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Abstract. Block-recursie codesarelikely to bethecenterpiec®f thenext gen-
erationof numericalinearalgebrdibrariessincethey performbetteronmachines
with deepmemoryhierarchieghanexisting library codeslike LAPACK. In this
paper we describecompiler technologyto translateiteratve versionsof some
numericalkernelsinto block-recursie form. We alsostudythe cachebehaiour
andperformancef thesecompilergeneratedblock-recursie codes.

1 Introduction

Locality of referencds importantfor achieving high-performancen modernproces-
sorarchitecturesvith multiple levels of memoryhierarchy Currentcompilertechnol-
ogy attemptgo addresghis issueby tiling loop-nestsseparatelffor eachlevel of the
hierarchy[3, 8,4]. In the densenumericallinear algebracommunity thereis growing
interestin the useof block-recursie versionsof numericakerneldike matrix multiply
andCholesly factorizationto addresghe sameproblem.Thesealgorithmsrecursvely
partitionthe original probleminto oneswith smallerworking sets.This recursionhas
the effect of blocking the dataat mary differentlevels at the sametime, so the data
accespatternf theresultingcodesexploit locality atall levelsof thememoryhierar
chy. Experimentdy Gustarson[6] andothershave shavn thatthesealgorithmsachieve

substantiaperformancemprovementover thetiled versionsof thecodes.

In this papey we will useas examplesblock-recursie codesfor two algorithms:
matrixmultiplicationandCholesk factorization Considerthe codefragmentshovn in
Figurel. It is aniterative versionof Cholesly factorizationthat factoriesa symmetric

positive definitematrix A suchthat A = L - L™ wherelL is a lower triangularmatrix.
In thecodefragmentshovn here thematrix . overwritesA. A block-recurste version
of thealgorithmcanbe obtainedby sub-dviding thearraysA and L. into 2 x 2 blocks
andequatingermson bothsides.

Aoo A?D _ | Loo O Lgm L?D — LUULgD LUULlTD
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Lop = chol(Aoo)
Lio = A1o/ LY,
Li1 = chol(A11 — LioLTy)

Herechol(X) computeghe Cholesly factorizationof array X . Therecursve version
performsa Cholesly factorizationof the Ay block,thenadivision onthe A, block,
andfinally performsanotherCholesly factorizationon the updatedA;; block. The
terminationconditionfor therecursiorcaneitherbeasingleelemenpf A (degenerating
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Fig. 2. Matrix Multiplication
Fig. 1. Choleslky Factorization

to squareroot operation)or to ab x b block of A which canbe solvedby theiterative
codefragment.

A recursve versionof matrix multiplication C = AB canalsobe derivedin a
similar manner The iterative codeis shavn in Figure 2. Subdviding the arraysinto
2 x 2 blocksresultsin thefollowing :-

CDD CDl — ADD ADl BDD BOl — ADDBDD + ADIBID ADDBDI + ADlBll
CIO Cll - All) All BlU Bll - AIDBUD + AIIBIU AIUBDI + AllBll

In the above formulation,eachmultiply resultsin eight recursve calls actingon
sub-blocksThenaturalorderof traversalof aspacedn thisrecursve manneiis calleda
block-recursiveorderandis shawn in Figure4 for atwo-dimensionaspaceUnlike the
Cholesly factorizationcase however, the eightrecursve calls in matrix multiplation
canbe performedin ary orderasthey areall independentAnotherway of ordering
thesecallsis to makesurethatone of the operandss reusedbetweenadjacentalls'.
Onesuchorderingcorrespondso traversingthe sub-blocksin the gray-codeorder A
gray-codeorderonthesetof numberg1 . .. m) would arrangeghe numberssothatad-
jacentnumberdiffer by exactly 1 bit in their binaryrepresentatiorA gray-codeorder
of traversinga2-dimensionaspaces shavn in Figure5. Suchanorderis calledspace-
filling, sincetheordertracesacompletepaththroughall the points,alwaysmaoving from
onepointto anadjacenpoint. Thereareotherspace-fillingorders,and someof them
aredescribedn the reference$5]. Note thatlexicographicorderis not a space-filling
order
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! Not morethanonecanbereusedin ary case.



