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Abstract

Drawing together two lines of research (that done in type-safe region-based memory management and
that done in monadic encapsuation of effects), we give a type-preserving translation from a variation of
the region calculus of Tofte and Talpin into an extension of System F augmented with monadic types
and operations. Our source language is a novel region calculus, dubbed the Single Effect Calculus, in
which sets of effects are specified by a single region representing an upper bound on the set. Our target
language is FR®N, which provides an encapsulation operator whose parametric type ensures that regions
(and values allocated therein) are neither accessible nor visible outside the appropriate scope.

1 Introduction

Region-based memory management is a particular way to manage the dynamically (or heap) allocated
memory of a program. It stands in contrast to explicit memory management by the programmer using
operations like C’s malloc and free and to fully automatic memory management using a garbage collector.
In a region-based memory management system, regions are areas of memory holding heap allocated data.
Regions have syntactic lifetimes, following the block structure of the program. A region is created upon
entering a region delimited block; for the duration of the block, data can be allocated into the region; upon
exiting the block, the entire region (including all data allocated within it) is destroyed. Tofte and Talpin’s
region calculus [25, 26] introduced a type system, based on effects, that ensures the safety of this allocation
and deallocation mechanism. A unique feature of this scheme is that evaluation can lead to dangling pointers:
a pointer to data that has been deallocated. So long as the program never dereferences such a pointer (a
fact that the type system verifies), the program can be safely run. This aspect of region-based memory
management systems can lead to better memory usage than that achieved by garbage collectors, which do
not allow dangling pointers, on some programs.

While there has been some work aimed at integrating garbage collection and region-based memory man-
agement [9, 6], it is not possible to manage particular data by one scheme or the other. Cyclone [12] offers
multiple forms of memory management in the context of a safe dialect of C. However, it makes use of a
sophisticated type-and-effect system to ensure safety. We seek, therefore, a simple account that supports
region-based memory management within a “traditional” functional programming language that primarily
relies upon garbage collection and a simple type system.

A separate line of research has investigated mechanisms by which imperative (and otherwise “foreign”)
constructs can be safely integrated into pure functional languages. Launchbury and Peyton Jones [14, 15]
introduced monadic state as a means by which imperative computations could be embedded in the pure
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evaluation of a functional program. The encapsulation operator runST has a type that statically guarantees
that stateful computations appear as pure functions to the rest of the program. Inspired by this work, we
propose monadic regions as a mechanism for embedding region-based memory management within a pure
functional language.

The main contributions of this paper are three-fold. First, we introduce a novel region calculus, dubbed
the Single Effect Calculus. The Single Effect Calculus tracks a partial order on regions; this order can be used
allow a single region to bound the effect of a set of regions. Second, we introduce a novel monadic language,
dubbed FREN | which is an extension of System F that adds monadic types and operations for manipulating
regions. A key aspect of this language is that no extension (beyond adding three type constructors) to the
type system of System F is required; in particular, type equality in FR®N is syntactic and all new language
expressions can be interpreted as constants with polymorphic types. Encapsulation of region computations
in FRCN ig ensured by the type system, using parametricity. Finally, we give a type preserving translation
from the Single Effect Calculus to FR®N, an important first step towards demonstrating the adequacy of FREN
for expressing region-based memory management.

The remainder of this paper is structured as follows. In the next two sections, we describe the Single
Effect Calculus and FREN. Section 4 presents a type preserving translation from the Single Effect Calculus to
FRGN - Section 5 explores the expressiveness of the Single Effect Calculus. In Section 6, we consider related
work. Section 7 concludes and notes some directions for future work.



i € Z
9,0 € RVars®FC where H € RVarsSF¢
f,x € Vars9EC
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Surface values v ou= tt|ff|x

Figure 1: Surface syntax of SEC

2 Single Effect Calculus

The Single Effect Calculus is a variation of the region calculus of Tofte and Talpin [25, 26], in the spirit of
[11], and taking inspiration from the Capability Calculus [5] and Cyclone [8]. Essentially, the Single Effect
Calculus capitalizes on the fact that a LIFO stack of regions imposes a partial order on live (allocated)
regions. Regions lower on the stack outlive regions higher on the stack. Hence, the liveness of a region
implies the liveness of all regions below it on the stack. Thus, it is the case that a single region can serve as
a witness for a set of effects: the region appears as a single effect in place of the set.

We present a full formalism of the Single Effect Calculus and a syntactic proof of type preservation. We
begin with a presentation of the language (surface syntax, computation syntax, dynamic semantics, and
static semantics) and then proceed to the proof.

The dynamic semantics defines a large-step (or natural) semantics, which defines an evaluation relation
from stacks of regions and expressions to stacks of regions and values.

The proof of type preservation is presented in “bottom-up” order, where all relevant lemmas are presented
(and proved) before being used.

2.1 Surface Syntax of SEC

Figure 1 presents the syntax of “surface programs” (that is, excluding intermediate terms that will appear in
the operational semantics) of the Single Effect Calculus. In the following sections, we explain and motivate
the main constructs and typing rules of the Single Effect Calculus.

2.2 Types

In Tofte and Talpin’s original region calculus, a region is associated with every type that requires heap
allocated storage. We assume that integers, pairs, and function closures require heap allocated storage,
while booleans do not. The type (u, p) pairs together a boxed type (a type requiring heap allocated storage)
and a place (a region); we interpret (u, p) as the type of objects of boxed type p allocated in region p. For
our external language, it suffices to allows places to range over region variables (RVarsS#¢), which include
a distinguished member H, corresponding to a global region that remains live (allocated) throughout the



execution of the program. Various operational semantics extend the syntactic class of places to include
concrete region names [26] and/or a special constant corresponding to a deallocated region [4]; we will do so
in the next section.

Of the boxed types, integers and pairs are standard. More interesting are the two boxed types corre-
sponding to abstractions. Recall that in previous formulations of region calculi, the types of functions and
region abstractions are given by:

n % and IIo.%T

where ¢ is an effect, a finite set of places. In the function and region-abstraction types, the effect ¢ denotes
a latent effect, the set of regions read from or written to when an argument is supplied to the function or a
region is supplied to the region abstraction.

Our formulation of function and region abstraction types differs. The type of a function is given by:

0
T1 — T2

where 0 is a (single) place. Whereas ¢ denoted the set of regions affected by executing the function, 6
denotes an upper bound (in the partial order of regions) on the set of regions affected when the function is
applied to an argument. In the case of the former, the typing judgement for an application requires showing
that all regions in ¢ are live. In the case of the latter, the typing judgement for an application only requires
showing that 6 is live; the liveness of all regions below 6 are implied by the stack discipline.
The type of a region abstraction is given by:
o = ¢.07

where ¢ and 6 are a finite set of places and a place, respectively. (Note that the region variable p is bound
within 6 and 7, but not ¢.) The bounded quantification in this type requires that at the instantiation of
o by a region p, we must be able to show that the livness of p implies the liveness of all the regions in .
Within the body of the abstraction, we assume that o is an upper bound on the set of regions ¢. As with a
function type, 6 denotes an upper bound on the set of regions affected when the region abstraction is applied
to a region.

2.3 Programs and Terms

Programs in the Single Effect Calculus are simply terms. We distinguish programs as a syntactic class because
the type system presented in the next section has a special judgement for top-level programs. Essentially,
this judgement establishes reasonable “boundary conditions” for a program’s execution, an aspect that is
often overlooked in other descriptions of region calculi.

Terms in the Single Effect Calculus are similar to those found in the A-calculus. One major difference
is that terms yielding heap allocated values carry a region annotation at p, which indicates the region in
which the value is to be allocated. New regions are introduced (and implicitly created and destroyed) by the
letregion ¢ in e term. The region variable g is bound within e, demarcating the scope of the region. Within
e, values may be read from or allocated in the region p. Executing letregion g in e allocates a new region of
memory, then executes e, and finally deallocates the region.

The term Ao = ¢.% at p introduces a region abstraction (allocated in the region p), where the term u is
polymorphic in the region p.! Such region polymorphism is particularly useful in the definition of functions,
in which we parameterize over the regions necessary for the evaluation of the function. As explained in
the previous section, region abstractions make use of bounded quantification; the intention is that o is an
upper bound on th set of regions regions ¢. The term e [p] eliminates a region abstraction; operationally, it
substitutes the place p for the region variable g in u and evaluates resulting term.
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Figure 2: Computation syntax of SEC




2.4 Computation Syntax of SEC

Figure 2 presents the synatx of “computation programs”, which extends the syntax of the previous section
with semantic values that appear in the operational semantics.

Region names and locations are used to represent pointers to region allocated data. Region placeholders
distinguish between live and dead stacks and regions; a dead region corresponds to a deallocated region.

The computation syntax adds no new type forms.

The computation syntax adds two new expression forms. The expression (I),. is the runtime representation
of a (u,r); that is, it is the (live) pointer associated with a region allocated value. Likewise, the expression
(I)e is the runtime representation of a (u,e); that is, it is the (dangling) pointer associated with a region
deallocated value.

Thus far, we have talked about region allocated data without discussing where such data is stored. We
formalize the syntactic class of storable values. Storable values are associated with locations in regions R
and regions are ordered into stacks S. Intuitively, evaluating a letregion expression adds a new region to
the top of the stack (which is deallocated upon finishing the expression). This intuition is formalized in the
operational semantics of the next section.

Finally, we introduce relations of the form D, and D,., which describe a family of extensions of stacks and
regions, respectively. These relations are only needed for the type-soundness proof, but we find it convenient
to state their definitions along with the definitions of stacks and regions. Note that we consider stacks to
have ordered domains. Hence, dom(S) = dom(S’) indicates that S and S’ have equal ordered domains,
while dom(S) D dom(S’) indicates that the ordered domain of dom(S’) is a prefix of the ordered domain of
dom(S).

2.5 Dynamic semantics of SEC

Two inductive judgements (Figure 3) define the dynamic semantics of the Single Effect Calculus. We state
without proof that the dynamic semantics is (almost) deterministic; it is syntax-directed, but fresh region
names and locations are chosen non-deterministicly.

The judgement S;e — S’; v’ asserts that evaluating the closed expression e in stack S results in a new
stack S’ and a value v’. Note that the rules for S;e — S’;v’ thread the modified stack through each
expression evaluation, imposing a left-to-right evaluation order. Consider, for example, the following rule:

S; e — Sl; <l1>7«1 r € dom(Sl) I € dom(Sl(rl)) 81(7‘1, ll) =11
S1;€2 — SQ; <l2>r2 ro € dom(Sg) ZQ € dOm(SQ(T’Q)) SQ(T‘Q,IQ) = i2
r € dom(Ss) I ¢ dom(Sa(r)) i =11 D iy
S;e1 @ eq at r— Sa{(r, 1) — i}; ()

The first line evaluates e; to a live location and reads out the integer stored at (l1),,. Likewise, the second
line evaluates es to a live location and reads out the integer stored at (l3),,. Finally, a fresh location in the
region r is chosen, and the final stack with the computed integer stored at the freshly chosen location and
the location are returned. The other rules work in much the same manner.

The rule for letregion introduces (and subsequently eliminates) a new region. The rule executes in the
following manner. First, a fresh region name r is chosen. Next, the region r is substituted for the region
variable o in the body of the letregion expression. This expression is then evaluated under an extended stack
that adds an empty region bound to r to the top of the stack, yielding a modified stack and value v”, The
modified top region is discarded, while occurrences of r are replaced by e in v”, because the region has been
conceptually deallocated and is no longer accessible.

It is important to note that the execution of any expression that allocates or reads a region allocated
value is predicated upon having a live region in the stack. While it will be possible to have expressions that

1Limiting the body of a region abstraction to abstractions ensures that an erasure function that removes region annotations
and produces a A-calculus term is meaning preserving.
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p—v

“H = {};pH/H] — S50 S'=sH— R
p— v'[e/H]

Figure 3: Dynamic semantics of SEC




Region contexts A = Aoy
Value contexts r == - |To:7
Region domains R o= Ah,... 0L}
Region types R o= {lh—pr,.ln— pn}
Region stack domains / Stack domains § == -|8,r+— R (ordered domain)
Region stack types / Stack types § == -|8,r—R (ordered domain)

$0.,. 8 dom(8) = dom(8) AVr € dom(8).8(r) 2, 8 (r)

8§ Do 3 = dom(8) D dom(gl) AVr e dom(g/).g(r) 0, 8(r

Ro_R = dom(R) = dom(il)

R D5 R = dom(R) D dom(ﬁl)

Figure 4: Static semantics of SEC (definitions)

reference deallocated regions, it will not be possible to evaluate them. The type system of the next section
ensures that these invariants are preserved during the execution of well-typed programs.

Finally, there is a special rule for the evaluation of surface programs. Programs are evaluated under stack
with a distinguished region H, which is subtituted for the region variable H during the evaluation of the
program. Essentially, one can consider the evaluation of a program p as being equivalent to the evaluation
of the expression letregion H in p, where the final stack is discarded.

2.6 Static Semantics of SEC

Well-typed programs obey several invariants, which are enforced with typing judgements. In addition to the
traditional “type-checking” judgements for expressions, we have judgements that enforce the consistency of
stacks, and various well-formedness judgements that serve as a technical convenience.

2.6.1 Definitions

Figure 4 present additional definitions for syntactic classes that appear in the static semantics. Region
contexts A are ordered lists of region variables bounded by effect sets. Value contexts I' are ordered lists
of variables and types. These contexts record the region variables and value variables in scope. Stack and
region types mimic stacks and regions, recording the (boxed) type of the value stored at each location. Stack
and region domains are a technical device that records the locations in scope. Because proving the well-
formedness of stack types requires proving the well-formedness of (boxed) types, which requires verifying that
region names are in scope, one cannot easily have stack types serve the dual purpose of recording locations
in scope.

We overload the relations of the form D, and O, to describe extensions of stack and region domains and
types. The same conventions described above for ordered domains apply.

The typing rules for the Single Effect Calculus appear in the following figures. We summarize the main
typing judgements in the following table:

Judgement Meaning
N Fotype 1 Boxed type u is well-formed.
N Feype T Type 7 is well-formed.
A;Stwp=p If region p is live, then region p’ is live.
_ (Alt.: region p’ outlives region p.)
A;Sthep= If region p is live, then all regions in ¢ are live.
_ (Alt.: all regions in ¢ outlive region p.)
A;T;8: 8 Fexp €: 7,0 | Term e has type 7 and effects bounded by region 6.
Forog P Ok Program p is well-typed.




2.6.2 Expressions

Figure 5 present the typing rules for the judgement A;T;8 : 8 Fexp € 1 7,6, which asserts that under region
context A, value context T', and stack type 8§ with stack domain 8, the expression e has type 7 and effects
bounded by the region 6.

Previous formulations of region calculi make use of a judgement of the form I' ko, € : 7,¢, where ¢
indicates the set of regions that may be affected by the evaluation of e (and the set of bound region variables
is left implicit). The Single Effect Calculus simply replaces ¢ with a single region 6 that bounds the effects
in . In practice, and as suggested by the typing rules, 6 usually corresponds to the most recently allocated
region (also referred to as the top or current region).

We start by noting that the typing rules for the judgements A; 8 F., p = p’ and A; 8 . p = ¢ (Figure 6)
simply formalize the reflexive, transitive closure of the syntactic constraints in A, each of which asserts a
particular “outlived by” relation between a region variable and an effect set, and 8, which asserts “outlived
by” relations by explicit ordering of region names. Note that the judgement A;S .. p = p’ is not syntax
directed.

The key judgement in region calculi is the typing rule for letregion o in e:

A;S Feype T Fctit A;T;S:8:6
N o= {0};T58: Skexpe:Tp
A;T;8 0 8 Fexp letregion gine: 7,0

The antecedent A:8 Ftype 7 asserts that the new region variable ¢ does not appear in the result type,
including any effects occurring in region abstraction types that appear in the result type. Note further that
the (implicit) antecedent o ¢ dom(A) and the (explicit) judgement Fepy A;T;8 1 8 : 6 ensure that o does
not appear in the types of the value environment. Together, these facts guarantee that the region g is not
needed before the evaluation of e, nor is it needed after, corresponding to the allocation and deallocation of
a new region. This new region is clearly related to the current region § — it is outlived by the “old” current
region and becomes the “new” current region for the evaluation of e. These facts are captured by the final
antecedent A, o = {6}; 158 : Skexp € : 7, 0.

It is worth comparing the treatment of latent effects in the Single Effect Calculus with their treatment in
previous formulations of region calculi. In previous work, the typing rule for application appears as follows:

F}_exp e . (Tl i’7—27p)7901 F'_exp €2 1 T2,¥2
[exp €1 €21 T2, 0 U1 Uy U{p}

In the Single Effect Calculus, the composite effect ¢ U o1 U o U {p} is witnessed by a single effect 6 that
subsumes the effect of the entire expression. We interpret € as an upper bound on the composite effect; hence,
f is an upper bound on each of the effect sets 7 and ¢s, which explains why 6 is used in the antecedents
that type-check the sub-expressions e; and es. In order to execute the application, the operational semantics
must read the function out of the region p; therefore, we require p to outlive the current region 6 by the
antecedent A b, 6 = p. Finally, we require the latent single effect ¢’, which is an upper bound on the set
of regions affected by executing the function, to outlive the current region, which ensures that 0 is also an
upper bound on the set of regions affected by executing the function.

As alluded to in the previous section, the typing rule for region application requires that we be able to
show that the formal region parameter p is outlived by all of the regions in the region abstraction bound ¢.

The judgements for locations ensure that region names that appear in locations are in scope; furthermore,
a location in a live region points to a value with the type assigned by the stack type.

Figure 7 presents the typing rules for the judgements 8 : 8§ Feyat v : 7 and 8 : 8§ Fgo w : p, which
assert that closed and storable values are well-typed. The judgements are essentially the same as those for
related terms in Figure 5. The absence of a region bounding the effect corresponds to the fact that once an
expression has been evaluated to a value, it no longer gives rise to a computational effect.
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Figure 5: Static semantics of SEC (expressions)
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g '_rctxt A - _ g Ect)i A o _
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Figure 6: Static semantics of SEC (casts)

l_stype S g l_stype S: g l_stype S: g ’;g }_btype 1
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8 : 8 Feval (1)t (,7)

8 : 8 g0 w:
Fstype & 0 S ST TS :gkexp e 1,0 8: 8 Feval V15 T1 S : 8 Feval U2 i T2
8 :ngtoi:int I 5g|—sto )\1'171.9,6/:7'1 9_/)7_2 8 ngval (1)1,1)2)27'1 X To

N Rl ] :gl—exp u T, 6
S : 8 Fato Ao = cp.elu' : o = @.0/7'

Figure 7: Static semantics of SEC (closed and storable values)
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'_sdom S

'_sdom g T ¢ dOm(g) '_rdom ﬁ

Fsdom - Fsdom 8,7 — R
Frdom R
T
Frdom {l1, .-, In}
Ftype 8 1 8

sdom 8
dom(8) = dom(8)
vr € dom(8). dom(8(r)) = dom(8(r))
Vr € dom(8).Vl € dom(8(r)). ;8 Futype S(r,1)

Fstype 8 8
Fotack S:8:8
Fsdom g
'_stype S : S

7d0m(g) = dom(8) = dom(5)
Vr € dom(8). dom(8(r)) = dom(8(r)) = dom(S(r))
Vr € dom(8).Vl € dom(8(r)). 8 : 8 Fsto S(1,1) : (8(r,1),7)
Fatack S:8:8

Figure 8: Static semantics of SEC (stacks and regions)
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A; g }_place P

g '_rctxt A 0 S dom(A) g }_rctxt A re dom(g) g '_rctxt A

A; g '_place o A; g '_place r A; g '_place °
A; g }_eff ¥

g Frctxt A A7g Fplace pi i€l...n
AQg Feft {p1,...,pn}

A, g }_btype 12
8 Fretxt A A; 8 Fiype Ti A8 bplace 8 A;8 Fiype T A; 8 Fiype T1 A; 8 Fiype T2
A§g }_btype int A; S '_btype T1 i) To A7g }_btype T1 X T2
A,g Feff (%] A7Qt Sﬁ,g Fplacc 0 Av@t So;glitype T
A;S Fbtype 1o >~ go.er

A;S Feype T

g }_rctxt A Aa g I_btype M A: g I_place P

A; 8 Fiype bool A; 8 Fiype (11, p)
Figure 9: Static semantics of SEC (types)
2.6.3 Stacks

Figure 8 present typing rules that enforce the well-formedness and consistency of stacks. The judgements
Fsdom and Frqom simply require that stack and region domains contain distinct region names and locations.
The judgement Fgype S : $ asserts that stack type 8 is well-formed with tower domain 8. In particular, the
judgement asserts that 8 has the domain specified by § and each (boxed) type in the range of § is well-formed.
Note that the judgement is made with respect to the entire stack domain 8. This allows types “lower” in
the stack can reference region names that appear “higher” in the tower. This corresponds to the fact that
one can have arbitrary pointers between region allocated data. Finally, the judgement g S : S : 8 asserts
that the tower S is well-formed with tower type $ and tower domain 8. Like the judgement Fstype, it asserts
that S has the domain specified by 8§ and each stored value in the range of S has the type specified by 8T.

