k —n)(k—n+1)

3 .

[ Msat|lo > 1~

w

This gives us a lower bound on the size of satisfiable
monomials.

An upper bound is achieved when ¢ is as large as
possible, since the w-norm of univariate Boolean mono-
mials is bounded above by 1. In this case Mgar is, in
fact, a univariate Boolean monomial and ¢ = k—1. So,

(k—=n)(k—n+1)

2" > | Msarllw > 1 - 5
w

(16)

To make the w-norm of a non-satisfiable formula as
large as possible we again use a univariate Boolean
monomial to accumulate the maximum number of fac-
tors of 2. That is, we use 6 =2, r =1 and m = k in
Proposition 2, so

2% 2 k2.2n+2
) 2T g

| Msarllo < 2712 <; d

w
Recall that N,(,} ) actually has order w2 when evaluated
at odd integral multiples of 7 since the w™! term only
contains cosine terms.

2.4. Bounds for Multivariate Polynomials

Equations (16) and (17) of the previous section show
that, in the notation of the introduction, we can use
A= (k-n)-(k—n-+1)and B = k?2"2. For the
w norm of satisfiable and non-satisfiable to be greater
than 1 — 6! and less than §~! respectively, w should
be chosen such that

w? 26((k—n)-(k—n+1)—|—k3k2”+1).

In particular, w > v/62"t* suffices. We state this as
follows.



Proposition 3 Assume F(X1,...,X,) is a Boolean
formula in n wvariables in 3SAT conjunctive normal
form with no more than k terms in the conjunction.
For any value of 6 greater than 1, the quantity ||F||,, is
less than 61 if F is not satisfiable greater than 1 —§61
when F is satisfiable if w is chosen to be an odd integral
multiple of T greater than /62" +k.

Proposition 3 is the main result of this paper. We
have proven that there the computation of a multidi-
mensional integral can be used to resolve the satisfiabil-
ity of a Boolean formula. The values that this integral
takes on for satisfiable and non-satisfiable formulas are
well separated. Furthermore, the integrand of this in-
tegral is smooth, and the size of the numbers used to
compute the integrand involve a polynomial number of
bits in the size of the satisfiability problem.

3. Integral Evaluation via Monte Carlo
Techniques

The computation of multidimensional integrals,
such as those of the form (5) is rather difficult by de-
terministic means. A simple integration method like
the trapezoid rule or Simpson’s rule requires at least 2
evaluation points at in each dimension or a total of at
least 2™ evaluations to compute the integral.

Nonetheless, there are effective randomized algo-
rithms for computing these integrals called Monte
Carlo methods [7, 10, 9]. At their core, these algorithms
are applications of the central limit theorem of prob-
ability: When sampled over randomly chosen points
within the integration domain, the average value of the
integrand times the volume of the integration domain
tends towards the value of the integral and the error
falls off as the square root of the number of sample
points. To be more precise

1 1
/ / g(xlv"'vxn)dxl"'dxn
-1 -1
n N
= %Zg(miz),... L2 +

i=1

Var(g)

where the z{” are randomly chosen from the interval
[—1, 1]. Notice that the error that arises in this method
is dependent only on the number of sample points and
does not depend upon the number of dimensions in the
integral.

For simplicity we suppress mention of the number
of dimensions as follows

N
/Qg(a:) dV = % ;g(xu)) i Var(g)

Yl

The magnitude of the variation of g limits the applica-
bility of this method:

Varlo)? = [ o)av - ([ oto) dV)Q.

For univariate monomials, explicit computation shows
that the variation of satisfiable univariate monomials
grows like

B w r+8
C2V2r+1 8V2r + lw

Var(X")

Since w will be exponentially large, the error term in
the straightforward Monte Carlo technique will also
grow exponentially as a function of w.

The source of the exponential growth in the above
integral is the rapid oscillation of the cosine terms
in the integral. There are wide variety of techniques
for dealing with problems like this in the literature.
Whether they suffice to yield a true random polynomial
time algorithm for propositional satisfiability remains
to be seen.

4. Conclusions

This paper demonstrates that satisfiability problems
can be answered by computing the value of multidi-
mensional integrals. The integrands of these integrals
are smooth and easy to evaluate, and the values of
these integrals corresponding to satisfiable and non-
satisfiable Boolean formulas are well separated. It does
not appear to be possible to compute these integrals in
polynomial time by direct determinstic means. Monte
Carlo techniques do look promising, although the sim-
plest methods do not suffice.

The formula (5) should be compared with the tech-
nique suggested by Babai and Fortnow [1] and used
many of the recent results on interactive proof, e.g.,
[18]. They use a slightly different conversion of a
Boolean formula to a polynomial and note that

Z Z Fw(xl,..-,l“n)

counts the number of satisfying assignments of the
Boolean formula and in particular is only positive when
F is satisfiable.

Simply converting the summations to integrals, un-
fortunately does not give a formula that separates sat-
isfiable and non-satisfiable formulas. The values in
the interior of the unit cube can be too large for non-
satisfiable Boolean formula. Algebraically, this is due
to the small difference between the size of the integral



of the largest non-satisfiable Boolean monomials and
the integral of smallest satisfiable Boolean monomials.
One way to avoid this problem would be to weight the
integrand towards the vertices of the unit. This is not
what we have done, but instead examine the spectral
content of the Boolean polynomial.

The results of this paper suggest that there may be a
closer relationship between the complexity classes NP
and RP that was previously expected. If sufficiently
clever variation reduction techniques for Monte Carlo
integration can be devised, then problems in NP may
be solved in random polynomial time. However, this
result says nothing about the relationship between NP
and P. In fact, the difficulty of computing the integrals
by direct means only strengthens the supposition that
NP is different from P. However, if it turns out that
NP is equal to RP, then the importance of the class P
would diminish.
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A. Appendix: Tables

The following tables give the exact value of the indi-
cator of satisfiable and unsatisfiable univariate mono-
mials as a function of w, assuming w is an odd integral
multiple of 7.
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4
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