In this paperwe describecompilertechnologythatcanautomaticallycorvert iter-
ative versionsof arrayprogramsnto their recursve versionsin theseprogramsarrays
arereferencedia affine functionsof theloop-index variables As aresult,partitioning
theiterationsof aloop will resultin the partitioning of dataaswell. We exploit this
insightasfollows. We useaffine mappingfunctionsto mapall the statemeninstances
of theprogramto aspacewe call the programiteration space This mappingeffectively
convertsthe programinto a perfectly-nestetbop-nestwith all statementaestedn the
innermostloop. We develop legality conditionsunderwhich the loops (which corre-
spondto thedimension®f the spaceanberecursvely bisectionedThis corresponds
to recursvely bisectioningthe dimensionf the programiterationspaceCodeis then
generatedo traversethe spacen a block-recursie or space-fillingmannerandwhen
eachpointin this spacds visited, the statementsnappedo it areexecuted.This strat-
egy effectively cornvertsthe iterative versionsof codesinto their recursve ones.The
mappingfunctionsthatenablethis corversioncanbe automaticallyderived whenthey
exist. This approactdoesnot requirethatthe original programbein ary specificform
—ary sequencef perfectlyor imperfectlynestedoopscanbetransformedn this way.

The restof this paperis organizedasfollows. In Section2, we give an overvien
of our approacho programtransformationdetailsarein an associatedechnicalre-
port [1]). We derive legality conditionsin Section2.1 for recursvely traversingthe
programiterationspaceshav how to generateecursve codein Section3, andpresent
experimentakesultsin Sectiond. Finally, we discussongoingwork in Section5.

2 The Program-Space Formulation

A programconsistsof statementgontainedwithin loops.All loop boundsandarray
accesdunctionsare assumedo be affine functionsof surroundingioop indices.We
will usesSy, Ss, ..., S, to namethe statementsf the programin syntacticorder

A dynamicinstanceof a statementy, refersto a particularexecutionof thatstate-
mentfor a given value of index variablesiy of the loopssurroundingit, andis rep-
resentedoy Sk (ix). The executionorder of theseinstancescan be representedby a
statementteration spaceof |i;| dimensionswhereeachdynamicinstanceSy (i) is
mappedo the point i;. For the iterative Cholesly codeshowvn in Figure 1, the state-
mentiterationspacegor thethreestatement$1, S2 andS3 arej; x k1 x i1, j2, and
Ja X i3 respectiely.

Theprogramexecutionorderof acodefragmenttanbemodeledn asimilarmanner
by a programiteration space definedasfollows.

1. Let P bethe Cartesiarproductof the individual statementterationspacef the
statementé that program.The orderin which this productis formedis the syn-
tactic orderin which the statementgppearin the program.If p is the sumof the
numberof dimensionsn all statementterationspacesthen? is p-dimensionalP?
is alsocalledthe productspaceof theprogram.

2. Embedall statemeniteration spacesS;, into P using embeddingfunctions 7
which satisfythefollowing constraints:

(a) EachF; mustbeone-to-one.



(b) If thepointsin spaceP aretraversedin lexicographicorder andall statement
instancesnappedo a point areexecutedin original programorderwhenthat
pointis visited,the programexecutionorderis reproduced.

Theprogramexecutionordercanthusbemodelecbythepair (P, F = {Fy, Fs, ..., F}).
We will referto the programexecutionorderasthe original executionorder For the
Cholesly example the programiterationspacds a6-dimensionaspaceP = j; x k; x
i1 X jo X jz x i3. Onepossiblesetof embedding‘unctionsff for this codeis shovn
below —

J1 jz j3

i . g2 , ga
| o } | s | i
Fl([’?l])— | Pl = {3 Fe’({iﬂ)‘ is
' J1 J2 Ja

i1 Je i3

Notethatall the six dimensionsare not necessaryor our Cholesly example.Ex-
aminingthe mappingsshaws us that the last threedimensionsare redundantand the
programiterationspacecould aswell be 3-dimensional For simplicity, we will drop
the redundandimensionawvhendiscussinghe Cholesly example.The redundandi-
mensionganbe eliminatedin a systematianannetby retainingonly thosedimensions
whosemappingsarelinearlyindependent.

