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Abstract

Two-stage decision systems, which first retrieve
a candidate set of items (e.g., fashion items or
documents) and then generate the output (e.g.,
ranked featured items or articles) from the candi-
dates are widely adopted in real-life applications,
including search, recommendations, and retrieval-
augmented generation (RAG). Diversity in the
candidate set is considered a crucial aspect in
news recommendation or opinion summarization.
However, conventional approaches to candidate
retrieval fail to incorporate diversity without post-
processing, as they model a single representation
of user preference and ignore the (multi-modal)
distribution of user preferences on diverse items.
To circumvent this issue, we propose a novel Off-
Policy Learning (OPL) framework that can (1)
model the multi-modal distribution of user pref-
erence and (2) optimize the preference distribu-
tion and candidate set to maximize the user en-
gagement signal, using logged bandit feedback.
Moreover, we present a Kernel Importance Sam-
pling (Kernel IS)-based policy gradient estimator
to mitigate the issues of high variance, deficient
support, and severe rejection sampling caused by
the vanilla IS policy gradient, and provide theo-
retical guarantees about its bias and variance.

1. Introduction

For the scalability and latency of automated decision-
making systems (e.g., search, recommendation, and retrieval
augmented generation (RAG)), two-stage decision models
are often used in real-life scenarios. For instance, to handle
millions or billions of items in search and recommendation,
simple models (e.g., two-tower models (Chen et al., 2019))
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are often used to threshold the items to obtain hundreds or
thousands of top-k candidates. Then, a more complex model
generates the ranked list of items or identifies a single item to
recommend to the user for improving the users’ interaction
signals (e.g., view time, total price of purchase) (Ma et al.,
2020). Moreover, in RAG, the first stage model first retrieves
relevant and informative documents from a large database,
and then the second stage large language model (LLM) gen-
erates the sentence response to the given prompts based on
the retrieved top-k documents (Lewis et al., 2020). In such
applications, improving the quality of the first-stage candi-
date retrieval model is indispensable, as the second-stage
output generation model can choose or generate output only
from the retrieved candidates, affecting the performance of
the overall (joint) decision policy significantly.

A dominant way of training a (first-stage) candidate retrieval
model is to train a simple model using prediction loss, which
is referred to as the collaborative filtering (CF) approach.
This approach aims to regress the users’ rating (explicit
feedback) or clicks or viewtime (implicit feedback) with
the predicted affinity score between users and items. While
CF makes it easy to retrieve top-k document based on the
affinity score, a shortcoming of this approach is that the
logged data is often biased (e.g., users are more likely to
rate their favorite items and the exposure of item is deter-
mined by the logging policy), which leads to inaccuracy of
regression (Schnabel et al., 2016). Moreover, we have a
mismatch in the objective in minimizing the prediction error
and maximizing the users’ response signals (i.e., reward),
resulting in a sub-optimal policy (Chen et al., 2019; Ma
et al., 2020). In response, off-policy learning (OPL) ap-
proaches (Chen et al., 2019; Ma et al., 2020) aim to derive
an unbiased policy gradient to directly maximize the re-
ward signal. However, this approach is also known to suffer
from a high variance and deficient support when the original
item pools are large (Saito & Joachims, 2022; Sachdeva
et al., 2020). Note that, while both CF and OPL approaches
are model-agnostic, a simple two-tower model, which first
encodes user and item information separately into an em-
bedding (Chen et al., 2019), is often used for its scalability.

The common limitation of these prevalent approaches is
that users are often represented using a single preference
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vector, regardless of the model architecture (Guo et al.,
2021). This results in skewed item distributions in the top-k
candidate set, and only similar items (e.g., all items are in
the “action” category of the movie) can be observed in the
top-k list, leading to the diversity issues in the candidate
set (Peng et al., 2024; Guo et al., 2021). However, diversity
is indeed inherently favored by users in the following real-
life situations.

Example 1 (News recommendation). Even when users have
a favorite topic of news articles (e.g., sports), having diverse
topics (e.g., sports, economics, and business) on the top page
may be more attractive (e.g., increase their viewtime) than
filling out all the articles from their favorite category.

Example 2 (Opinion summarization). When writing prod-
uct reviews, referring to multiple viewpoints from diverse
documents may improve the depth of analysis than referring
to similar documents.

Existing approaches for introducing diversity in the candi-
date set are to explicitly enforce item diversification and
calibration via post-processing (Antikacioglu & Ravi, 2017;
Steck, 2018). However, these methods rely either on the
hand-engineered hyperparameter to determine the degree of
diversification (Antikacioglu & Ravi, 2017) or the original
data distribution, which is biased towards the logging dis-
tribution (Steck, 2018). Unfortunately, there is no existing
work that automatically adjusts the degree of diversification
and calibration in a way to maximize our objective function
(e.g., viewtime or purchase amount).

To circumvent the issue, this paper studies an OPL ap-
proach that can learn opfimal degree of diversity, in a
way to maximize the users’ response signals. We achieve
this goal by the following procedure. First, we introduce
a conditional sampling framework for sampling multiple
user preferences and the corresponding items, and provide
a theoretical guarantee that the sampling process simulates
the empirical distribution of a Mixture-of-Gaussian of user
preferences. This shows that our model is more flexible than
the previous approaches and enables us to sample diverse
items as the top-k candidate set, without concentrating on
similar items. Then, we also derive an (off-)policy gradient
estimator under this framework and show that the estimated
(off-)policy gradient is unbiased. We further identify the
potential challenge of this vanilla (unbiased) policy gradient,
including rejection sampling, high variance, and deficient
support, and present an improved policy gradient estima-
tor called the kernel importance sampling (Kernel IS)
estimator. The key idea of Kernel IS is to share reward
observations among similar outputs generated by the joint
policy (e.g., in the two-stage process). Our theoretical analy-
sis shows that Kernel IS can achieve small bias and variance
simultaneously under a more relaxed condition of support
than the vanilla estimator.

