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Abstract

Large-scale search, recommendation, and
retrieval-augmented generation (RAG) systems
typically employ a two-stage architecture: an
early-stage ranker (ESR) generates a candi-
date set, which is subsequently re-ranked by
a late-stage ranker (LSR). While there are
many reinforcement learning (RL) methods for
training the LSR, end-to-end training of the ESR
has proven challenging. In particular, naive
application of “vanilla” policy gradient (V-PG)
is not scalable for candidate-set sizes relevant
for practical use due to exploding variance. This
issue arises because V-PG propagates the gradient
to the joint probability of the candidate sets,
ignoring the contribution of each specific item
in the candidate set to the reward. To mitigate
this issue, we propose a novel “credit-assigned”
policy gradient (CA-PG), which computes
gradients with respect to the probability that the
target item is chosen in any candidate set, i.e.
marginalizing over all candidate sets that contain
it. Our theoretical analysis reveals that CA-PG
significantly reduces the variance of V-PG by
marginalizing over the specific composition of
the candidate set, while preserving the ability
to learn the correct ranking of items under a
reasonably aligned LSR policy. Experiments on
both synthetic and real-world data demonstrate
that CA-PG improves the convergence speed
and training stability for ESRs utilizing the
canonical Plackett-Luce model, especially when
the candidate-set size is large.
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Figure 1. Illustration of the two-stage ranking problem in a
large-scale recommender system.

1. Introduction

Reinforcement learning (RL) via policy gradient meth-
ods (Sutton et al., 1999) has proven to be a powerful tool
for finding decision-making policies that maximize an ob-
jective of interest, a.k.a. reward. Successful applications
of policy gradient include a wide range of problems, such
as the training of large language models (LLMs) (Rafailov
et al., 2023; Shao et al., 2024), retrieval-augmented gen-
eration (RAG) (Huang et al., 2020), information retrieval
(IR) (Gao et al., 2023), and content recommendation and
ranking (Chen et al., 2019; Oosterhuis, 2021). These appli-
cations require us to work with larger action (item) spaces
and more complex models as technology evolves.

In particular, modern recommender systems have to process
a massive volume of items at web latency. By necessity,
these systems handle this scale through two main stages:
an early-stage ranker (ESR), which filters up to billions
of items cheaply into a smaller candidate set, and a more
expensive late-stage ranker (LSR) that generates the final set
of recommendations from this candidate set, as illustrated in
Figure 1. An effective ESR is of crucial importance, since
the LSR policy can only be successful if the candidate set
contains the relevant items (Evnine et al., 2024).

However, while we have many methods for training the
LSR policy, we lack principled approaches for end-to-end
training of the ESR policy to make the overall retrieval
pipeline maximally effective. Moreover, the LSR in existing
pipelines often combines the results from multiple ESR
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models to make sure a diverse set of items is available to the
LSR policy (e.g., mixture-of-experts; MoE). This makes the
design of effective training methods for the ESR particularly
challenging (Hron et al., 2021).

This paper proposes a principled and efficient PG ap-
proach for training ESR policies, including those consist-
ing of mixtures-of-experts (MoE). We begin the analysis
by investigating the naive approach for the ESR training,
called “vanilla” (V-PG) (Ma et al., 2020). V-PG derives the
exact PG of ESR w.r.t. the probability of choosing the candi-
date set sampled by the ESR policy. We observed that V-PG
has a significant learning instability (i.e., gradient overflow)
issue, especially when we increase the candidate-set size
(K) and the number of actions (|.A|). This is because the
variance of V-PG increases exponentially in O(|.A|¥) as
the action space of V-PG, is combinatorial. Because we
select only one candidate set AX for each query in the user
interaction, this large action space makes it difficult to accu-
rately estimate the gradient. Moreover, we also identified
a credit-assignment issue in the V-PG, which is closely re-
lated to the variance problem. The credit-assignment issue
happens because V-PG aims to increase the joint probability
of AK, where all actions in the candidate set are equally val-
ued, thus ignoring which specific action contributed to the
final reward. For example, consider the case where there are
three actions, A, B, C, selected in the candidate set, and the
actions A and B are presented in the final ranking selected
by the LSR. Suppose that we get a positive reward for A
and a negative reward for B as their position-wise reward.
Intuitively, we expect that the probability of selecting A in
the candidate set should be increased, while the probabil-
ity of selecting B should be decreased by the ESR policy.
However, V-PG increases the joint probability of selecting
all members of (A, B, C') when A receives a high reward.
This credit-assignment issue has been overlooked.

Our theoretical analysis reveals that this inefficient propa-
gation of V-PG to irrelevant actions is the key source of the
variance (Theorem 3.1), leading to learning instability and
slow convergence. We overcome this issue by introducing a
variance-reduced alternative called “credit-assigned” pol-
icy gradient (CA-PG). The key point of CA-PG is that the
gradient is calculated w.r.t. the probability that action a is
selected in any candidate set, i.e. the marginal probability
of S¥(a) := {AK|a € AKX}, instead of the probability
of selecting a specific candidate set AX. CA-PG is not an
unbiased estimation of the true ESR’s policy gradient due to
marginalization. However, we show that CA-PG can learn
to select the optimal candidate, as long as the LSR policy is
“reasonably aligned” with the true rank of actions, includ-
ing arbitrary interpolation between the optimal and uniform
random policies (Theorem 3.3). These results indicate that
ignoring distinctions between specific candidate sets can
have more benefits than harms due to substantial variance

reduction under the use of a practical LSR policy, achieving
a better bias-variance tradeoff when the sample size is small.

We turn from statistical to computational efficiency. Specifi-
cally, we discuss the computation of the CA-PG’s marginal
probability (of S¥(a)) for the commonly-used Plackett-
Luce (PL) ESR policy (Oosterhuis, 2021), with and without
the “sampling w/ replacement” (SWR) approximation. Our
analysis reveals that CA-PG-SwR reduces the computational
cost of CA-PG from O(KL) to O(L) in the special case
of using a single logit model (i.e., not mixture-of-experts
(MoE) candidate retrievers), where L is the length of LSR
output. This “TOP1-PG” computes the simple probability
of the target action selected as the top-1 action by ESR, pro-
viding a computationally efficient alternative to CA-PG. Our
finding that TOP1-PG can be sufficient is a valuable insight,
as a single logit model-based PL is still widely adopted in
practical applications (Chen et al., 2019; Ma et al., 2020).
However, the combination of MoE and CA-PGs can yield a
further expected reward improvement compared to TOP1-
PG, due to more efficient exploration. This suggests an
interesting tradeoff between computational efficiency and
performance in the design of the ESR policy.

Finally, we compared CA-PG and TOP1-PG to V-PG and V-
PG-SwR on both synthetic and real data, using the KuaiRec
dataset (Gao et al., 2022). The results demonstrate that CA-
PG consistently improves the training stability over V-PG,
by avoiding the gradient overflow of the policy gradient.
Moreover, we also observe that both CA-PG and CA-PG-
SwR converge faster than V-PG-SwR, especially when the
size of candidates (K) is large, requiring minimal interaction
to identify user interests.

Our contributions are summarized as follows.

* We discuss the tractable end-to-end training of ESR to
maximize users’ response signal.

* We find that “vanilla” policy gradient has a high-
variance issue, associated with the credit-assignment
problem.

* We propose a “credit-assigned” policy gradient to re-
duce variance, while keeping the ability to correctly
align items under a reasonably aligned late-stage pol-

icy.

* We provide a theoretical analysis formally characteriz-
ing the aforementioned variance and alignment prop-
erties, alongside a comparison of computational com-
plexity.

* We empirically demonstrate that CA-PG improves the
learning stability and convergence of V-PG when the
candidate-set size is large.
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2. Policy Gradients for ESR Training

We begin by formulating two-stage ranking as a contex-
tual bandit problem. Let x € X be a user context in
the context space X, such as a user’s demographic pro-
file. Let a € A be an item (e.g., a document, prod-
uct, or piece of content) where A is the original (large)
pool of items. In applications like search or recommen-
dation, we aim to present a ranked list of items (with-
out duplicates) ay.;, = (a1,az2, - ,a;, - ,ar) to the
users, and receive item-wise user feedback (i.e., reward)
ri. = (r1,re, -+ , 7, ,rr). The aggregated (ranking-
wise) reward is expressed as r* = Zle ayr;, where
ay (> 0) is a pre-specified non-negative weight for each
position (Kiyohara et al., 2022). For example, a simple sum
of rewards is expressed as VI € [L], ; = 1, and a rep-
resentative information retrieval metric called Discounted
Cumulative Gain (DCG) is expressed as VI € [L], a; =
1/logy (1 + 1) (Jarvelin & Kekildinen, 2002). We can also
implicitly model the learning-to-rank (LTR) setting where
« can be seen as the position bias, representing the position-
dependent item observation probability (Joachims et al.,
2017). Given a policy 7, which determines which item rank-
ing should be presented to users, we aim at maximizing the
following policy value as our objective function:

V() = Ep@)n(ar.p|o)p(ri.p |z.a1.0) 7],

where p(z) and p(r1.1|2,a1.1) are the user and reward
distributions respectively, and 7(a1.1|z) is the probability
of choosing the item ranking a;.;, given the user context
z. As large-scale recommender systems need to handle
a large number of items, these systems often employ a
two-stage policy combination. The (simple) early stage
ranking (ESR) policy first filters the candidate set, and the
(complex) late-stage ranking (LSR) policy generates the
ranked list of items from the candidate set. These poli-
cies are modeled as the stochastic sampling process of
the candidate set AX ~ mpgr(AX|z) and final ranking
ar.r ~ msr(ai.r|r, AX), where AX is the (unordered)
set of K different items. This paper studies PG methods for
the ESR policy (7rgsr) given an existing, fixed LSR (7sr),
to improve the overall quality of the joint policy ().

