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Abstract. Block-recursivecodesarelikely to bethecenterpieceof thenext gen-
erationof numericallinearalgebralibrariessincethey performbetteronmachines
with deepmemoryhierarchiesthanexisting library codeslike LAPACK. In this
paper, we describecompiler technologyto translateiterative versionsof some
numericalkernelsinto block-recursive form. We alsostudythecachebehaviour
andperformanceof thesecompiler-generatedblock-recursivecodes.

1 Introduction

Locality of referenceis importantfor achieving high-performanceon modernproces-
sorarchitectureswith multiple levelsof memoryhierarchy. Currentcompilertechnol-
ogy attemptsto addressthis issueby tiling loop-nestsseparatelyfor eachlevel of the
hierarchy[3,8,4]. In the densenumericallinear algebracommunity, thereis growing
interestin theuseof block-recursiveversionsof numericalkernelslike matrixmultiply
andCholesky factorizationto addressthesameproblem.Thesealgorithmsrecursively
partition theoriginal probleminto oneswith smallerworking sets.This recursionhas
the effect of blocking the dataat many differentlevels at the sametime, so the data
accesspatternsof theresultingcodesexploit locality atall levelsof thememoryhierar-
chy. Experimentsby Gustavson[6] andothershaveshown thatthesealgorithmsachieve
substantialperformanceimprovementover thetiled versionsof thecodes.

In this paper, we will useasexamplesblock-recursive codesfor two algorithms:
matrixmultiplicationandCholesky factorization.Considerthecodefragmentshown in
Figure1. It is an iterativeversionof Cholesky factorizationthat factoriesa symmetric
positive definitematrix A suchthat
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where

�
is a lower triangularmatrix.

In thecodefragmentshown here,thematrix
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Here .0/!1�2%354�6 computestheCholesky factorizationof array 4 . Therecursive version
performsa Cholesky factorizationof the
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� 8�8

block. The
terminationconditionfor therecursioncaneitherbeasingleelementof

�
(degenerating



for j = 1, n
for k = 1, j-1

for i = j, n
S1: A(i,j) -= A(i,k) * A(j,k)
S2: A(j,j) = dsqrt(A(j,j))

for i = j+1, n
S3: A(i,j) = A(i,j) / A(j,j)

Fig. 1. Cholesky Factorization

for j = 1, n
for k = 1, n

for i = 1, n
C(i,j) -= A(i,k) * B(k,j)

Fig. 2. Matrix Multiplication

to squareroot operation)or to a :;
�: block of
�

which canbesolvedby theiterative
codefragment.

A recursive versionof matrix multiplication < �=��>
can also be derived in a

similar manner. The iterative codeis shown in Figure2. Subdividing the arraysinto	?
�	 blocksresultsin thefollowing :-
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In the above formulation,eachmultiply resultsin eight recursive calls actingon

sub-blocks.Thenaturalorderof traversalof aspacein this recursive manneris calleda
block-recursiveorderandis shown in Figure4 for a two-dimensionalspace.Unlike the
Cholesky factorizationcase,however, the eight recursive calls in matrix multiplation
canbe performedin any orderas they areall independent.Anotherway of ordering
thesecalls is to makesurethatoneof theoperandsis reusedbetweenadjacentcalls1.
Onesuchorderingcorrespondsto traversingthesub-blocksin thegray-codeorder. A
gray-codeorderon thesetof numbers3%B�C�CDC(EF6 wouldarrangethenumberssothatad-
jacentnumbersdiffer by exactly B bit in their binaryrepresentation.A gray-codeorder
of traversinga2-dimensionalspaceis shown in Figure5.Suchanorderis calledspace-
filling ,sincetheordertracesacompletepaththroughall thepoints,alwaysmoving from
onepoint to anadjacentpoint. Thereareotherspace-fillingorders,andsomeof them
aredescribedin thereferences[5]. Note that lexicographicorderis not a space-filling
order.
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1 Not morethanonecanbereused,in any case.