2. Preliminalies

We formulate the two-stage decision process (e.g., two-stage
recommender systems and retrieval augmented generation;
RAG) as a contextual bandit problem.

Let z € X € R% be a d,-dimensional context (e.g.,
user profile or ID) generated from an unknown distribu-
tion p(z). Let y € Y be an output of a generative model
(e.g., LLM (Lewis et al., 2020), recommender model (Ma
et al., 2020), and item-ranker in search (Chen et al., 2019;
Gao et al., 2023)). The output y is either discrete or continu-
ous and may be in the form of texts or visuals. We consider
the following two-stage decision policy 7 for generating the
output y given context x:

m(yla) =Y 7 (A a)r® (ylz, AY)
Ak

where 7(y|z) is the probability of generating the out-
put y given context x. The policy is decomposed to
the first-stage (7)) and the second-stage (7r(2)) policies.
AR = (a1,a2, -+ ,aj,--- ,ay) is referred to the top-k
candidate set, where each a; is in the (large) item pool
of A and there are no duplicates in the candidate set (i.e.,
a; # a;,V1 < j <1 < k). In a large-scale recommender
and search systems, A can be a (small) set of items and y
can be the single item or ranking of items presented in the
interface. In RAG, A;, can be the reference documents and
y is the sentence response generated by LLM (7(?)) using
the documents (Aj). In the rest of the paper, we consider
the candidate retrieval policy (7(1)) and assume that a static
late-stage generation model (7(2)) is given.

Once we generate the output y using the two-stage deci-
sion policy, users will respond with a reward r € R (e.g.,
purchases or view time) following an unknown distribution
p(r|x,y). Our goal is to maximize the policy value defined
as the expected reward under the given policy T,
V() = Epymylapp(rizn 1],

using the logged data collected by some logging policy
mo (# ) in the system’s past operation:

D = {(wi,yi,ri) iy ~ Hp(z)ﬂo(ylx)p(r\z,y)

Note that the logging policy my should not necessarily be a
two-stage decision policy (i.e., can be a single stage one).
Below, we use ¢(z,y) = E[r|z, y] to denote the expected
reward.

2.1. Conventional approaches

In the candidate retrieval process where the policy needs
to handle millions or billions of items, two-tower models
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are often employed due to their computation efficiency (He
et al., 2017; Chen et al., 2019; Ma et al., 2020). Two-tower
models calculate the context-action logit as {u(x), ¢(a)),
where () is the context encoding into a “preference” vec-
tor and ¢(a) is the item embeddings. (-, -) denotes the inner
product between the two inputs.

Under the above formulation, existing work is roughly cat-
egorized into two approaches for training the preference
model (11)'. The first one is Collaborative-Filtering (CF),
which aims to estimate the affinity score between contexts
and items using reward signals as follows (He et al., 2016).

n

D (i = (i), dlai))?,

i=1

U(p; 9) ~

S|

where we use the mean-squared error (MSE) loss as a stan-
dard choice of the loss function. Then, after training u as
the prediction model, we determine the candidate set by
retrieving the top-k relevant items as follows.

w = p(r), a;=argmax,c 46— {w,p(a)),

The benefit of this approach is to minimize the computa-
tional cost by reducing the problem to regression. However,
the disadvantage is that the loss function does not align with
the objective function (i.e., maximizing the policy value),
and inaccurate predictions for unobserved context-action
pair (x, a) can easily lead to a sub-optimal policy (Schnabel
etal., 2016; Ma et al., 2020).

To align the loss function to the objective of maximizing
the policy value, Off-Policy Learning (OPL) aims to op-
timize the preference model by propagating (off-)policy
gradient (Ma et al., 2020):

V#V(w)
1 & 7@ (y; |2, AF)

~ =Y B [t Y log ) (A | 7
n; ﬂ)[ o(yiles) V,logm (AF|z) | 7

ey

Note that the outer expectation E_1)[-] can be simulated
by sampling a candidate set .A* using the candidate selec-
tion policy (1), Plackett-luce (Guiver & Snelson, 2009) is
considered the standard modeling of the candidate selection
policy, as it enables conditionally independent sampling of
k items without replacement as follows.

a;j ~ softmax,c 4\ 4G-1 ((w, ¢(a))/7)
@)

w = p(x),

where the softmax operation is softmax.cz(z/y) :=
exp(2/7) /(X czexp(z/7)) and v € R7? is its tem-

'While we jointly optimize the context encoding (1) and item
embeddings (¢), this paper takes a closer look at the user prefer-
ence model (u) to consider diversity in the candidates.

perature parameter. Eq. (2) means that the Plackett-
luce policy recursively applies softmax on the remain-
ing items (A \ AU~D) until we sample k different
items as AF. The benefit of Plackett-luce is that the
log likelihood V, log 7wV (A¥|z;) is decomposed into
Zle V, log 7™M (a;|z;, AY=Y). The policy gradient de-
fined in Eq. (1) enables unbiased estimation when the
following support condition is satisfied: V(z,y) € X X
Y, n(y|z) >0 = mo(y|z) > 0. However, OPL suffers
from rejection sampling (i.e., gradient becomes zero as y;
cannot be generated from A*), high variance, and deficient
support issues when the item pool is large (Sachdeva et al.,
2020; Saito et al., 2024; Kiyohara et al., 2025).