Following existing work (Gao et al., 2023), we assume
that the reward at each position [ depends only on the
corresponding action, i.e., 7, ~ p(r;|z,a;) and denote
q(z,a;) = E[ri|z,a;]. This “independence” assumption
means that there is no item-to-item interaction, such as di-
versity effects, in the users’ reward signal. This allows us to
decompose the expected ranking-wise reward into position-
wise expected rewards as E[r*|z,a1.1] = Zle o q(z, ap).
Therefore, the policy value is also decomposed into V' (7) =
Zle oy (), where

() = Ep )2 (a0 [9(25 a1)] (h

and 70 (q|z) = >, Ha =
marginal probability of observing the action a; at the posi-
tion [. Because VV (7) = Zle oV (), in the rest of
the paper, we discuss how to estimate the PG of v; (7).

aj}m(al.p|z) is the

2.1. (Vanilla) Policy Gradient for Two-stage Policy

From the (general) PG theorem (Williams, 1992), the PG of
the joint policy for Eq. (1) is given as follows:

Vu(m) = Ep[Vlegm(ay.L|x)r)
= Epa)e(@lopprlaan [VIog ™" (@le)n] @)

where D := p(z)m(ay.|x)p(r1.0|x, a1.1) is the original
data generation process. The second equality follows from
the independence assumption r; L ay.,(p) |z, a;. We aim
to calculate the gradient of ESR given a static LSR. The
joint policy is decomposed into ESR and LSR as follows,

7 (alz) = ¥ g mosr (AR [2)mog (]2, AK),  (3)
where wil%R(aﬂ% A is the marginal probability of the
LSR policy choosing the action a; at the position [, de-
finedas 32, T{a = aj}misr(ay,le, AK). Combining
Egs. (2) and (3) for a fixed LSR policy, the ESR’s PG be-
comes as follows:

Vu(r) = Ep/ [V 1og mrsr (AN |2) - 1], “4)

where we denote the new data generation process as
(D), which is the joint distribution of AX and a;.r, i.e.,
p(a)mesr (A" |2)misr (a1 |z, AR )p(riclz, arn).!

2.2. Variance and Credit-assignment Issues of V-PG

To train the ESR model via gradient ascent, the expectation
in the policy gradient (Eq. (4)) must be estimated from
empirical data. In online policy learning, we sample n
tuples per batch {(z;, AX, a;;,r;;)}"; from the current
policy 7, observing only a single candidate set AX and I’th
position item a; ; per context x;. Because the action space
AK grows exponentially with K, unbiased estimators of
the PG suffer from extreme variance; thus, managing the
bias-variance tradeoff is critical for fast and stable learning.

The main limitation of the aforementioned “vanilla” policy
gradient (V-PG) (Eq. (4)) is variance when using empirical
estimation from sampled data. Specifically, because the
action space of the candidate retrieval (AX) becomes ex-
ponentially large as the size of the candidate (K) becomes
large, more samples are required to estimate PG accurately.
Such a variance issue can result in learning instability or
slow convergence of the policy.

'We provide all derivations in this paper in Appendix B.1.
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Vanilla PG propagates the gradient
to all the actions included in the candidate set
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Figure 2. (Left) Credit-assignment issue of V-PG and (Right) Concept of the “credit-assigned” PG.

Moreover, taking a closer look at the source of variance re-
veals that the variance stems from the credit-assignment is-
sue of V-PG. As illustrated in Figure 2 (Left), V-PG (Eq. (4))
aims to increase the joint probability of all the actions se-
lected in the candidate set (AF), regardless of which action
(a;) was selected by LSR and resulted in a high reward
value. This means that V-PG needs to take an expectation
over the combinatorial space of all candidate sets A% to
derive the gradient of each specific action a;. As we need
to use Monte-Carlo (MC) sampling to estimate the expecta-
tion over the large action space of A, V-PG exponentially
increases sample complexity as K grows.

Instead, it might be more desirable to propagate the gradi-
ent only to the corresponding action in the candidate set,
as illustrated in Figure 2 (Right). In the next section, we
study how to enable such “credit-assigned” policy gradient
and discuss whether the credit attribution can resolve the
variance problem of V-PG.

3. Proposal: Credit-assigned Policy Gradient

The key ingredient for enabling the “credit-assigned” PG
is a new decomposition of the policy that does not depend
on specific samples of AX. Specifically, we consider the
following policy decomposition:

W(l)(al|x) = WESR(SK(al)|m)7r(l) (ar]z, SK(al))

where S (a;) := { AKX | a; € AX} is the set of candidate
sets AK that contain a; as one of the members. Here,
Tesr(SK (a)|z) == > 4k {ar € AX}rpsr(AX|2) is
the (marginal) probability that the ESR model chooses the
item a; among any candidate sets, while 7 (a;|x, S¥ (a;))
is the probability that a; is selected as the [’th item
in the final ranking, given that a; is included in the
candidates (S¥ (a;)). More precisely, 7 (a;|x, S¥ (a;))
depends on both ESR and LSR and is defined as
S ar ek (o) TESR(AX |2, S5 (@) (ar], A),
where mggr (AKX |z, S¥ (a;)) is the normalized probability
that each specific candidate set AX is selected.’

*resr (AN |z, 85 (1)) = masr (A" |2) /TEsr (8™ (a1)|).

The greatest benefit of the above policy decomposition is
that the variable S¥(a;) takes the marginal across candi-
date sets AX and thus no specific A% appears as a random
variable. This is beneficial for variance reduction, as it
eliminates the need to estimate E 4 [-] from Monte-Carlo
(MC) samples as done in V-PG. Then, deriving the gradi-
ent of ESR w.r.t. msr (S (a;)|z), we have the following
“credit-assigned” policy gradient (CA-PG):

V() = Ep[Viog mesr (S (a)]x) - m].  (5)

The key trick is that CA-PG ignores the dependence of ESR
on the second term (i.e., 7)) (a;|z, S (a;))), which helps
avoid the dependency on each specific AX in the gradient
estimation. Then, we can increase the ESR’s (marginal)
probability only for the action corresponding to the reward
observation, thereby resolving the credit-assignment issue
as illustrated in Figure 2 (Right). Moreover, because the
action space is now reduced from | A|X to |.A|, we expect
variance reduction and improved sample complexity.

3.1. Theoretical Analysis — Connection to V-PG

To gain insight into how the proposed CA-PG works, we
theoretically examine two important research questions: (1)
What is the connection to V-PG and (2) when is the CA-PG
sufficient for learning an effective ESR model? Below, we
first show that CA-PG is a component of V-PG, designed
for variance reduction. Note that all the proofs in this paper
are provided in Appendix C.

Theorem 3.1. (Relationship between two policy gradients)
CA-PG is a component of V-PG, i.e.,

(V-PG) = (CA-PG) + VO (x).
The residual term (N C(7)) is given as follows.
ﬂil%R(al |z, AK)
7 (a;]x, SE (1))
(&)

V log mrsr (A |z, 8% (a))) - 1|,

where the expectation is E[] := Ep[E . (4% 2,55 (a,))[]]-
Note that (@) can be seen as the normalized importance of
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each specific candidate set AX, determined by how likely
ay is to be chosen by the late stage policy ﬂ'I(gR(al |z, AK)

given the candidate set A¥.

Theorem 3.1 indicates that V-PG has an additional gradi-
ent term (VC(m)) that propagates the gradient to each spe-
cific candidate set A%, depending on how likely LSR is
to choose the target action given the corresponding candi-
date set AX. In other words, CA-PG equally propagates
the gradient to each candidate AX, ignoring from which
specific AX the action a; comes from. We intentionally use
this trick to avoid dependency on AX via marginalization,
allowing CA-PG to reduce the variance greatly compared to
V-PG by working on a smaller (marginalized) action space.
Interestingly, it also resolves the credit-assignment issue
without taking an expectation over all candidate sets. This
advantage of CA-PG becomes more pronounced when the
candidate-set size (].A|%) becomes large.

Next, to discuss RQ. (2): “When does CA-PG learn an
effective ESR policy?”, we first introduce the following
notions of “optimal alignment” and “optimal partition”.

Definition 3.2. (Optimal alignment and partition) Let
ai,as, ... 7“\*A| be the ground-truth ranking of actions for
context x (i.e., ¢(x,a}) > q(x,a3) > -+ > q(z, aI*A\))'

* A policy is optimally aligned when the policy pre-
serves the ranking of items in the probability space,
as w(ajlx) > w(az|w) > - > w(afy |2).

e A policy is optimally partitioned for top-K when
m(aj|z) > w(a}|x) holds for any (k, j), that satisfies
1<k<Kand K+1<j<|A|.

Note that the optimal partition is a weaker condition than
the optimal alignment, as it allows misalignment within the
top-K and within the tail items (i.e., those ranked K + 1
or lower). Then, the following theorem suggests that CA-
PG learns the optimal partition of items for many practical
choices of the LSR policy, as long as they have a reasonable
level of alignment ability, as explained below.