In a similar mannerary otherexecutionorderof the programcanbe represented
by an appropriatepair (P, F). Codefor executingthe programin this new ordercan
be generatedas follows. We traversethe entire productspacelexicographically and
at eachpoint of P we executethe original programwith the statementgrotectedoy
guards.Theseguardsensurethat only the statementnstancesnappedo the current
point are executed.For the Cholesly example,naive codewhich implementghe exe-
cutionorder (P, F)? is shavn in Figure6. In this codewe traversethe entire product
spacgaccountingor the- i nf and+i nf ) lexicographicallyandateachpointwe exe-
cutetheoriginal codewith theguardsincorporatinghe mappingfunctions.This naive
codecanbe optimizedby usingstandardoolyhedraltechniqueg7] to find the bounds
of the outerloopsandto remorve the redundantoops. For example,we only needto
traversethat partof the productspacewhich hasstatemeninstancesnappedo it. An
optimizedversionof the codeis shavn in Figure7. The conditionalsin theinnermost
loop canberemorved by index-setsplitting the outerloops.

2.1 TraversingtheProgram Iteration Space

Not all executionorders(P, F) respecthe semantic®f the original program.An exe-
cutionordermustrespecthe dependencesresenin the original programif it is to be
legal. A dependences saidto exist from instancei; of statemenfS; to instancei, of
statemeng; if bothstatemeninstanceseferencahe samearraylocation,atleastone
of themwritesto thatlocationandinstance; occursbeforeinstance; in original ex-
ecutionorder Sincewe aretraversingthe productspacdexicographically we require
thatthe pointthati; is mappedo in the productspaceis lexicographicallylessthan

2 We have droppedhelastthreeredundantiimensiongor clarity.



for j1 = -inf to +inf
for k1 = -inf to +inf
for il =-inf to +inf for j1 =1,n
for j =1, n for k1 =1,j1

for k =1, j-1 for il =j1,n

for i =j, n if (k1 <j1)

if (jl==j && kl==k && il==i) S1: A(i1,j1) -= A(i1,kl) * A(j1,k1)

S1: A(i,j) -= A(iL k) * A(j, k)

if (kl==j1 && i1==5j1)
if (jl==j && kl==j && i1l==j) s2: AG,j) = dsart(A(1,j1))
S2: A(j,j) =dsart(A(j.j))
if (kl==j1 && i1 > j1)

for i =j+1, n S3: AGi1,j1) = AGiL1) / ALl
if (jl==j && kl==j && il==i)
S3: ACiLj) = ALY T AGT)

Fig. 7. Optimizedcodefor Cholesly
Fig. 6. Naive codefor Cholesky

the point that i, is mappedo. In otherwords,the vectorv = Fy(iq) — Fs(is) must
belexicographicallypositivefor every pair (i;, i4) betweenwhich adependencexists.
Wereferto v asthedifferencevector

ForagivenlegalembeddingF, thelexicographidraversalmaynotbetheonly legal
orderof traversingthe productspaceln particular otherlegal ordersof traversingthe
spacecanbe obtainedn thefollowing ways.

1. Any orderof walkingtheproductspaceepresentetly aunimodulatransformation
matrix 7" is legalif 7" - v is lexicographicallypositive for every differencevectory
associateavith thecode.

2. If the entriesof all differencevectorscorrespondingo a setof dimensionf the

productspacearenon-negative, thenthosedimensionsanbeblocked. This par
titions the productspaceanto blockswith planesparallelto the axesof the dimen-
sions.Theseblocksarevisitedin lexicographicordet Whena particularblock is
visited, all pointswithin thatblock arevisitedin lexicographicorderaswell. This
order of traversalfor a two-dimensionaproduct spacedivided into equal-sized
blocksis shavn in Figure3.
Notethatthe pointswithin eachblock do not needto be visitedlexicographically
Any setof dimensionsawvhich canbe blockedcanalsobe recursivelyblodkedi.e.
eachblock canitself be further blockedandtheseinner blocks caneitherbe tra-
versedlexicographicallyor be further blockedrecursvely. If we chooseto block
the programiterationspaceby recursvely bisectingblock-dimensionshenwe ob-
tainthe block-recursre ordershovnin Figure4.

3. If theentriesof all differencevectorscorrespondingo a dimensionof the product
spacearezero, thenthatdimensiondoesnot have to betraversedexicographically
— it canbetraversedn ary order If a setof dimensionsxhibit this propertythen
not only canthosedimensionge blocked,but the blocksthemselesdo not have
to bevisitedin alexicographicorder In particulat the blocksof thesedimensions
canbe traversedin a space-fillingorder This principle canbe appliedrecursvely

3 Thisis alsocalledtiling.



within eachblock, to obtainspace-fillingordersof traversingthe entiresub-space
(Figureb).