2.6.4 Technical details

Figures 9 and 10 contain additional judgements for ensuring that types 7, region contexts A, and value
contexts I' are well-formed. Because effect sets and types may contain region names, the judgements Fyype,
Ftype, Fretxt, and Fyeixe Tequire a stack domain 8.

2.6.5 Surface programs

Since surface programs do not admit syntax for naming regions, we adopt the judgement k.., p ok given in
Figure 11. The rule for top-level surface programs requires that an expression evaluate to a boolean value
in the context of distinguished region H that remains live throughout the execution of the program. It also
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S 8 Fretxt A 0 ¢ dom(A) A8 e

I7sdom 8
g '_rctxt . g l_Jrctxt A7 o t ¥
A; g }_vctxt r
8 Fretxt A A;S Fyetxt T x ¢ dom(T") A8 Figpe T

A§g }_vctxt . Ayg |_vctxt Fy T

’}—Ctxt A;F;S:g;e‘

l_stype S: gyg Foctxt '
Fetxe A;T:8:8:6

Figure 10: Static semantics of SEC (contexts)

wH =4} : Fexp p: bool, H
Fprog D ok

Figure 11: Static semantics of SEC (surface programs)
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serves as the single effect that bounds the effects of the entire program. Alternative formulations of these
“boundary conditions” exist; we have adopted these to simplify the translation in Section 4.

It is useful to note that the static semantics can be greatly simplified given this rule for surface programs.
Stack types and stack domains are purely technical devices that are used to prove type soundness. In the
static semantics, they simply collect the names of regions in scope and assign types to locations. Note that
in every rule, stack types and stack domains are passed unmodified to sub-judgements. Pushing these empty
stack types and stack domains through the rules leads to the following simplifications:

A;F;S:gl—expe:ﬂ@ = A l'kFepe:,0
A;S Fiype T = Abpiype T
A§g }:btype 1% - A '_btype 1%
A; S '_eff "4 = A '_eff ©
A;g l_place 14 — A '_place P
A8beprp = Abwepro
AQEFHPEP/ = Akrrpip/
g Frctxt A — F1rctxt A
AQg Feetxt ' = Albyeexe T
Feit A;T:8:8:0 = b A;T:0

2.7 Type Soundness of SEC

In this section, we prove type soundness. The lemmas are presented in “bottom-up” order, where all relevant
lemmas are presented (and proved) before being used. The lemmas follow the conventional structure of a
syntactic type-soundness arguments. However, we first give a “top-down” overview of the argument.

Since our utimate goal is to demonstrate a type- and semantics-preserving translation of the Single Effect
Calculus into FREN | we forgoe proving a Progress Theorem (such a proof would be very similar to the Progress
Theorem for FRON given in Section 3.5).

The Preservation Theorem states that the terminating computation of a well-typed expression yields a
well-typed extension of the stack and a (closed) value of the same type. The various substitution lemmas
for dead regions are required to prove the cases where regions are deallocated.

The various Well-Formedness Lemmas are useful technical facts that alleviate the need to assume contexts
are well-formed.

2.7.1 Lemmas

Lemma 1 (Well-Formedness (from Fcixt))

Ifg Frctxt AJ
then Fsdom S.

Proof. By induction on the derivation 8 Fretxt A. O

Lemma 2 (Well-Formedness (from Fpjace))

[f A7§ }_place P,
then 8 l_rctxt A.

Proof. By inspection of the derivation A;§ Fplace P- O

Lemma 3 (Well-Formedness (from Fg))

If A7§ }_eff ®,
then 8 l_rctxt A.
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Proof. By inspection of the derivation A; 8 Fg .

Lemma 4 (Well-Formedness (from Fpype and Feype))

(1) Iang |_btypc K,
then 8 }_rctxt A.

(2) Iang |_type T,
then 8 }_rctxt A.

Proof. By mutual induction on the derivations A; 8 Fhtype p# and A;S Fiype T-

Lemma 5 (Well-Formedness (from Fycixt))

If A7§ }_Vctxt F;
then 8 Frcixt A.

Proof. By induction on the derivation A; S Fyetxt -

Lemma 6 (Well-Formedness (from Fyt))

If}_ctxtA;ES:g;07 L _ _
then Fsdom 87 Fstype S: 87 S Frctxt A) Aa 8 Fvctxt F7 and Aa S Fplace 0.

Proof. By inspection of the derivation Fep A;T;S 0 8 6.

Lemma 7 (Well-Formedness (from +,, and +.))

(1) IfA7g l_lr p = P/7 .
then A; 8 Fplace p and A; S Fplace 0.

(2) If A8 tve p = ¢, -
then A; 8 Fplace p and A; 8 Feg .

Proof. By mutual induction on the derivations A;8 b, p = p’ and A;S k., p > .

Lemma 8 (Substitution (places))

(-Z) If A» 0 = ®s A/;gj_place PI and Av A/[p/g];g |_re P = ¥
then A, A’[p/Q], S l_place pl[p/g}

(2) If A o= ¢, A8 e ¢ and A, A'[p/o]; 8 Fre p = ¢,
then A, A'[p/ol; 8 Fesr ¢ [p/ 0.

(3) If A, 0= ¢, A;8 Fitype 1o and A, N'[p/o]; 8 Fre p &= 0,
then A, A'[p/0l; 8 Foiype 11lp/0]-

(4) If A0 = o, A8 Fype 7 and A, N'[p/o]; S e p = ¢,
then A, N'[p/ol; S Feype TP/ 0]-

Proof. By (mutual) induction on the derivations.

Lemma 9 (Well-Formedness (from Fcyp))

IfA;F;S:gFCXpeiT,G, 7
then Fegxe A3 138 0 850 and A; 8 Fype 7.
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Proof. By induction on the derivation A;T';8 : § Fexp €:7,0.

Lemma 10 (Substitution (places in Fcyp))

If Ao = @, AT S8 :gkexge 27,0 and A, N [p/o]; 8 Fre p = @,
then A, A'[p/ol;Tlp/al; 8 = 8 Fexp €lp/a] : o/ 0], Olp/ o]

Proof. By induction on the derivation of A, p = ¢, A";T;8: 8 Fexpe:T,0

Lemma 11 (Substitution (closed values in Feyp))

Stexp€:7,0 and 8 : 8 Feya v : 7/,

If AT w7 T8
18 Fexp elv/a] 1 T, 6.

then A;T,T7: 8
Proof. By induction on the derivation A;T,z : 7/,T7;8 : § Fexp € : 7, 0.
Lemma 12 (Region Context Weakening)

Suppose 8 Freext A, A,

(1) If Avg }_placg P,

then A, A'; 8 Folace p-

(2) If A,g Fplace P; then A,g Fplace p-

(3) If A, A';8 Fegr 0, then A, A S o .

(4) If A;8 b p=p', then A, A8 by p = pl.

(5) If A;8 Fre p = @, then A, A8 bre p = .

(6) If A; 8 Fotype ft, then A, A8 Fhtype -

(7) If A; S Fiype T, then A, A S Fiype T-

(8) If A,g }_VCtXt F, then A7 Al7g l_vctxt P

(9) If Fexe AT 8:8:0, B
then Feixe A, AT 81 850.

(10) If A;T;8 :gl—expf 07,0,
then A, A";T;8 0 8 bexp e: 7, 6.

Proof. By (mutual) induction on the derivations.
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Lemma 13 (Stack Domain Weakening)
Suppose g D 8 and Fegom .

(1) If A;S Fptace ps then A8 Fplace p-

(2) If NS Fogr @, then A;S Fog .

(3) If 8 Fretx A, then S Freexe A.

(4) If A;S o p = p', then A;g/ Feop=p.
(5) If A;S 1o p = ¢, then A;g/ Fee p = 0.
(6) If A; 8 Fbtype i, then A;g/ Fhtype ft-
(7) If A; 8 Fiype T, then A;g/ Fiype T-

(8) If A:S Fyerxe T, then A;S Focexe T

=/

Further suppose 8’ Dgp 8 and Fgpype 8 : 8.

(9) If Fexe AT 8:8:0,
then Feixe AT 8 gl;H.
(10) If A;T58 :gke)jp e:T,0,
then A;T;8" : 8 Fexp € 7,0.
(11) If 8 : S beyar v : T,
then 8 - §' Feval V@ T.
(12) If 8 : 8 i w : i,

then 8" : 8 Fsto w: .

Proof. By (mutual) induction on the derivations.
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Lemma 14 (Substitution (e))

(1) If l_dom g, 7'7'_> ﬁ;
then Fsdom 8

(2) IfA,g,T = @ Fplace P
then Ale/r];8[®/7] Fplace p[®/T].

(3) If A; 8,7+ Rie ¢,
then Alo/r];S[e/r] Fer plo/r].

(4) Ifg, = i Fretxt A?
then 8[®/1] Fropxt Ale/r].

(5) If A;8,r = Rbw p = p/,
then Ale/r];8[e/r] by ple/r] = p'[e/r].

(6) If A;8,7 — Rbre p = ¢,
then Ale/r];8[e/r] Fre plo/r] = p[o/r].

(7) If A; S, T R Fotype s
then A; 8 Fiype plo/r].

(8) If Aa g7 7;'_> ﬁ Ftype T,
then A; 8 Fiype T[0/1].

(9) If'_stypc S,T’ — :R : g,?" D—>§’
then Fgype S[®/7] 1 8.

(10) If A; 8,7 — R Fyexs T,
then Ale/r]; S[8/7] Fyetxt [[e/7].

(11) Ifl_ctxtA§F§S,T’—>R1f,8»—>g7r|—>§; B B
then Fepxe A;T[st @ /str]; T, s — S[st e /sir]: T,s — 8.

(12) IfA;F;S,rHR:g,rHﬁl}xp6:7,9,
then Afe/r];T'[e/r];8[8/r] : 8§ Fexp e[®/7] : T[0/r],0]0/r].

(13) IfS,rl—>fR:§,rl—>§}—expv:7',
then S[o/r] : 8 Fexp v]®/T] : T[0/r].

(14) If 8,7 — R: 8,1 = Rlgow : i,
then S[e/r] : 8 Fyo wle/r] : u[e/r].

(15) If Fstack S;r—= R:8r—R: 8,7 — R,
then Ftack S[e/r] : S[e/r] : 8.

Proof. By (mutual) induction on the derivations.
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Lemma 15 (Useless Substitution (p))
Suppose ¢ ¢ dom(A) and A; 8 Fpjace p'-
(1) If A,g }_place P,

then plp'/ o] = p.
(2) ]f Aag }_eff @,
then ¢lp'/o] = .

(3) If A§g }_btype M,
then plp'/o] = p.

(4) If Avg }_typc T,
then T[p' /o] = 7.

Proof. By (mutual) induction on the derivations.

Lemma 16 (Useless Substitution (e))

Suppose r ¢ dom(8).

(1) If Avg }_place 12
then ple/r] = p.

(2) If A8 gt o,
then ple/r] = .

(3) ]f Avg }_btype M,
then ule/r] = p.

(4) If A; 8 Feype T
then T[e/r] = 7.

Proof. By (mutual) induction on the derivations.

Lemma 17 (Region Bound)

(Z) IfA§g|_rr Tz P/,
then p' =1'.

(2) If A;S e T = o,
then o = {ry,...,rn}.

Proof. By mutual induction on the derivations A;8 by r = p/ and A; 8 b 7 = .

Lemma 18 (Canonical Forms)

If 58 : S bhexp v : 7,0, then 8 : 8 Feyal v : 7.
Furthermore

e if T = bool, then v = tt or v = ff.
o if 7= (p,p), thenv={(l),.

Proof. Immediate by inspection of the typing rules.
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2.7.2 Preservation

Theorem 1 (Preservation)

(1) 1If

(a) Fstack S:8:8,

(b) 58 : 8 Fexpe: 7, and

(c) S;e — S50,

then there exists 8 D5 S and 8’ D_> 8 such that Fypack S’ : 8 S and 8-S Feval V' 0 T.
Proof. Proceed by induction on the derivation (1c) S;e — S’;v’.

p=r r € dom(S) I ¢ dom(S(r))

Siatp o S{ D o (), : By inspection, the derivation of (1b) must end with

Case

<. ! < ’
Fetxt 558 ¢ T ';S'_placer 58 b =

5 )
58 :gFexp iatr:(int,r),r

’

Note that 8{(r,1) —} 25 8 and 8{(r,) — int} D> 8. Note that Fsack S{(r,1) i} : 8{(r,1) —

int} : 8{(r,1) —} (requires appealing to Lemma 13). Note that

Fstype S{(r,1) — int} 2 8{(r, 1) —} ‘
r € dom(8{(r,1) —) ‘ ’ Le dom((B{(r,1) =)(1) | [int = (8{(r,1) = inth)(r,1) |
8{(r,1) — int} : ${(r,1) =} Feyal () : (int,7)

Hence, ${(r,1) —} D=5 8, 8{(r,1) > int} D=5 8, Fspack S{(r,1) — i} : ${(r,1) — int} : ${(r,1) —
+, and 8{(r,1) — int} : ${(r,1) —} Fevar (1) : (int,r), as required.

S;e1 — S1;v1 v1 = (l)ry
r1 € dom(S1) l1 € dom(S1(r1)) Si(r1,lh) =@
Siye2 & Sa;ve w2 = (l2)ry

Ty € dom(Sz) ls € dOm(SQ(T‘Q)) SQ(T27l2) =12
p=r r € dom(S2) 1 ¢ dom(Sa(r)) i=1i1 @iz

Case . : By inspection, the derivation of (1b) must
S;e1 @ ez at p — So{(r,1) — i}; ()
end with
58 : 8 bexp e1 i (int,p1), 7 58 bnr =
538 18 kaxp €2 1 (int, p2), 7" 8k v = py
58 Fplace T S bmr =

558 8 bexp €1 Deg at 7 (int, 1), 7’

Applying the induction hypothesis to (1a) Fgack S : 8 : 8, (1b) -+
and (1c) S;e; — S1;(l1)r,, we conclude that there exists §; D> § and
Fstack S1:81: 81 and 81 : 81 Fevar (1) : (int, p1).

By Lemma 13, we conclude - ;81 : 81 Fexp €2 : (int, pa), 7.

Applying the induction hypothesis to (1a) Fsack S1: 81 : 81, (1b) +5+;81 1 81 Fexp €2 : (int, p2), 77,
and (1c) Si;ea < Sa; (la),,, we conclude that there exists 82 D—5 8; and 83 D 8; such that
Fotack 52 : 82 : 89 and 85 : 89 Feval <lg>7«2 : (int, pg).

Note that 83{(r,1) —} D=5 8 and 83{(r,1) + int} D—5 8». Note that Fgpaax So{(r,1) — i} :
8o{(r,1) = int} : 82{(r,1) —} (requires appealing to Lemma 13).

Note that

Fstype S2{(r, 1) — int} s 8a{(r, 1) —} ‘
1 € dom((S2{(r, 1) —)(r)) ’ int = (82{(r, 1) — int)(r, 1)
So{(r,1) — int} : 8o {(r, 1) —} Fevar (I)r : (int,7)

r € dom(S2{(r,1) —) ‘
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By transitivity of D5, we conclude 83{(r,1) —} D=5 8, 82{(r,l) — int} D—5 8, Fyack
Sa{(r, 1) — i} : 8a{(r, 1) — int} : So{(r, 1) —}, and 8x{(r,1) — int} : So{(r,1) —} Feval (O)r :
(int,r), as required.

Sie1 — Sijv1 v1 = (I1)ry
rL € dom(Sl) 1 € dom(Sl(rl)) Sl(""l,h) =i
S1;e2 — S2;v2 va = (I2)ry
ro € dom(S2) ly € dom(S2(r2)) Sy (r2,12) = ia
b=1i1 Q12
Case
S;e1 ez at p — Sa;b
Case —————: By inspection, the derivation of (1b) must end with
S;tt — S;tt
Fetxt 5558 : 87
138 1 8 Fexp tt : bool, '
Note that

Fstype 8 : S; r’
8 : 8 Feval tt : bool

We conclude 8 2> S, 8 25§, and Fgtack S: 8 :8 and 8 : 8 Feyar tt : bool, as required.

Case ——: ...
S; ff — S; ff

S;ep — S50 v =tt S’ ep — S0

Case : ... By inspection, the derivation of (1b) must end with

S;if ey then e else ey — S”; 0"

_ ~;~;S:§chpeb:bool,r
5538 1 8 Fexp €t :7',7'/ 55818 Fexp ey :7',7'/

58 :gFexp if ey then eq else ey : T, r’

Applying the induction hypothesis to (1a) Fstack S : 8 : 8, (1b) ;8 : 8 Fexp €5 : bool, 7/, and (1c)
S;e; — Si;tt, we conclude that there exists g D_> Sand 8 D_5 § such that Fgpaex 5" : 8 : g
and 8’ : 8 Feyal tt : bool.

By Lemma 13, we conclude -; -; 8’ .8 Fexp € 1 7,77,
Applying the induction hypothesis to (1a) Fgack S' @ 8 : 8
and (1c) S’;e; — S”;v", we conclude that there exists g’ D>
Fotack S : 8" : " and 8”8 Feval 0 1 T.

By transitivity of D—-, we conclude g’ D_> § and 8” D_5 § such that Fgaa S” : 8" : 8" and
8.3’ Feval 07 1 T

S;ep — S50 v =ff S'ep — 80"

Fexp €t @ T,77,
5 8 such that

Case , — D
S;if ep then e else ep — S™5v
= d S l¢d S . . . .
Case P=T r € dom(S) £ om(,(r)) : ... By inspection, the derivation of (1b) must end
S;xx 7.9 at p s S{(r,1) — Az : 7.5 €'} (1)
with

r ! ’
G738 8 exp € 1 T2, 0
3 o ’
8 Fplace T S8k =

< 6 1 0’ ’
538 18 Fexp A T1.” € atr: (1 — T2,7), T

Note that 8{(r,1) —} D=5 § and 8§{(r,1) — 7 LN T2} D=5 8. Note that Fgack S{(r,1) — Az :
.2} 8{(r,l) —» 1 g, o} : 8{(r,1) —} (requires appealing to Lemma 13). Note that

Fstype S{(r,1) — 71 g, 2} 8{(r, 1) —} ‘

r € dom(8{(r,1) —) ‘ ’ 1 € dom((8{(r,1) —)(r)) ‘ 1 o, T2 = (8{(r,l) — 11 &, 72)(r, 1)

8{(r, 1) = 11 2 72} s B{(r, 1) =} Fevat (e (11 25 72,7)
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Hence, g{(r,l) —} D> S, 8{(r,l) » 1 o, To} D=5 8, Fatack S{(r,1) — Az : 7'1.9/6/} 2 8{(r, 1) —
e LN o} : 8{(r,1) —}, and §{(r,1) — 7 , 7o} 1 8{(r,1) =} Feval (1) : (int,7), as required.

S;el — Sl;vl v = <l1>r1 ,
r1 € dom(S1) l1 € dom(S1(r1)) Si(ri,l1) = Az : .0
S1;e2 < Sa;v2 Sa; € [va/x] — S3;v3

Case

By inspection, the derivation of (1b)
S;e1 e2 — Ss;v3
must end with
— ’ —
53818 Fexp €11 (11— T2, 01), 7 58k’ = p)

-;-;S:SFCXPGQ:TI,T' S8k =0

58 :g)—exp el es : 7-2,7’/

< 6’ / /
S Fexp €1 (Tl — 7'2,/)1),7" )
§ and 8§ D—>5 § such that

Applying the induction hypothesis to (1a) Fgack S : 8 : 8, (1b) -8 :
and (1c) S;er — Si;(l1)r,, we conclude that there exists §; D—o

— — 0/
l_stack Sl : S1 . 81 and 81 : 81 I_Cval <l1>T1 . (Tl - TQapll)-
By inspection, this derivation must end with

’

Fstype S1 18 ry € dom(gl) l e dom(gl (r1)) T N T2 = 81(r1,11)

81 :81 Feval (l1)ry & (11 LR T2,71)
and pj = ry.
Because bgpack S1 ¢ 81 @ 81, we conclude 81 : 81 Fgo S1(r1,01) @ 81(r1,11). By inspection, this

derivation must end with _ , ,
ex i T1381 081 Fexp € 1 72,0

81:81 bao Azt i Ly

By Lemma 13, we conclude -;-; 8 : 8 Fexp €2 71,7
Applying the induction hypothesis to (1a) Fsack S1 : 81 : 81, (1b) 5581 & 81 Fexp €2 @ 71,77,
and (lc) Si;ep < Sz;ve, we conclude that there exists 8o D—5 8; and 8, D_5 §; such that
Fstack SQ : 82 : 82 and 82 : 82 chal Vo I T1. B
By Lemma 13, we conclude -5+, : 71; 82 : 83 Fexp € : 72, 6.
By Lemma 11, we conclude - ;85 : 83 Fexp €'[v2/2] & 72,6,
By Lemma 13, we conclude ;85 Fp 1/ = 6.
By Lemma 17 , we conclude 6’ = r. Hence, -;+; 8 : 83 Fexp €' [v2/2] : T2, 7.
Applying the induction hypothesis to (1a) Fgack S2 : 82 : 82, (1b) -89 : 89 Fexp €' [va/x] = 1,7,
and (1c) So;e’[va/x] < Ss3;v3, we conclude that there exists 83 D=5 82 and 83 D—5 82 such that
Fotack O3 : 83 : 83 and 83 : 83 Feyal U3 LTy B B
By transitivity of D—_5, we conclude 83 D_5 § and 83 D—_5 8§ such that Fgtack S35 @ 83 : 83 and
83 : 83 l_cval V3 ! To.