Common failure mode of existing approaches. In addi-
tion to the aforementioned limitations, the common short-
coming of the existing approaches is to assume that user
preference can be represented as a single vector (Guo et al.,
2021). Specifically, a single representation of user prefer-
ence can result in the concentration of items to some specific
categories in the movie recommendation, failing to provide
a diverse set of items as the candidate set. This is problem-
atic in situations where the diversity of items is inherently
valued — e.g., in news recommendation platforms, present-
ing articles from multiple topics (e.g., sports, economics,
and politics) should increase the total view time compared
to presenting a single topic (e.g., sports), even when the user
has a favorite topic (e.g., sports). This motivates us a more
flexible framework than existing works that can retrieve a
diverse set of items (A¥) in the candidate retrieval process
to maximize the users’ engagement signals (i.e., rewards).

3. Sampling diverse items in the candidate sets

Our key idea for selecting diverse items in the candidate
set (A¥) is to model the multi-modal distribution of user
preference and sample actions from multiple user preference
vectors. Specifically, we consider the following iterative
sampling procedure of preference weight w; and item a; to
sample items based on different preferences for each j:

w;j ~ pj(wla, AU,
aj ~ softmax,e 4\ a6-v ((wj, ¢(a))/v),  (3)

This is a generalized framework that includes existing
work (Ma et al.,, 2020) in its special case. We can
parametrize /1;(w|z, AY~1)) using a neural network (NN),
taking the previous items as input. For example, when p;
follows a normal distribution, NN outputs the mean vector
and covariance matrix and w; follows the corresponding
normal distribution. We summarize conceptual differences
between ours and existing works in Figure 1 and provide a
theorem to show that the proposed framework simulates the
multi-modal distribution of user preference in Appendix C.
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inner-product search plackett-luce sampling  ours (conditional) conventional
o . * . ny action
: romance
nearest-k neighbor sampling DPP from MoG ours others
w = p(z) w = p(z) w; ~ (-, AUV
a; = arg max(-, w) a; ~ softmax(-, w) a; ~ softmax(-, w;)

Figure 1. (Left) Conceptual comparison between the proposed method and conventional approaches and (Right) the resulting
proportions of categories in candidates (A"). While the baselines represent a single preference per context, our sampling process
simulates a more complex, Determinantal Point Process (DPP) sampling from a mixture-of-Gaussian (MoG) distribution. This helps
model users’ multiple and distributional interests such as preferring action movies for 45% of time and romance movies for 30% of time.

3.1. Data Efficient Policy Gradient Estimation

Next, we derive a (off-)policy gradient estimator correspond-
ing to the sampling procedure described in Eq. (3). We
also address the rejection sampling, high variance, and
deficient support issues by considering the marginal distri-
bution of the outputs (y) as follows.

V,.V(r)
1 n
~ = Bt akja)
i=1

73 () (yi) |, A*)
7o (Y (yi)|w4)

where p(W¥, AF|x) is the joint probability of sampling WW*
and A" given context 2. v(y) is the marginal distribution
of the output y. Following Kiyohara et al. (2025), we define
the marginal distribution using a kernel function:

Vi logp(Wk, Ak|xl) ri, (4)

Ky, y';z,m)n(y'|2)dy’

m(wi)le) = [

y'eY
= Eﬂ(y\z)[K(y7 yl; Z, T)] ©)
where z = (x,A%) are some the conditioning
variables. A kernel function K(-,-) should satisfy
fy'ey K(y,y';2,7)dy = 1,¥(z,y) € Z x Y, and T is

a bandwidth hyperparameter. A popular choice of kernel
is a Gaussian kernel, which distributes kernel weights pro-
portional to the similarly (i.e., embedding distance d(y, y’))
is between two outputs as K (y',y; z,7) o exp(—d(y,y")).
Using the kernel, we can re-write the gradient estimation

’Because we maintain the conditional independence
in the sampling process, V,logp(W¥*, A*|z;) is equiv-
alent to the sum of V., logm™ (a;|zi,w;, AY"") and
V iy log i (wyas, AT™D).

(Eqg. (10)) as follows.

V,.V(n)

1 n
~ D B Akl n (g AR V) { ©)
i=1
K(y, yi; @i, 7)

k k . .
e D, togp AMla |, )

The key points of the above kernel importance sampling
(Kernel IS) estimator are the two-folds: (1) Kernel IS ap-
plies soft rejection sampling, by sampling output y using
the late-stage policy 7(2) and multiplying the kernel weight
K (y,yi; x;, 7). This avoid hard rejection sampling in the
vanilla IS, avoiding the zero-gradient. (2) Kernel IS also
use marginal density of the logging policy (7 (¢ (y;)|x;))
instead of the exact propensity (o (y;|z;)), where we pro-
vide the procedure to estimate the logging marginal density
in Appendix B. The use of logging marginal density also
helps mitigate high variance and deficient support. Together,
Kernel IS has the following favorable statistical properties.

» Kernel IS relaxes the condition for support compared
to the vanilla IS, mitigating the deficient support issue.