Theorem 3.3. (Sufficient condition for CA-PG) CA-PG
learns an ESR policy that is optimally partitioned for top- K,
if the following condition is satisfied for any (k,j),1 < k <
K, K+1<j<|A|

l *
E‘ITESR(.AK‘Z,SK((Z;))[’R—I(J%R(ajLT?AK)] - q(z,a})

l * *
Eﬂ'ESR(.AKW,SK(aZ))[TrI(_,S)R(ak|xaAK)] q(:c,a])

Note that, when optimizing a policy with VV (r) =
ZZL:1 oV (m), the LHS of the inequality becomes the
policy ratio w.r.t. ZZL:1 ) (a|z, S¥ (a)).

The proof outline of Theorem 3.3 is as follows: From
the general PG theorem (Sutton et al., 1999), CA-PG

updates the policy in a way to align mpsr(S%(a)|z)
with the rank of the corresponding expected reward,
qV(x,S%(a)). This expected reward, ¢()(z, S (a)),
is defined as the LSR-propensity discounted reward,
ie., EﬂESR(AK‘m’SK(a))[WS%R(a|x,AK)] - q(xz,a) from
Lemma C.1 in Appendix C. Therefore, to evaluate
the (ground-truth) top-K items higher than other items
(i.e., V(k,j), mesr(S™ (ap)|z) > mrsr(S™ (a})|z)), the
expected reward that CA-PG optimizes should satisfy
0D (2, S5 (1)) > ¢ (w, SK (a,)).

Assuming positivity of the reward, ¥(x,a), ¢(z,a) > 0,
Theorem 3.3 indicates that a reasonably aligned LSR, e.g.,
the one defined by the optimal partition in Definition 3.2,
is sufficient for learning the optimal ESR policy. Exam-
ples of such LSRs include arbitrary interpolation between
the uniform random and optimal policy (e.g., epsilon-greedy
or softmax). This is because the LHS of the inequality be-
comes 1 when using the uniform random policy as LSR,
and becomes less than 1 when using a policy that aligns the
items optimally. In contrast, the RHS of the inequality is
always greater than 1. Moreover, Theorem 3.3 suggests that
CA-PG learns an optimally partitioned ESR policy even in
the presence of certain LSR misalignments, specifically: (1)
misalignment within (ground-truth) top-K items and within
tail items (i.e., those ranked K + 1 or lower), and (2) cross-
top- K misalignment, provided the LSR alignment error is
bounded by the reward ratio. The condition in the theorem
may hold even when the LSR has inconsistent alignment of
items among candidate sets, e.g., due to item-diversity or
item-fairness constraints (Wang & Joachims, 2021). These
theoretical results indicate that CA-PG does not introduce
much bias in the ESR alignment when using a practical LSR
policy, while greatly reducing the variance.

3.2. Computation of the Score Function

Having established the general form of CA-PG, we
now address the computation of the marginal probability
7rsr (S (a;)|z), which is required to derive the score func-
tion in Eq. (5). This section focuses on the calculation of
the score function of the Plackett-Luce (PL) policy family,
as this is one of the most prevalent approaches for sampling
candidate sets from a large pool of items (Chen et al., 2019).

The PL policy samples ranked items without replacement by
recursively applying the softmax function to the remaining
items (which is often implemented with top-/K on Gumbel-
trick (Kool et al., 2019)). We consider the generalized family
of PL using multiple sub-retrievers (i.e., mixture-of-experts
(MoE) models), taking into account that having multiple can-
didate retrievers is often considered useful in practice (Hron
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Table 1. Comparison of policy gradient methods for early stage retrieval

action gradient
PG methods - - — - -
| space | size | MCsample | alignment condition | variance | computation
V-PG, V-PG-SWR AKX | = AK | (AXa1.r) none (always accurate) high O(K)
CA-PG (ours) SK @ ai.r + w/ reasonably-aligned LSR low O(KL)
CA-PG-SwR, TOP1-PG | (S!) 1A| ai.r + w/ Plackett-Luce ESR, + w/o MoE low O(ML),O(L)

The red font represents the hardest requirement, and the green font shows the easiest one. The alignment of the items becomes accurate
when the additional condition (+ w/, w/0) is satisfied for the proposed method. MC is the abbreviation of “Monte-Carlo”.

et al., 2021; Evnine et al., 2024):

exp(dma (x, ax) /7)

Vk,1<k<K, o ,
ZaeA\A(k—l) exp(dpsy’ (2, a)/T)

ap ~

where m(k) is the model index for the k’th member. For
example, when K = 10 and using M = 5 experts of the
MOoE models, we can define m(k) as follows: members 1
and 2 (k = 1, 2) use model 1 (m = 1), and members 3 and
4 (k = 3,4) use model 2 (m = 2), and so on. Grsr(z,a)
is the ESR model’s logit value of each item a to the given
user context x, and 7 > 0 is the temperature parameter.
AF=D = (41, d, - - - ,G(k—1y) is the previously sampled
candidate set, where A©) = ¢, Then, the marginal probabil-
ity mrsr (S¥ (a;)|x) can be derived via a method detailed
in Appendix D.1, in a fully differential manner without re-
quiring Monte-Carlo (MC) sampling. However, a drawback
is that this process requires O(K L) of computation as the
probability must be calculated for every [ and k. This is
worse than the computation of V-PG (O(K)), which does
not depend on the final ranking length, L.

To mitigate the computational burden of CA-PG, we con-
sider the sampling w/ replacement (SWR) approximation of
PL, as done in (Chen et al., 2019; Ma et al., 2020). Using
the SWR approximation, PL can be seen as applying inde-
pendent softmax to all the actions multiple times, resulting
in the following CA-PG-SwR:

V() = Ep {v log (Ziil mesr (S (@)|z; m(k))) .n} .

We provide the derivation steps in Appendix B.2. CA-
PG-SwR reduces the computational time significantly in
the MoE case due to dependency on multiple logit models
(from O(K L) to O(ML)). Moreover, as the special case
of CA-PG-SwR with a single logit-based PL model, we can
specifically define the following “TOP1-PG”:

Vuy(m) = Ep[Vlog mesr (S (ar)|x) - 7).

TOP1-PG dramatically reduces the computational order
from O(KL) to O(L), a complexity substantially lower
than the O(K) cost of V-PG. TOP1-PG enables a fast and
easy gradient computation on the probability that the target
item q is selected as the top-1 item in the candidate. This

makes TOP1-PG a practical alternative to (fully-computed)
CA-PG, especially in traditional applications using a single
logit model. In contrast, it is also known that the MoE-
based ESR model improves the exploration efficiency due
to diversity in the candidate (Hron et al., 2021), and there
is a tradeoff of computational efficiency and performance
between TOP1-PG (single) and CA-PGs (MoE). Table 2
summarizes the key characteristics of each PG method.

4. Experiments

This section empirically compares each PG method. The
experiment code is available at a GitHub repository:
https://github.com/facebookresearch/early _stage_retrieval.

4.1. Synthetic Data

We simulate 1000 unique users and 1000 unique items in
the synthetic experiment, where users (x) and items (a) are
associated with d,, and d, dimensional embeddings (x*, a*)
sampled from a uniform distribution U[—1, 1](4=:%), Using
these embeddings, we model the expected reward as

q(z,a) = SoftPlus({M,a*, M,x*)) + c,

where SoftPlus(z) := log(1 + exp(z)) is a function that
ensures positive output, and ¢ = 1.0 is a positive constant
(to guarantee the reward positivity required by Theorem 3.3).
M, and M, are some (d},,d,) and (d},,d,) dimensional
projection matrices, where we let d, = d, = d;, = 10.
(-, -) is the inner-product between two embeddings. Given
the above expected reward ¢(x, a), the reward is sampled
from a normal distribution N'(¢(z,a),o?(x,a)), where &
is the (item-dependent) noise level. Finally, we use the (or-

acle) Plackett-Luce policy defined as WI(f%R(al |z, AF) =

exp(q(e, m)/TLsr)/ (U arearca,, ., epla(e, a')/Tisr))
as the (given) LSR policy.

Compared PG methods To enable a fair comparison
among different PG methods, we use the same Plackett-Luce
(PL) policy (Oosterhuis, 2021) with (mixture-of-experts;
MoE) two-tower model architecture (Guo et al., 2021).
Specifically, a model corresponding to the k’th element
(m(k)) generates 10-dimensional user and item embeddings
fim (k) () and 2y, (1) (a) and calculates a logit value of action
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a given context x by the inner product between two model

embeddings: Qm(k) (1'704) = </lm(k)(x)7’>m(k)(a)>’ where
(,) represents the inner product.

Given this model, we compare four PG methods for the
ESR training; vanilla-PG (V-PG, baseline), V-PG-SwR
(sampling w/ replacement, baseline), credit assigned-PG
(CA-PG, ours), and CA-PG-SwR (TOP1-PG when M = 1,
ours). We use a stochastic policy during the policy train-
ing phase, and evaluate the performance of deterministic
(greedy) ESR for all compared methods to see the difference
in the item alignment ability of the learned ESR model. We
use the same procedure to set the learning rate for V-PGs
and CA-PGs. The exact implementation of the policies and
additional details are provided in Appendix B.2, D.1, and E.