S;e1 — S1;v1

S1; €2 — S25v2
=r r € dom(S2) 1 ¢ dom(S2(r))

Case 2 D
S;(e1,e2) at p— Sa{(r,1) = (v1,v2)}; (1)
S;e— S;v v = (l)r
r € dom(S’) 1 € dom(S’(r)) S'(r,1) = (v1,v2)
Case S;fst e — S';v1 o
S;e— S;v v = (l)r
r € dom(S’) 1 € dom(S'(r)) S'(r,1) = (v1,v2)
Case S;snd e — S5 vy o
dom(S S, ; S’ S'=8" R" . . .
Case "£4m(S) v {ielr/el = 5w """ . By inspection, the derivation of (1b)

S; letregion g in e — S [e/r];v" [0/7]
must end with _
58 Ftype T
Feixt 558 : 857’
o= {r'}i8: 8 kapeiTo

538:8 Fexp letregion g ine: 7, r
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By Lemma 6, we conclude that =8 Fplace 7. By inspection of the derivation =8 Folace 77/, we
conclude that 7' € dom(8). Hence § = §;,7" i/,gz.

By inspection of the derivation Fgpack S : 8 : g, we conclude Fggom S, Fstype S : S, and dom(S) =
dom(8) = dom(8). Note that 8,7 — {} Do= S and §,r — {} D>= § and

ré¢ dom(g) ‘ Frdom {}

Fsdom g! r—{}

Fedom & ‘

and Fgype 8,7 — {} 1 8,7 — {} (requires appealing to Lemma 13) and Fgacc S,7 +— {} : 8,r —
{}: 8,7 — {} (requires appealing to Lemma 13).
Note that

Fedom 8,7 +— {}
Fedom 8,7 — {} 8,7+ {} Fretxt - S,r—{} =817 =R 8,7 — {}

g,T'—’{} Fretxt - '§g,7“’—>{} Frrrt"",

58, = {}Frer = {r'}

By Lemma 13, we conclude -, 0 = {r'};-;8,r — {} : 8,7 — {} Fexp € : 7.0, By Lemma 10 we
conclude -;+;8,7 + {} : 8,7+ {} Fexp €[r/o] : 7[r/o] r. By Lemma 15, we conclude 7[r/o] = 7.
Hence, ;8,7 — {} : 8,7 — {} Fexp €[r/0] : T, 7.

Applying the induction hypothesis to (1a) Fgtack S, 7+ {} : 8,7+ {} 28,7 {}, (1b) ;8,7
{} : 8r — {} Fexp e[r/o] : 7,7, (1c) S,r — {};e[r/o] — S”,r — R";v”, we conclude that
there exists S D5 8§+ {} and 8" D_5 §,r — {} such that Fgpacx S”,7 — R” : 8T : s
and 8t : §' Feval v ¢ 7. Note that s' D_5 §,r +— {} implies s = g”,r > R . Note that
8t D_5 8,7 — {} implies 8T = §”,7 — R”. Hence, we conclude that there exists s’ 5.5 38§
and R D5 {} and 8" D=5 § and R” D5 {} such that 8",r — R" : 8 R begu v T
By Lemma 14, we conclude bFgpacc S”[0/7] : 8"[0/r] : g//[o/r}. By Lemma 14, we conclude
8"e/r] : g//[o/r] Feval v”[@/7] : T[e/r]. By the derivation (1b), we conclude ;8 Fgype 7. By
Lemma 16, we conclude 7[e/r] = 7. Note that Fgaee S : 8 : 8§ implies Vrr € dom(8).Vl €
dom(8(r)).; 8 Fotype S(r,1). Note that 8” D=5 § implies Vr € dom(8).Vl € dom(8(r)).8" (r,l) =
8(r,1). Hence, ¥r € dom(8).Vl € dom(8(r)).:; 8 Fpiype 8" (r,1). By Lemma 16 (using r ¢ dom(8)),
we conclude Vr € dom(8).Vl € dom(8(r)).8" (r,1)[e/r] = 8" (r,1). Furthermore, Vr € dom(8).Vl €
dom(8(r)).8"[e/r](r,1) = 8"(r,l). Hence, Vi € dom(8).¥l € dom(8(r)).8"[e/r](r,]) = 8(r,1).
Hence, 8"[e/r] D=5 8. Hence, 3" D5 8§, 8"[e/r] D=5 8, Fstack S”[e/r] : 8"[e/r] : 8", and
S"[e/r] : 8" Feval v"[e/7] : T, as required.

p=r r € dom(S) U ¢ dom(S(r))

Case ; - S
Side = 0. at p = S{(r,1) = Ao = .0 W'} (1)

S;e1 — Si;01 v = (li)r,
r1 € dom(Sh) l1 € dom(S1(r1)) Si(r1,l1) = Xo = cp.e u
S1;u'[pa/ 0] < Sa; vz

Case : By inspection, the derivation of (1b)
S;e1 [p2] — Sa2;v2
must end with
-;-;S:gFeXp ey : (Hgtgo.e/‘r,pll),'r/ 58 b r tpll
8 Fplace P2 8 e p2

58 b T/ = GI[PZ/Q]
54381 8 Fexp €1 [p2] : T[p2/0],
Applying the induction hypothesis to (1a) Fgack S : 8 @ 8, (1b) 8 : § Fexp €1 @ (Ilo
.7, p,),7", and (1c) S;e; — Sy; (I1)r,, we conclude that there exists §; D—5 § and 8; D_>
such that Fgack S1: 81 : 81 and 81 : 81 Feval (I1)r, : (o = <p.9/7—7 ).

=
S
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By inspection, this derivation must end with

—_ — — ’
Fstype 81 : 81 r1 € dom(81) l1 € dom(81(r1)) IIpo > 4,0.6 T =38(r1,l1)
— !’
81181 Fevar (l1)ry + (Tl = @.0 7).

and p} = r1.
Because Fgack S1 ¢ 81 : 81, we conclude 81 : 81 Fgio S1(71,11) @ 81(r1,11). By inspection, this

derivation must end with _ , ,
HeZ ;381 : 81 Fexpu’ 17,0

S1: 81 Fato Ao = Lp.elu, :Ilp > ga.el'r
By Lemma 13, we conclude ;81 bre p2 = ¢. By Lemma 10 we conclude ;581 : 81 Fexp t/[p2/0] :
T[p2/0],0'[p2/0]. By Lemma 13, we conclude -;8; b 7' = 6'[p2/0]. By Lemma 17, we conclude
0'[p2/0) = r. Hence -;+;81 : 81 Fexp W'[p2/0] : T[p2/0], 7. B B
Applying the induction hypothesis to (1la) Fgack S1 1 81 @ 81, (1b) 5381 : 81 Fexp ©/[p2/0] :

T[p2/0],7, and (1c) S1;u’[pa/ 0] = Sa2;v2, we conclude that there exists 83 D=5 81 and 82 D> §;
such that Fgack S : 82 : 82 and 83 : S bFeyal v2 & T[p2/0)].
By transitivity of D_-5, we conclude 8o D> S and 8o D_> 8 such that Fgtack S2 @ 82 : S5 and

82 :g2 chal V2 - T[P2/Q}
O

2.8 The Bounded Region Calculus

While the Single Effect Calculus has many similarities to other region calculi, it is not immediately clear
that the “single effect” restriction does not inhibit the ability of SEC to model realistic region calculi. In
this section, we present a core model of Cyclone, called the Bounded Region Calculus (BRC); alternatively,
one can view the Single Effect Calculus as a restricted form of the Bounded Region Calculus.

One key difference (among many) between Cyclone and the Tofte-Talpin region calculus is that the type-
and-effects system of Cyclone extends that of Tofte-Talpin’s with the form of region subtyping introduced
in the Single Effect Calculus. However, like the Tofte-Talpin region calculus, Cyclone treats effects as sets
of regions affected by the evaluation of an expression. The Bounded Region Calculus combines these traits
by admitting both latent effects as sets of regions and bounded region polymorphism.

2.8.1 Surface Syntax of BRC

Figure 12 presents the syntax of “surface programs” (that is, excluding intermediate terms that appear in
the operational semantics) of the Bounded Effect Calculus.

As in the Single Effect Calculus, we distinguish between places and effects. The Bounded Region Calculus
includes the same class of effects — essentially, that of a finite set of places. We also distinguish between
types and boxed types; note that the “single effect” # in function and region abstraction boxed types of the
Single Effect Calculus are replaced by a “general effect” ¢ in the Bounded Region Calculus. Also note that
region abstraction types continue to include a region bound.

The Bounded Region Calculus includes all the terms seen previously in the Single Effect Calculus. Once
again, note that the “single effect” 6 in function and region abstractions are replaced by a general effect ¢
in the Tofte-Talpin Calculus. Also note that region abstractions continue to include a region bound.

2.8.2 Static Semantics of BRC

Figures 13, 14, 15, 16, 17, and 18 define the static semantics of the Bounded Effect Calculus Calculus. The
development is entirely analagous to that of the Single Effect Calculus.
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1 € 4
e € EVarsBEC
9,0 € RVarsBEC where H € RVarsBEC
f,x € VarsBRC

Surface region placeholders 6,p = p
Surface effects ¢ == {p1,---,pn}
Surface types 7 == bool| (u,p)
Surface boxed types won=int |7 RN | 71 X 1o | o = ¢ .7
Surface programs p u= e
Surface terms e = datpleg@esatp|e1©ea|

tt | ff | if ey then e, else ey |

x| Ar:T¥eatpler e

(e1,e2) at p|fst e |snd e |

letregion g.e | Ao = ¢'.Pu at p | e [p]
Surface abstractions u u= Ar:T.featp|lox= ¢ Fuatp
Surface values v ou= tt|ff|x

Figure 12: Surface syntax of BRC
Region contexts A == -|Ajo=¢p
Value contexts T u= -|T,z:7
Figure 13: Static semantics of BRC (definitions)

We summarize the main typing judgements in the following table:

Judgement Meaning

A Friype t Boxed type p is well-formed.

AbFiype T Type 7 is well-formed.

Aty p=p If region p is live, then region p’ is live.
(Alt.: region p’ outlives region p.)

Abep=o If region p is live, then all regions in ¢ are live.
(Alt.: all regions in ¢ outlive region p.)

Abge3dp Region p is a region in ¢.

Abep 2Dy All region in ¢’ are regions in .

A;T Fexp €07, | Term e has type 7 and effect .

Fprog P Ok Program p is well-typed.

2.8.3 Translation of BRC to SEC

We can give a straightforward translation from the Bounded EffectCalculus into the Single Effect Calculus.
At the type level, this transation expands every function type into a region abstraction and function
type:
9
T; (1 2 72.0)] = (0 = 02(T7 [1] 2 T[], 0), 0)

At the term level, source functions become region abstractions and functions and applications become region
instantiations and applications. A similar approach deals with region abstractions in the source language.
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AT bep e,

l_ctxt Ayl_‘yﬂa
A }_place 14 AbFe wop
AT Fexp @ at p: (int, p), ¢

AT Fexp €12 (int, p1), ¢ Alea @3 p1
AT Fexp €2 : (int, p2), ¢ Abler 0 D p2

A;T Fexp €1 © €2 : bool, ¢

A;T Fexp €p 2 bool, @
A;T Fexp € 1 T,
AT Fexp ef i 7,

l_ctxt A, F7 SD
z € dom(T")

A,F Fexp €1 (int7/)1)7¢’ Aliersoapl
AT Fexp €2 : (int, p2), ¢ Ale @3 p2
A I_place P Aber ©w3p

A;F Fexp e1@ez at p: (int7 p)>90

I_ctxt A, F, 80
A;T Fexp tt : bool,

I_ctxt A, F, ‘70
A;T Fexp ff 2 bool, ¢

! /
ATz 71 Fexp € 1 T2,

F(‘T) =T A Fplacc P A ber wop

AT Fexp if €y then ey else ef 1 7,

AT Fexp €12 (11 2 T2, 01), 0
Al 03 p)
A;I‘Fexpez:ﬁ,cp AFee‘PQSO,

A;Thexp 7,0

AT Fexp AT : Tl.“p/e' at p: (1 Z, T2, 0), @

AT Fexp €1 : 71,0
AT Fexp €2 1 T2, 0
A Fplace P

AT Fexp €1 (11 X T2,p), ¢

Abegp>dp AbFeapdp

A;T Fexp €1 €21 T2, ¢

AT bexp €1 (11 X T2,p0), 0
Abepdp
A;T Fexp snd e : 72, ¢

Aoz ¢"iDhepu t7,¢
A l_place P A |_er %2 > P

A;T Fexp Ao = cp”.“’/u' at p: (Hgfplr, p), @

AT Feoxp (e1,€2) at p: (11 X T2, p), ¢

A7Qt{p17"'

AT Fexp fst e: 71,0

A }_type T I_ctxt A,F,{pl,”l)n}

P} T Fexp €27, {p1,..., pn, 0}

A;T Fexp letregion g.e : 7, {p1,...,pn}

A;F }_expel (HQESDH-W,T:PQ)MP Al_er(papll
A l_place P2 A l_re P2 t SDN A |_ee P 2 QOI[p2/Q]
AT Fexp € [p2] : T[p2/ 0], ¢

AT f T hexpu: T,

AT Fexp fix foTu:T,0

Figure 14: Static semantics of BRC (expressions)
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Aty p=p
}_rctxt A
AlQ) ={p1,--spis- s P A Frlace p_ Abwp=p  Abwp =p"
A'_rrgtpi Ahrﬂiﬂ A}_rrptp”
A }_re p i SO
l_rctxt A )
Al p>=pi i€l..n
Al p>={p1,...,pn}
A }_er Y p
A Fef {pl,...,pn}
Al_er {pl,...,pn} Bpl
A }_re (p 2 SOI
A '_eff %2 A }_er © 3 pi i€l..n
Atee 2 {P1,...,pn}
Figure 15: Static semantics of BRC (casts)
'_rctxt A 0 € dOm(A)
A Fplace o
'_rctxt A A l_pla(te pi i€l..n
Atbeg {p1,...,pn}
T s A open Al ¢ A Ftype T2 A Fiype T1 A Fiype T2
A "btype int A }_btype T1 i} P A '_btype -

Abai ¢ Aox¢' b Aoz ¢ biypet
A Fpiype o = @' o1

A Ftype T

}_rctxt A A l_btype 12 A l_place 14
A Fiype bool A Fiype (1, p)

Figure 16: Static semantics of BRC (types)
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Fetxt AT

Fretxt A o ¢ dom(A) A besr @

Frctxt N Frctxt A7 Q t 90
'_rctxt A A }_vctxt I x ¢ dom(F) A |_typc T
A FVCtXt . A Fvctxt F7 T

A Fvctxt r A Fcf‘f %2
Fetxt AT

Figure 17: Static semantics of BRC (contexts)

“H = {}; Fexp p : bool, {H}
Fprog D ok

Figure 18: Static semantics of BRC (surface programs)

29




Essentially, this translation works by looking for the places where region sets are used in the source calculus
and simply replacing them by an abstraction over that set. Clearly, this is not the most efficient translation.
For example, in places where we could statically identify an upper bound on the region set (e.g., a singleton
region set), we could elide the abstraction and simply use the upper bound.

We start with a few preliminaries. We assume injections from the sets RVars®%¢ and VarsBEC to the
sets RVars®P¢ and VarsSPC respectively. In the translation, applications of such injections will be clear from
context and we freely use variables from source objects in target objects. We further assume a partitioning

RVars®FC = RVars®%¢ w o

and draw ¢ region variables from the set ©. Hence, no 9 region variable appears in any source BRC program.

Figure 19 gives the translation from the Bounded Effect Calculus to the Single Effect Calculus. We prove
that the translation is type-preserving. (Note that we adopt the simplified type-system for the Single Effect
Calculus (see Section 2.6.5), where we assume empty stack types and stack domains.)

Lemma 19 (Translation preserves types)

(1) If |_rctxt A, th€’l’L '_rctxt Tﬁ [[AH
Furthermore, dom(A) = dom (T4 [A]).

(2) If A '_place P, then Tﬁ [[A]] '_place p-
(3) If A Fegr @, then TR [A] Fer -
(4) If A Foiype 1, then forall A" and p,
if TR [A], A Fptace p, then TR [A], A’ Fotype T4 [,
(5) If A Fiype T, then forall A’,
if Fretxt TA [A], AY, then TR [A], A’ Feype TZ [7]-
(6) If A byeixe T, then TR [A] Fyetxs TE [T].
(7) If AT bexp €2 T, , then forall A’ and 6,
if Fetxt TA [A], A TR[T] ;6 and T [A], A Fre 0 = @,
then T4 [A], A'; TR [T] Fexp T¢ [e], : TZ [7], 6.

(8) If Fprog P OK,
then t=prog TH [p] ok.

Proof.

(1,2,3) By induction on the derivations Frctxt A, A Fplace £, and A Feg .

(4,5) Proceed by induction on the derivations A Fpgype 4 and A Fyype p. Note that by applying
Lemma 2 to Tﬁ [A], A" Fplace p, we conclude that Fycqx Tﬁ [A], A
Frctxt A

Case ————
A Fpiype int

: We are required to show

Freexs TA [A], A" Y ‘

T2 [A], A Freype int

Ak T A A+ T .
Case type 71 off <p¢ wpe 2. We are required to show
A }_btype T1 — T2

(72181, 8" Far 0| [TRIAL A9 = ¢ Fpace o

TR [A], A", 9 = ¢ Feype TF [11]

[TAIAL A0 2 o bpace 9| [TAIAL A9 = ¢ Fiype L [72]

TR [A], A, 9 = ¢ Feype (TL [11] -5 TZ [72], p)

TR [A], A Friype 10 = 0.2 (T7 [11] 5 T7 [72], p)
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Region contexts

_ TAI
Boxed types
Ty, [int],,

T4, [[7'1 RN Tg]]
P
Tﬁ [[Tl X TQ]]p
T [Me = ¢".#7],,

Types
T7 [bool]
T7 [(1, )]
Value contexts
Tr []
TR [T,z : 7]

Expressions
Te [i at pl,
T¢ [ex @ e2 at p],
T [er © eQﬂe
Te [tt],
T¢ [ff],
T¢ [if e then e; else ef],
Te [=],
T¢ [Ax : 7.%€e at p],
T¢ [e1 e2],
T¢ [(e1, e2) at pl,
T¢ [fst €],
T¢ [snd €],
T¢ [letregion o.e],
T [Ao = ¢’ #u at p],
T¢ [e [pl],

Programs
T3 [pl

TR [A], 0= ¢

int

0 > . (T7 [11] % T[], p)
T? [1] x T7 [2]

o = ¢’ P(I1Y = .”T7 [1], p)

bool
A

Tt [T], 2 : T7 [7]

iatp

T [ex], @ T¢ [e2], atp

Te [ex], © Te [e2],

tt

ff

if T¢ [ev], then T¢ [e:], else T¢ [ef],
x

M = P (\x: TT [7] ."TE [e], at p) at p
T¢ [ea] [6] T [ez]

(T [ery » T [ea],) at

fst T¢ [el,

snd T¢ [e],

letregion 0.T¢ [e],

o= @ PN = 0."T¢ [u], at p) at p
T [e], [7) [6]

Te [[p]]H

Figure 19: Translation from the Bounded Effect Calculus to the Single Effect Calculus
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Applying (3) and Lemma 12 to A Feg ¢ and e TR [A],A’, we conclude that
T [A], A" Fegr .