* Bias of Kernel IS can be small when within-kernel
distribution shift between 7 and mg is small. This is
achieved when using a smooth kernel like a Gaussian
kernel or a small bandwidth hyperparameter 7.

¢ Kernel IS reduces the variance of the vanilla IS, and
variance reduction becomes large when kernel band-
width 7 is large.

We provide the detailed discussion and proofs in Ap-
pendix C and D. For future work, we plan to conduct syn-
thetic and real-data experiments and empirically compare
the proposed method with the baselines.
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Figure 2. Examples of two-stage decision systems. (Top) Large-scale recommender and search systems and (Bottom) retrieval-augmented
generation (RAG) with large language models (LLMs).

A. Related Work

‘We summarize the most notable related work.

A.1. Candidate selection for two-stage recommender and search systems

Computational efficiency is one of the key requirement in the candidate retrieval process where we need to process millions
or billions of items. For this reason, two-tower models, which encodes user and item features separately, are often used,
and there are two prevalent approaches in training this model. The first and the most traditional approach is collaborative
filtering (CF) (He et al., 2017). This approach aims to enable accurate prediction of the affinity score between user-item
pairs. However, because the objective of the CF-based training is minimizing estimation error, this approach has objective
mismatch to the objective of maximizing the users’ feedback signal (i.e., policy value). In contrast, the second approach
called off-policy learning (OPL), calculates the (off-)policy gradient using logged data and update the model directly by the
policy gradient (Chen et al., 2019; Ma et al., 2020). In particular, (Ma et al., 2020) enables unbiased estimation of the gradient
of the candidate retrieval policy. However, both CF-based and OPL-based approaches shares the same limitation about
diversity in the candidate set (Guo et al., 2021; Peng et al., 2024). In particular, (Guo et al., 2021) empirically demonstrate
that the top-k candidates often concentrate on similar items (e.g., same “action” category) on a movie recommendation
benchmark (Harper & Konstan, 2015) when using a single user representation. Existing approaches to dealing with such
issues are to apply post-processing diversification (Antikacioglu & Ravi, 2017) or calibration (Steck, 2018) to include
multiple categories of items in the top-k list. However, such calibration is often based on the biased logged data, and
the degree of diversification depends on the hand-engineered hyperparameters or biased logged data. In contrast, our
policy gradient approach identifies the optimal calibration or diversification of the candidate set in a way to maximize the
downstream task reward (i.e., reward obtained by the given second-stage policy).

A.2. Retrieval-Augmented Generation

As another important application of the two-stage decisions, retrieval augmented generation (RAG) first retrieves the top-k
document from a large web source and then generates a sentence-response using large language models (LLMs). RAG
is originally designed for “accuracy”-seeking tasks like question and answering (QA), and therefore, retrieving the &
most relevant items was considered the optimal solution (Lewis et al., 2020; Yan et al., 2024). For example, Lewis et al.
(2020) propagate the task-specific loss, such as the classification loss in the QA task through the (second-stage) generation
and (first-stage) retrieval models in an end-to-end manner. Jiang et al. (2023) gradually updates the retrieved document
throughout the sentence generation phase, employing a similar top-k retrieval as Lewis et al. (2020). Our work differs from
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the existing works in two ways. First, in applications like a news summary, retrieving diverse opinions on the news can
be important for generating an in-depth technical report. However, retrieving items focuses on the “relevance” as existing
work does (Yan et al., 2024) may collect only similar opinions, and ours enables us to collect a more diverse set of top-k
documents. Moreover, the existing work does not consider an off-policy setting where the user response signals called
implicit feedback (e.g., clicks or viewtime) are collected by the logging policy. Our work is the first to consider the OPL of a
retrieval-augmentation policy.

A.3. Data-efficient Off-Policy Evaluation and Learning

Off-policy evaluation and learning (OPE/L) aims to evaluate or learn a new policy using logged data collected in the past
operation of the system. Most OPE/L papers focus on the evaluation and learning of the second-stage generation policy
(7r(2) (y|z, .Ak)) (Wang et al., 2017; Su et al., 2020; Metelli et al., 2021; Saito & Joachims, 2022; Sakhi et al., 2024). Among
them, regression-based (Konda & Tsitsiklis, 1999; Beygelzimer & Langford, 2009), importance sampling (IS)-based (Precup
et al., 2000; Strehl et al., 2010), and doubly robust (DR) (Dudik et al., 2011; Saito et al., 2024) approaches are three prevalent
methods. The regression-based approach first trains a regression model to estimate the expected reward given context (z)
and output (y). Then, it uses the imputed reward to estimate the policy value and gradient. While this approach enables
low-variance estimation, OPE/L often suffers from high bias when the regression is inaccurate, which is common in OPE/L
due to the skewed distribution of logged data. In contrast, IS reweights the reward observation in the logged data to enable
unbiased estimation of the policy value and gradient. DR and its variants combine regression and IS to improve data
efficiency compared to vanilla IS, while maintaining unbiasedness under certain conditions. However, both IS and DR are
known to suffer from high variance and deficient support when the action space is large (Sachdeva et al., 2020; Saito &
Joachims, 2022). To deal with these issues, some OPE/L work introduces an improved support condition and data efficiency
using auxiliary action embeddings (Saito & Joachims, 2022; Saito et al., 2023; 2024; Sachdeva et al., 2024) or by leveraging
similarity among items using kernels (Kallus & Zhou, 2018; Kiyohara et al., 2025). In particular, Kiyohara et al. (2025)
considers the OPL of a prompt policy for personalized sentence generation and develops a method to estimate the gradient
of the prompt policy leveraging similarity among generated sentences using kernel IS. Our work is inspired by this approach
and proposed a generalized framework for applying kernel IS for data-efficient OPL for candidate retrieval.