Experiment configs To check if Theorems 3.1 and 3.3
hold empirically, we compare performance of each PG
method with the following configurations with the bold font
representing the default value: (1) # of candidate actions
(K)-{5,10,20}, (2) # of output actions (L) - { 1,5 }, (3)
# of MoE models (M) { 1, 5 }, (4) alignment (optimality)
of LSR - { optimal, noisy optimal, uniform, anti-optimal
}+. Config (3) specifies whether we use a single logit model
grsr for the PL policy or use a different model for each
position of the top-K (i.e., MoE). Finally, Config (4) tests
the performance of CA-PGs when Theorem 3.3 (sufficient
condition about LSR) does not hold. We run experiments
with 10 random seeds. Additionally, computational cost
analysis is provided in Appendix E.

Results We first investigate how the stability and conver-
gence speed of each policy gradient method change with
varying size of candidates (K) in Figure 3. The former,
stability, is studied by checking whether the policy gradi-
ent caused gradient overflow during the training process.
The results demonstrate that, without using a sampling with
replacement (SWR) approximation, the policy gradient be-
comes unstable regardless of the choice of PG method. In
particular, V-PG behaves especially catastrophically when
the candidate size is large (e.g., K = 20). In contrast,
CA-PG increases the training stability greatly, making the
training process more reliable. Moreover, Figure 3 also
suggests that, even if we use the SWR approximation, V-
PG-SwR slows down the convergence speed as we increase
the size of candidates (K). Thus, CA-PGs perform much
better than V-PG-SwR when we compare the performance
with a small number of online interactions (@50K), and
achieve 95% of the final policy value of V-PG-SwR about
3x faster than V-PG-SwR when K = 20. These differences
are significant in a practical situation, as a poor performance
of the policy in the initial training phase can harm both
user satisfaction and business metrics. In contrast, because
V-PG is an unbiased estimation of the true ESR’s gradient,

V-PG-SwR performs better than CA-PGs at convergence
(@500K), while CA-PGs also perform comparably.

Next, we also compare the performance (@50K and
@500K) with varying alignment (optimality) of LSR in
Table 2. When using the optimal, noisy-optimal, and uni-
form LSR, the observations are quite similar to the case
with varying candidate sizes — V-PG-SwR often performs
better than CA-PG at the convergence performance due
to unbiasedness of the policy gradient, while CA-PG and
TOP1-PG achieve better performance @50K due to faster
convergence, empirically showing the tradeoff between bias
and variance as Theorem 3.1 indicates. Moreover, we also
find that CA-PG and CA-PG-SwR fail only in the case with
anti-optimal LSR, empirically verifying the validity of The-
orem 3.3, stating that CA-PG can align items correctly as
long as using a reasonably aligned LSR policy.

Finally, we further compare the performance of each PG
method when using five MoE models as the base logit mod-
els, instead of using a single logit model, which is often
useful in practical situations (Hron et al., 2021; Evnine et al.,
2024). Specifically, Table 3 reports how the convergence
performance changes with a single and MoE (M = 5) mod-
els and varying size of LSR output (i.e., ranking length, L).
The results reveal that, while V-PG is the best when using a
single logit model, CA-PG and CA-PG-SwR perform better
than V-PG-SwR when using MoE models. These results
show that CA-PGs can exploit more benefits of MoE models
than V-PG, allowing more flexible modeling of ESR.

4.2. Real Data

Next, we compare the approaches on real data from the
KuaiRec dataset (Gao et al., 2022). This dataset provides
a fully observable (dense) user-item interaction matrix of
q(z,a) using the empirical “watch ratio” (i.e., watch time
divided by the video duration) in a video streaming platform.
The data consists of 1411 users and 3326 items, and we
learned their embeddings with d;, = 10. To simulate a
practical situation, we compare PG methods with larger
candidate-set sizes, i.e., K € {50,100,200}. To make
policy learning computationally tractable in this setting, we
need to use SWR approximation and compare only V-PG-
SwR and CA-PG-SwR. All other settings remain the same
as the defaults used in the synthetic experiments.

Table 4 summarizes the performance of each PG method
with varying # of candidates (K). The real-data experi-
ment is a more challenging setting due to large candidate
sizes and complex (and unknown) reward functions. We
observe that CA-PG-SwR (i.e., TOP1-PG) improves the con-
vergence speed over V-PG-SwR and becomes increasingly
beneficial as K grows. This result demonstrates that the
“credit-assignment”-based variance reduction is particularly
useful in practical situations with a large set of candidates.
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Figure 3. Comparing the training stability and convergence performance (policy value) of each PG with varying # of candidates
(K). Each line shows the learning curve for a single random seed (i.e., 10 random seed results can overlap). The vertical lines indicate
training termination; any line appearing before S00K gradient steps signifies an interruption due to gradient overflow. Two horizontal lines

show the 100% (top) and 95% (bottom) lines of the V-PG-SwR policy values, to compare the convergence speed of each method.

Table 2. Comparing PG methods with a single logit model

PG methods # of candidates (K) ahgm.nent (optimality) .Of LSR i
5 \ 10 \ 20 opt. \ noisy \ uniform \ anti-opt.

V-PG 7.09 (& 0.22) 7.16 (+ 0.27) 6.86 (£ 0.34) 7.16 (£ 0.27) 7.25 (& 0.31) 3.27 (+0.28) 1.07 (& 0.02)
(baseline) —7.22(£032) | - 7.17(£027) | — 6.86 (£034) || — 7.17 (£0.27) | — 7.25 (£ 0.32) | — 3.28 (£0.29) | — 1.07 (£ 0.03)

V-PG-SwR 7.68 (£ 0.03) 7.80 (£ 0.03) 7.88 (£ 0.04) 7.80 (£ 0.03) 7.86 (£ 0.03) 3.80 (£ 0.05) 1.05 (£ 0.01)
(baseline) — 833 (£0.03) | — 8.54 (£ 0.02) | — 8.74 (£ 0.03) || — 8.54 (£ 0.02) | — 8.55(£0.04) | 6.39 (£0.08) | — 1.08 (£ 0.01)

CA-PG 7.39 (& 0.03) 7.99 (£ 0.03) 8.39 (& 0.02) 7.99 (£ 0.03) 8.14 (£ 0.04) 5.64 (£ 0.11) 1.00 (£ 0.01)
(ours) —8.19(£0.03) | — 844 (£0.17) | — 8.70(£0.12) || — 8.44 (£0.17) | — 8.42 (£ 0.18) | — 6.73 (£ 0.13) | — 1.00 (& 0.01)

CA-PG-SwR 7.37 (£ 0.04) 7.94 (£ 0.03) 8.33 (£ 0.01) 7.94 (£ 0.03) 8.11 (+0.04) 5.79 (£ 0.09) 1.00 (£ 0.01)
(ours, TOP1-PG) || — 8.11 (£0.03) | — 8.40 (£ 0.03) | — 8.62 (£ 0.02) | — 8.40 (£ 0.03) | — 8.41 (£0.04) | — 6.90 (+0.14) | — 1.00 (£ 0.01)

The top values report the policy value @50K gradient steps, while the bottom value reports those @500K gradient steps. If gradient
overflow occurs, we use the performance at the interrupted point instead of @50K or @500K. The red font represents the worst
performance, and the green font shows the best performance, for each of @50K and @500K performances.

Table 3. Comparing PG methods with MoE candidate retrievers

# of output (L)
1 H 5
PG methods # of MoE models (M)
I [ s v 175
V-PG 717 | 17.63 250 | 265
(baseline) (£0.27) | (£0.54) (£2.22) | (£3.95)
V-PG-SwR 8.54 | 858 381 | 372
(baseline) (£ 0.02) | (£0.03) (£0.19) | (£0.07)
CA-PG 844 | 8.8 362 | 372
(ours) (#0.17) | (+£002) || (+0.64) | (& 1.00)
CA-PG-SWR 840 | 882 363 | 376
(TOPI-PG, M = 1) || (£0.03) | (£0.02) | £0.18) | (= 0.09)

The red font represents the worst performance, and the green font

shows the best performance. The policy value is either @ 500K
gradient steps or at the gradient overflow point.

Table 4. Comparing PG methods in the real-data experiment

# of candidates (K)
PG methods 9 ‘ 100 ‘ 300
V-PG-SwR 5.05 (£ 0.06) 5.39 (£ 0.07) 5.92 (£ 0.08)
(baseline) —7.91 (£0.05) | —8.22 (£0.05) | — 8.26 (£ 0.07)
CA-PG-SwR || 5.61 (+0.05) 6.37 (& 0.04) 7.10 (£ 0.06)
(TOP1-PG) || — 7.19 (£ 0.07) | — 7.82 (£ 0.03) | — 8.32 (£ 0.04)

The green font shows the best performance. The policy value is
measured at either @50K (top) or @500K (bottom) gradient steps.

5. Related Work

This section discusses the most closely related works on
policy learning for large-scale ranking.’