Note that Freixe TR [A], A’,9 = ¢ for a suitably chosen ¢. Furthermore, TX [A], A, 9 =
@ Fplace V.

Applying Lemma 12 to TX [A], A’ Fplace P and Freext TX [A], A’ 9 = ¢, we conclude that
TR [A], A, 9 = ¢ Fplace p-

Applying the induction hypothesis to A Fype TT [71] and Frepxe T [A], A, 9
conclude that TR [A], A, 9 = ¢ Feype TT [71]-

Applying the induction hypothesis to A Fype TT [72] and Frexe TA [A], A9
conclude that TR [A], A", 9 = ¢ Feype TT [72].

Y

@, we

Y

Y, we

A l_t T1 A |_t T2 .
Case ype YP® 2. We are required to show
A Fbtype T1 X T2

[ TR 18], 2" Figpe T5 1]

[ TR 18], 2" Figpe T [72]

T2 [A], A Friype T7 [11] % T] [72]

Applying the induction hypothesis to A Fyype T7 [71] and Frexy TA [A], A, we conclude
that T [A], A Feype TT [71]-

Applying the induction hypothesis to A Fiype TT [72] and Frepxe TX [A], A, we conclude
that TR [A], A Feype T [72].

Abreg ¢’ Doz @' Fere Aoz ¢ FiypeT

Case e
A }_btype Mo = ¢".%1

: We are required to show

’ TA [A], A Fegr ¢ ‘ ’ TA [A], A%, 0 = ¢ Fplace p

’Tﬁ[[A]],A/,QiW/ Feffsa‘

TAIAL A 0 ¢/, 0 = ¢ Fpace 9| |TAIAL A" 02 9,9 = ¢ Fuype TL 7]

T [A]L A 0 = ¢ Foiype 0 = ."T7 [7]

’ Tﬁ HAH ) A’v o APl }_place P

T2 [A], A" 0 = ¢ Fiype (TI9 = 0.°T7 [7], p)

T [A], A Fogype o = @2 (110 = ¢.°TL [7], p)

Applying (3) and Lemma 12 to A Feg ¢ and Frexe TR [A],A’, we conclude that
Tﬁ HA]] ,A/ Fcﬁr 50/.
Note that Freixe TR [A], A% 0 = ¢ (equivalently, Freixe TR [A], 0 = @', A’) for a suitably
chosen p.
Applying Lemma 12 to T3 [A], A’ Fplace p and Freixe TR [A], A', 0 = ¢, we conclude that
TA [A], A 0 = ¢ Fplace p-
Applying (3) and Lemma 12 to A Feg ¢ and Frexe TR [A], 0 = @', A/, we conclude that
TR [A], 0 = ¢, A Fegr ¢ (equivalently, TR [A], A’ 0 = ¢ Fegr ©).
Note that Freixe TR [A], A%, 0 = @', 9 = ¢ (equivalently, Freixe TR [A], 0 = @', A/ 9 = ) for
a suitably chosen ¥. Hence, TR [A], A", 9 = ¢, 0 = ¢’ Fplace V-
Applying the induction hypothesis to A, g Fype TZ [7] and Freext TR [A], 0 = ¢/, A/, 9 = o,
we conclude that TR [A],0 = ¢/, A9 = ¢ Fiype TZ[7] (equivalently, TZ [A], A%, 0 =
¢, 0= Ftype T7 [7])-

Fretxt A

Case —————: We are required to show
A Fype bool

Frooxe Ta [A], A7 7

TZ [A], A Fype bool
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Case

AF AF ;
btype [ place P \We are required to show
A }_typc (u: p)

’ T2 [A], A Foiype T [1, ’ TR [A], A Fplace p ‘

T2 [A], A Fiype (T [1d, . p)

Applying (2) and Lemma 12 to A Fplace p and Frexy T [A],A’, we conclude that
Tﬁ HAH 7A/ Fplace pP.
Applying the induction hypothesis to A Fyiype 1 and TA [A], A’ Fplace p, we conclude that
Tﬁ [A], A" Frype Ty [[N]]p~
(6) By induction on the derivation A Fycgxt T
(7) Proceed by induction on the derivation A;T" Feyp e @ 7,¢0. Note that by applying Lemma 6
to Fetxe TA [A], A TR [T] 56, we conclude that Freexy TR [A], A TR[T];6, TA [A], A Fctxt
TR [T, and TA [A], A’ Fplace 0.
Note that if A Fpjace p then by (2) and Lemma 12, we conclude that TX [A], A’ Fplace P-
Note that if A Feg ¢ then by (3) and Lemma 12, we conclude that T [A], A’ Feg .
Note that if A by p = p’ then by Lemma 12, we conclude that Tﬁ [A], A" b p = p".
Note that if A e p = ¢ then by Lemma 12, we conclude that T3 [A], A Fre p = ¢.
Note that if A Fer ¢ 3 p, then by TR [A], A" e 0 = o, TR [A], A" -y 6 = p.
Note that if A Fee ¢ 2 ¢, then by TR [A], A’ b 0 = ¢, TR [A], A Fre 6 = ¢
Fetxt A3 T

A+ A+ e .
place £ et #2P. We are required to show:

Case
A;T Fexp @ at p: (int, p), ¢

Fetst TS [A], A TR [T ;0 ¥ ‘

TAIA], A Fpiace p 7 | [TRIAL A Fr 0= 7

Tﬁ (a1, A% TE [T] Fexp % at p : (int, p), 6

AT Fexp €1 : (int, p1), ¢ Ater ¢ 3 p1
AT Fexp €2 : (int, p2), ¢ Abter ¢ 3 p2
A }_place P Aber@dp

Case : We are required to show
A;T Fexp €1 @ ez at p: (int, p),
TA [A], A TE IT] Fexp T [ea]y : (int, p1), 0 TA [A], A e 0= p1 ¥
TR [A], A5 TR [T] Fexp TE [ea], : (int, p2), 6 TA[A], A b 0= pa ¥

Tﬁ [[A]] s Al '_place P v

’Tﬁ[[A]],A’)—NBEp‘/

TS [A], A3 TR [T] Fexp TE [e1], @ T [e2], at p: (int, p), 0

Applying the induction hypothesis to A;T Fexp €1 ¢ (int, p1), 9, Fee TA [A], A’ TR [T 6,
and TX [A], A b 0 = ¢, we conclude that TR [A], A’ TR [T] Fexp T¢ [e1], : (int, p1), 6.
Applying the induction hypothesis to A;T ey, €2 : (int, pa2), ¢, Fexe TA [A], A’ TR [T 96,
and T3 [A], A’ b 0 = ¢, we conclude that TR [A], A’ TR [T Fexp T¢ [e2], : (int, p2), .
AT Fexp €1 : (int, p1), ¢ Ater ¢ 3 p1
Case AT Fexp €2 : (int, p2), ¢ Abe @3 p2: .
AT Fexp €1 © e2 : bool,

Case Fctxt A; F; 2 .
AT Fexp tt: bool, ™ ="
Case }_ctxt A; F; @

AT Fexp ff s bool, g
AT Fexp ep : bool,
AT bexp et 2 T,

Case AT bexp ef i T,

AT Fexp if e, then et else ef cTe
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'_C‘cxt A; F; ®w
z € dom(T) N(z)=r71

Case
AT Fexpx: 7,0
AT,z 71 Fexp e 7o,
A+ A+ E] .
Case place P xP2P : We are required to show

Case

Case

Case

’
AiTbexp Az : 71.9 € at p: (11 2 T2, p), 0

| TRIA1 A0 = TR ] 25 77 [] Fosp T2 [€], £ 77 2] 0|

[TAIAL, A" 0 7 @' Fpace p| | TAIAL A0 = ¢ Fup i p

TR [A], A, 9 = @' TR [T] Fexp Az = T, [11].°TE ['], at p: (T] [11] > T [72],0), p

[ TAIAL A Fpiace

’Tﬁ[[A}],A’megpf‘

TR [A], A TR [T] Fexp AD = @2 (Az - T [11] . TE ['], at p) at p: (119 = " 2(T [11] 2 T7 [2] , p), 0), 0

Note that A;T, 2 @ 71 Fexp € : To,¢" implies A Feg ¢’ (by an unproven well-formedness
lemma). Applying (3) and Lemma 12 to A Feg ¢’ and Freixe TA [A], A7, we conclude that
T [A], A’ Fer ¢¢'. Note that Frext TR [A], A’ 9 = ¢ for a suitably chosen 9.
Applying (2) and Lemma 12 to A Fpjace p and Frepr TR [A], A9 = ¢/, we conclude that
Tﬁ [A], A", 9 > ¢ Fplace p and Tﬁ [A], A0 = ¢ e p = p.
Note that A; T, @ : 7y Fexp €t T2, ¢’ implies A Fyee I',  © 71 (by an unproven well-formedness
lemma). Applying (6) and Lemma 12 to A Fyerxt T, @ 1 71 and Freext TR [A], A9 = ¢, we
conclude that TR [A], A, 9 = ¢ Fyetxt TR [T], 2 : TZ [7].
Applying the induction hypothesis to A;T,z @ 71 Fexp € 1 T2, ¢, Fexe TA [A], A9 =
¢ ;T [I],z : TZ[n];9, and TR[A],A9 = ¢ Fe ¥ = ¢, we conclude that
TA[A]L A%, 0 = @5 TR [T, @ 2 TS [11] ey TS [€], < TS 2], 9.

AT Fexp €15 (71 z, Tg,p/l),ga

Alber > Pll

A;T FQZ?F-:; ‘:1 - :AT:; 29 : Note that A;T Fexp €1 @ (71 RN T2, P} ), p implies A Ftype
71 and A Fype 72 (by an unproven well-formedness lemma).

Hence, for ¢ ¢ dom(A), 71[0/9] = 71 and 72[0/9] = 12. Likewise, T [11] [0/9] = TZ [1] and
T7 [r=] [6/9] = T7 [72].

We are required to show

/
TR 1AL AT I by TS [er], + (00 = /% (17 ] 2= TS [a]  5)). 7). 0

TR [A], A b 6 = p) "

’Tﬁ[[A]],A’kplaceG“‘ ’Tﬁ[{A]},A’heetso’“‘ "ﬂ“ﬁ[[A]],A'l—rretp’l v

TR [A], A T [T] Fexp TS [erly (0] ¢ (T [11] 2 T7 [72], p1), 0

(131818 Feo =5 7| [TRIA), A TEIN] Fesy T fend, < TS 11,0

'ﬂ‘ﬁ[[A]],A’I—”ete/‘

TA [A], A TE [T Fexp T [ealy [6] TE [e2ly : T7 [72], 6
Applying the induction hypothesis to A;I' Feoxp e @ (T £, o, 1), 0, Fetxt
TX [A], A TE[T] 560, and TR [A], A’ Fre 0 = ¢, we conclude that TR [A], A’; TR [T] Fexp
/ 9

T¢ [erly « (I = " (T [11] = T7 [72], p1), p1), 6-
Applying the induction hypothesis to A;T" Fexp €2 1 71,9, Fetxt Tﬁ [A] ,A’;Tll: [T];6, and
TA [A], A’ Fie 6 = ¢, we conclude that T [A], A TR [ Fexp T [e2], : T7 [71], 6.

AT Fexp €1 : 71, ¢

A§F Fexp €2 1 T2,p

A Fplace P Abepdp .
A;T Fexp (e1,e2) at p: (11 X 72,p), 0
AT Fexp et (11 X T2, p), 0
AFerp3p

AT Fexp fst e 7,0
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AT Fexp e: (11 X T2, p), 0
Alerpdp
A;T Fexp snd e : T2, ¢
Aktype T Fctxt A;F; {P1a~-~7pn}
Ao={p1, - spn}iDhexp e, {p1,..., pn,
A;T Fexp letregion g.e: 7,{p1,...,pn}

Case

Case

o : We are required to show

[ TR 18], 2" Fuype 7 7]

Feoe TAIAL ASTRINT:0 7 | | TR 1AL &7, 0 = 61 TR 7] Fexp T5 [el, 75 [7] 0

TA [A], A" Tf [T] Fexp letregion o.T¢ [e] , : T7 [7], 6

Applying (5) to A Fiype T and Fyepxs TR [A], A/, we conclude that T [A], A Fype TT [7].

Note that e TR [A], A, 0 = {0} for a suitably chosen g.

Applying Lemma 12 to T3 [A], A" Fyetxt TR [I] and Freexe TA [A], A7, 0 = {0}, we conclude
that TR [A], A, 0 = {0} Fyetxe T= [T].

Clearly, T2 [A], A, 0 = {6} Fplace 0- Hence, Freixt TA [A], A’ 0 = {6}; TR [T ; 0.

Notet that TR [A], A", 0 = {0} Fre 0 = {p1,---,pn, 0}, Dy transitivity with @ in the case of
p; and by reflexivity in the case of p.

Applying the induction hypothesis to A, 0 = {p1,...,pn};T Fexp €2 7, {pP1,- -+ Pn, 0}, Fretxt
TR [A], A% 0 = {6}; TR [I]; 0, and TA [A], A, 0 = {0} Fre 0 = {p1,-- -, pn, 0}, we conclude
that TR [A], A/, 0 = {0}; TR [T Fexp T¢ [[e]]g T2 7], o

Ao ¢ Thexpu 17,0
A }_place P Aber@dp

Case . .
AT Fexp Ao = ¢" 24 at p: (Hp.? 7,p), ¢

: We are required to show

’Tg [A], A% 0= ¢" 9 = s TR O] Fexp TC [w'], : T7 [7] ,19‘

[TA 1818 0 0" Fpce p]  [TR1A), 8 02 ¢ Frip 2 o]

TA [A]L A o = {3 T 0] Fexp X9 = "¢ [w'], at p: (I = " °T7 [],p). p

’ Tﬁ IIA]] 5 A’ '_place P v

[TA1A], 8" 0 p 7 |

Tﬁ [A] ,A/;Tll: [T] Fexp Ao = "2 (A0 = Lp/.ﬂ']l'z |Iu/]]19 at p) at p: Tlp = "7 (110 = Ap/.ﬂ'ﬂ‘: [1.p),0

Note that A, p = ¢";T Fexp v @ 7,¢" implies A Feg ¢ (by an unproven well-formedness
lemma). Applying (3) and Lemma 12 to A Feg ¢ and Fretxt ']I‘ﬁ [A], A’, we conclude that
TR [A], A" Feg .
Note that Freexs TR [A], A% 0 = ¢ (equivalently, Freexe TR [A], 0 = ¢, A') for a suitably
chosen p.
Applying (2) and Lemma 12 to A Fplace p and Free TR [A], A, 0 = ¢, we conclude that
’]I‘ﬁ [A], A, 0= ¢" Fplace p and Tﬁ [A], A 0 = @ Fre p = p.
Note that A, p = ¢";T Fexp v @ 7,¢" implies A Feg ¢’ (by an unproven well-formedness
lemma). Applying (3) and Lemma 12 to A ke ¢ and Freixt TR [A], AY, 0 = ¢, we conclude
that TR [A], A% 0 = ¢ Feg ¢’ Note that Freps TR [A], A 0 = ¢, 9 = ¢ (equivalently,
Fretxt Tﬁ [A],0 = ¢, A" Y = ¢') for a suitably chosen .
Applying Lemma 12 t0 A Fyeixe I and Freee TR [A], 0 = ", A',9 = ¢, we conclude that
Tﬁ HA]] y 0 t 90//, A/a v t 90/ |_vctxt T? [[F]]
Applying the induction hypothesis to A, 0 = ¢";T Fexp o @ 7,0, Faxe TA[A],0 =
O A9 = s TR[T] 9, and TR [A],0 = ¢, A0 = ¢ b ¥ = ¢, we conclude that
TR [A] 0 = ¢, A9 = ¢ s TR[T] Fexp TC[W]y : TZ[7],9 (equivalently, TA [A], A9 =
¢’ 0= ¢y TE U] Fexp T[],y : T [7] . 9).
AT Fexp e: (ITp = ga”."o/‘r,p'l),go Alber ¢ 3 p)
re p2 = ¢ e D¢

Case A Fplace P2 A;? ':x:Z [_pﬁ : T[pQ/AQ]:O r=9 [pZ/Q]: Note that A; T Fexp €1 : (ITp = "7, 0)),

implies A Fype (ITo = ¢”.7, p}) (by an unproven well-formedness lemma).
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Hence, for A ko p2 = ¢ and ¢ ¢ dom(A), 7[p2/0][0/9] = 7[p2/0]. Likewise
T7 [7] [p2/ 0)16/9) = T7 [7lpa/ell [6/9) = T7 [7]p2/ell0/9]] = T7 [[p2/ell-
Note that (Y = @ T7[r])[p2/o] = W = ¢lpa/ol"T7[r][p2/0] = M9 =

¢lp2/0]."T7 [r[p2/ell-
We are required to show

’Tﬁ [A], A" TR [T Fexp TE [ely = (o = o 1110 = ' T7 [+], p}), 1), 6 ‘ ’Tﬁ [A], A b 0= ) ‘

TA[A], A Fre p2 = ¢ 7

’Tﬁ [A], A Fptace p2 ¥ ‘ TR [A], A b 6= p) ¥ ‘

TX [A]L AT U] Fexp TE [l lp2] = (110 = ¢[p2/0]."T] [rlp2/el]  £1), 6

]wgm,A' b6 p) ¥

‘ Tﬁ [[A]] 7A/ '_place 0 v ‘ ’ Tﬁ [[A]] s A’ Fre 0 = LPI[/’2/Q] v

TA [A]L A TR [T Fexp T2 [ely [p2] [60] : T7 [7[o2/]] 6

’Tﬁ[[A]],A’)—rreteJ‘

Applying the induction hypothesis to A;I' Feyp, € (Hg.“’lr, P1), @5 Fetss TR [A], A TR [T] 50,
and T4 [A] Fre 8 = ¢, we conclude that T [A], A’ TE [T] Fexp T¢ [e] ¢ (T = P4 (TI9 >
R CNANAY]

(8) Proceed by inspection on the derivation Fpyog p ok.

H = {}; Fexp p : bool, {H}
Fprog p ok

Case

We are required to show
S H =} Fexp TZ HPHH : bool, H

Fprog Tz IIPHH ok
Applying (7) to -, H = {};* Fexp p : bool, {H}, Fetxt - H = {};sH, and -, H > {} bre H = {H},
we conclude that -, H = {};- Fexp T¢ [p]4 : T7 [bool] , H.

]
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1 € 7
a,f € TVars"RGN
fix €  VarsTRGN

Surface types T u= int|bool|T =TT X X Ty || Va.T |
RGN 7. 7, | RGNVar 7,. 7, | RGNHandle .

Surface terms e = i|leg®ey|e; ez
tt | ff | if ey then e; else ey |
x| Ax:Te|e e
(e1,...,en) | sel; e
Aace e [1]]
let z =e; in ey |
runRGN [7,] v | k¥
Surface commands Y = returnRGN [r;] [7,] v | thenRGN [7;.] 7] [75] v1 v2 |
letRGN [7,] [7a] v |
newRGNVar [7,] [7,] v1 v2 | readRGNVar [7,] [7,] v |

Surface values v o= dftt|fflz|Ax:Te| (vi,... ) | Aae | KY

Figure 20: Surface syntax of FREN

3 The Target Calculus: FRCN

The language FR®N is an extension of System F [20, 7] (also referred to as the polymorphic A-calculus), adding

monadic types and operations and taking inspiration from the work on monadic state [14, 15, 16, 1, 23, 19].
Essentially, FRGN uses an explicit region monad to enforce the locality of region allocated values.

We present the full formal language FRON and a syntactic proof of type soundness. We begin with a
presentation of the language (surface syntax, computation syntax, dynamic semantics, and static semantics)
and then proceed to the proof.

The dynamic semantics defines a large-step (or natural) semantics, which defines an evaluation relation
from towers of stacks of regions and expressions to values. Although the language presented here is strongly
normalizing, we adopt a proof method using natural transition semantics, which models program execution
in terms of transitions between partial derivations. This proof method can be extended in a straight-forward
manner to handle non-terminating executions, as will arise from adding an fixRGNVar command.

The proof of type soundness is presented in “bottom-up” order, where all relevant lemmas are presented
(and proved) before being used.