Given an executionorder (P, F), andthe dependences the program,it is easy
to checkif the differencevectorsexhibit the above propertiesusing standarddepen-
denceanalysig9]. If we limit ourembeddindgunctionsF to be affine functionsof the
loop-index variablesandsymbolicconstantsye candeterminefunctionswhich allow
usto block dimensiongandhencealsorecursvely block them)or to traversea setof
dimensionsn a space-fillingordet Theconditionthatentriescorrespondingp a partic-
ular dimensionof all differencevectorsmustbe non-ngative (for recursve-blocking)
or zero(for space-fillingorders)canbe corvertedinto a systemof linearinequalitieson
theunknown coeficientsof F by anapplicationof Farkas’ Lemmaasdiscussedh [1].
If this systemhassolutions,thenary solutionsatisfyingthe linear inequalitieswould
givetherequiredembeddingunctions.The embeddindgunctionsfor the Cholesly ex-
ampleweredeterminedy this technology

3 Code Generation

Consideran executionorderof a programrepresentedby the pair (P, F). Let p rep-
resentthe numberof dimensiondn the product-spaceie wish to block the program
iterationspacerecursvely, terminatingwhenblocksof sizeB x B ... x B arereached.

For simplicity we will assumehat redundantimensionshave beenremoved and
thatall dimensionganbe blocked.We will alsoassumehatall pointsin the program
iterationspacehathave statemeninstancesnappedo themarepositive andthatthey
areall containedn the boundingbox (1--- B x 2% ... 1... B x 2f»). Thiscanbe
ensuredy choosingsuitablylargevaluesof k1, . . . k.

Codeto recursvely traversethe product-spacés shavnin Figure8. Theprocedure
Recur se is parameterizedith thecurrentblockto traversegivenby (1 b[ 1] : ub[ 1],

., I b[p]:ub[p]).If thecurrentblock is not the base-blockthe termination
condition),Gener at eRecur si veCal | s subdvidesthe block into 27 sub-blocks
by bisectingeachdimensionandcallsRecur se recursvely in alexicographicorder.
If theterminationconditionis reachedcodefor theblockis executedin Bl ock Code.
Thefunction HasPoi nt s preventsthe codefrom recursinginto blocksthathave no
statemeninstancesmappedto them. The initial call to Recur se is madewith the
lowerandupperboundssetto theboundingbox.

Naive codefor Bl ockCode( | b, ub) is very similar to the naive codefor exe-
cutingthe program.Insteadof traversingthe entire productspacewe only needto tra-
versethepointsin the currentblock lexicographically andexecutestatemeninstances
mappedo them.Theredundantoopsandconditionalscanbehoistedoutby employing
polyhedrakechniques.

We canidentify blocks (| b[ 1] : ub[ 1], ...,Ib[p]:ub[p]) thatcontain
pointswith statemeninstancesnappedo themby creatingalinear systemof inequal-
ities with variables/b;, ub; correspondingo eachentryof | b[ 1. . p], ub[ 1. . p]
andvariablesz; correspondingo eachdimensiorof the product-spaceConstraintsare

4 This mustbe changedappropriatehjif space-fillingordersarerequired



Recurse(Ib[1..p], ub[1..p])
if (HasPoints(lb,ub)) then
if (Vi ub[i] == 1b[i]+B-1) then
Bl ockCode( | b)
el se
Cener at eRecur si veCal | s(I b, ub, 1)
endi f
endi f
end

GenerateRecursiveCalls(Ib[1..p], ub[1..p], q)
if (q>p)
Recurse(lb, ub)
el se
for i =1,p
Ib’[i] =1Ib[i]
ub’[i] = (Ib[i]+ub[i])/2
Cener at eRecur si veCal I s(1 b, ub’, q+1)
for i =1,
Ib’[i] = (Ib[i]+ub[i])/2 + 1
ub’ [i] = ub[i]
Cener at eRecur si veCal I s(1 b, ub’, q+1)
endi f
end