While the OPE/L literature is sparse for the candidate retrieval policy (71'(1) (.Ak |)), Chen et al. (2019) and Ma et al. (2020)
are relevant to ours. Chen et al. (2019) calculates the gradient solely based on the probability that each item a is selected
among the top-k (i.e., A¥). This gradient is biased, as it does not refer to the output generation probability of the second-stage
policy. In contrast, Ma et al. (2020) estimates the unbiased estimation by taking the second-stage policy into account.
However, as discussed in Sections 2.1 and B.1, two sets of issues remain: (1) anti-diversity in the top-k candidates and (2)
rejection sampling, high variance, and deficient support issues. In response, we dealt with the first problem by introducing a
more generalized and flexible action sampling framework in Section 3 and deriving an unbiased policy gradient under our
new framework. This vanilla policy gradient coincides with Ma et al. (2020) in its special case. Moreover, to mitigate the
second problem, we also presented the kernel IS estimator and demonstrated its effectiveness in the experiments. Note that
while we also have several related works on OPE/L of ranking (i.e., presenting items from the ranking order) (Mclnerney
et al., 2020; Kiyohara et al., 2022; 2023) and other combinatorial actions (Swaminathan et al., 2017; Vlassis et al., 2021;
Kiyohara et al., 2024; Shimizu et al., 2024), these methods also suffer from high variance when the item pool is large. Our
method enables tractable and data-efficient OPE/L for the candidate retrieval process for the first time by leveraging the
similarity among items.

B. Motivation of the proposed policy gradient method

Here, we provide the detailed step for deriving the proposed policy gradient.

B.1. Vanilla Policy Gradient

We first derive the vanilla importance sampling (IS) policy gradient following the sampling procedure described in Eq. (3)
as follows.

n @ (y: |z AF
1 [leogp(wkw‘lklxz‘) iy ®

VNV(TF) ~ ﬁ ZEP(W"',A’C\%) Wo(yi‘.’ﬂi)
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Figure 3. Example of mitigating the deficient support issue (Sachdeva et al., 2020) using kernel smoothing in single item recommen-
dation. We consider the case where the logging candidate retrieval model is deterministic and red dots correspond to the supported items.
The probability is based on the joint policy, i.e., m(y|z). The actual marginalization with a Gaussian kernel results in a more gradual
change of the marginal probability, but the right figure is simplified for clarity.

where p(W*, AF) is the joint probability of sampling YW* and .A¥. Because we maintain the conditional independence in
the sampling process, we have

k
V,. log pWF, A¥|2;) = Z (ij log 7™ (aj]as, wy, AV + Vi, loguj(wﬂxi,fl(j*l))) .
j=1

We provide the derivation in Appendix D.1. The benefit of this approach is that the estimated policy gradient is unbiased under
the same support condition as conventional OPL methods (See Proposition 1 in Appendix C). However, the remaining issue
that the gradient may suffer from high variance and deficient support when the output space (}) is large (e.g., recommender
systems (Saito et al., 2024)) or high-dimensional (e.g., LLM (Kiyohara et al., 2025)). Moreover, in applications like
single-item recommendations, the late-stage generation policy 7(? (y;|z, .A*) is often subject to rejection sampling if
exactly the same item (;) is not included in .A*, even when a similar item (') is included in .A*. This can be particularly
problematic when we use a diverse set of candidates (,A*) in our framework.

B.2. Data-efficient OPL via similarity-based smoothing with kernels

To deal with the issues of high variance, deficient support, and rejection sampling, we aim to leverage similarity in
the output (y) generated by the joint policy 7. We illustrate the motivative example in Figure 3. Specifically, consider a
single-recommendation setting where the logging policy selects only partial items (e.g., based on top-% of CF). Because
the vanilla policy gradient distinct each items regardless of the item similarity, the items not chosen by the logging policy
suffers from the aforementioned issues even when we observe similar items.

Our central idea for tackling the problem is to distribute the reward observation among similar outputs, inspired by (Kiyohara
et al., 2025). This becomes possible by considering the following marginalized distribution of output (y) as shown in
Figure 3 (Right):

m(Y(y)le, 2) = / P,y )7 (Y |2, 2) = Er(yla,o [P (W)|2,y, 2)] ©
y' ey

where z are some potential conditioning variables. When using a kernel function K (-, -; 7) with a bandwidth hyperparameter

7, we have p(¥(y)|z, v, z) = K(y,y'; x, 7) where fY’ey K(y,y;2,7) = 1,¥Y(z,y) € X x Y. For instance, a Gaussian

kernel distributes kernel weights proportional to the similarly (i.e., embedding distance d(y, y')) is between two outputs as

K(y',y; z,7) o< exp(—d(y, y’)). Then, we define the Kernel IS policy gradient as

V.V (m)

Q

Ly 7 (4 (ys) |1, A) Lo
E;EP(WR“AHCH) [ 7o)z Vulogp(w JA |xz)} i (10)

Q

|:K(y=yi§17ia7—)
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From Eq. (10) to Eq. (11), we use Eq. (9) with z corresponding to A*, and the conditional independence of (VV’“7 AP Y)
and (y;, ;) given x;. The key points are the two-folds: (1) Kernel IS applies soft rejection sampling, by sampling output y
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using the late-stage policy 7(2) and multiplying the kernel weight K (y, yi; x4, 7). This avoid hard rejection sampling in the
vanilla IS, avoiding the zero-gradient. (2) Kernel IS also use marginal density of the logging policy (7o (¢ (y;)|x;)) instead
of the exact propensity (mo(y;|x;)). This also helps mitigate the high variance and deficient support issues.