Policy gradient for ranking The Plackett-Luce (PL) pol-
icy has been widely used in search (Oosterhuis, 2021), video
streaming (Chen et al., 2019), and document retrieval (Gao
et al., 2023) in a single-stage ranking setting. Given that
the action space can be large in this ranking setting, the
efficient calculation of PL has been a key challenge for
the (single-stage) PG approach. For example, (Oosterhuis,
2021) calculates PL for the partial reward of ranking, lever-
aging the cascading structure of the ranking decomposition.
(Ma et al., 2021) approximates the (marginal) probability
that an item set (which includes the actions selected in the
final ranking) is ranked higher than the remaining subset
of items. (Chen et al., 2019) calculates the probability of
the selected action being one of the top-K actions in the
final ranking. Furthermore, (Sakhi et al., 2023) proposes a
PL-like stochastic policy that allows faster computation of
the gradient using Gaussian modeling. However, because
all of these works focus on the single-stage ranking setting,
the credit assignment issue in the two-stage setting has not

3 An extended discussion can be found in Appendix A.
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been previously addressed. An efficient way of propagating
the gradient to the ESR policy has remained non-trivial and
underexplored.

(Ma et al., 2020) is the most related work to ours in that it
studies the (vanilla) PG approach in the two-stage setting.
However, as discussed in the main text, V-PG has the issues
of high variance and credit assignment, limiting the scalabil-
ity of V-PG to large candidate sizes (K'). While (Ma et al.,
2020) discusses some heuristics to reduce the variance of
V-PG (i.e., adding a discount factor to the non-target action
in the candidate set), the mechanism of how and why this
heuristic works has not been demystified. We provide a rig-
orous proof of how a general idea of “credit-assigned” PG
can resolve the two issues of V-PG. Another related work
is (Kiyohara et al., 2025), which retrieves a diverse set of
candidates using an MoE-like PL policy via two-stage PG.
However, (Kiyohara et al., 2025) focuses on the case where
reward interaction among ranking (i.e., diversity) matters,
and credit assignment does not matter due to the depen-
dence of the reward on multiple items. These two works
also consider different learning challenges in the offline set-
ting. Our work is the first to highlight and mitigate the credit
assignment issue in two-stage PG.

Other variance reduction methods for RL In another
line of research, variance reduction has long been a key
research question for policy gradient-based methods in
RL (Konda & Tsitsiklis, 1999). The prevalent approach
for variance reduction has been baseline correction, and the
representative method called PPO (Schulman et al., 2017)
calculates the “advantage” function, which normalizes the
reward given context and action (r(x, a;.1,)) by a model-
predicted baseline estimating the expected reward given
context x, i.e., 0(x) ~ Er(q, ,)[r(z,ar.r)|z]. Similarly,
in the recent large-language model (LLM) applications,
GRPO (Shao et al., 2024) queries m samples per context
and action r;(z, a), j € [m], and normalizes the reward as
% = (r; — mean(r))/std(r). These methods reduce the
variance by normalizing the reward instead of manipulating
the calculation of the score function (i.e., log-action choice
probability), as CA-PG does. Therefore, the existing RL
variance reduction methods are complementary to CA-PG,
and we can combine the baseline correction-based variance
reduction with CA-PG. As a proof of concept, we addition-
ally report the results of combining both V-PG and CA-PG
with GRPO in Appendix E, showing the benefit of using
both CA-PG and GRPO together.

6. Conclusion and Future Work

This paper proposes a statistically and computationally effi-
cient approach for training the early-stage ranker (ESR) in
a two-stage decision policy. We examined the construction

of the “vanilla” policy gradient (V-PG) and identified that
variance and credit-assignment issues become prohibitive
when the candidate-set size (K) is large. To tackle these
challenges, we developed a novel PG method called “credit-
assigned” PG (CA-PG) and demonstrated its benefits in both
theoretical and empirical ways.

We identify two interesting directions for future work. The
first is to explore the off-policy learning (OPL) setting (Chen
et al., 2019; Ma et al., 2020), where we aim to optimize the
(two-stage) policy using logged data. While we expect CA-
PG’s benefits to hold in the offline setting, exploring an
efficient importance sampling strategy in our setting can be
a promising future direction. The second direction is to in-
vestigate how to incorporate reward interaction within rank-
ing. Our paper primarily focuses on the setting where the
position-wise reward is affected only by the corresponding
action at the same position. However, reward interactions
such as diversity within the final ranking (Oosterhuis, 2021)
may arise in applications like news recommendation. Ex-
ploring how to assign credit to each action under item-item
interactions can also be impactful.
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A. Extended Related Work

‘We discuss additional related work in a broader context.

Traditional ranking recommendation and retrieval-augmented generation (RAG) In the broader context, the most
commonly used approach for ranking and retrieval-augmented generation (RAG) (Lewis et al., 2020) has been accurately
estimating the users’ valuation on items from noisy user feedback, such as implicit click data (i.e., regression-based
approach) (Liu et al., 2009). These regressed reward models are used to align items based on the predicted rewards, and
many research papers have explored model architectures and user interactions models to accurately predict the users’
valuation. A representative approach is LambdaMART (Burges, 2010), which trains a boosting algorithm to regress the
users’ interaction signals. The Plackett-Luce (PL) model has also been invented for regressing the users’ choice model,
which calculates the probability that users select the target item among the items that appear in the final ranking (Guiver
& Snelson, 2009; Maystre & Grossglauser, 2015). However, these approaches require a careful debiasing mechanism to
align items correctly from biased logged data (Joachims et al., 2017), and how to take the LSR choice into account has
remained unclear (Ma et al., 2020). Even more importantly, regression-based approaches train the ESR model with the
objective of accurately estimating the users’ interaction signal, leading to an objective mismatch with the goal of maximizing
the reward (Chen et al., 2019). Policy gradient (PG) approaches naturally resolve the above issue by deriving the gradient of
the ESR model directly from the final objective of the expected reward. Our work makes PG more tractable and practically
applicable in large-scale recommendation settings by tackling the variance and credit-assignment issues of two-stage PG.

Subset selection problems Subset selection methods applied in recommender systems have mainly focused on optimizing
for utility, diversity and fairness. Earlier work proposing maximal marginal relevance (Carbonell & Goldstein, 1998) and
incorporating diversity as a key objective (Gollapudi & Sharma, 2009; Yu et al., 2009) established the necessity of selecting
a “representative” set of items rather than just the top-ranked ones to mitigate redundancy (covered more extensively
by Chakraborty & Verma (2016) and Wu et al. (2024)). Building on these, the field has increasingly moved toward framing
subset selection as a sequential decision-making problem, often leveraging Reinforcement Learning (RL) and multi-armed
bandit frameworks. Rather than treating selection as a static combinatorial task, contemporary approaches emphasize the
need to balance exploration and exploitation in online ranking (Hofmann et al., 2011) and to optimize recommendation
policies directly from logged feedback using counterfactual techniques (Swaminathan & Joachims, 2015; Li et al., 2011).
Within this narrative, Kleinberg & Raghu (2018) and, more recently, Mehta et al. (2020) focused on how individual item
utilities aggregate into a collective reward that is optimized through the lens of maximizing expected order statistics.
However, these works focus on the single-stage setting, and the credit-assignment issue in the two-stage ranking is an
underexplored problem in the subset selection literature.

Two-stage recommendation and mixture-of-experts (MoE) The mixture-of-experts (MoE) policy has been considered
effective in sampling a diverse set of items and enhancing the efficiency of exploration in two-stage recommendation. For
instance, Guo et al. (2021) empirically shows that using MoE can help improve the joint accessibility of two dissimilar
items. Hron et al. (2021) shows that nominating candidate items using multiple models can accelerate the item exploration
efficiency in two-stage bandit problems. This paper thus explores how to integrate the generalized family of PL policies
with the MoE models, and observes that MoE further improves the performance compared to the single-logit model cases of
both CA-PG and CA-PG-SwR.

B. Derivation of the Gradients

We first discuss the general form of the gradient, and then discuss how to combine the gradient with the Plackett-Luce policy
w/ and w/o sampling with replacement (SwR) approximations.

B.1. General Form of the Gradients

Here, we provide the derivation steps of naive PG. For the derivation of credit assigned PG, please refer to Appendix C.1
(i.e., proof of Theorem 3.1).
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V’U[ (7‘() =V Ep(:p)‘/r“')(al\w) [q(x, al)]
=V Ep(x)ﬂ'ESR(-AK |2) 7D (a2, AK) [Q($7 al)]

l
= VEp(2)musn (AKX |2) [Z man (alz, AX )q(x,az)l
a€A

=V EP(I)WESR(AK |z) [q(l) ($> AK)]

= VEp@) lZ mesr (A% 2)q" (z, AK)]

AK

= IE}r)(ac) Z v7TESR(~AK ‘x)q(l) (:L', AK)‘|
LAK

V?TESR(A | )
=E, (A |z) —=22 20O (g, AK
o _;WESR =) WESR(AK|I) (= )

:Ep(z) ZT"ESR VlOgWESR(AK|JU) (l)(a: AK)]
LAK

= Ep(r)rpen (AX|2) [V 1og TEsR (AT [2)g D (2, AF)] . (%K)

Vlog mesr (A” |z) - <Z W£l%R,(al|xaAK)q(x,al)>]

a€A

= Ep(2)mpsn (AKX |2)

!
= Ep(o)mpsn (AX |2) [Z g (@], AX)V log wESR<AK|a:)q<x,al>]
a €A

O (afoar) [V 108 TESR(AT [2)a (2, ar)]

P(w)ﬂESR(AK|w)7"LSR
_ K
= B o mps (A )7y (ot 2 AR (e 0y LV 108 TSR (A [2)71]

(= Ep(a)masn (AF [2)misn (ans oo AK )p(raos [z,01,) |V 108 TESR (A |2)r])

The last line is due to the independence of the reward r; from the other positions’ actions a;, VI’ # . This means that the
reward function is given as a simple form of q(z, a;) = E[r;|x, a;]. We also use ¢V (z, AK) = D aed ﬂil%R(al|x, AKY .
q(x, a;) for a shorthand notation of the expected reward at position / given the candidate set A% and the LSR policy 7psR.