3.1 Surface Syntax of FRON

Figure 20 presents the syntax of “surface programs” (that is, excluding semantic values that will appear in

the operational semantics) of FRON. In the following sections, we explain and motivate the main constructs
of FREN,

3.1.1 Types

Types in FREN are similar to those found in System F. We include the primitives types int and bool, function
and product types, and type abstractions. In addition, we have RGN 7, 7, as the type of monadic region
computations, RGNVar 7. 7, as the type of region allocated values, and RGNHandle 7,. as the type of region
handles. Intuitively, RGN 7,. 7, is the type of computations that yield values of type 7, and that take place
in the region indexed by the type 7.. Likewise, RGNVar 7,. 7, is the type of values of type 7, values allocated
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in the region indexed by the type 7. Finally, RGNHandle 7, is the type of handles for the region indexed
by the type 7.. A value of such a type is a region handle — a run-time value holding the data necessary
to allocate values within a region. Region indices (types) and region handles (values) are distinguished in
order to maintain a phase distinction between compile-time and run-time expressions and to more accurately
reflect implementation of regions. Region indices, like other types, have no run-time significance and may be
erased from compiled code. On the other hand, region handles are necessary at run-time to allocate values
within a region.

Although surface programs will never require a region index to be represented by anything other than a
type variable, we choose to allow an arbitrary type in the first argument of the RGN monad type constructor.
We can thus interpret RGN as a primitive type constructor, without any special restrictions that may not
be expressible in a practical programming language. Furthermore, in an operational semantics not based
on type-erasure, such as that presented in the next section, type variables used as region indices will be
instantiated with region types.

3.1.2 Terms

As with types, most of the terms in FR®N are similar to those found in System F. Constants, arithmetic
and boolean operations, function abstraction and application, tuple introduction and elimination, and type
abstraction and instantiation are all completely standard.

We let k" range over the syntactic class of monadic commands. (Equivalently, and as suggested by
the explicit type annotations and the restriction of sub-expressions to values, we can consider the monadic
commands as constants with polymorphic types in a call-by-value interpretation of FR6N. Presenting monadic
commands in this fashion avoids intermediate terms in the operational semantics corresponding to partial
application.) Each command corresponds to a particular transformation on a monadic region. The commands
returnRGN and thenRGN are the unit and bind operations of the region monad respectively.

The command newRGNVar [r,] [7.] v, v, allocates the value v, of type 7, in the region indexed by the
type 7.. The additional value v, is the region handle for the region indexed by 7,., which is necessary to
allocate values within the region.

The command readRGNVar [r,] [7,] v; reads a value of type 7, stored at the location v; in the region
indexed by the type ;.

The command [etRGN [7,] [7,] v first creates a new region, executes the region computation described
by v in the new region, and finally deallocates the new region. This entire execution is a computation that
yields a value of type 7, taking place in the region indexed by 7,.. We will have more to say about the
computation described by v shortly.

Finally, the expression runRGN [7,] v eliminates region-transformer operations. In particular, if v describes
a region computation yielding a value of type 7, then runRGN [7,] v executes that computation in a region,
returning the final value produced by v and destroying the region (and any values allocated within it).
The region (and any new regions introduced by letRGN) is neither accessible nor visible from outside the
runRGN [7,] v expression.

3.2 Computation Syntax of FRON

Figure 21 presents the synatx of “computation programs”, which extends the syntax of the previous section
with semantic values that appear in the operational semantics.

Stack names, region names, and locations are used to represent pointers to region allocated data. Because
runRGN computations can be nested, we need a means to distinguish data allocated in regions that belong
to different runRGN computations; stack names serve this purpose. Each runRGN computation is associated
with a unique stack, which collects and identifies all regions belonging to that computation. Stack and region
placeholders distinguish between live and dead stacks and regions; a dead stack or region corresponds to a
deallocated stack or region.

The computation syntax adds one new type form. The type ofp is the runtime representation of a region
index. Such a type identifies the stack and region in which a monadic region computation is executing.
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i1 € Z
a,0 €  TVarsTRCGN

f,x € Varsf'RGN
l € Locations
Region names r € Rnames
Region placeholders p u= 1r|e
Stack names s € Snames
Stack placeholders o = s]o
Computation types T == int|bool| T =T | T X - X7, |a|Var|
RGN 7, 7, | RGNVar 7,. 7, | RGNHandle 7. |
atp
Computation terms e == ileg@ey|er ez
tt | ff | if e then e, else ey |
x| Az:Te|e e
(e1,...,en) | sel; e|
Aace e [1]]
let z = ey in eg |
runRGN [7,] v | KV |
(U)ot | handle(crtp)
Computation commands k" = returnRGN [7,] [7,] v | thenRGN [7,] [7a] [76] v1 v2 |

Computation values

Regions
Region stacks / Stacks
Stack towers / Towers

T QZST T/
T :_)Dsr T’
So_, 8
S QDT SI
RDO_R
R D> R’

letRGN [7,] [72] v | witnessRGN ofip1 ofipa [Ta] v |
newRGNVar [7] [74] v1 v2 | readRGNVar [7,] [74] v |
v ou= |t ffla]|Ax:Te| (v1,...,0,) | Aae | kY|

()otp | handle(otp)

R == {li—v,...,0p—vp}

S = -|S,r— R (ordered domain)

T == -|T,s— S (ordered domain)
= dom(T) = dom(T') AVs € dom(T"). T(s) Dg T'(s)
= dom(T) 2 dom(T") AVs € dom(T").T(s) Dgr T"(s)
= dom(S) = dom(S") AVr € dom(S").S(r) 2, S'(r)
= dom(S) 2 dom(S") AVr € dom(S").S(r) D, S'(r)
= dom(R) = dom(R') AVl € dom(R').R(l) = R'(l)
= dom(R) 2 dom(R') AVl € dom(R').R(I) = R'(1)

Figure 21: Computation syntax of FRGN
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The computation syntax adds two new expression forms. The expression (I)o4, is the runtime represen-
tation of a RGN ofip 7,; that is, it is the pointer associated with a region allocated value. Likewise, the
expression handle(ofp) is the runtime representation of a region handle (RGNHandle o#p).

The computation syntax also adds a new command form. The command witnessRGN otip; otips [74] v
casts a computation from the type RGN ofip; 7, to the type RGN ofips 7,. Operationally, such a command
is the identify function, so long as the cast is valid. The static semantics of the next section ensure that all
such casts in a well-typed program are valid.

Thus far, we have talked about region allocated data without discussing where such data is stored. We
formalize the syntactic class of storable values. Storable values are associated with locations in regions R;
regions are ordered into stacks S; finally, stacks are ordered into towers T'. Again, towers are a technical
device that serve to distinguish nested runRGN computations from one another. Intuitively, executing a
runRGN computation adds a new stack to the top of the tower (which is deallocated upon finishing the
computation), while executing a letRGN command adds a new region to the top of the topmost stack (which
is deallocated upon finishing the command). These intuitions are formalized in the operational semantics of
the next section.

Finally, we introduce relations of the form Dy, Ds., and DO,, which describe a family of extensions
of towers, stacks, and regions, respectively. These relations are only needed for the type-soundness proof,
but we find it convenient to state their definitions along with the definitions of towers, stacks, and regions.
Note that we consider towers and stacks to have ordered domains. Hence, dom(T) = dom(T’) indicates
that T and T’ have equal ordered domains, while dom(T) 2 dom(T") indicates that the ordered domain of
dom(T") is a prefix of the ordered domain of dom(T’). Similar comments apply to dom(S) = dom(S’) and
dom(S) 2 dom(S").

3.3 Dynamic semantics of FREN

Two mutually inductive judgements (Figure 22) define the dynamic semantics. We state without proof that
the dynamic semantics is (almost) deterministic; it is syntax-directed, but fresh stack names, region names,
and locations are chosen non-deterministicly.

The judgement T';e — v asserts that evaluating the closed expression e in tower T results in a value v.
Likewise, the judgement T, s — S;k" — S’;v asserts that evaluating the closed monadic command ¥ in
non-empty tower whose top stack is S results in a new top stack S’ and a value v.

The rules for T;e — v for expression forms other than runRGN are completely standard. The tower T
is passed unchanged to sub-evaluations. The rule for runRGN [7,] v runs a monadic computation. The rule
executes in the following manner. First, a fresh stack name s is chosen. Next, the argument v is applied to
the region index sfr and the region handle handle(sfr) and evaluated in the extended tower T, s +— -, 7 +— {}
(that is, the tower T extended with a stack consisting of a single empty region (bound to r) bound to s) to
a monadic command x’. This command is evaluated under the extended tower to a modified region and a
value v"”. The modified region is discarded, while occurrences of sfir are replaced by offe in v"’/, because the
stack and region have been conceptually deallocated and are no longer accessible.

The rules for T, s — S; k¥ — S’; v peform monadic operations that side-effect the top stack. The monadic
unit and bind operations are standard; in particular, note the manner in which the rule for thenRGN threads
the modified top stack through the computation.

The rule for |etRGN [sfr1] 7, v executes in much the same way as the rule for runRGN. First, a fresh
region name 79 is chosen. Next, the argument v is applied to the region index sfire, a witness function, and
the region handle handle(sfry) and evaluated under an extended tower that adds an empty region bound
to 79 to the top of the top stack. This evaluation yields a monadic command ¥/, which is also evaluated
under the extended tower to a modified top stack and value v"”’. The modified top region is discarded, while
occurrences of sfiry are replaced by sfe in the modified top stack and in v"”, because the region has been
deallocated and is no longer accessible.

The rule for witnessRGN permits a monadic computation to occur when the region names r; and ro
appear in order in the top stack.

40



Ti;e1 — v1 V1

Eil T;€1‘—>’U1 ’Ulzil
T;eg “— V2 V2 E’ig T;ez‘—>’l)2 V2 Eig
1 =11 D12 b=11Qi2
T;i—1 T;e1 ®ex — i Tie1@ez — b T;tt — tt T; ff — ff
T;ep — vp vp = tt T;ep — vy vy = ff
Tier — v Tiep — v
T;if ey then e else ef — v T;if ey then e; else ey — v T; x:T.e— \x:T.e
T:e1 — v1 vi =Mz 7€ Tie— v v=(v1,...,0n)
T; ez — v2 T;e'[vg/a:]<—>v3 T;e1 — vy T;en — Un 1<i<n
T;e1 ea < v3 T;(e1y... en) — (Vi,...,0n) T;sel; e — v;
T;e— v v = Aa.e T;e1 — v1
T;e[r/a] — v T;eslv1/x] — v2
T;Aa.e — Aa.e Tie 1] — v T;let z =e1 in eg — vo
s & dom(T)
T,s — -,r+ {};v [stir] handle(str) < o v =gk
T,SH'yrH{};HU/ ‘—>H SII;’U/// SIIE~7TD—)RNI
T;runRGN [74] v < v""[sf @ /str][o/s] T;k" — K" T; Doty — Dot
T'; handle(cfip) — handle(otip)
T,s— S;k" —,. S50
T = sfr
v =K1 T,s+— S;k"1 < 8501
T,s+— S ;v v] — v o =K
T = Sﬁ?” T, s+ S,; R . SW; "
T, s — S;returnRGN [7;] [7a] v =« S;v T, s — S;thenRGN [7,] [7a] [7] v1 v2 <>, S5 0"

T = sfir
r1 € dom(S) ro ¢ dom(S)
T,s+— S,r2 — {};v [sir2] (AB.Mk : RGN stir; B.witnessRGN sfir1 sirs [3] k) handle(stirs) < v’ ! v
T’S — S7 ”"2 — {};K’U/ (_)N SI,;’U,II S// = 5”/77"2 — RIQ//

T,s — S;1etRGN [7,] [1a] v <=, S”[st @ /stira]; 0" [st e /strs]

S
MMl
=

otip1 = sfir1 ofipe = stira v=r"
S=051,r1— R1,S2, 72 — Ra, S35 T = sfir v1 = handle(sfr)
T,s+— S;k" —, S0 r € dom(S) L ¢ dom(S(r))

T, s — S;witnessRGN ofip1 ofips [Ta] v =, S50 T,s — S;newRGNVar [7,] [Ta] v1 v2 =k S{(r,1) — va}; () str

T = sfir v = ()spr
r € dom(S) l € dom(S(r)) v = S(r1)
T,s +— S;readRGNVar [7,] [1a] v <« S; 0’

Figure 22: Dynamic semantics of FRGN
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The rules for newRGNVar and readRGNVar respectively allocate and read region allocated data. The rule
for newRGNVar requires a region handle for a region in the top stack, chooses a fresh location in the region,
and returns the top stack with the value stored at the freshly chosen location and the location. The rule for
readRGNVar requires a location into a region in the top stack, and returns the value stored in the location.

It is important to note that the execution of a monadic command is predicated upon the command’s
region index corresponding to a live region in the top stack. While it will be possible to have commands
that reference deallocated stacks and regions, it will not be possible to execute them. Furthermore, the
restriction to the top stack corresponds to the fact that while runRGN computations can be nested, the inner
computation must complete before executing a command in the outer computation. The type system of the
next section ensures that these invariants are preserved during the execution of well-typed programs.

3.3.1 Natural Transition Semantics of FRGN

While the large-step semantics presented thus far suffices to describe the complete execution of a program,
it cannot describe non-terminating executions or failed executions. To do so, we adopt a natural transition
semantics [27, 24], which provides a notion of attempted or partial execution. The key idea is to model
program execution as a sequence of partial derivation trees, which may or may not converge to a complete
derivation.

Before defining partial derivation trees, we distinguish between complete judgements (T;e — v and
T,s— S;k” —, S’;v, introduced in the large-step semantics) and pending judgments, which are judgements
of the form T;e —?or T, s — S; k¥ —,7 and represent expressions and commands that need to be evaluated.

A partial derivation tree is an inductively defined structure given by the following grammer:

Predicates P
Complete derivations J u= [Tie—=v]|[T,s— S;k" <, S;0] | [P]
Partial derivation trees © == J|

[T;e —=?)([J1)s- -, [Jo—1], Dr) T |

[T,s+— S;6% =2 ([J1], -+ [Te_1], Dr) ¥

where
1 There is an instance of an evaluation rule with the form

Ji J,

T;e —wv

where n > k and

— if Jyp = Ty e — vy, then Dy = [T; e — vg] or Dy = [Tx; e, —7].

— if Jk = Tk,sk (g Sk;liz 'k S]/C§Uk> then ©k = [Tk,sk = Sk;lﬂlz —k S,’C;vk] or CDk = [Tk,sk =
Ski kp —w?].
— if Ji = P, then Dy = [Pk]

I There is an instance of an evaluation rule with the form

Ji T

T,s— S;r” —, S";v

where n > k and

— if Jk = Tk;ek — Vg, then Qk = [Tk;ek — Uk] or ©k = [Tk;ek ‘—>?]

— if Jy = Ty, 85 — Sk; &}, —x Si; Uk, then Dy = [T, sp — Sk; K}, =k Spivk] or D = [Tk, s —
Ski K =i ?].
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— if Jk = Pk, then Dk = [Pk]

Note that the definition of a partial derivation tree requires that a node labeled with a pending judgement
must have children that are “compatible” with the corresponding complete judgement. Furthermore, each
node of a partial derivation tree can have at most one pending judgement amongst its children; the pending
judgment must be the rightmost child and the parent node must also be a pending judgement.

Figure 23 gives (a representative sample of) the rules for the natural transition semantics. The rules
are derived systematically from the judgements of Figure 22. In addition, note the two “congruence” rules.
Finally, it should be clear that each transition moves a partial derivation tree “closer” to a complete judge-
ment.

Let —™* be the reflexive, transitive closure of the — relation.

The natural transition semantics enjoys soundness and completeness properties demonstrating that it
accurately model the large-step semantics in the case of terminating computations.

Lemma 20

If © is a partial derivation and © — 9,
then @' is a partial derivation.

Proof. Straightforward. O

Lemma 21 (NTS Soundness)

(1) If [T;e =7() —* D" and ®' contains no pending judgements,
then ' is a complete derivation for a judgement of the form T;e — v.

(2) If [T, s — S; k" —,7() —* DI, and D), contains no pending judgements,
then D1 is a complete derivation for a judgement of the form T,s+— S; k" <, S';v.

Proof.

(1) By Lemma 20, ®’ is a partial derivation. Since ®’ contains no pending judgements, D’ must
be a complete derivation of the label on its root node. Furthemore, this label must be of the
form T;e — v, since the transitions that change a node’s label change [T;e —7](J1,...,Jn) to
[T;e — o] and [T, s +— S;6Y =7 (J1,..-,In) to [T,s— S; kY —, S';0].

(2) By Lemma 20, @/, is a partial derivation. Since ®/. contains no pending judgements, D’ must
be a complete derivation of the label on its root node. Furthemore, this label must be of the
form T;e — v, since the transitions that change a node’s label change [T;e —7)(J1,...,Jn) to
[T;e —v] and [T, s — S; kY <=, ?(J1,...,3n) to [T,s — S; Y —, S';0].

O

Lemma 22 (NTS Completeness)

(1) If T;e — v and D is a complete derivation for T;e — v,
then [T;e —=7)() —* D.

(2) If T,s — S; kY —, S50 and D is a complete derivation for T,s — S; k¥ —, S';v,
then [T, s — S; kY <, 7() —* Dj.

Proof. By simultaneous induction on the derivations of T;e < v and T, s — S; k¥ <, S;v. (]
For each tower T and expression e, we define an execution of e in T' as a sequence
[T;e =?() — D1 — Dy —> - -+

Thus, an execution has three possibilities:
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N [T;e1 e2 =7)() —
[T; Mz : T.e =?)() — [T; AT T.e > Az T.E] [Tl’ 612 ez =?([Tse1 —7]())
vl = Az 7€) [T;e1 ea —=?([T;e1 < v1], [v1 = Az : 71.€]]) —
[T;e1 e2 =?([T;e1 — v1]) — [Tse1 e2 =7)([Ter — v1], [v1 = Az : 11.eq], [T e2 =7]())

[T; e1 e ‘—>?]([T; ep — ’Uﬂ, ['Ul =Ar: 7’148/1])

[T;e1 ea —=?([T;e1 < v1],[v1 = Az : 71.€)], [T e2 — va]) —
[T;e1 ea =?([T;e1 — vil, [v1 = Az : T1.e]], [T; e2 — va), [T; el [va/z] —=?]())

T;e1 — vy vi =Mz :T.€e

. — . /
[T;e1 ez 7] <[T7 e1 — vil,[v1 = Az : ., ) | Ties o Tse [va /2] — vs

[T; e — va), [T; e} [va/x] — v3]

T;el €9 — V3

s ¢ dom(T) [T; runRGN [r4] v —?]([s ¢ T]) —
[T ranRGN [r] v —7]() — [T anRGN [ra] v 2] (s & T1, [T, — -7 = {}; [str] handle(str) —7]())
[T; runRGN [74] v =7?]([s & T))

[T;runRGN [74] v =?)([s € T, [T, s — -, 7 — {}; v [stir] handle(sfir) — v]) —
[T; runRGN [74] v =?]([s ¢ T, [T, s — -, 7 — {};v [sir] handle(stir) — '], [v' = &"'])

[T runRGN [ra] v 7] <[S ¢ 1), ) .

[T,s > -, 7 +— {};v [sir] handle(stir) — v'], [v' = V]

[T;runRGN [14] v =?] | [T, s »—; -+ {};v [stir] handle(sir) — v'],[v' = n“'],)
[T,S =T e {}7 KV c_>l€?]()

[s ¢ T,
[T;runRGN [74] v =7?] | [T, s+ -, 7 +— {};v [sir] handle(str) — '], [v/ = &"'], | —

[T,S =T {};Hvl Tk S”;’UN/]

[s ¢ T,
[T;runRGN [74] v =?] | [T, s+ -, 7 +— {};v [sir] handle(str) — '], [v" = x"'],
[T,S — T {}7 ){Ul (N SN;’U”I], [S” =7 R///]

[s ¢ T,
[T;runRGN [74] v =?] | [T, s+ -, +— {};v [sir] handle(str) — '], [v' = k"], | —

[T,S — T {}7 Hv/ sy SN;’U/”}, [S// =re— Rll/]
s ¢ dom(T)

T,s -7+ {};v [sfir] handle(sr) — v’ v = kY
T,S — .77‘ — {};HUI (_)N S//;U/// S// = .771 — R///

T;runRGN [15] v — v [st @ /stir][o/s]

D— D D— D
[T;e =315, 5 D) — [T,s = S k" —=x?(31,- -, Ik D) —
[T;e (_;?}(317 e Tk D/) [T,S — S;r" (_)N?](le s 73k»©l)

Figure 23: Natural transition semantics of FRGN
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(1) Suppose that for all ®,, such that [T;e —7?]() —* D, there exists D, 41 such that D,, — D, 41.
Then, we say that e in T diverges.

(2) Suppose that there exists ©,, such that [T;e <—7?]() —* D, such that there does not exist ©,,11 such
that Qn — ©n+1-

(a) Suppose D,, contains no pending judgements. By Lemma 21, ®,, = [T;e — v]. Then, we say that
e in T terminates with the value v.

(b) Suppose D, contains pending judgements. Then, we say that e in T gets stuck.