In this paper, we describecompilertechnologythatcanautomaticallyconvert iter-
ativeversionsof arrayprogramsinto their recursive versions.In theseprograms,arrays
arereferencedvia affine functionsof theloop-index variables.As a result,partitioning
the iterationsof a loop will result in the partitioningof dataaswell. We exploit this
insightasfollows.We useaffine mappingfunctionsto mapall thestatementinstances
of theprogramto aspacewecall theprogramiterationspace. Thismappingeffectively
convertstheprograminto aperfectly-nestedloop-nest,with all statementsnestedin the
innermostloop. We develop legality conditionsunderwhich the loops (which corre-
spondto thedimensionsof thespace)canberecursively bisectioned.Thiscorresponds
to recursively bisectioningthedimensionsof theprogramiterationspace.Codeis then
generatedto traversethespacein a block-recursive or space-fillingmanner, andwhen
eachpoint in this spaceis visited,thestatementsmappedto it areexecuted.This strat-
egy effectively converts the iterative versionsof codesinto their recursive ones.The
mappingfunctionsthatenablethis conversioncanbeautomaticallyderivedwhenthey
exist. This approachdoesnot requirethat theoriginal programbein any specificform
– any sequenceof perfectlyor imperfectlynestedloopscanbetransformedin thisway.

The restof this paperis organizedasfollows. In Section2, we give an overview
of our approachto programtransformation(detailsare in an associatedtechnicalre-
port [1]). We derive legality conditionsin Section2.1 for recursively traversingthe
programiterationspace,show how to generaterecursivecodein Section3, andpresent
experimentalresultsin Section4. Finally, wediscussongoingwork in Section5.

2 The Program-Space Formulation

A programconsistsof statementscontainedwithin loops.All loop boundsandarray
accessfunctionsareassumedto be affine functionsof surroundingloop indices.We
will use G 8 , G�H , CDC�C , G!I to namethestatementsof theprogramin syntacticorder.

A dynamicinstanceof a statementG!J refersto a particularexecutionof thatstate-
mentfor a given valueof index variablesKLJ of the loopssurroundingit, and is rep-
resentedby G!J!3�KLJM6 . The executionorder of theseinstancescan be representedby a
statementiteration spaceof N K J N dimensions,whereeachdynamicinstanceG J 3�K J 6 is
mappedto the point K J . For the iterative Cholesky codeshown in Figure1, the state-
mentiterationspacesfor thethreestatementsS1, S2 andS3 are O 8 
�P 8 
QK 8 , ODH , andO0R�
�KLR respectively.

Theprogramexecutionorderof acodefragmentcanbemodeledin asimilarmanner
by a programiterationspace, definedasfollows.

1. Let S be the Cartesianproductof the individual statementiterationspacesof the
statementsin thatprogram.The orderin which this productis formedis the syn-
tacticorderin which the statementsappearin theprogram.If T is the sumof the
numberof dimensionsin all statementiterationspaces,then S is T -dimensional.S
is alsocalledtheproductspaceof theprogram.

2. Embedall statementiteration spacesU�J into S using embeddingfunctions VW J
whichsatisfythefollowing constraints:
(a) Each VW J mustbeone-to-one.



(b) If thepointsin spaceS aretraversedin lexicographicorder, andall statement
instancesmappedto a point areexecutedin original programorderwhenthat
point is visited,theprogramexecutionorderis reproduced.

Theprogramexecutionordercanthusbemodeledby thepair 3*SYX VZ �\[ VW 8 X VW H X�CDC�C�X VW I!] 6 .
We will refer to the programexecutionorderasthe original executionorder. For the
Cholesky example,theprogramiterationspaceis a6-dimensionalspaceS � O 8 
?P 8 
K 8 
#O H 
#O R 
^K R . Onepossiblesetof embeddingfunctions VZ for this codeis shown
below –

_` � )�a�b �J �c �ed + �gfhhi b
�J �c �b �b �c �
jlkkm _`on )7p b nrq + �sfhhi b nb nb nb nb nb n

jlkkm _`Mt ) 
 b tc t � + �ufhhi b tb tc tb tb tc5t
jlkkm

Note thatall thesix dimensionsarenot necessaryfor our Cholesky example.Ex-
aminingthe mappingsshows us that the last threedimensionsareredundantandthe
programiterationspacecould aswell be 3-dimensional.For simplicity, we will drop
the redundantdimensionswhendiscussingthe Cholesky example.The redundantdi-
mensionscanbeeliminatedin asystematicmannerby retainingonly thosedimensions
whosemappingsarelinearly independent.