BlockCode(Ib[1..3])
for j1 b[ 1],
for ki1
for il
for j =
for k 1, j-1
for =j, n
if (jl==j && kl==k && i1l==i)
S1: A(i,j) -= A(iL k) * A(j, k)

| I b[ 1] +B- 1

Ib[2], Ib[2]+B-1

Ib[3], Ib[3]+B1
n

—“nroo

if (jl==j && kl==j && i1l==j)
S2: A(j,j) =dsart(A(j,j))

for i =j+1, n
if (jl==] && kl==j && il==i)
S3: Ay ) = AL g) 1AL

HasPoints(Ib[1..3], ub[1..3])
if (1b[1]<=n && I b[2]<=n && | b[ 3] <=n
&& | b[ 1] <=ub[ 3]
&& | b[ 2] <=ub[ 1]
&8& 1 b[ 2] <=ub[ 3])
return true
el se
return fal se

end

Fig. 8. Recursve codegeneration Fig. 9. Recursve codefor Cholesly

addedto ensurethatthe point (z1, z», . . ., z,) hasa statemeninstancemappedto it
andthatit lies within the block ({61 : ub+, ..., b, : ub,). Fromthe abose systemwe
obtainthe conditionto betestedin HasPoi nt s( | b, ub) by projectingout (in the
FourierMotzkin sense}hevariablese;.

For our Cholesly example,the embeddingunctionsshavn in Section2 allow all
dimensiongo be blocked.Sincetherearedifferencevectorswith non-zeroentries the
programiteration spacecannotbe walkedin a space-fillingmannerthoughit canbe
recursvely blocked.The naive codefor executingthe codein eachblock is shavn in
Figure9. As mentioneckarlier theredundantoopsmustberemoredandthe condition-
alshoistedout for goodperformanceThe partof the product-spacéhathasstatement
instancesnappedoitis [j, k,i] : 1 < k < j < i < n. Thisis usedto obtainthecondi-
tionin HasPoi nt s() .

4 Experimental Results

In this section,we discusghe performancef block-recursie andspace-fillingcodes
producedisingthetechnologydescribedn thispaperThelegality conditionsdiscussed
in Section2.1 allow usto decidethatthe matrix multiply example(MMM, Figure 2)
can be blockedboth recursvely aswell asin a space-fillingmanner The Cholesly
codein Figure 1 canonly be blockedrecursvely. We generatedecursve codeter
minatingin four differentbase-blocksizes(16, 32, 64, 128) for both programs.The
codesfor thesebase-bloclksizes(Bl ockCode( | b) ) werecompiledwith the”-O3 -



LNO:blocking=of" option of the SGI compiler At this level of optimization,the SGI
compilerperformstiling for registersandsoftware-pipelining.

For eachprogram,we ran the recursve (andif legal, the space-filling)versions
of the codefor a variety of matrix sizesFor lack of spacewe will only presentre-
sultsfor a matrix size of 4000 x 4000. Resultsfor other matrix sizesare similar. In
thegraphstheresultsmarkedLexi cogr aphi ¢ correspondo executingthe codein
Bl ockCode( | b) by visiting thebase-blockén alexicographicmannerThis hasthe
effectof blocking(tiling) theprogramiterationspaceWe alsoshaw resultsof executing
vendorsuppliedhand-tunedmplementationsf matrix multiply (BLAS) andCholesly
(LAPACK [2]), for comparisonAll experimentswererun on an SGI R12K machine
runningat 300Mhzwith a 32Kb primary-datacachgL1), 4Mb second-leel cachg(L2)
and64 TLB entries.
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Figures10and13 shav the numberof primary datacachemissedor the two pro-
grams For the largerblock sizes(64, 128), the datatouchedby a base-blocldoesnot
fit into cache(32K) andhenceboththerecursive andlexicographicversionssuffer the
samepenalty For smallerblock sizes(16, 32), the datafits into cacheresultingin much
fewer missesThereis a smalldifferencebetweerthelexicographicandrecursve ver
sionsfor ablocksizeof 16. Thelexicographicversionshave slightly moremisseghan
therecursve versionssinceatthis block size,thedatatouchedoy a base-blocKits into
lessthan25% of thefirst-level cache Therecursve doublingeffect aidstherecursve-
versionsin using the cachemore effectively. This effect is more pronouncedor the
second-leel cachemissesshavn in Figures11 and14. Thelexicographicversionsfor
block sizesof 16 and32 exhibit muchhighermissnumberghanthe correspondinge-
cursive versionssincetheseblock sizesaretoo smallto fully utilize the4M cacheln
therecursve versionshowever, eventhesmallblock sizessucceedn full utilization of
the cache.Theserecursve versionswill have a similar effect on ary furtherlevels of



cachesOf thetwo recursve orders,the space-fillingordersshaw slightly bettercache
performancdor bothprograms.