By inspection of the rules in Figure 23, it is clear that the stuck partial derivation trees correspond to trees
in which predicates cannot be satisfied; all other transitions are unrestricted. Predicates like v = Az : T.e
and v = k" are traditional type errors, where expressions evaluate to values of the wrong form. Predicates
like r € dom(S) also correspond to type errors, where towers have the wrong form. The static semantics
given in the next section and the definitions given in Section 3.5.3 ensure that stuck partial derivation trees
are not well-typed.

3.4 Static Semantics of FRGN

Well-typed programs obey several invariants, which are enforced with typing judgements. In addition to the
traditional “type-checking” judgements for expressions, we have judgements that enforce the consistency of
towers, and various well-formedness judgements that serve as a technical convenience.

3.4.1 Definitions

Figure 24 present additional definitions for syntactic classes that appear in the static semantics. Type
contexts A are ordered lists of type variables and value contexts I' are ordered lists of variables and types.
Tower, stack, and region types mimic towers, stacks, and regions, recording the type of the value stored at
each location. Tower, stack, and region domains are a technical device that records the locations in scope.
Because proving the well-formedness of tower types requires proving the well-formedness of types, which
requires verifying that stack and region names are in scope, one cannot easily have tower types serve the
dual purpose of recording locations in scope.

We introduce the (suggestive) abbreviation 7). < 7, for a function that coerces any computation taking
place in the region indexed by 7/ into a computation taking place in the region indexed by 7,.. We call such
functions witnesses and explain their role in more detail below.

We overload the relations of the form D;g,., D, and D, to describe extensions of tower, stack, and region
domains and types. The same conventions described above for ordered domains apply. Finally, we define
restriction operators, which return a prefix of tower domains and types.

3.4.2 Expressions

Figures 25, 26, and 28 present the typing rules for the judgement A;T;T : T Fexp € : T, which asserts that
under type context A, value context I, and tower type T with tower domain T, the expression e has type 7.

The rules for constants, arithmetic and boolean operations, function abstraction and application, tu-
ple introduction and elimination, and type abstraction and instantiation are all completely standard. As
expected in a monadic language, each command expression is given the monadic type RGN 7,. 7, for appropri-
ate region index and return type. The typing rules for returnRGN and thenRGN correspond to the standard
typing rules for monadic unit and bind operations. The typing rules for newRGNVar and readRGNVar are
straight-forward.

As in the Single Effect Calculus, the key judgements are those relating to the creation of new regions.
We first examine the typing rule for the runRGN expression:

AT Ftype Ta AT:T:T Fexp v : Vao.RGNHandle & — RGN « 7,
A;T;T 0 T Fexp runRGN [7,] v i 7,
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Type contexts A = | A«

Value contexts r == -|T)a:71
Region domains R o= Al 0}
Region types R o= {lh— 71, ..
Region stack domains / Stack domains § == -[§r—R (
Region stack types / Stack types § u= -|8&r—R (
Stack tower domains / Tower domains T = - | ﬁ', s—8 (
Stack tower types / Tower types T o= |T,s—8 (

yln =T}

ordered domain)
ordered domain)
ordered domain)
ordered domain)

7 =17 = VB.RGN 7., 6 — RGN 7. §

Tooe T = dom(T) = dom(T) AVs € dom(T ).T(s) Dsr T (5)
T Doer 7 = dom(T) 2 dom('JJ) AVs € dom(T).T(s) Dgr ﬁj(s)
$2.,8 = dom(3)=dom(3)AVre dom(S).8(r) 2, 8 (r)
8§ D5, 3§ = dom(8) D dom(g,) AVr e dom(gl).g(r) o g,(r)

Ro_R = dom(R) = dom(ﬁl)
R D5 R = dom(R) D dom(ﬁl)
Ts = ﬁj,s»—>g/ such thatfzjj,ng/,T//

T2 T = dom(T) = dom(T") AVs € dom(7T").T(s) Dsr T'(5)
T D05 T = dom(T) 2 dom(T') AVs € dom(T").T(s) D T'(s)
8§28 = dom(8) = dom(8)AVr e dom(8).8(r) 2, 8'(r)
8§25, 8 = dom(8) D dom(8") AVr € dom(8').8(r) D, 8'(r)
RO-R = dom(R) = dom(R') AV € dom(R").R(I) = R'(1)
RO5 R = dom(R) D dom(R') AVL € dom(R").R(1) = R'(1)
Ts = T,s—8 suchthat T=7",5— 8, T

Figure 24: Static semantics of FREN (definitions)

46




A;F;‘J’:ﬁ'l—expe:T

A;F;‘T:fl—exp ey :int A;F;‘J’:fl—exp e1 :int
Fetxt ;T T : T A;F;‘J’:fl—exp es @ int A;F;“T:fl—exp es @ int
A;F;‘J’:T}—expi:int A;F;‘J’:fl—expel@egzint A;F;‘J’:?I—expel@egzbool

A;T;T 2T Fexp € 2 bool

Fesxt AT T Fot AT T A;F;‘T:fkexpet:T A;F;T:?Fexpef:T
A;T;T 0T Fexp tt - bool A;T;T 0 T Fexp ff 2 bool AT T T bexp if €, then g else ef : 7
Fowt A;T;T: T x € dom(T") T=T(x) AT,z 73T : T hexp €1 72
AT Thexp T AT T T bexp AT : T1.€: 71 — T2
A;F;Tif}—jxpeliﬁ—ﬂb }—ctitA;F;‘T:§‘ AT T :Thexpe:Ti X oo+ X Tn
AT T T bexp €21 71 A;F;‘J’:‘Tl—cxpeiznlel'”n 1<i<n
A;F;‘T:T}—expel es: T A;I’;‘J’:?I—exp(el,...7en):7'1><---><Tn A;F;‘T:fl—expselie:n
Fetxt AE;S .8 A;j Fiype T A;F;‘T:fkixp e1: T
Ao T Thexper T AT T bexp €2 Vaur’ AT 2 :713T 0 T Fexp €2 1 T2
AT T T Fexp Aae : Vaur AT T T bexp e [7] - 7' [1/0] AT T : Thexpletz=erines:m

A;T Ftype Ta AT T T Fexp v : YVa.RGNHandle @« — RGN «a 7,
AT T:T Fexp runRGN [74] v : 7o

Figure 25: Static semantics of FRGN (expressions)

A;F;‘J’:?I—expezr

A;Tl:typc T A; F;‘J;: T Fexp €1 : RGN 7. 74
AT T T hexp v T A;T;T T hexp €2 : 7o — RGN 7. 1
A;T;T 0 T Fexp returnRGN [7r] [Ta] v: RGN 7 74 A;T;T : T Fexp thenRGN [7r] [7a] [75] v1 v2 : RGN 7 T

AT Ftype Tr AT Ftype Ta
AT T Fexp v : Ya.7, = @ — RGNHandle « — RGN « 7,

AT T T Fexp 1etRGN [7] [7a] v : RGN 7 74

AT T T Fexp ¥ : RGN ofip1 7o T Feast ofip1 ~ olip2
A;T;T 0 T Fexp witnessRGN o1 otipo [Ta] v : RGN ofp2 74

A;T;T : T bexp v1 : RGNHandle 7. AT T T bexp 2 Ta
A;T;T 0 T Fexp newRGNVar [7r] [Ta] v1 v2 : RGN 7. (RGNVar 7. 7,)

AT T T Fexp v : RGNVar 7, 7,
AT T:T Fexp readRGNVar [7,] [7a] v : RGN 7, 74

FRGN (

Figure 26: Static semantics of commands)
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? l_cast Uljp ~ aﬁpl

B Ftdom T s € dom(7) ~ Fdom T s € dom(7)

Fedom T Fedom T s € dom(7) T(5) = 81,71 — R, 82 T(s) = 81,71 — Ry, 82,72 — Ra, 83

T Feast offe ~~ offe T b cast sfie ~ ste T b cast sfiry ~ ste T Feast sfir1 ~ sfira

Figure 27: Static semantics of FRON (casts)

As stated above, the argument to runRGN should describe a region computation. In fact, we require v to be
a polymorphic function that yields a region computation after being applied to a region handle. Recall that
we can consider a value of type RGN 7, 7, as a region-transformer — that is, it accepts a region (indexed
by the type 7,.), performs some operations (such as allocating into the region), and returns a value and
the modified region. The effect of universally quantifying the region index in the type of v is to require v
to make no assumptions about the input region (e.g., the existence of pre-allocated values). Furthermore,
all operations that manipulate a region are “infected” with the region index: when combining operations,
the rule for thenRGN requires the region index type to be the same; locations allocated and read using
newRGNVar and readRGNVar require the region index of the RGNVar to be the same as the computation in
which the operation occurs. Thus, if a region computation RGN 7,. 7, were to return a value that depended
upon the region indexed by 7., then 7. would appear in the type 7,. Since the type 7, appears outside the
scope of the type variable « in the typing rule for runRGN, it follows that o cannot appear in the type 7.
Therefore, it must be the case that the value returned by the computation described by v does not depend
upon the region index which will instantiate «. Taken together, these facts ensure that an arbitrary new
region can be supplied to the computation and that the value returned will not leak any means of accessing
the region or values allocated within it; hence, the region can be destroyed at the end of the computation.
Finally, because we require region handles for allocating within regions, we provide the region handle for the
newly created region as the argument to a function that yields the computation we wish to execute.
The typing rule for letRGN is very similar:

o A7 T l_type Ty A, ? }_type Ta
AT 0 T Fexp v : Vo, = oo — RGNHandle o — RGN o 7,
AT T j’l—exp letRGN [7,] [72] v : RGN 7. 7,

Ignoring for the moment the argument of type 7. = «a, we see that exactly the same argument as above
applies. In particular, the computation makes no assumptions about the newly created region, nor can the
region be leaked through the returned value of type 7,. What, then, is the role of the witness argument?
The answer lies in the fact that we do not really intend the execution to take place in an arbitrary region.
Instead, we expect the newly allocated region to be related to previously allocated regions according to
a stack discipline (just as in region calculi). Hence, the notion of “execution taking place in a region” is
somewhat inaccurate; instead, we have executions taking place in a stack of regions. The region index in
a type RGN 7, 7, indicates a particular member of the region stack; in practice, it often coincides with
the most recently allocated region. Thus, any computation taking place in a stack of regions where 7. is
a member (i.e., a RGN 7/ 7, term) is also a computation taking place in a stack of regions where 7, is a
member (i.e., a RGN 7, 7, term) whenever 7/ outlives 7. A function of type 7/ < 7, witnesses this coercion.
This explains the role of the witness argument — it is provided to the computation taking place in the inner
region in order to coerce computations (such as allocating a new value in the outer region) from the outer
region to the inner region. Operationally, such a witness function acts as the identity function.

The typing rule for witnessRGN formalizes this outlives argument; a witnessRGN term is well-typed
whenever ofip; can be cast to ofips. The judgement T Feast ofipr ~ ofpa (Figure 27) verifies the casts
witnessed by witnessRGN terms. Note that the judgment T Fc.q sfir; ~ sfiry enforces the requirement that
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A;F;‘J’:ﬁ'l—expe:T

Fect A;T;T T AT Fiype Ta Focte AT T s € dom(7) AT Fiype Ta
AT T T Fexp ()oge : RGNVar ofie 7, AT T Fexp (I)ste : RGNVar st e 7,

Fetxt ;0T : T s € dom(T) r € dom(7(s)) l € dom(T(s,r)) Ta = T (s,1,1)
AT T T Fexp (Dsgr : RGNVar sfir 7,

Fext A;T;T: T Fetxe A; ;T T s € dom(7)
A;T;T 2 T Fexp handle(ofie) : RGNHandle o fe A;T;T 1 T Fexp handle(stie) : RGNHandle ste

Fext A3 T;T T s € dom(7) r € dom(7(s))
A;T;T : T Fexp handle(sfir) : RGNHandle sfir

Figure 28: Static semantics of FRON (locations and handles)

r1 outlives 75 in the stack s. The other .5t judgements allow casts to deallocated regions, which can be
introduced when deallocating a region at the end of a runRGN or letRGN computation.

Figure 28 type-check location and handle expressions. The judgements ensure that stack and region
names that appear in locations and handles are in scope; furthermore, a location in a live stack and region
points to a value with the type assigned by the tower type.

3.4.3 Towers

Figure 29 present typing rules that enforce the well-formedness and consistency of towers. The judgements
Ftdoms Msdom, and Frqom simply require that tower, stack, and region domains contain distinct stack names,
region names, and locations. The judgement Fiype 7 : T asserts that tower type T is well-formed with tower
domain 7. In particular, the judgement asserts that T has the domain specified by T and each type in the
range of T is well-formed. Note the use of the restriction operator; this ensures that types “lower” in the
tower cannot reference stack and region names that appear “higher” in the tower. This corresponds to the
fact that while runRGN computations can be nested, the inner computation must complete before executing
a command in the outer computation. Hence, while an inner computation may have references to the outer
computation, there can be no references from the outer computation to the inner computation. Finally, the
judgement Fiower 7@ T : T asserts that the tower T is well-formed with tower type T and tower domain T.
Like the judgement Ftype, it asserts that 7" has the domain specified by T and each stored value in the range
of T has the type specified by 7. Again, restriction operators are used to assert that storables “lower” in
the tower cannot contain references to storables “higher” in the tower.

3.4.4 Technical details

Figures 30 and 31 contain additional judgements for ensuring that types 7, type contexts A, and value
contexts I' are well-formed. Because types may contain stack and region names, the judgements -y, and
Fyetxt Tequire a tower domain 7.

3.4.5 Surface programs

It is useful to note that the static semantics can be greatly simplified for the surface syntax presented
above. Tower types and tower domains are purely technical devices that are used to prove type soundness.
In the static semantics, they simply collect the names of stacks and regions in scope and assign types to
locations. Note that in every rule, tower types and tower domains are passed unmodified to sub-judgements.
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Fedom T sé¢ dom(?) Fedom S

|_tdom . I7tdom 57 S = g
Fsdom g
Fedom S r & dom(8) Frdom R
I7sd0m . #sdom g7 T ﬁ
F1rdom ﬁ
Z#] = lz # lj i€l..n,j€Ll...n
}_rdom {lly LRI ln}
'_ttype T ?
'_tdom T
dom(T) = dom(7)
Vs € dom(T). dom(T(s)) = dom(T(s))
Vs € dom(T).Vr € dom(T(s)) dom(T(s,r)) = dom(T(s,r))
Vs € dom(T).¥r € dom(T(s)).Vl € dom(T(s,7)). ; T|s Feype T(s,7,1)
'_ttype T . ?
Frower T: T+ T
'_tdorn Tﬁ
'_ttypc (I . ‘T

~dom(T) = dom(T) = dom(T)
Vs € dom(T). dom(T(s)) = dom(T(s)) = dom(T'(s))

).
Vs € dom(T).Vr € (B)m(f(s)) dom(j(s,r)) = dom(7I(s,r)) = dom(T'(s,7))
Vs € dom(T).Vr € dom(T(s)).Vl € dom(T(s,7)). -;;T|s : T|s Fexp T(s,7,1) : T(s,7,1)

Fiower 11T T

FRGN (

Figure 29: Static semantics of towers, stacks, and regions)
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AT Feype T

I7tdom ftctxt A
AT Fiype int

}_tdom {ItctxtA

I7tdom ‘thtxt A

A; f Ftype T1
A;T Fiype bool

A7 ? Ftype T2

}_tdom thtxtA
LT i€l...n
A, ‘T Ftype Ti

A;T Fiype 1 — T2

AT Fiype T1 X -+ X T

’}—Cmt A;F;T:?‘

a € dom(A) A, ;T Fiype T AT Fiype Tr AT Fiype Ta A;T Feype T AT Fiype Ta
A;T Fiype AT Fiype Yaur A;T Fiype RGN 7 7, A;T Fiype RGNVar 7. 7,
. . l7tdorn f Fzztxt A I7tdom i Ftctxt A
A; T Fiype Tr Fedom T Feotxt A s € dom(7T) s € dom(T) r € dom(7(s))
A;T F RGNHandle 7, A;TF offe A;TF ste AT F osr
Figure 30: Static semantics of FREN (types)
Foetxt A a ¢ dom(A)
Foctxt - Foctxt A, «
A; ﬁi l_vctxt r
I_tdom thtxtA Avi }_vctxt F x Q dom(F) Ayf l_type T
A, ? '_vctxt N

AT Fetxe Tzt T

'_ttypc ‘I : T,f '_VCtXt F
Fett A;T;T T

Figure 31: Static semantics of FRSN (contexts)

51




Since surface programs do not admit syntax for naming stacks and regions, we can type any closed, surface
expression with the judement -;-;- : - Fepp e : 7. Pushing these empty tower types and tower domains
through the rules leads to the following simplifications:

AT T Thepe:T = AjDhegpe:T
A;Thype T = Abiype T
A; T '_vctxt r — A '_vctxt r
Fext AT T 0T = Fopg AT

Hence, we recover a type system equivalent to that of System F, which is sufficient for type-checking
surface programs.

Further simplifications can be made by interpreting the monadic commands as constants with polymor-
phic types. For example, the typing judgements for each of the monadic commands are equivalent to the
following typings:

runRGN  :: Va.(VB.RGNHandle 8 — RGN § o) — «
returnRGN 1 Va.Vf.ao — RGN G «
thenRGN :: Va.Vo/.VB.RGN 5 a — (o« — RGN g8 o’) — RGN 3 o/
letRGN :: Va.VB.(Vy.8 = v — RGNHandle vy — RGN + a) — RGN S «
newRGNVar :: Va.V3.RGNHandle 8 — o — RGN 8 (RGNVar 8 «)
readRGNVar :: Va.VG.RGNVar 3 a — RGN § «

Treating the monadic commands as syntactic forms simplifies the proofs, as there is no need to consider
partially applied forms.

3.5 Type Soundness of FREN

In this section, we prove type soundness. The lemmas are presented in “bottom-up” order, where all relevant
lemmas are presented (and proved) before being used. The lemmas follow the conventional structure of a
syntactic type-soundness arguments. However, we first give a “top-down” overview of the argument.

We wish to prove that a well-typed, closed initial program either succeeds (returning a value of the correct
type) or runs forever. A preservation theorem and a progress theorem make this theorem an easy corollary.

The Preservation Theorem states that the terminating computation of a well-typed expression yields a
value of the same type. Because the dynamic semantics are defined by two mutually inductive judgements,
the Preservation Theorem also states that the terminating computation of a well-typed command yields a
well-typed extension of the top stack and a value of the same type. The various substitution lemmas for
dead stacks and regions are required to prove the cases where stacks and regions are deallocated.

The Progress Theorem states that a partially evaluated expression can always move forward towards
complete evaluation. Progress Theorems are notoriously difficult in a large-step semantics. Our approach
adopts a natural transition semantics, introduced in Section 3.3.1. The Progess Theorem states that any
well-typed partial derivation that contains a pending judgement can transition to another well-typed partial
derivation. As usual, the proof of the Progess Theorem depends on a Canonical Forms Lemma, which
describes the forms of values of particular types.

The various Well-Formedness Lemmas are useful technical facts that alleviate the need to assume contexts
are well-formed.

3.5.1 Lemmas

Lemma 23 (Well-Formedness (from Fype))

IfA;T Foype 5
then Fidom T and Fieixt A.

Proof. By induction on the derivation A;T Fiype T- O
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Lemma 24 (Well-Formedness (from Fycixt))

If A,? |_vctx7t F7
then Ftdom T and Ftctxt A.

Proof. By induction on the derivation A;T Fyepxe I

Lemma 25 (Well-Formedness (Fctxt))

If Fctxt Aa ILT : ﬁ.,; _
then '_tdom (‘Ty |_ttypc T {‘T; |_tctxt A; and Aa T '_vctxt r.

Proof. By inspection of the derivation Fepe A;T;T 2 7.

Lemma 26 (Well-Formedness (from .g))

Ifjd l_cast O—TLPI M:O—ﬂp% o
then Fidom T, 47 }_type Uﬁplz and ;T l_type UﬁPQ-

Proof. By inspection of the derivation T Fea.g ofipr ~ ofipo.

Lemma 27 (Substitution (types in Fype))

If A, «, A’;il—type 7 and A, AT Feype T,
then A, A" T Fiype T[T/ ).

Proof. By induction on the derivation A, a, A; T Fype 7'

Lemma 28 (Type Context Weakening (Fype))

If AT Frype 7y Fresxe A, A, and dom(A") Nbtv(r) =0,
then A, AT Fiype T.

Proof. By induction on the derivation A;T Feype T-

Lemma 29 (Well-Formedness (from Fcyp))

IfA;F;‘J':il—expe:T,i B B
then l_tdom T7 l_ttype T ‘I; I_tctxt A; A; T }_VCtXt F; and A; T l_type T.