In a similar manner, any otherexecutionorderof the programcanbe represented
by an appropriatepair 3*SYX Z 6 . Codefor executingthe programin this new ordercan
be generatedas follows. We traversethe entireproductspacelexicographically, and
at eachpoint of S we executethe original programwith the statementsprotectedby
guards.Theseguardsensurethat only the statementinstancesmappedto the current
point areexecuted.For theCholesky example,naive codewhich implementstheexe-
cutionorder 3vSwX VZ 6 2 is shown in Figure6. In this codewe traversetheentireproduct
space(accountingfor the-inf and+inf) lexicographicallyandateachpointweexe-
cutetheoriginal codewith theguardsincorporatingthemappingfunctions.This naive
codecanbeoptimizedby usingstandardpolyhedraltechniques[7] to find thebounds
of the outer loopsandto remove the redundantloops.For example,we only needto
traversethatpartof theproductspacewhich hasstatementinstancesmappedto it. An
optimizedversionof thecodeis shown in Figure7. Theconditionalsin theinnermost
loopcanberemovedby index-setsplitting theouterloops.

2.1 Traversing the Program Iteration Space

Not all executionorders 3*SYX Z 6 respectthesemanticsof theoriginalprogram.An exe-
cutionordermustrespectthedependencespresentin theoriginalprogramif it is to be
legal. A dependenceis saidto exist from instanceK�x of statementG�x to instanceK�y of
statementG�y if bothstatementinstancesreferencethesamearraylocation,at leastone
of themwritesto thatlocationandinstanceK�x occursbeforeinstanceK�y in originalex-
ecutionorder. Sincewe aretraversingtheproductspacelexicographically, we require
that the point that K x is mappedto in the productspaceis lexicographicallylessthan

2 Wehavedroppedthelastthreeredundantdimensionsfor clarity.



for j1 = -inf to +inf
for k1 = -inf to +inf
for i1 = -inf to +inf

for j = 1, n
for k = 1, j-1
for i = j, n
if (j1==j && k1==k && i1==i)

S1: A(i,j) -= A(i,k) * A(j,k)

if (j1==j && k1==j && i1==j)
S2: A(j,j) = dsqrt(A(j,j))

for i = j+1, n
if (j1==j && k1==j && i1==i)

S3: A(i,j) = A(i,j) / A(j,j)

Fig. 6. Naivecodefor Cholesky

for j1 = 1,n
for k1 = 1,j1
for i1 = j1,n

if (k1 < j1)
S1: A(i1,j1) -= A(i1,k1) * A(j1,k1)

if (k1==j1 && i1==j1)
S2: A(j,j) = dsqrt(A(j1,j1))

if (k1==j1 && i1 > j1)
S3: A(i1,j1) = A(i1,1j) / A(j1,j1)

Fig. 7. Optimizedcodefor Cholesky

the point that K�y is mappedto. In otherwords,the vector z � W y{3�K�y�6}| W x~3�K�x06 must
belexicographicallypositivefor everypair 3�K�x{X�K�y�6 betweenwhichadependenceexists.
Wereferto z asthedifferencevector.

For agivenlegalembedding
Z

, thelexicographictraversalmaynotbetheonly legal
orderof traversingtheproductspace.In particular, otherlegal ordersof traversingthe
spacecanbeobtainedin thefollowing ways.

1. Any orderof walkingtheproductspacerepresentedbyaunimodulartransformation
matrix � is legal if � � z is lexicographicallypositivefor every differencevector z
associatedwith thecode.

2. If the entriesof all differencevectorscorrespondingto a setof dimensionsof the
productspacearenon-negative, thenthosedimensionscanbeblocked3. Thispar-
titions theproductspaceinto blockswith planesparallelto theaxesof thedimen-
sions.Theseblocksarevisited in lexicographicorder. Whena particularblock is
visited,all pointswithin thatblockarevisitedin lexicographicorderaswell. This
order of traversal for a two-dimensionalproductspacedivided into equal-sized
blocksis shown in Figure3.
Notethat thepointswithin eachblock do not needto bevisitedlexicographically.
Any setof dimensionswhich canbe blockedcanalsobe recursivelyblocked i.e.
eachblock canitself be further blockedandtheseinner blockscaneitherbe tra-
versedlexicographicallyor be further blockedrecursively. If we chooseto block
theprogramiterationspaceby recursively bisectingblock-dimensionsthenweob-
tain theblock-recursiveordershown in Figure4.

3. If theentriesof all differencevectorscorrespondingto a dimensionof theproduct
spacearezero, thenthatdimensiondoesnothave to betraversedlexicographically
— it canbetraversedin any order. If a setof dimensionsexhibit thisproperty, then
not only canthosedimensionsbeblocked,but theblocksthemselvesdo not have
to bevisitedin a lexicographicorder. In particular, theblocksof thesedimensions
canbe traversedin a space-fillingorder. This principlecanbeappliedrecursively

3 This is alsocalledtiling.



within eachblock, to obtainspace-fillingordersof traversingtheentiresub-space
(Figure5).