B.2. Plackett-Luce Family and Sampling with Replacement (SWR) Approximation

V-PG-SwR and CA-PG-SwR use the sampling with replacement (SWR) approximation of Plackett-Luce to calculate the
score function (i.e., log action choice probability) in the computation of the PG. In contrast, the candidate selection process
itself follows the original Plackett-Luce policy (i.e., not using the SwR process). That is, the original retrieval process
recursively applies the softmax function on the remaining actions:

~m(k)
Vk, 1<k <K, ax~ mgsr(acle, A¥V),  where mgsg(ax|z, A®Y) = exP(Grsp (:@x)/7)
Sucaan-n expldisy (@ )/7)

and A%~ is the set of previously sampled actions in the candidate set. In contrast, we calculate the score function as if the
softmax function is recursively applied to all actions, instead of remaining actions, in the following way.

exp(dhar (@, ar)/T)
~m(k ’
@eXP(qES(R) (,a)/T)

Vk, 1 S k S K, dk ~ WESR(ak|l‘), where WESR(aka) =

Thus, when we compare V-PG and V-PG-SwR, the difference becomes as follows.
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* V-PG:

V log mpsr (A |z) = Vlog (Hszl mesr (ag|z, A®D; m(k)))
= Zszl V log sk (ak |z, AF=D: m(k))

¢ V-PG-SwR:

V log mesr (A |z) = Vlog (]_[f:1 mEsR (ak|T; m(k)))
- ZkK=1 Vlog mesr (ak|z; m(k))

Next, we derive CA-PG-SwR. By the definition of S¥ (a), we have
V log mrsr (S¥ (a;)|x) = V log mrsr (a; is selected by k’th | x)
= Vlog (Eszl mEsr (aq is selected at k’th | a:))
= Vlog (Z,ﬁil mEsR(ar | x; m(kz)))
= Viog (S, musn(S (ar) |2 m(k)))

Notably, an important distinction between V-PG-SwR and CA-PG-SwR is the (set of) actions for which the action choice
probabilities are computed. Specifically, V-PG requires evaluation of the probabilities for all actions in the candidate set
(ax), whereas CA-PG only includes evaluation of choice probabilities for the specific action selected by the LSR (a;). This
reflects the principled difference between these two approaches regarding credit-assignment.

C. Proof of Theoretical Properties

This section provides the proofs omitted from the main text.

C.1. Proof of Theorem 3.1

Proof. We use 70 (q;|z) := mpsr (S¥ (a;)|2)7® (ar|z, S (a;)) to derive the policy gradient as follows.

V’UZ(’]T) =V Ep(w)ﬂ“)(al\:c) [q(.’f, al)]

= VE,(2)rpsn (SK (a0)2)n® (@ ]2,8 (ar))[2(T5 a1)]

= VEy | Y mesr(85 (ar)|2)7 (wlz, S5 (ar)) 'Q(x,az)]
a€A

= Lpa) lz V(mesr(S az)|$) ()(al|x SK(al))) . q(m,al)]
a €A

By [Z Vresn(SX (@)l2) - 70 (alz, $¥ (@) - (e, an] ©®
a€A

+Epa) | D mosr(S™ (a)]e) Vﬂ(l)(all%sK(az))-q(w,az)] @)
a;eA

Note that the decomposition in the last line is due to the derivative of the product, where the second term is non-vanishing
since (V) (a;|x, S¥ (a;)) depends on mgggr. Then,
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© = Ey | S Vmosa(S™ (@)la) - 0@z, 5 (@) - a(z,a)
La;€A

Vresr (S5 (ar)|z) )
TEsr (SE (ar)|2)

=Ep) | Y mesr(S (@)]x) (@], 8" (@) 'Q(xaaz)]

La;eA

— By | 3 mmsn(SK (an) 1)V log mesn (S¥ (an)]) - 7 (ar], S¥ (ar)) q(x,an]
La;€A

=Epw) | D 7TESR(SK(CLZ)x)?f(l)(azI%‘,SK(CM))Vlog7TESR($K(CH)|96‘)Q($,al)]
La; €A

=Ep) Z 70 (a))z)V log mrsr (SX (@) z)q(z, a)
La;€A

= Eyp(a)r® (1) [V 108 TESR (ST ()| 2) (2, ay)]
- Ep(z)‘n'(l)(al |z)p(ri|z,a;) [v log 7rESR(SK (al) |£L‘)T’l]

(: Ep(2)r(ar.0le)p(ri.cle,a1.0) [Vlog 7TESR<SK (ar) |33)7“ID
(= (CA-PG))

The last line follows from the independence of the rewards, i.e., g(x, a;) = E[r{|x, a;] (i.e., does not depend on (ay,7y/), I’ #
). We also have,
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(7) = Ep@) Z Tesr (S (a7)|z) - Vﬂ(l)(aﬂw,SK(al))'CI(%az)}
G,ZEA

Vw(l)(al|x,SK(al))

O (arlz, S (ary) 1@

=Ep@) Z mesr (S™ (a)|z) 7V (a]z, S5 (@) -
La; €A

v (a|z, S¥ (a
=Epw) | Y 7 (ailz) - (a (QXQWﬁd

70 o S5 (a)

(VD (@], 85 (a))
Er@r®aile) | 7O (a|z, SK (ar)) 'q(x’a}l)}

1 1
= Ep(a)r® (ar|a) |7 (arle, S5 (ar) <Z7TESR le,SK(az))WﬁéR(azILAK)) ~Q(ﬂc,az)l

(1) K
_ K K mgr (@7, A™Y)
=Ep(2)n 0 (a]2) AEK:VWESR(A |z, S (al))'W(z)(al|x’5K(al))q(x’al)

Vrpsi (A |2, 8% (ar)) | midn (e, A¥)
E K K ~_TLSR )
p(x)w® (a;|x) -; 7TESR(-A |$7S (al)) WESR(AK|x78K(al)) 20 (al|x,SK(al)) Q($7al)

= Eypayn (e | D mrsr (A" |2, 8% (a1))V 1og masr (AN |2, 5 (ar)) - s (oile, A) q(z, ar)
p(z)7) (ar|z) G ) ) 70 (a]x, SK (a;)) )

i ) K
m g (ailz, A™)
Ep@)r® (o) |Erpsn (4K 2,55 (ar)) lﬂ(sizl%sK(al))VlogﬂESR(AKa?,SK(al)) ~q(x,ap)

1
7T£§R(al |z, AK)

K K
- Brpan (4255 (@) [w(l)(azlm,SK(az))VIOgWESR(A |z, 8 (al))l 'Tz]

p(x)7D (ar|z)p(ri|z,ar)

O] K
T sr(alz, AY)
Eorpon (X Ja. 5% () [W(})ig’;x, Siay ¥ g mesn(A" @ 8% (@)) | -m

<= Ep@)n(ar.ele)p(ricle,as)

(= VC())

Again, the last line follows from the independence of the rewards, as used in the detailed derivation of Eq. (6). O

C.2. Proof of Theorem 3.3

As a preparation, we first introduce the following lemma to discuss the expected rewards, which are optimized by each of
V-PG and CA-PG.

Lemma C.1. (Expected rewards for optimization) In expectation, V-PG (baseline) and the CA-PG (proposal) optimize the
objective with the following expected rewards.

(CA-PG) : Erpop (AKX e, SK(al))[’TTLSR((Ll|$ AR - q(x,a;) (conditioned on x and S* (a;))
(V-PG): E «la(x,a))] (conditioned on x and A¥)
mégr (ar]z, A )

In the following, we denote the expected rewards of CA-PG and V-PG as ¢V (x, S¥ (a;)) and ¢V (x, AK), respectively.

Proof. We have already derived the expected reward of the vanilla PG in Appendix B.1 (3 ). Thus, we derive the expected
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reward of the credit-assigned PG as follows.

V() = Ep ) (ay)p(ri|a,an) [V 108 TSR (S™ (ar)|2)r]
= Ep(a)r® (ay)2) [V 10g Tesr(S™ (a))|2)q(z, ar)]
= Eyp(o)rmsn (SK (an))n® (ar]a,55 () [V 108 TESR (S (a1) |2)g(, @)

= Ep(o)rpsn (5K (an)]2) [V 108 TEsR (ST (@) [2) - 7D (], S¥ (@) g (2, ar)]

= Ep(a)mpsn (S5 (an)]2) | V 108 TESR (ST (ar)|z)

: (Z wESRMKx,SK<al>>7r£2,R<al|x,AK@SK(al)))) q(x,an]
AK

!
= Ep(a)resn (5K (a0)a) [V 108 TESR (ST (@) |7) - Errpan (AX |55 (ar)) [T ag (]2, AT (, 1)

= EZJ(QL’)WEsR(SK(al)‘x) [v IOg 71'ESR(‘SK (al) ‘x) ' q(l) ('Tv SK(al))]

Note that we use ﬂil%R(al |z, AK S (a))) = ﬂ'g%R(al |z, AK). The last line follows from the definition of ¢(") (z, S (a;)).
O

There are two key differences between the two expected rewards in Lemma C.1. First, V-PG considers the expected reward
marginalized over the actions chosen by the LSR policy, i.e., E_q) (at, AK) [¢(x, a;)]. In contrast, CA-PG considers an
TLSR\ALIT:

LSR-propensity discounted reward, where the marginalized LSR propensity B, . (4%|z.5% (a,)) [ﬁ](f%R(al |z, AK)] serves
as a discount factor applied to the specific action reward. Second, while V-PG takes the expectation over all possible LSR
actions to calculate the expected reward, CA-PG only considers the reward of the target action, a;. This is because S¥ (a;)
has one-to-one correspondence to the final action of interest (a;), while A% is a new random variable that is conditionally
independent of a;. These differences contribute to the variance reduction of CA-PG, as analyzed in Section 3.1. This
suggests that while V-PG targets the marginal expected reward, CA-PG optimizes a well-defined surrogate reward that
facilitates more efficient and robust policy improvement via gradient ascent.