Proof. By induction on the derivation A;T; T : T Fexp €1 7.

Lemma 30 (Substitution (types in Fcyp))

If Ao, AT T fkexge’ :7and A AT Fogpe T,
then A, A T(1/al; T T ke €'[7/a] : 7'[7/a].

Proof. By induction on the derivation A, a, A’;T;T : T by € 1 7.
Lemma 31 (Substitution (values in t.p))

IfA;F,x:T,I";‘J;:ﬁ'}—CXP e 7 and A;T, T T T hexp v T,
then A;T T T T ey € [v/z] o 7.

Proof. By induction on the derivation A; T,z : 7,17 T : T bexp € 7.
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Lemma 32 (Tower Domain Weakening)

Suppose b Disr T and Frgom T
(1) If A,? |_type T,

then A;? Ftype T-
(2) If Avﬁl Fvctxt F;

then AT Fyerxs L.

Further suppose T' Disr T and Figype T 7.
(3) If Fexe ;15T : T,
then Feixt A T;T7 7.
(4) Ifﬁi l_fast Uljpl ~ Uljﬂ2;
then T Feast olip1 ~ atips.
(5) If AsT;T : T bexp € 7,
then A;T; T’ T Fexp €: 7.
Proof.

(1) By induction on the derivation A;T Fiype T

(2) By induction on the derivation A; T byt T

(3) By inspection of the derivation Feue A;T;T 1 T.

(4) By inspection of the derivation T Fcas; ofip1 ~ ofipa.
(5) By induction on the derivation A;T;T : T Fexp € : 7.

Lemma 33 (Substitution (e))

(1) [f l_tdom ﬁda ‘ZH ga 7;’_> §7
then Figom T, s+ S.

(2) IfA,?, S = gﬂ:’_’ i l_type T,
then A; T, s +— 8 Fiype T[st® /stir].

(8) If Frgype T, s — 81— R: T, s — 8,1 — R,
then Fitype T, 5 — 8[st e /sir] : T,s— 8.

(4) If Aa§7 iH gv EH ﬁ Fvctxt F;
then A;T, s +— 8[st @ /sir] Fyctxt ['[st @ /str].

(5) Ifl—ctxtA;F;‘J’,s»—>8,rn—>ﬂzﬁ',sn—>g,rv—>® B
then Feixe A;T[st @ /sir]; T, s — S[ste /str] : T,s+— 8.

(6) If§d7 i'_) ga 7;’_’ i l_cast O—ﬁpl ~ UﬁpQ;
then T, 8 +— 8 bFeast (op1)[st @ /str] ~ (ctipa)[st e /stir].

(7) If AsT;T s 81— R:T, 8 8,1+ Rbepe: T,
then A;T[st e /sir]; T, s — S[st e /stir] : T,s = 8 bexp e[st @ /stir] : T[st e /str],

(8) If Ftower Tos— S,r— R: T, 5= 8,1 —R:T,s— 81— R,
then Frower Ty s +— S[st e /str] : T, s — S[ste /str] : T,s+— 8.

54



Proof.

(1) By inspection of the derivation of Fiqom T, 5 +— 8,7+ R.
(2) By induction on the derivation A;T, s+ 8,7+ R Fyype 7.

(3) By inspection, the derivation of Fype T, 8 — 8,7 — R: T, 5+ 8,7 +— R must end with
Fidom T, 8 — 8,7 +— R
dom(T,s — 8,7 +— R) = dom(T,s — 8,7 — R)

o 7Vs' S @m(?, s+ 8,7 — R).
dom((T,s — 8,r — R)(s")) = dom((T,s — 8,7 — R)(s"))

Vs’ €£om(f,ﬁs — gl‘ — R).¥r' € dom((T,s — 8,r — R)(s"))
dom((T,s — 8,7+ R)(s',r")) = dom((T,s — 8,7 — R)(s',7"))

Vs' € dom(T, s — 8,7 — R).Vr' € dom((T,s — 8,7 +— R)(s')).VI' € dom((T,s +— 8,7 +— R)(s',7")).
G (Tys = 8,1 = R)|y Fiype (T, 8,7 = R)(s', 7', 1)

Fttype T, s—8,r—R:T,s— 8,r— R

By (1), we conclude F¢qom T, s — 8. We are required to show

Fidom JT,8 — 8
dom(T,s — 8) = dom (T, s +— S[st e /str])

- B Vs € dom (T, s — 8).
dom((T, s +— 8)(s')) = dom((T,s +— S[st e /str])(s))

7Vs/ € Eom(f, s+ 8).vr' € dom((T,s — 8)
dom((T,s +— 8)(s',7")) = dom((T,s — S[st e /stir])(s',7"))

vs' € dom (T, s — g).ir/ € dgm((f7 s = 8)(s").Vl' € dom((T,s — S[st e /sir])(s',7")).
(T, 8= 8)|yr Feype (T, 5 +— S[sf @ /sﬁr])(s/,r/,l/)
Fitype T,5 — S[sfi e /str] : T,s+— 8§

Clearly, all of the domain equalities hold. It remains to show

Vs’ € dom (T, s — g).ir’ € dgm((f, s+ 8)(s").VI' € dom((T,s — S[stt e /sr])(s’,r)).
(T, 8= 8)|yr Feype (T, 5 +— S[sf @ /sﬁr])(s/,r/,l')

ls
Note that for s’ € dom(T,s+ §), s’ # s and v’ € dom((T, s — 8)(s)),

(T,s+—8)|y = (T,s— 8,r— R)|,, and
(T,s+ 8[ste/stir])(r',s', 1) = (T,s — 8, R)(s', 7", I")

¢+ Fiype (T,s — S[sft o /stir])(s',r',I"). Note that for s’ = s and

5 (T s = 8)|s Foype (T,5 — Slst o /stir])(s, ', 1) =
5T, 80 8 Fiype (S[st e /sir)(r', 1) =
57,8 = 8 Foype (8(r7,1))[sh @ /str]

which follows from (1) applied to T, s — 8,7 — R Fype (8,7 — R)(r',1'). Hence, - (T,s —

8)|s Feype (T, s — S[st @ /str])(s,r,1"). Thus, Fyype T, s+ S[sf e /str] : T, s — §, as required.
(4) By induction on the derivation A;T,s > 8,7+ R Fyeix I
(5)
(6)
(7)

7) By induction on the derivation A;T;T,s+— 8,7 +— R:T,s— 8,7 — R Fexp €:T.

By inspection of the derivation Fepxe A;T;T, 5 — 87— R: T, 5+ 8,1 — R.

By inspection of the derivation T, s — 8,7 — R Feast 0ip1 ~> ofipa.
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(8) By inspection, the derivation of Figwer 7,5+ S,7 = R: T, s+ 8 17+ R: T, s & r+— R must
end with

}_tdom §7s I—>§,T ’_)ﬁ
Fttype T s—8,r—R:T,s— 8,r—R
dom (T, s +— 8,7+ R) = dom(T,s +— 8,7+ R) = dom(T, s — S, — R)

B _ o Vs’ € dom(T,s — 8,7 — R).
dom((T,s — 8,7 — R)(s')) = dom((T,s — 8,7 +— R)(s")) = dom((T,s — S, — R)(s"))

- _ VS/E dom(T,s — 8,7 +— R).¥r' € dom((T,s — 8,7 +— R)(s"))
dom((T,s — 8,7 +— R)(s',7")) = dom((T,s — 8,7 — R)(s',7")) = dom((T,s — S,r — R)(s",r"))

Vs € dom(T,s +— 8,7 »—L@).V'r'LE domi((ﬁ,s — 8,7 R)(s)).VI' € dom((T,s+— 8,7 — R)(s',7")).
G (T8 8, = R)|y: (Tys = 8,7 R)|yr Fexp (T, 8 = S, = R)(r,8,1) : (T,5 = 8,1 R)(s', 7", 1)
Frower Ty s— S,r— R:T,s—8,1+—R:T,s+— 8, r+— R

By (1), we conclude Fyqom T,5 — 8. By (3), we conclude Fyype T, 5 — S[st e /sir] : T, s — 8. We
are required to show

Fidom JT,8 — 8
Fitype T, s — S[st e /str] (T, s— 8
dom(T,s — 8) = dom(T,s — S[st e /str]) = dom (T, s — S[st e /str])

B _ Vs’ € dom(T,s — 8).
dom((T,s — 8)(s')) = dom((T,s — S[st e /str])(s')) = dom((T,s — S[st e /str])(s"))

B B Vs’ € dom(T,s — 8).¥r' € dom((T,s — 8)
dom((T,s — 8)(s',7")) = dom((T,s — S[st e /stir])(s’,r")) = dom((T,s — S[st e /str])(s',7"))

Vs' € dom(T, s +— 8).vr' € dom((T,s — 8)(s')).VI' € dom((T,s — S[st e /str])(s’,r)).
55Ty s = 8)|ar (T, 8 = 8)|ur Fexp (Tys = S[s e /shr])(s', 7/, 1) : (T, 5 — 8[st e /shr]) (s, ', 1)
Fiower T, 5+ S[sft @ /sir] : T, s+ S[st e /str] : T,s+— §

Clearly, all of the domain equalities hold. It remains to show

Vs’ € dom(T, s g).‘z’r' € dom((T, s — 8)(s')).VU' € dom((T,s +— 8[st e /sir])(s’,r)).
5 (Tys = 8)|gr + (Tys = 8)|yr Fexp (T, 5 — S[ste /sir])(s’, 7', ') : (T,s s 8[st e /stir])(s,r",1)

Note that for s’ € dom(T,s+ 8), s’ # s and 7' € dom((T,s + 8)(s)),

(T,s—8)|y=([T,s— 8, r—R)|, and
(T,s+— S[stie /str])]. = (T,s— 8)| and
(T, s — S[ste /sir])(r',s", 1) = (T,s — S, r— R)(s',r',1") and
(T,s — S[st e /sir])(r',s", ') = (T,s — S,7— R)(s',7",l")

Hence, -5 (T,s — 8[st e /str])ls = (T,s = 8)|s Fexp (L5 = Slst e [str])(s',1", 1) : (T,s =
S[st @ /stir])(s’,7’,1'). Note that for s’ = s and ' € dom((T,s — 8)(s)),

575 (T, s Slsp e /sirD)ls « (T, 8 8)|s Fexp (T, 5+ S[sp @ /str])(s, 7/, 1) : (T, 5 S[st o /sfr])(s,r',1') =
5 T,s 0> S[sfhe /str] 1 T, s = 8 Fexp (S[sth e /str])(+/,1') : (S[st e /str])(+',1') =
5 T,ys s S[she /str] 1 T, s = 8 Foxp (S(r, 1)) [st @ /stir] : (S(r',1))[st @ /str]

which follows from (7) applied to T, s+ 8,7 = R: T, s+ 8,7 = R ey (S,7 = R)(1, 1) :
(8,7 + R)(r',1I). Hence, ;- (T, s — S[stie/str])|s : (T,s + 8)|s Fexp (T, 5+ S[ste/str])(s,r',1')
(T,s +— 8[st @ /stir])(s,7',1"). Thus, Fiower T,5 — S[st e /str] : T, s+ S[st e /sir] : T,s +— §, as
required.

O
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Lemma 34 (Substitution (o))

(1) If '_tdom 77 St -,
then Fidom T

(2) Ian 77 Sk Ftype T,
then A; T Feype T[o/s].

(8) If Feeype T, 8 — - 2T, 5 -,

then '_ttype T T.

(4) Ian§7 *ZH : '_vctxt F;
then A, T l_vctxt F[O/S] .

(5) If Fetxt A T3T 5 — -2 T, s -,
then Fegxs A;T[o/s]; T2 T.

(6) Ifﬁﬂv Sk Feast ofip1 ~ ofipa,
then T Feasy (ofp1)[o/s] ~ (olip2)[o/s].

(7) IfA;F;‘I,SH'ZTLSH'l—eXPBZT,
then A;T'[o/s]; T+ T Fexp €lo/s] : T[o/s],

(8) If Fower T,sr—>~:I,SH~:§’,5b—>~,
then Fiower 1 : T : 7.

Proof. Similar to the proof of Lemma 33.

Lemma 35 (Useless Substitution («))

Suppose a ¢ dom(A) and A;T Fiype 7'

(1) If A;T Fegpe T,
then T[T /o] = T.

Proof. By induction on the derivation of A; T Fiype T
Lemma 36 (Useless Substitution (e))
Suppose s € dom(T) and r ¢ dom(T(s)).

(1) If Ayﬁd l_type T,
then T[st e /stir] = T.

Proof. By induction on the derivation of A;T Feype T-

Lemma 37 (Useless Substitution (o))

Suppose s ¢ dom(T).

(1) If Aaf '_typc T,
then T[o/s] = .

Proof. Similar to the proof of Lemma 36.
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Lemma 38 (Canonical Forms)

Suppose ;T T Fexp V1 T.
Then
e if T =int, then v = 1.
e if T = bool, then v = tt or v = ff.
e ifT=7 — Ty, thenv=MAx:T1 €.
o IfT=T1 X XTp, thenv = (v1,...,0,).
e if T =Va.7', then v = Aa.e’.
e if T =RGN 7, 74, then v = K".
e if 7 = RGNHandle ofp, then v = handle(ctp).
e if T = RGNVar afp 7,, then v = ({)o4,.

Proof. Immediate by inspection of the typing rules. |

3.5.2 Preservation

Theorem 2 (Preservation)

(1) 1f
(a) Frower T: T : 7T,
(b) '§'§71§‘|_exp617, and
(c) T;e — v,
then 'Q'QTifFexp v T
(2) 1f
(a) I_tower T75'—>SIT,SI—>8;T,5|_>g}
(b) ~;~;T,Sl—>8:§‘78D—>g|—eXP Y - RGN SﬁT’ Ta, and
(C) T, s— Sa KY g Sl;’l)/7
then there exists g’ 2-> S and 8’ D_5 8 such that Fiower T)5 — ST s - 8 5,75 L g/ and
5T s 8 Ts 8 Fexp V't Tq.

Proof. Proceed by mutual induction on the derivations (1c) T;e < v’ and (2¢) T, s +— S; k¥ — S";0'.

Case T By inspection, the derivation of (1b) must end with
31 )

Fotxt 53T ¢ T
-;-;‘J’:?l—cxp i:int

We conclude ;T : T beyp 4 @ int, as required.

T;elwvl V1 =11
T; ez — va vy = i
i =11 D iz
Case .
T;e1 ®ex —1
T;e1 — v1 V1 =1
T;e2 — va Vg = i
b=11 812
Case

T;e1 ez — b
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Case

Titt—tt
Case ———: ...
T, ff — ff
T;ep — vy vp = tt
T;et — v
Case — i CL
T;if ey then et else ey — v
T;ep — vp v = ff
Ti;ef — v
Case — ! D
T;if ey then et else ey — v
Case DL
TiAx:T.e— Ax:T.e
T;e1 — v vi =Mz 7€
T; ez — v2 T; e [va/z] — v3 . . .. .
Case : By inspection, the derivation of (1b) must end with

T;e1 e2 — v3

55T

3y

:‘T)—jxpel:'rlﬂ'rg
T:Thexpe2: 71

55T 1T Fexp €1 €2 1 T2

By applying the induction hypothesis to (1a) Fiower T ¢ T : T, (1b) 55T : T bexp €1 : 71 — T2,
and (1c) T;e; — Az : 1y.€}, we conclude ;T : T bexp Az : 71.€] : 1 — T2. By inspection, this
derivation must end with

== T !
5T T Feype T1 a7 T T hexp €7 1 T2

T ’
53T T Fexp AT 1 Tr.€] 1 T1 — T2

By applying the induction hypothesis to (1a) Fiower 7 : T : T, (1b) T : T Fexp €2 : 71, and (1c)
T; ey — vg, we conclude -; ;T : T Fexp 2 : 71. By Lemma 31, we conclude ;57 : T Fexp €1 [v2/2] :
5. By applying the induction hypothesis to (1a) Fower 7 : T : T, (1b) T : T bFeyp €'[v/2] : T2,
and (1c) T;e}[va/x] < v3, we conclude ;T : T by, v3 : T2, as required.

Case —————: ...
T; Aa.e — Aa.e

T;e— v v = Aa.e’
T;e[r/a) — v

Case : By inspection, the derivation of (1b) must end with

T;e [r] — v

'?j Ftype T
53T T Fexp €8 Vo1’
G T T Fexp € [7] T/[T/a]

By applying the induction hypothesis to (1a) Fower 7' : 7 : T, (1b) 55T : T Fexp € : Ya.r', and
(1c) T;e — Aa.e/, we conclude ;T : T bexp Aa.e’ : Va.7'. By inspection, this derivation must
end with

’

a ¢ dom(+) ;T Thexp e o 7
ST T Fexp Ac.e’ Va7’

By Lemma 30, we conclude -; ;T : il—exp e'[r/a] : 7'[t/a]. By applying the induction hypothesis
to (1a) Frower T : T : T, (1b) T : T kexp €'[7/a] : 7'[7/a], and (1c) T;€'[T/a] — v, we conclude
5T T Fexp v T'[T/a], as required.

T;e1 — v1 T;en — vn
Case :
T;(81,...,6n)‘—’ (v17-~~7vn)
T;e —wv v = (V1,...,n)
1<i<n
Case - =

T;sel; e — v;

59



Case

Case

Case
Case

Case

T;e1 — vy
T;ex[vi/z] — v2

Tilet x =ey in ez — vy
s ¢ dom(T)
T,s -7+ {};v [sfir] handle(sr) — v’ v =k
T,s 7= {}K" <. 80" S"=r—R" : . oati
TrranRGN Tl v = o7 lof ¢ Jair o/ : By inspection, the derivation of (1b) must end
with

4T Feype Ta 55T T Fexp v : YVa.RGNHandle & — RGN a 7,
ST T Fexp FUNRGN [74] v : 7o

By inspection of the derivation Fiower 7' : T : T, we conclude Fgom 7, Fetype T - T, and dom(T) =

dom(T) = dom((T)). Note that T,s +— ;7 + {} Do__ T and T, s — -,7 +— {} O5__ T and

Fsdom - s Q dom() Frdom {}

S Q dom(?) ‘ Fsdom *, 7 — {}

Ftdom ? ‘

Ftdom ?,s =T {}

and Fegype T, 5+ 7 — {} : T, s — -7 — {} (requires appealing to Lemma 32) and Fower T, s —
sr={ T s r = {} T, s -7 {} (requires appaling to Lemma 32). By Lemma 32, we

conclude 5T, s — ;7 — {} : T, s — -, 7 — {} Fexp v : Va.RGNHandle — RGN « 7,. Note that

s € dom(f,s>—>~,rl—»{})‘

Ftdom f, Sk T {} ‘ Feetxt -

r € dom((T,s — -,r— {})(s))

ST, s T {} Ftype sfir

’ G T, s ar = {} T, s 1 — {} Fexp v : Ya.RGNHandle & — RGN « 7,

5 T,s = {}:T, s 7+ {} Fexp v [sfir] : RGNHandle sfir — RGN sfr 7,

- r € dom((T,s = - = {})(s))

s € dOm(?,SH-,TH{})‘

g T s r= {} T, s e {} Fexp handle(stir) : RGNHandle sfir

G T,ses o r s {3 T, s 1 {} Fexp v [sir] handle(str) : RGN sfr 7,

Applying the induction hypothesis to (1a) Foower 7,5+ -7+ {} : T, 5= s {} : T, 50 - 17 >
{}, (1b) 5T, s = - r = {} : T, 8 = 7 = {} Fexp v [sr] handle(str) : RGN str 7,, and (1c)
T, s+ -1 {};v [sir] handle(str) — k*/, we conclude 5T, s — -, 7 — {} : T, s = ;7= {} Fexp
k%" : RGN sfir 7,. Applying the induction hypothesis to (2a) Fiower 158 +— -7 +— {} : T, 5
ar= e Tos s e = ), (2b) 55T, s = r = {} T, s 0 1 = {} Fexp 6% 1 RGN str 7,
and (2¢) T,s — «,r — {} kY — -,r — R";v", we conclude that there exists g/// D= T {}
and 8" D_5 -,r + {} such that Fiyer Ths — -7 == R” : T,s — 8" : T,s — 3" and
T s 8" T, s 8 Fexp V"t T4. Note that g D_5 -, r — {} implies §=.r =R
and Note that 8" D5 -,r — {} implies 8 = -,r — R”’. Hence, we conclude that there
exists R D5 {} and R D5 {} such that Fyower T, — -7 — R" : T,s — - r — R :
- /1

T, s — 17 — R" and 55 T,8 e R T, s -1 — R Fexp v @ Tq. By Lemma 33,
we conclude 5T, 5 = T, 5 = - Foxp v"[sf @ /str] : 7,[sff @ /sfir]. By Lemma 34, we conclude
5T 0T Fexp v [ste/str]|[o/s] : T,[sfe/stir][o/s]. By the derivation (1b), we conclude ;T Fiype Ta.
By Lemmas 36 and 37, we conclude 7,[st ® /stir] = 7, and 7[sff ® /sfir][o/s] = T4[0/s] = To. Thus,
3 T hexp V' [sth @ /stir][o/s] : Ta, as required.