Given an executionorder 3*SYX Z 6 , andthe dependencesin the program,it is easy
to checkif the differencevectorsexhibit the above propertiesusingstandarddepen-
denceanalysis[9]. If we limit ourembeddingfunctions

Z
to beaffine functionsof the

loop-index variablesandsymbolicconstants,we candeterminefunctionswhich allow
usto block dimensions(andhencealsorecursively block them)or to traversea setof
dimensionsin aspace-fillingorder. Theconditionthatentriescorrespondingto apartic-
ular dimensionof all differencevectorsmustbenon-negative (for recursive-blocking)
or zero(for space-fillingorders)canbeconvertedinto asystemof linearinequalitieson
theunknown coefficientsof

Z
by anapplicationof Farkas’ Lemmaasdiscussedin [1].

If this systemhassolutions,thenany solutionsatisfyingthe linear inequalitieswould
givetherequiredembeddingfunctions.Theembeddingfunctionsfor theCholesky ex-
ampleweredeterminedby this technology.

3 Code Generation

Consideran executionorderof a programrepresentedby the pair 3vSYX Z 6 . Let T rep-
resentthe numberof dimensionsin theproduct-space.We wish to block the program
iterationspacerecursively, terminatingwhenblocksof size

> 
 > CDC�C0
 > arereached.
For simplicity we will assumethat redundantdimensionshave beenremoved and

thatall dimensionscanbeblocked.We will alsoassumethatall pointsin theprogram
iterationspacethathave statementinstancesmappedto themarepositiveandthatthey
areall containedin theboundingbox 3%B ���D�(> 
^	 J � XDC�C�C7X�B ���D�(> 
^	 J�� 6 . This canbe
ensuredby choosingsuitablylargevaluesof P 8 X�CDC�C(P�� .

Codeto recursively traversetheproduct-spaceis shown in Figure8. Theprocedure
Recurse isparameterizedwith thecurrentblockto traversegivenby(lb[1]:ub[1],
..., lb[p]:ub[p]). If the currentblock is not the base-block(the termination
condition),GenerateRecursiveCalls subdividesthe block into 	 � sub-blocks
by bisectingeachdimensionandcallsRecurse recursively in a lexicographicorder4.
If theterminationconditionis reached,codefor theblock is executedin BlockCode.
The functionHasPoints preventsthe codefrom recursinginto blocksthathave no
statementinstancesmappedto them.The initial call to Recurse is madewith the
lowerandupperboundssetto theboundingbox.

Naive codefor BlockCode(lb,ub) is very similar to the naive codefor exe-
cutingtheprogram.Insteadof traversingtheentireproductspacewe only needto tra-
versethepointsin thecurrentblock lexicographically, andexecutestatementinstances
mappedto them.Theredundantloopsandconditionalscanbehoistedoutby employing
polyhedraltechniques.

We can identify blocks(lb[1]:ub[1], ...,lb[p]:ub[p]) that contain
pointswith statementinstancesmappedto themby creatinga linearsystemof inequal-
ities with variables2�: c , �!: c correspondingto eachentry of lb[1..p], ub[1..p]
andvariables� c correspondingto eachdimensionof theproduct-space.Constraintsare

4 Thismustbechangedappropriatelyif space-fillingordersarerequired



Recurse(lb[1..p], ub[1..p])
if (HasPoints(lb,ub)) then

if (� c ub[i] == lb[i]+B-1) then
BlockCode(lb)

else
GenerateRecursiveCalls(lb,ub,1)

endif
endif
end

GenerateRecursiveCalls(lb[1..p], ub[1..p], q)
if (q > p)

Recurse(lb, ub)
else
for i = 1,p

lb’[i] = lb[i]
ub’[i] = (lb[i]+ub[i])/2

GenerateRecursiveCalls(lb’,ub’,q+1)

for i = 1, p
lb’[i] = (lb[i]+ub[i])/2 + 1
ub’[i] = ub[i]

GenerateRecursiveCalls(lb’,ub’,q+1)
endif
end

Fig. 8. Recursivecodegeneration

BlockCode(lb[1..3])
for j1 = lb[1], lb[1]+B-1
for k1 = lb[2], lb[2]+B-1
for i1 = lb[3], lb[3]+B-1
for j = 1, n
for k = 1, j-1
for i = j, n
if (j1==j && k1==k && i1==i)