Figuresl2and15shav thenumberof TLB missedor thetwo programsTheR12K
TLB hasonly 64 entries hencelarge block sizes(morethan64) will exhibit high miss
ratesin boththelexicographicandrecursve casesSmallblock sizescouldwork well in
thelexicographiccasef theloop-ordeiis choserwell. In ourcasethej ki -orderis the
bestorderfor boththe programsandhencethecasevhenblocksizeis 16 hasveryfew
TLB missesasit usedessthan48 entriesatatime. In therecursve casetherecursve
doublingdoescausesignificantlymore TLB missedor smallblock sizes althoughthe
recursve walksarelargely immuneto the effect of reorderingthe loops.For example,
in thej i k-order(notshavn here),the 16 block sizesuffersa 100-fold increasan the
numberof TLB missedor thelexicographiccasebut remainsroughlythe samein the
recursve cases.

MMM (4000x4000) Cholesky (4000x4000)
Dlexicographic ~ NBlock-recursive - BLAS [ Lexicographic N Block-recursive —--LAPACK - Compiler
300 mSpace-filling Compiler
265

16x16x16 32x32x32 64x64x64  128x128x128
Block Size

Fig. 16. Performance

Figurel6 shovstheperformancef thetwo programsn MFlops.As asanitycheck,
thelinesmarkedConpi | er shav the performancenbtainedwith compilingthe orig-
inal codewith the”-O3" flag of the SGI compilerwhich attemptgo tile for cacheand
registersandthensoftware-pipelingheresultingcode.For bothprogramstherecursve
codeswith block sizeof 32 arethe bestamongall the generatedode.For mostblock
sizes,therecursve codesare betterthantheir lexicographiccounterpartsby a small
percentag€2-5%). This is not the casewhenthe block sizeis 16 becaus®f thelarge
numberof TLB missesn therecursve casedor thisblock size.

The bestrecursve codegenerateds still substantiallyworsethanthe hand-tuned
versionsof the programseven thoughthe recursve overheadis lessthan 1% in all
casesThis differencecould be dueto the high numberof TLB missessufferedby the
recursve versions.Thoughthe hand-tunedrersionssuffer higher primary cachemiss
rates,this doesnot seemto have affectedperformancemuch. This is not surprising
in anout-of-orderissueprocessofike the R12K wherethelateny (10 cycles)canbe
hiddenby schedulingandsoftware-pipeliningThesemisseswill be moreimportantin
anin-orderissueprocessolike the Merced.

5 Related Work and Conclusions

In this paper we developedtechnologythat automaticallytransformsterative numer
ical programsinto block-recursie versions.Previous work by Gustarson[10] in im-



plementingIBM’ s Engineeringand Scientific SubroutineLibrary (ESSL)hasdemon-
stratedthe importanceof recursve control stratgies for denselinear algebracodes.
Implementationsf recursve algorithmsfor matrix multiply have alsobeenstudiedby
Sid Chaterjed5].

Our experimentsshav that the block-recursie versionsof matrix multiply and
Cholesly dosucceedn effectively blockingfor all cachdevels.Base-blocksizesmust
be chosenwith care— the dataaccessedh a base-blocknustfit into the lowestlevel
of the cachehierarchy the blocks must be large enoughso that the recursve over-
headis negligible, andthe back-endcompilermustbe ableto schedulgheinstructions
in a base-blockefficiently. Unfortunately our experimentsalso shav that the block-
recursve algorithmsdo no interactwell with the TLB. In spiteof this, our bestgener
atedcodefor the two applicationswvasstill a recursve version.Betterinteractionwith
the TLB requiresdatacopyingwhich we have notimplementedn our system.

The work in this papercan be extendedin mary ways. Furtherexperimentsare
neededo assestheimportancef block-recursie traversaldor otherapplicationdike
relaxationcodes Also, moreexperimentsareneededo studythe effect of non-square
base-blocksAn interestingideais to extend the recursiondown to single elements,
but unroll the inner recursve calls to exposeoperationsvhich canthenbe scheduled
without payingtherecursion-werheacpenalty Finally, it would beinterestingo study
theeffectof usingrecursve datalayoutsassuggestetly Sid Chaterjed5] or by copying
datausedby a base-blocknto contiguoudocationsassuggestethy Gustarson[10].
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