Next, using the above expected reward, we provide the proof of Theorem 3.3 below.

Proof. As we have discussed in the proof outline in the main text, we need the condition that the expected reward of
credit-assigned PG should satisfy ¢! (z, S¥ (ax)) > ¢\ (z, S (a;)). From Lemma C.1, we should have:

¢ (2,8 (ar)) > ¢V (2, 5% (a;))
= W(arlz, 8" (ar))q(z, ar) > 7V (aj]z, S5 (a;))q(x, ay)
0
= 0
)
)

) _ a(x,a5)
j ) q(xaak)
) _ alz,ak)
) alx,a;)

where we denote 7 (a|z, S¥(a)) = Epon (AKX 2,85 (a)) [W]El%R(a|x, AK)]. O

D. Detailed Computation of Score Functions and Sampling Process (in the Plackett-Luce Case)

This section discusses the computation of score function log mrsr (S (a|x)) for both CA-PG and CA-PG-SwR, under the
Plackett-Luce (MoE) models. Note that, while we do not describe the details here, V-PG and V-PG-SwR also use a stable
calculation of the loss function using the 1ogsumexp operation.
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Table 5. Empirical approximation error of the action choice probability relative to the ground-truth probability

‘ 7 = 1 (relatively stochastic) I T=1/2 | 7 = 1/5 (near deterministic)
\K:lo\K:?O\K:SO\K:lOOHK:l()\K:?O\K:SO\K:IOOHK:l()\K:?O\K:SO\K:lOO
Relative abs. err. H 2.3e-3 ‘ 9.2e-3 ‘ 2.7e-2 ‘ 5.7e-2 H 4.2e-3 ‘ 1.4e-5 ‘ 5.0e-4 ‘ 4.2e-3 H 0.0 ‘ 0.0 ‘ 0.0 ‘ 4.7e-6
Mean logit gap (top-K) || 320 | 278 | 228 | 189 || 640 | 555 | 457 | 378 | 160 | 139 | 114 | 945

The reported values represent the absolute approximation error relative to the ground-truth probability incurred when replacing A®~!

with A*—1 (Eq. (8)), illustrating the relative magnitude of the error. The logit values of |.A| = 1000 of actions are randomly sampled
from the standard normal distribution, and we recursively apply softmax on the remaining items with the temperature parameter 7. As the
exact ground-truth probability is hard to calculate due to computational complexity, we estimate the ground-truth by Monte-Carlo
sampling of 1000 trials.

D.1. Gradient Computation for CA-PG

In the actual implementation, we use the loglp operation to stabilize the loss calculation as follows.

V log mrsr (S¥ (a1)|x) = V log mrsr (a; is selected by k’th | z)
= Vlog(1 — mrsr(a; is NOT selected by k’th | z))
(— Hle mesr (a; is NOT selected at k’th | x))
= Vloglp(— exp(Zf:1 log mrsr (a; is NOT selected at k’th | )))
(— exp(Z{f:l log(1 — mggr (a; is selected at k’th | x))))
(— exp(X:kK:1 loglp (—7mrsr(a; is selected at k’th | x))))

Then, we estimate mrsg (a; is selected at k’th) as follows.

Trsr (a; is selected at k’th | ) = >° 4u—1 P(q; is selected at k’th | AF 1) P(AF~1)
~ P(a; is selected at k’th | AF—1) (8)
exp(logit ) (ar))
N 2o e A\ ARt XP(Logit ) (a’))
_ exp(logit(ar))
exp(Ar) +loglp(—exp(Bu) — Aw))))
= exp(logit(a) — Aw) — loglp (—exp(Bk) — Ak))))

where Ay) = logsumexp, c4(logit)(a’)) and By = logsumexp , r=r(logit)(a’)). We also denote

logit(y(a) = (j]gns(ﬁ)(:c,a)/ﬂ and A1 = argmax gx-1,, P(A"1), which is the most probable k — 1 candidate
set excluding the target action a;. While we approximate the probability of the previously sampled items by “arg-top-
(k — 1)”, this approximation is often quite accurate. This is because it is often unlikely that lower-ranked items can be
sampled first when the item logit distribution exhibits a large logit gap (where the most likely item has a much larger logit
than the next best ones, and most logit values are low). Indeed, Table 5 shows that the (relative) approximation error of
the action choice probability is quite low across different distributions of logit values. In contrast, when the item logit
distribution is near-uniform, the probability of the top-ranked and bottom-ranked items does not differ so much. These
results indicate that we can avoid the Monte-Carlo sampling to calculate the score function, reducing the computational time
from O(|.A|%) to O(1) in the aforementioned calculation, with only a small approximation error.

This approximation is a 0-th order low temperature Taylor expansion. It is exact in the limit 7 — 0, where the probability of
the most likely choice approaches 1, and all other choices approach 0. Interestingly, this approximation is also exact in
the high-temperature limit (7 — o0). In this regime, all item and set selections are equally likely; the distributions P(ay)
and P(A*~1) tend to uniform, and therefore the average over .A*~! values becomes an average over a constant argument,
which is equal to the argument at any .A*~! and in particular also at A*—1.
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D.2. Gradient Computation for CA-PG-SwR

Next, we implement CA-PG-SwR using 1 ogsumexp operation to stabilize the loss calculation as follows.
K

Vlog mesr (8™ (a)]z) = Vlog (Z WESR(Sl(az)|$;m(k)))

k=1
exp(logit ) (ar))
= Vlog <Z Y wreaeXp(logit g (al )))
. exp(logit g (ar))
vios ( exp (log (X area eXP(logit(m(a’)))))

K
k=1
o <§: exp(Logit g (a)) )
k=1
K

— exp (logsumexpaleA (logit(y (a’)))

= Vlog <Z exp (logit(k)(al) — A(k))>

k=1
= Vlogsumexp?zl (logit(k)(al) — A(k))
where we let A(k) = logsumexp, ¢ 4(1ogit(y(a’)) and logity(a) = qg's(ﬁ) (z,a)/T. Note that because
(Logitx)(ar) — A(k)) becomes the same among the ks that share the same model, the computational time is reduced from
O(KL)to (’)(ML) where K is the size of candidates, M is # of MoE models, and L is the length of LSR’s output.

D.3. Sampling Process of Top-K under Plackett-Luce

The recursive application of softmax of the Plackett-Luce policy is often modeled by the Gumbel top-K trick for the
computational efficiency (Kool et al., 2019). We also follow this procedure and implement the sampling process as follows.

* (Case 1: when using a single logit model)

1. Sample a value from Gumbel distribution for each action as 7, ~ Gumbel(0, 1).
2. Retrieve top-K based on the logit value and Gumbel noise as A% = arg-top-Kqe 4 (Logit(a) 4 1,)

* (Case 2: when using MoE logit models)

1. Sample a value from Gumbel distribution for each action as 7, ~ Gumbel(0, 1).
2. Recursively choose k’th item as aj, = argmax, ¢ 4\ ak-1) (Logit(a) + 1)

where logit g (a) = cj]gns(ﬁ) (z,a)/7 is the predicted value of action a given context .

E. Additional Details and Experiment Results

This section provides additional details on the experiment and reports the whole training process. Code is available on a
GitHub repository: https://github.com/facebookresearch/early_stage_retrieval.

Varying alignment of LSR  As described in Section 4.1, we use the following oracle Plackett-Luce policy as the given
LSR policy:

0 Ky ._ exp(q(z,a;)/TLsR)
™ aj|lx, A®) = ,
Lo (] ) YweA\ar, , €XP(q(z, @) /TLsR)

where g(x, a) is the ground-truth expected reward. We can simulate the varying alignment (optimality) of LSR by adjusting
the temperature hyperparameter 71,sg in each configuration. Specifically, the “optimal” policy is modeled by 71,sr — +0,
“anti-optimal” policy is modeled by 7,sg — —0, and the “uniform-random” policy is modeled by 7sg — £oo (In
implementation, we used the exact argmax and exact uniform random policy for “optimal”, “anti”, and “uniform”, instead of
adjusting the temperature hyperparameter of the softmax). The “noisy-optimal” policy uses 7r,sr = 1.0 and the top-1 action
choice probability of the best action among the candidate was around 0.6 on average.
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Learning rates and batch sizes We selected the learning rate based on the training stability and policy value at the
stopping or convergence point of CA-PG and V-PG on the default setting (i.e., K = 10, L = 10, M = 1, and optimal LSR)*.
Then, we applied the same learning rate to different configurations. This is to see the robustness of each PG method to the
varying configurations. The specific learning rate used for CA-PG/CA-PG-SwR is le-2, and for V-PG/V-PG-SwR is le-1.
For both methods, we use a batch size of 128. A large value of the batch size is set to mitigate the variance issues of V-PG.