S1: A(i,j) -= A(i,k) * A(j,k)

if (j1==j && k1==j && i1==j)
S2: A(j,j) = dsqrt(A(j,j))

for i = j+1, n
if (j1==j && k1==j && i1==i)

S3: A(i,j) = A(i,j) / A(j,j)

HasPoints(lb[1..3], ub[1..3])
if (lb[1]<=n && lb[2]<=n && lb[3]<=n

&& lb[1]<=ub[3]
&& lb[2]<=ub[1]
&& lb[2]<=ub[3])
return true

else
return false

end

Fig. 9. Recursivecodefor Cholesky

addedto ensurethat the point 3�� 8 X��eH�X�CDC�C�X7� � 6 hasa statementinstancemappedto it
andthat it lies within theblock 3L2�: 8�� �!: 8 XDC�C�C%X�2�:(� � �e:��o6 . Fromtheabove system,we
obtainthe condition to be testedin HasPoints(lb,ub) by projectingout (in the
Fourier-Motzkin sense)thevariables� c .

For our Cholesky example,theembeddingfunctionsshown in Section2 allow all
dimensionsto beblocked.Sincetherearedifferencevectorswith non-zeroentries,the
programiterationspacecannotbewalkedin a space-fillingmanner, thoughit canbe
recursively blocked.The naive codefor executingthe codein eachblock is shown in
Figure9.As mentionedearlier, theredundantloopsmustberemovedandthecondition-
alshoistedout for goodperformance.Thepartof theproduct-spacethathasstatement
instancesmappedto it is � O{X�P�X�K*� � B;��P���O���K���� . This is usedto obtainthecondi-
tion in HasPoints().

4 Experimental Results

In this section,we discussthe performanceof block-recursive andspace-fillingcodes
producedusingthetechnologydescribedin thispaper. Thelegality conditionsdiscussed
in Section2.1 allow us to decidethat the matrix multiply example(MMM, Figure2)
can be blockedboth recursively as well as in a space-fillingmanner. The Cholesky
codein Figure 1 can only be blockedrecursively. We generatedrecursive codeter-
minating in four differentbase-blocksizes( BD� , �r	 , ��� , BD	{� ) for both programs.The
codesfor thesebase-blocksizes(BlockCode(lb)) werecompiledwith the ”-O3 -



LNO:blocking=off” optionof theSGI compiler. At this level of optimization,theSGI
compilerperformstiling for registersandsoftware-pipelining.

For eachprogram,we ran the recursive (and if legal, the space-filling)versions
of the codefor a variety of matrix sizesFor lack of space,we will only presentre-
sults for a matrix sizeof �M�{�r�#
��M�{�r� . Resultsfor othermatrix sizesaresimilar. In
thegraphs,theresultsmarkedLexicographic correspondto executingthecodein
BlockCode(lb) by visiting thebase-blocksin a lexicographicmanner. Thishasthe
effectof blocking(tiling) theprogramiterationspace.Wealsoshow resultsof executing
vendor-suppliedhand-tunedimplementationsof matrixmultiply (BLAS) andCholesky
(LAPACK [2]), for comparison.All experimentswererun on an SGI R12K machine
runningat300Mhzwith a32Kbprimary-datacache(L1), 4Mb second-level cache(L2)
and64TLB entries.
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Figures10 and13 show thenumberof primarydatacachemissesfor the two pro-
grams.For the largerblock sizes( �~� , BD	r� ), thedatatouchedby a base-blockdoesnot
fit into cache(32K) andhenceboththerecursive andlexicographicversionssuffer the
samepenalty. For smallerblocksizes( BD� , �r	 ), thedatafits into cacheresultingin much
fewer misses.Thereis a smalldifferencebetweenthelexicographicandrecursive ver-
sionsfor a blocksizeof BD� . Thelexicographicversionshave slightly moremissesthan
therecursive versionssinceat thisblocksize,thedatatouchedby a base-blockfits into
lessthan25%of thefirst-level cache.Therecursive doublingeffect aidstherecursive-
versionsin using the cachemoreeffectively. This effect is morepronouncedfor the
second-level cachemissesshown in Figures11 and14.Thelexicographicversionsfor
blocksizesof BD� and �{	 exhibit muchhighermissnumbersthanthecorrespondingre-
cursive versionssincetheseblock sizesaretoo small to fully utilize the4M cache.In
therecursiveversions,however, eventhesmallblocksizessucceedin full utilizationof
the cache.Theserecursive versionswill have a similar effect on any further levels of



caches.Of thetwo recursive orders,thespace-fillingordersshow slightly bettercache
performancefor bothprograms.