While the precise computation of the expectation is costly, we can simulate the distribution using only one sample at each
gradient step and repeat the process until the policy converges. The logging marginal density (7o (¢ (y)|x)) can also be
estimated via function approximation using the following loss (Kiyohara et al., 2025).

1 n
Z(h;’/TOaK7 T) ~ 5 ZEWO(;/W)[(}I(IE”%) - K(yzvy/a 1'2-,7'))2].

=1

where h(-) is the function approximation model. Because the expectation can be simulated by a single sample at each
gradient step, the computation is tractable and does not scale with the size of output space (/). In Appendix C, we provide
theoretical guarantees that the proposed estimator has favorable statistical properties in terms of bias and variance.

C. Theoretical analysis

We first show that the proposed conditional sampling process has the following favorable property about the candidate items
(A¥) and its distribution.

Theorem 1 (Determinantal Point Process (DPP) from a Mixture-of-Gaussian (MoG) distribution). When 1, (w|x, A(jfl))
follows a Gaussian distribution in Eq. (3), the preference set Wy, = (w1, wa, -+ ,wj, - ,wy) can be seen as sampled
from the DPP of MoG. That is, let P(w|x) be some target distribution of w € W following MoG. Then, the sampling
probability is

p(wj\x, W(j—l)) ~ M
PWG-D|z)

where P (WU =D |z) is the empirical distribution given the previous samples YW\ =1). The proof is provided in Appendix D.2.

Determinantal Point Process (DPP) is a sampling procedure that simulates a global distribution P(w) using the empirical
distribution of k points, i.e., P(W*)3. Therefore, Theorem 1 indicates that our sampling process simulates some global
distribution of P(w) using the sampled preference set W and the target distribution P(w) can be a multi-modal distribution
(e.g., Mixture-of-Gaussian). This enables the candidate selection policy to calibrate the item category based on the user
preference (e.g., action movie is 45% and romance movie is 30%) to maximize the objective function (i.e., expected reward).
This is a novel contribution of ours as there are no existing frameworks that consider the calibration and the objective
maximization at the same time.

Then, we have the following proposition about the unbiasedness of the vanilla policy gradient (Eq. (8)) corresponding to the
above sampling process.

Proposition 1 (Unbiasedness). The off-policy gradient ( Vuf/(ﬂ) ) defined in the RHS of Eq. (8) is unbiased, i.e.,
Ep[V,.V(7)] = V.V (), when the support condition m(y|z) >0 = mo(y|z) > 0,Y(x,y) € X x Y is satisfied. The
proof'is provided in Appendix D.3.

Next, we show that the Kernel IS keeps the bias small under relaxed condition about support. For this, we first introduce a
new support condition called similar output support.

Definition 1 (Similar output support). The similar output support is satisfied if, V(z,y) € X x Y, 7(¢(y)|z) > 0 =
mo(¥(y)]x) > 0.

The similar output support condition is always satisfied when the original support condition is satisfied by the definition of
Eq. (9). Moreover, this condition is always satisfied when using a smooth kernel like a Gaussian kernel. Under this relaxed
condition, the bias of Kernel IS is characterized as follows.

3We can use a smaller preference set than candidate items, e.g., sampling only 10 preferences and sample 100 items, where each
preference is used to sample 10 items if it adequately expresses the preference distribution.

10
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Theorem 2 (Bias of the Kernel IS gradient estimator). Under the similar output support condition, the bias of the
marginalized estimator is described as follows, under any choice of kernels and bandwidth hyperparameter.

ED[V#V(W)] - V#V(W)
= Ep(o)mo(y.0(0)12) [Epow a8 ja) [Duw(0(0), (y); A*) Y log pOV*, A¥[2)] q(x, y)]
+ Ep(I)p(Wk,Ak|I) [Vu 1ng(Wk7 AF |z) Aq (mo, m; 1?(3/))]]

where Ay, (V(y),Y(y'); AF)  refers to the difference of the importance weights w(z,¥(y), A*) =
7@ (Y(y)|z, AF) /7o (Y (y)|z) between (y) and ¥(y'). A,(mo, m;9(y")) refers to the difference of within-neighbor
expected reward defined as q(-,m0) = E ) (y(y)|z,a%) [2(T, ¥ (Y'); m0)] between mo and 7. y and y' should be similar
samples within the kernel neighbor, as we consider the sampling process of vy w(y)|2) -] = Earg () |2)m0 (yl 2,0 () []-
The proof is provided in Appendix D.4.

In Theorem 2, the first term is often negligibly small when there are no abrupt changes of 7, 7(?), 7y on (z, A*, ), and the
second term is the dominant term. The second term becomes small when the within-neighbor expected reward difference
between 7 and 7 is small. This condition is satisfied when using a small bandwidth hyperparameter 7 or a smooth kernel
like a Gaussian kernel.

In contrast, we have the following variance difference between the vanilla IS and Kernel IS.