We also test a simple adjustment of the learning rate depending on the problem instance. First, we observe that the scale of
the loss function of V-PG becomes linearly large as K becomes large. Therefore, we consider a small adjustment of the
learning rate, in which we normalize the loss scale by multiplying the original learning rate by K ~!, when we vary the # of
candidates. However, this adjustment further slows down the training process for large values of K, and thus, we reject this
adjustment. Another possible adjustment is to scale up the learning rate depending on the size of the action space (| AX|).
However, this approach is not tractable, as the scaling factor becomes exponentially large as K grows. In particular, our
experimental setting involves an action space of order (|.4| = 1e3), making this approach infeasible. Due to this reason, we
reuse the same learning rate across varying sizes of candidates K for V-PGs.

Next, for CA-PGs, we know from Lemma C.1 that only CA-PGs optimize the policy with LSR propensity discounted reward
using the following policy gradient in expectation (the derivation is provided in Appendix C.2):

l
(CA-PG) . ]Ep(z)ﬂESR(SK(al)‘m) {V log WESR(SK(QZ)) . (]EWESR(.AKlm,SK(al))[W£%R(CLI|$7AK)] . q(x, aﬂ)}

(V-PG) : ]EP(’»U)TFESR(AKW) [V log WESR(.AK) . (E 1) (az|I7AK)[q(x’al)]>:|

TLSR

This means that the magnitude of the loss values can change depending on the level of stochasticity of the given LSR policy
— while we have no discount when using a deterministic LSR, we have a large discount in the magnitude of the reward
signal when using a uniform random LSR. Therefore, we expect that the training of CA-PG/CA-PG-SwR should be slowed
down without scaling with the inverse propensity of LSR’s action choice probability from theoretical analysis. To mitigate
this reward scaling issue, we recommend the use of an adaptive learning rate, where the learning rate should be scaled
proportionally to the LSR propensity to the greedy action as follows.

. . l _
(adaptive_Ir) = (original_Ir) x (E,,)[avg 4% (]EwggR(amAK)[WI(J%R(GW"AK)])D L )

We use this simple adjustment of the learning rate in the synthetic experiment when we vary the alignment (optimality)
of LSR. Note that the adaptive rate is consistent across the whole training step, and can be estimated by the Monte-Carlo
estimation only once at the beginning of policy training, enabling the simple adjustment of the reward scale, when we use a
stochastic and consistently aligned policy for LSR>. As we continue using the default learning rate of le-2, the resulting
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adaptive learning rates of “noisy”, “uniform”, and “anti” settings become 2e-2, le-1, le-2, after rounding the values.

Computational time We compare the computational time of V-PG, V-PG-SwR, CA-PG, and CA-PG-SwR (1) with a
single logit model (M = 1) and varying candidate-set size (K) and the length of ranking (L), and (2) with MoE logit
models (M) and varying candidate-set size (K) with a single output (L = 1), in the synthetic setting (Section 4.1). For this
experiment, we use a MacBook Pro (M1, 10 cores, 16GB memory) and run the experiments with CPUs without explicit
parallel computation. All implementations are completed by PyTorch (Paszke et al., 2019).

Figure 4 reports the results of the computational time comparison. In Figure 4 (Left), we vary the size of problem instances
as (K, L) € {(5,1),(10,1), (20, 1), (20,5)}. The first three settings are to see the changes with varying sizes of candidates
(K), and the last two settings are to study how the length of ranking (L) affects the computational time. The results
demonstrate that the SWR approximation, including CA-PG-SwR and V-PG-SwR, has a clear benefit over exact calculation
of the Plackett-Luce, including V-PG and CA-PG. Specifically, while CA-PG and V-PG require more runtime when the
configurations ((K, L) and (K, ), respectively) increase, the runtime of CA-PG-SwR and V-PG-SwR stays almost constant
across varying problem instances. These results indicate that CA-PG-SwR not only reduces the computational order from
O(KL) to O(L), but the SWR approximation itself contributes to reducing the constant multiplier of the computational
time.

“In a practical situation, the selection of the learning rate based on these results is almost infeasible as we need to run multiple
compared method requiring user interaction. However, we employ this selection to ensure fair comparison among the PG methods.
>A consistently aligned” policy means that the order of any two items is preserved regardless of the remaining items in the candidates.
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Table 6. Comparing PG methods combined with GRPO (Shao et al., 2024) (i.e., other variance reduction methods in RL)

. # of candidates (K)
PG methods 20 \ 50 \ 100 \ 200
V-PG-SwR + GRPO || 871 (+003) | 884(£00D) | 893 (%002 | 9.00 002
(baseline) — 8.88 (£0.03) | — 8.98 (+0.03) | —9.02 (£0.03) | — 9.06 (£ 0.03)
CA-PG-SwWR + GRPO || 8.58 (+0.03) 8.89 (+ 0.02) 9.02 (+ 0.02) 9.08 (+ 0.02)
(ours) 2 8.97 (£0.03) | — 9.07 (+0.03) | — 9.10 (+0.02) | — 9.11 (+ 0.03)

The green font shows the best performance. The policy value is measured at either @50K (top) or @500K (bottom) gradient steps. The
results are based on 10 random seeds.

Next, Figure 4 (Right) compares V-PG-SwR and CA-PG-SwR in a larger problem configurations, e.g., K € {50, 100,200}
and M € {1,5}, with L = 1. The results indicate that the computational time scales quite similarly in these two methods,
where we observe the increase of computational time proportional to # of MoE models (M), while the computational time
does not change much from the K = 5 case (in the right panel) even when we use a large candidate-set size like K' = 200.
This indicates that the training-time computational cost of PG methods with the SWR approximation scales well with the
candidate-set size (K).

From these results, we recommend the use of TOP1-PG (i.e., CA-PG-SwR in the case of M = 1) in a large-scale search and
ranking problem where L becomes large. In contrast, TOP1-PG can limit the ability to make most of MoE, as we have
seen in Table 3 in Section 4.1. This suggests a tradeoff between performance and (training) computational cost of CA-PGs
(M > 2) and TOP1-PG (M = 1).

Detailed training processes We report the training processes of the experiments with (1) varying alignment (optimality)
of ESR and (2) varying numbers of outputs (L) and MoE models (M) in the synthetic setting, and (3) varying candidate
sizes (K) in the real-data setting in Figures 5-7.

Additional results combining GRPO Finally, as discussed in the related work (Section 5), we test the performance of
both V-PG and CA-PG combined with other variance reduction methods, especially with a prevalent choice of GRPO (Shao
et al.,, 2024). GRPO queries m samples per context and action r;(z,a),j € [m], and normalizes the reward as r;- =
(rj — mean(r))/std(r). While GRPO is not directly applicable to CA-PG due to the reward positivity requirement in
Theorem 3.3, we can easily integrate this reward normalization to CA-PG by adding a positive constant (c) to the reward as
(r;- + ¢).% Note that, implementing GRPO is unrealistic in the reccommender systems (RecSys) setting, as GRPO needs to
query rewards for multiple rankings (i.e., m different samples per context). This is because, unlike LLM training, which
can retrieve multiple rewards from the reward simulator, in RecSys, oftentimes only a single reward feedback is available
through online interaction with users. However, the main objective of this additional experiment is to provide evidence that

CA-PG can be easily integrated into other variance reduction methods of RL policies.

Table 6 reports the expected reward of the policies learned by (1) V-PG-SwR + GRPO and (2) CA-PG-SwR + GRPO.
To compare the results in a practical situation, we use five MoE base models (M = 5) and vary the candidate-set size
as K € {20,50,100,200}. The results show that both V-PG-SwR and CA-PG-SwR improve the convergence speed
combined with GRPO, and the difference between the V-PG-SwR and CA-PG-SwR becomes small when comparing the
expected reward at SOK gradient steps. However, CA-PG-SwR + GRPO achieves a better performance than V-PG-SwR in
the large candidate-set size regime, suggesting that the policy gradient methods can gain benefits from both GRPO-type
variance reduction (i.e., reward normalization) and CA-PG-type variance reduction (i.e., efficient marginalized action choice
probability calculation).

SFor V-PG, we tested the performance on both of the following two situations: (1) not adding a constant (the same as original GRPO),
and (2) adding a constant (the same modification as CA-PG), and report the best results (1) among these two choices.
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Figure 4. Comparison of the computational time for running 1K gradient steps. We ran each PG method for 10 random seeds. The
result reports the mean and standard deviation of the runtime, excluding trials in which gradient overflow occurred. The left figure uses
M =1 (i.e., single logit model), and the right figure uses L = 1 (i.e., final ranking length is 1).
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Figure 5. Comparing the training process of each PG method with varying alignment (optimality) of LSR.
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Figure 6. Comparing the training process of each PG method with varying # of outputs (L) and MoE models (/).
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Figure 7. Comparing the training process of each PG method with varying candidate sizes (X) in the real-data experiment.
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