Figures12and15show thenumberof TLB missesfor thetwo programs.TheR12K
TLB hasonly ��� entries,hencelargeblocksizes(morethan ��� ) will exhibit highmiss
ratesin boththelexicographicandrecursivecases.Smallblocksizescouldwork well in
thelexicographiccaseif theloop-orderis chosenwell. In ourcase,thejki-orderis the
bestorderfor boththeprograms,andhencethecasewhenblocksizeis B�� hasveryfew
TLB missesasit useslessthan �M� entriesat a time. In therecursive case,therecursive
doublingdoescausesignificantlymoreTLB missesfor smallblocksizes,althoughthe
recursive walksarelargely immuneto theeffect of reorderingthe loops.For example,
in thejik-order(not shown here),the B�� blocksizesuffersa B��{� -fold increasein the
numberof TLB missesfor thelexicographiccasebut remainsroughlythesamein the
recursivecases.
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Fig. 16. Performance

Figure16showstheperformanceof thetwoprogramsin MFlops.As asanitycheck,
thelinesmarkedCompiler show theperformanceobtainedwith compilingtheorig-
inal codewith the”-O3” flag of theSGI compilerwhich attemptsto tile for cacheand
registersandthensoftware-pipelinetheresultingcode.For bothprograms,therecursive
codeswith block sizeof �{	 arethebestamongall thegeneratedcode.For mostblock
sizes,the recursive codesarebetterthantheir lexicographiccounter-partsby a small
percentage(2-5%).This is not thecasewhentheblock sizeis BD� becauseof thelarge
numberof TLB missesin therecursive casesfor thisblocksize.

The bestrecursive codegeneratedis still substantiallyworsethanthe hand-tuned
versionsof the programseven thoughthe recursive overheadis lessthan B�� in all
cases.This differencecouldbedueto thehigh numberof TLB missessufferedby the
recursive versions.Thoughthe hand-tunedversionssuffer higherprimarycachemiss
rates,this doesnot seemto have affectedperformancemuch.This is not surprising
in anout-of-orderissueprocessorlike theR12K wherethe latency ( BD� cycles)canbe
hiddenby schedulingandsoftware-pipelining.Thesemisseswill bemoreimportantin
anin-orderissueprocessorlike theMerced.

5 Related Work and Conclusions

In this paper, we developedtechnologythatautomaticallytransformsiterative numer-
ical programsinto block-recursive versions.Previous work by Gustavson[10] in im-



plementingIBM’ s EngineeringandScientificSubroutineLibrary (ESSL)hasdemon-
stratedthe importanceof recursive control strategies for denselinear algebracodes.
Implementationsof recursive algorithmsfor matrixmultiply have alsobeenstudiedby
SidChaterjee[5].

Our experimentsshow that the block-recursive versionsof matrix multiply and
Cholesky dosucceedin effectively blockingfor all cachelevels.Base-blocksizesmust
bechosenwith care– the dataaccessedin a base-blockmustfit into the lowestlevel
of the cachehierarchy, the blocks must be large enoughso that the recursive over-
headis negligible, andtheback-endcompilermustbeableto scheduletheinstructions
in a base-blockefficiently. Unfortunately, our experimentsalsoshow that the block-
recursive algorithmsdo no interactwell with theTLB. In spiteof this,our bestgener-
atedcodefor the two applicationswasstill a recursive version.Betterinteractionwith
theTLB requiresdatacopyingwhichwehave not implementedin oursystem.

The work in this papercan be extendedin many ways.Furtherexperimentsare
neededto assesstheimportanceof block-recursive traversalsfor otherapplicationslike
relaxationcodes.Also, moreexperimentsareneededto studytheeffect of non-square
base-blocks.An interestingidea is to extend the recursiondown to single elements,
but unroll the inner recursive calls to exposeoperationswhich canthenbescheduled
withoutpayingtherecursion-overheadpenalty. Finally, it wouldbeinterestingto study
theeffectof usingrecursivedatalayoutsassuggestedby SidChaterjee[5] or bycopying
datausedby a base-blockinto contiguouslocationsassuggestedby Gustavson[10].
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