Theorem 3 (Variance reduction of the kernel importance weight). The kernel IS estimator reduces the variance of the
vanilla importance weight (conditioned on (x, W*, A¥)) to the following degree.

mo(y|z) mo(ylz)

The proof is provided in Appendix D.5.

Theorem 3 suggests that Kernel IS reduces the conditional variance caused within kernel neighbors. This is reasonable,
as Kernel IS applies IS in the marginal output space and about IS for outputs within kernel neighbors. Therefore, we can
expect a high variance reduction when the bandwidth hyperparameter 7 is adequately large.

D. Omitted derivations and proofs

This section provides the derivations and proofs omitted in the previous sections.
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D.1. Derivation of the policy gradients
We show the derivation of the original gradient (Eq. (8)).

> v ™ yz xz
V,.V(r) =~ — Z |

™0 yz‘xz
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D.2. Proof of Theorem 1

Proof. We start by describing the general idea of the determinantal point process (DPP) (Kulesza et al., 2012). Let P(z)
be the original distribution of the variable 2. Let p(z;|Z~1)) be distribution of the j-th point. Also let P(27) be joint

distribution of j points and p (Z7) be its empirical approximation. Then, we have the following relationship in the sampling
process:

P(27) = p(z;|29~Dyp(2U-Y). (12)

The goal of DPP is to simulate the original distribution P(z) with the empirical distribution of j points, i.e., P(z) ~ P(Z9).
Therefore, sampling the j-th point follows the following distribution.

P(z)

N z0-1)Y
Pl )~ 5o
This is how the DPP process works. Then, our goal is to show that the sampling from Eq. (3) simulates the DPP process,
where P(w|x) follows some mixture-of-gaussian (MoG) distribution. From Eq. (12), this can be immediately proved by
defining P(w|z) := lim;_, 0 p(w;|z, WI=D)P(WU=Y|z) and showing that P(W)|z) follows MoG for all j € N ;.
We prove the latter statement by deduction. First, for j = 1, we know that p(w;|z) follows a single Gaussian distribution.
Next, for j > 1 suppose that p(W~1|z) follows either a single Gaussian or MoG distribution. We also know that
p(w;, |2, WO AG=1) follows Gaussian. Then, we have

POWI|z) = (> 46-1 p(w; |2, WU=D | AG-1D)P(AG-D) |a:,W(j—1))) - POWUYUTY 1)

= MoG (1) = Gaussian or MoG (2)

where P(AU=1 | 2, WU=1) is the weight of MoG (1). Because the product of the two Gaussian distributions results in a
Gaussian distribution, the product (i.e., convolution) of two MoGs or that of a Gaussian and MoG results in another MoG.
Thus, p(W;|z) follows MoG. Therefore, we can see the sampling process in Eq. (3) as a DPP where the target distribution
P(w|z) is MoG. O
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D.3. Proof of Proposition 1

Proof. We show that our gradient estimator enables an unbiased estimation of the policy gradient. In the proofs, we
use q(z,y) := E[r|z,y] to denote the expected reward given context 2 and output y and q(z, A*(,WF); 7(?)) .=
E[r|z, A*(,WF); 7(2)] be the expected reward given context = and candidate set .A* under the given output generation
policy 7(2).

ED[VALV(W)]
7 (y|a, A¥)

=Eop {EP(Wk’Akx) [ 7o (y|x)

V,u log p(WF, A’ﬂx)} r]
73 (ylz, A¥)

mo(y|z)

7T(2)(?J|177-Ak) k gk
Wvulogp(w JA |$)} Q(%y)] (13)

= Ep(z)mo(yl2)p(rlz,y) {Emwukz) [ vV logp(W’“vA’“lx)} r}

= Ep(a)mo(yl2) {Emwmw) [

1

= Ep@)mo(yla) LTO(

B i) [12) 0l AT 02OV A 0)] ot

1
=Ep) /ey Wo(y\x)m]Ep(wk,Ak\x) [W@)(y\x,Ak)V# IOgP(kaAkm} q(z,y) dy}
Yy

= Epz) |Epowr, axa) [(/ 73 (yla, A W) a(z,y) dy) V. log p(W*, Ak|17)” (14)
L yey
= IEp(r) _Ep(Wk,A"’|r) [V# logp(ka Ak|x)] Q(xa Ak(a Wk)v 7T(2) )]
= Ep(w)p(Wk,Ak|x) |:vlt logp(Wk, Ak|x) Q(gjv Ak(a Wk)a 7T(2)):| . (15)
O
D.4. Proof of Theorem 2

Proof. As a preparation, let A, (¥(y), ¥ (vy'); AF) = w(x, ¥ (y), A*) — w(z, ¥ (y), A¥) where

" o TP (eW))]e, A 1 p(ARfa,(y); ) m (W (y)|)
@0 A== o) - nmE@R) 70 (AF ) |

Then we have

Auw(tb(y), ¥(y); AY)

. 1 TWWr) gy, @y @) @)
70 (AF[2) (Wo(w(ym)p(A o, o)) = G PA 1 s ))
1

~ a0 (AFz) (wle, ()AL, ()i 7 @) = wla, by )p(A e, () 7))

where w(z,¥(y)) = (¥ (y)|x)/mo((y)|x) is the distribution shift between 7 and 7 in the marginalized outcome
space. This suggests that if we do not have an abrupt change of 7, 7D, and 7(® between the neighbors ¢ (y) and ¥ (y'),
Ay (Y(y), ¥ (y')) should be small.

Then, we derive the bias of the marginalized gradient estimator as follows. We use ¢(z,y) := E[r|z, y] to denote the
expected reward given context z and output y and q(z, ¥ (y); m) := E[r|z, ¢(y); 7] be that given context x and marginalized
neighbors 1 (y) under the policy 7.
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Ep[V,uV(7)]
T2 ((y)lz, AT
mo (¥ (y)|x)
(2 z, A*
= Ep(a)mo(yl) [Emwww) [%W log pOWV*, A* Iw)} q(m,y)}

T () z, AY)
= Ep(@)mo (o) [0)mo (yla0(v')) {Emwwm [ﬂow(y)mvu logp(Wk,Aklw)} CJ(%y)}

T2 () z, AY)
= Ep(@)mo(é(w) o) mo(wlz.6() {Emwmm [ﬂow(ym)vu logp(W’“,Aklw)} lvy)}

@ (p(y')|z, A*)
— Ep@)mo(6(y") ) mo (ylz,8(y)) {Emwmw)[ o0y [7) V. log pOWV*, A*|z) q(x,y)]

q(
@ (YY) |z, AF)
Ep@)mo(6(y") ) mo (ylz,6(y)) {Emwmm[ o0 (y)|D) 7 10gp<W’“~4’“w)] q(wuy)]
= Ep(a)mo(o(w) ) mowlas(u) [Epowe ey [Aw(®(y), (y'); AV, log pOV*, A¥|2)] g(, y)]
7T(2 z, Ak .
+ Ep(a)mo(p(y)2) {Ep(Wk,Am[ W) )Vulogp(W’“ «4’“:6)]/ 7ro(ylawﬁ(y))q(ﬂmy)dy}
mo(Y(y')|z) yey
= Ep(a)mo(o(w) ) molwles(w) [Epows.arjay [Aw(®(y), (y'); A%V, log pOV*, A¥|2)] g(, y)]

(2) ! 7.Ak ,
+ Ep(a)mo (o) 2) {EMW'C,AM) [W Wizéiféy),ﬁx) )Vu logp(W’“yA’“x)] q(z,¥(y );m)} :

=Ep l:Ep(Wk,Aklm) [ \ logP(Wkw“kl‘)] 7‘}

Next, we further decompose the second term. Because the last line corresponds to Eq. (13) in D.3 (the proof of Proposition 1;
unbiasedness) with y corresponding to ¢(y), we only show the lines corresponding to Egs. (13), (14), and (15).

(2) / ,Ak ,
Ep(a:)ﬂ'o((b(y’)\z) [Ep(Wk,Akm) |:7T ﬂ_i:(i(;%;/)ﬁx) )VM logp(Wk,Ak|x)} q(377'(/)(y );71-0):|

=E

()

Epowk Ak|z) / 7@ () |z, AR WR))g(z, ()i mo) dib(y) | V,log pWF, AF|z)
B(y)EV(Y)

= Ep(aypone, arz) [V log pOVE, A |2) B gy, ary la(@, ¥ (y); m0)]] -
The expected reward E.2) (y )|z, 4%)[9(2, 9 (y"); m0)] considers a situation where the probability of projecting output

generation to () follows 7(2), while when the aggregation of rewards within ¢/ (y) follows 7o (not 7). This is because we
correct the distribution shift of the marginalized distribution with the inverse propensity of mo (1 (y)|«) but do not correct the
within-neighbor distribution shift 7o (y’|x, 1 (y)) for the variance reduction purpose and to relax the support condition.

Finally, let Ay (70, m;9) = Er2) (4 (y) 2,9 [0(7, ¥ (Y); 70)] — B2 (y(y7)]2,a%)[(@, ¥(y'); 7)]. The bias of the marginal-
ized gradient estimator becomes as follows.

Ep[V, V()] — Y,V (x)
= Ep(a)mo(6(s) ) mowlao ) [Bpowe,arja) [Duw((y), 9(y"); A*)V , log p(W*, A¥|2)] q(x,y)]
+ ]Ep(z)p(Wk,Ak\z) [VU logp(Wk, Ak‘.’IJ) Aq(ﬂ'o, T, ’Qb)]] .

As discussed, the first term often becomes small when there are no abrupt changes in the policy in (z,y) € X x Y.
The second term becomes small when using distance-based kernels such as a Gaussian kernel or when the bandwidth
hyperparameter is small. O

D.5. Proof of Theorem 3

Proof. From the law of total variance, in general, we have

Vzix(f(Z2)) = Vyx (Ezix v [f(2)]) + By x[Vz1x,v (f(2))|X].
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Therefore, if we show that f(Y') = Ez|x y[f(Z)], we can say

Vzix(f(2)) = Vyx (f(Y)) = Eyx[Vz1x,y (f(2))|X].

Thus, we show that w(z, ¥ (y')) = Ex,(yle,v(y))[w (2, y)] to prove the reduction of the conditional variance, where we
define
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mo((y)lx) '
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w(z,P(y)) =

Then we have

7@ (yla, A%)] _ T2 (e, AF)
Eﬁo(y‘zﬂp(y/)) |:7T0(y|13):| = /yey Wo(y|w,¢(y ))W

T2 (ylz, AY)

N !
- /ey w012 V() ro Gt e G W
y FICIPRIEE)

72 (ylz. AR
- [ e ey Ay

Wy, AY)
mo(Y(y)lx)

Therefore,

v, (FLhrA)y g (S0 g [y, (2200nA)]
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