T; kY — K"

T Wotp — Ootp

T; handle(ofip) — handle(Utip): o
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T = sfir

Case
T, s — S;returnRGN [7,] [1q] v = S;v

: By inspection, the derivation of (2b) must end with

-;?,SHgFtypeSﬁT ~;~;7,SHSZ§,SH§FSXP’UZTH

G T,s—8:T, s 8 Fexp returnRGN [sr] [74] v : RGN stir 7,

We conclude S 2-> S, 8 -5 8, and Fower 155 +— S : T,5+— 8 : T,s+— Sand ;;T,5 — §:
T,5 4+ 8 Fexp U i Tq, as required.

T = sfir
— ! ’
v = kY1 T,s+— S;r"1 —x S50
! ! 1" V7 — 1"
T,s+— S v v] —w v = kY

! " ua "
T,s— S k" —, S0

Case
T,s — S;thenRGN [1,] [7a] [7b] v1 v2 =k S"';0"

-: By inspection, the derivation of (2b) must end with

S ~;‘J;: ?)—exp v1 : RGN 7, 7
53T 1 T Fexp v2 1 T — RGN 7. 7
- ~;‘J':?l—exp thenRGN [7,] [7a] [7b] v1 v2 : RGN 7, 7

Applying the induction hypothesis to (2a) Frower Ty s — S : T,s — 8 : T, 51— 8, (2b) 5T, s —
§:7,5— 8exp k¥1 : RGN sfir 7, and (2¢) T, s — S; kY1 — S'; v}, we conclude that there exists
g D> S and 8 D_5 § such that Fiower 7,5 +— S : T,8 — & : T, 5 S and T, s — 8
T, 5 g Fexp v : Tq- By Lemma 29, we conclude Fiyype T, — 8 : T, 5 3. By Lemma 32, we
conclude ;3 T, 5+— 8 : T, s — g Fexp v2 : To — RGN sfir 7,. Note that

T, s 8 :?,SHgl Fexp V2 @ Ta — RGN sfir Tb‘ ’-;~;‘J’,s»—>8' :?,SHg/ Fexp vi:RGN sr 74

T, s 8 T, s 8 Fexp V2 v) : RGN sfir 7,

Applﬁying thf/ induction hypothesis to (1a) Fiower 7,5+ S’ : T, 5+ 8 : T, 5+ gl, (Ib) T, s —
8§ T, 88 Feep v v' : RGN sfir 7, and (1c) T,s +— S’;vy v] — k", we conclude -;; 7,5
p 1
8 T 558 Fexp k" ¢ RGN str 7,. Applying the induction hypothesis to (2a) Fiower T8 —
— —r — —r
S Ts— 8 :T,s—8,(2b) 55T,s =8 :T,5s = 8 Fexp " : RGN str 7, and (2c)
T,s — 8 k% — §": 0" we conclude that there exists 3" 2> S and 8" D_> 8§ such that
Fiower Ths — 8" T s — 8" : T, s §" and T, s — 8" T, s — g Fexp v : 7,. By
==/ - - =/
transitivity of D=, we conclude § D=5 8§, 8" D=5 8, Fiower I, 5 — S : T,5— 8" : T, s— 8§
and T, s— 8" : T, s g Fexp v : T4, as required.
T = sfir1
r1 € dom(S) ro & dom(S)
T,s+— S,ro — {};v [stira] (AB.Ak : RGN stir1 B.witnessRGN sfiry sfire [8] k) handle(sfrs) — v’ v = kY
T,S — 577'2 — {};K’L}/ [ SII;UN/ S// = S,N,TQ — RIQN
T,s+— S;1etRGN [7] [Ta] v —x S [st @ /slira]; v""[sf @ /stira]
By inspection, the derivation of (2b) must end with

Case

;;?, s 0—;3 Ftype SHT1 -;f, s 8 Ftype Ta
55T, 8 8 :T,5+— 8 Foxp v Vausfry < a — RGNHandle @« — RGN a 7,

T, s> 8: T, 5 8 Fexp [tRGN [str1] [Ta] v : RGN 7. 7,

By inspection of the derivation Ftower 7,5 — S : T, s — 8 ;T, s— 8, we conclude Ftdom T, s+ 8,
Fitype T, 8 = 8 : T,5 +— 8, and dom(S) = dom(8) = dom(8). Note that T,s +— 8,7y — {} Do
T,s—8and T,s+— 8,73 — {} D=o=T,s+— 8§ and

’ Fsdom g‘ T2 ¢ dom(8) ‘ Frdom {}
s ¢ dom(T) ‘ Fodom 8,72 — {3}

’ Fedom T ‘

Ftdom fv s = ga T2 = {}
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and Fyype T,5 — 8,10 — {} : T, s — g,rz + {} (requires appealing to Lemma 32) and Fower
T,s v+ S,rg = {} : T,8 = 81z = {} : T,s — §ry — {} (requires appealing to Lemma 32).
By Lemma 32, we conclude -;+;T,s — 8,72 — {} : T, 5 — 8,70 — {} Fexp v : Vaustirs = a —

RGNHandle @« — RGN « 7,. Let ewit = AB.Ak : RGN sfir; 8.witnessRGN stiry stiro [5] k. Note that

Fetxt B3k RGN siry B; T, s — 8,79 — {}:T,s— 8, ry — {}
B+, kRGN stry B; T, s +— 8,79 — {}:T,58+— 8,79 — {} Fexp k : RGN stry 8

T,s = 8,72 = {} Feast sir1 ~ stra

©Bi ki RGN siry B;7,s— 8,79 +— {}: T,s — §,ry — {} Fexp witnessRGN sfiry sfiry [B] k : RGN sfry 3

BT, s 8,0 > {}: T, s 8,70 — {} Foxp Mk : RGN sfiry [3.witnessRGN sfiry sfirg [B] k : RGN sfir; B — RGN sfirg 8

3T, s = 8,mg = {}:T,s— 8,79 — {} Fexp ewit : sir1 =X strg

and

5T, 8= 8,12 = {} Feype slirz

g T, s 8o {} T, s 8,0 — {} Fexp v : Va.sri = a — RGNHandle « — RGN a 7,

T, s 8,r2 — {} (T, s 8,1y — {} Fexp v [stirz] : sfr1 X sfra — RGNHandle sfirs — RGN sfira 7,

T, 80— 8,m0 — {} : T, s »—»g, 72 — {} Fexp ewit : stir1 =X sfirs

T, s 8,10 — {} (T, s 8,19 — {} Fexp v [sfiT2] ewit : RGNHandle sfro — RGN strs 7,

’ 5T, s 8o {}: T, s 8,1 — {} Fexp handle(stirz) : RGNHandle sfiro

5 T,s0 8, = {}: T, 80 8,72 = {} Foxp v [sf72] ewis handle(stirz) : RGN stira 7,

Applying the induction hypothesis to (1a) Fiower 78 + S,72 — {} : T, 5+ 8,13 = {} : T, 5
S,ra — {}, (1b) T,s = 8,10 = {} : T,5 = 8,19 — {} Fexp v [sira] ewis handle(sirs) :
RGN sfiry 7,4, and (1c) T, s — S, 7o — {};v [sfira] ewit handle(sfira) — k', we conclude ;-; T, s —
8,re — {} : T,8 = 8,10 — {} Fexp " : RGN sfira 7,. Applying the induction hypothesis to
(2a) Frower Ty8 = Syma = {} 1 T,s 0= 8ra = {} : T,s = 8,m9 — {}, (2b) ;5 T, 5 — 8,19 —
{}: T, = 8,12 = {} Fexp £ : RGN stra 74, and (2¢) T, s +— S,r2 — {};5Y <, S 1y
5:0", we conclude that there exists s D5 8,1y — {} and 8" D_5 8,7y — {} such that
Foower 158 + 8™ rg = RY = T.s 81 : T s > gT and T, s +— 8T : T, s — gT Fexp v 4.
Note that ' D_5 8,7y +— {} implies st = gm,rg — ﬁ;’/. Note that 8" D_5 8,7y +— {} implies
8§t = 8" ry — RY'. Hence, we conclude that there exists s D_> 8and ig/ D5 {}and 8" 258
and R4’ D5 {} such that Fiower T, 5 +— S, 79— Ry : T, s — 8" rg — ig/ T, 558 g R,
and T, s+ 8" rg = RY : T)s gm,rg — ig/ Fexp v : 7,. By Lemma 33, we conclude
Frower T8+ S"'[st e /sira] : T, s — 8"[sf e /sfira]. By Lemma 33, we conclude +;+; T, s +— 8"[sf e
/stra] Fexp V[t ® /stira] : 7,[st @ /sro]. By the derivation (2b), we conclude ; T, s — 8 Fiype Tq.
By Lemma 36, we conclude 7,[st ® /stra] = 7,. Note that Fiower 75 — S : T, s+ 8 : T, 5+ §
implies Vr € dom(8).Vl € dom(8(r)).;T,s +— 8 Fype 8(r,1). Note that 8" D_5 8 implies Vr €
dom(8).Vl € dom(8(r)).8"(r,l) = 8(r,1). Hence, Vr € dom(8).Vl € dom(8(r)).;T,s — 8 Fiype
8" (r,1). By Lemma 36 (using ro ¢ dom(8)), we conclude Vr € dom(8).Vl € dom(8(r)).8"(r,1)[ste
/stra] = 8" (r,1). Furthermore, Vr € dom(8).Vl € dom(8(r)).8"'[sfe /stra](r,1) = 8" (r,1). Hence,
Vr € dom(8).Vl € dom(8(r)).8" [st e /sira](r,1) = 8(r,1). Hence, 8"[sf e /stro] D—5 8. Hence,
g 2> S, 8"'[st @ /sfirs] D=5 8, Frower T8 — S [sfe /stra] : T, s — 8"[sh e [siro] : T, 5 — gm,
and ;- T, s+ 8" [st e /stry] : T, s +— s Fexp V"' [st ® /sfira] : 74, as required.
ofip1 = stir1 oflpa = stira v=k"Y
S =81, — R1,S2,m72 — Ra2,53
T,s— S;kY —, S50

Case -: By inspection, the derivation of (2b) must end with

T,s — S;witnessRGN ofip1 otips [Ta] v <=k S50
gzgl,m '—>§1,g2,’f2 '—’§2,§3
55T, 8 8 Fexp: T,s — Sk : RGN sfir1 T T, s — 8 Feast sfiry ~ sfirs

5T, 80 8: 7,8 8 Foxp witnessRGN sty stira [74] ¥ : RGN sfira 7,
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Applying the induction hypothesis to (2a) Fiower T8 — S : T,5 +— 8 : T, s+ 8, (2b) T, s
8: 7,5 8 Fexp ¥ : RGN stiry 7, and (2¢) T, s — S; k¥ < S5’;v', we conclude that there exists
s D> S and 8 D_5 8 such that Fiower 7,5 +— 5" : T, s — §

— —

:T,s— 8 and -;;T,s — & :
e ., _
T,s5+— 8 Fexp V' 1 T4, as required.

T = sir v1 = handle(sfir)
Case r€dom($) 1¢ dom(5(r)) : By inspection, the derivation of (2b) must
T,s — S;newRGNVar [1r] [1a] v1 v2 =« S{(r,1) = va}; (1) spr
end with

s € dom(T,s — 8) r € dom((T,s +— 8)(s))

T, s 8: T, 5 8 Fexp handle(stir) : RGNHandle sfir

5T, 8 8:T, 8 8 Faxp W: T,
55T, s 8: T, 5 8 Foxp NnewRGNVar [sfir] [7,] handle(sfr) w : RGN s (RGNVar str 7,)

Note that 8{(r,1) —} D=5 8 and 8{(r,1) — 7.} D=5 §. Note that Fiower T, 5 — S{(r,1) — w} :
T, s = 8{(r,]) — 14} :T,s— 8{(r,]) —} (required appealing to Lemma 32). Note that

Ftdom ?» S g{(ﬁ l) ’—’} ‘ Feetxt -
Ftetxt - '§§, S g{(T’, l) '-*} Fyetxt -

Fotxe 55T, s = 8{(r,1) = 7o} : T, s = 8{(r, 1) =}
s € dom(T,s — S{(r,1) —})

Fotype T58 = 8{(r, 1) = 7o} : T, s = 8{(r, 1) =}

r € dom((T, s = 8{(r,1) = })(s)) |

’ 1 € dom((T,s+— 8{(r,1) —})) ‘

ra = (T,5 = ${(n ) = ra(s,7.D) |
T, s 8{(r, 1) = T} : T, 5 — 8{(1,1) =} Fexp (I)ssr : RGNVar stir 7,

Hence, ${(r,1) =} D=2 8, 8{(r,1) = Ta} 2= 8, Frower T)5 = S{(r,1) — w} : T,s
8{(r,l) — 15} : T, s — 8{(r,]) —}, and - T,s — &{(r,1) — 7o} : T,s — ${(r1) =} Fexp
() sgr - RGNVar str 7,, as required.

T = sir v = () spr
dom (S l € dom(S "= 8(r1 . . . .
Case S om(S) € dom(S(r)) v (T, ): By inspection, the derivation of (2b) must end with
T,s — S;readRGNVar [1,] [Ta] v <= S;v

s € dom(T,s — 8)

| - r € dom((T,s — 8)(s))
L€ dom((T,s— 8)(s,7))

Ta = (7,5 — 8)(s,7,1)
T, s—8:7,5— 8 Fexp (I)sgr : RGNVar stir 7,
53T, 8+ 8 Fexp readRGNVar [stir] [7a] (I)sgr : RGN sfr 74

By Fiower Ths — S : T,5 > 8 : T,s +— 8, r € dom(S), and | € dom(S(r)), we conclude
55T, 8 8 Foxp S(r,1) : 8(r,1). Hence, 55T, 8+ 8 Fexp w : 7, We conclude § 25 §, 8 D5 §,
Frower 1,58 :T,s—=8:T,5—8,and -;-;7T,5+— 8 : 7,5 8 Fexp w : 7,4, as required.

O
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3.5.3 Progress
Definition 1

(1) A pending judgement T;e —? is well typed iff there exists T, T, and T such that Fiower T : T+ T and
-;-;‘J’:ﬁ'l—exp e:T.

(2) A pending judgement T, s — S; k" <7 is well typed iff there existsfﬁ', T,8,8, redom(S), and 7, such
that Frower T, 5= 8 : T, 56— 8:T,s— 8 and -;;T,5+— 8:7T,5— 8 Fexp £” : RGN str 7,.

(3) A partial derivation ® is well typed iff every pending judgement in it is well typed.

Theorem 3 (Progress)

If © is a well-typed partial derivation with pending judgements, then there exists ®' such that ® — '
and ' is well typed.

Proof. Let 91 be the uppermost node of ® that is labeled with a pending judgement, either T;e —7 or
T,s — S;kY —,7. Any transition on © must occur at this node. We consider all posible forms of
pending judgments.

Case T;i—7: ...

Case T;e; @ey —7?: ...

Case T;e; @ey —7?: ...

Case T;tt—7: ...

Case T;ff —7: ...

Case Tjif e, then e; else ey —7: ...
Case T;\z:1.e =7 ...

Case Tje; ez —7: Because D is well typed, T;e1 ea —7 is well typed. Hence, there exists T, T, and 1
such that Fiower 1 : T : T and ;3T : T Feyp €1 €2 1 T2. By inspection, the latter derivation must
end with

55T T Fexp €1 171 — T2 5T T Fexp €2 171

5577 Fexp €1 €21 T2

Consider the children of T';e1 e —7:

Case (): Add [T;e; —?](), which is well typed by ;T : T Fexp €1 : 71 — To.

Case ([T;e1 — v1]): Applying Preservation to (1a) Fower 71 7 : T, (1b) 55T : T bexp €1 1 T1 — Toy
and (1c) T;e; — wv1, we conclude 53T : T boyp v1 ¢ 71 — T2. By Lemma 38, we conclude
vy = Az 7€’ Add [ug = Az €l

Case ([Tje1 — vi],[v1 = Az : 11.¢}]): Add [T;e2 —?](), which is well typed by ;T : T Fexp €2 : 71

Case ([Tie1 — vi,[v1 = Az : 71.¢'],[T;e2 — v2]): Applying Preservation to (1a) Fiower T2 T - T,
(1b) 55T 0T bexp €2 1 71, and (1c) T;eq — vy, we conclude ;T : T Fexp v2 @ T1. Recall,
53T T Fexp AT : T1.€] : 71 — T2. By inspection, this derivation must end with

T 7
e T T T bexp €7 1 T2

e T fFex}, Az : T1.€/1 1T — T
By Lemma 31, we conclude 5T : T Fexp €;[va/2] : 72. Add [T} €] [v2/x] <=7?](), which is well
typed by -5 ;T : T Fexp € [va/x] : To.
Case ([T;e1 — v1],[v1 = Az : 11.¢}], [T} ea < va), [T; ¢} [v2/x] < v3]): Replace 91 with [T;e1 e — vs].
Case T;(e1,...,en) =7 ...

Case T;sel; e —7?: ...
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Case T;Aa.e —7: ...
Case Tje [1] =7 ...
Case Tilet x =e; iney —7: ...

Case T;runRGN [ro] v —?: Because D is well typed, T'; runRGN [Ta] v —7 is well typed. Hence, there
exists T, T, and 7 = 7, such that Fiower T : T : T and ;T : T bFexp runRGN [7,] v @ 7. By
inspection, the latter derivation must end with

53T T Fexp v : Ya.RGNHandle & — RGN «a 74
53T T Fexp runRGN [75] v & 74
Consider the children of T; runRGN [7,] v <—7?:

Case (): Note that there exists s ¢ dom(T'). Add [s ¢ dom(T)].
Case ([s ¢ dom(T)]): Note that T, s+ ;7 — {} Do—— Tand T, s+ -,r — {} D5—— T and

Fedom - r & dom(-) Frdom {}
s & dom(T) ‘ Fsdom 7 — {}

Ftdom §7 S T {}

Fedom T ‘

and Fype T, 8 — 7 = {} : T,s — 7 — {} (requires appealing to Lemma 32) and
Frower 158+ -7+ {} : T, s+ -7+ {} : T,5 - 7+ {} (requires appaling to Lemma 32).
By Lemma 32, we conclude +; T, s+ -7+ {} : T,s — .7+ {} Fexp v : Va.RGNHandle —
RGN a 7,. Note that

Ftdom ?7 s = {} ‘ Ftetxt ©

s € dom(?,s»—»-,rl—»{})‘

r € dom((T.s > -r - {})(s)]

ST, s 1 {} Feype sfir

’-;-;‘T,SH-,T»—» {3:T, s r—{} Fexp v : Va.RGNHandle « — RGN « 7,

g T,s = {3 T, s 1 = {} Fexp v [si7] : RGNHandle sfr — RGN sfir 7,

e

s € dom(?,SH-,rH{})‘

r € dom((Ts -7 o {1)(s))]

5 Tys e = {3 T, s -, 7 = {} Fexp handle(sr) : RGNHandle sfir

g T,ss s {3 T, s 1 {} Fexp v [sir] handle(str) : RGN sfir 7,
Add [T, s+ -, — {};v [str] handle(sfr) <—7](), which is well typed by -;+; T, s+ -, — {} :
T,5+ .7 — {} Fexp v [str] handle(str) : RGN sfr 7,.

Case ([s ¢ dom(T)],[T,s — -,7 +— {};v [str] handle(str) — v']): Applying Preservation to (1a) Fiower
Tys— 1= {}bap Tos= r = {}: T, s r—={}, (1b) 55T, s — 1= {}:T, s
-7+ {} Fexp v [sr] handle(str) : RGN str 74, and (1¢) T, s +— -, 7 +— {}; v [sr] handle(str) —
v', we conclude ;s T, s+ -7 — {} : T, s 7+ {} Fexp ' : RGN str 7,. By Lemma 38, we
conclude v/ = k¥. Add [v' = k"]

Case ([s ¢ dom(T)],[T,s — -, 7+ {};v [str] handle(str) — '], v/ = x¥']): Add [T, s — -,r — {}; KV e,
?](), which is well typed by T, s+ -7 {} : T,s— 7+ {} Fexp 6% : RGN str 7,.
Case ([s ¢ dom(T)],[T,s +— -, 7 — {};v [sir] handle(sir) — '], [v" = &Y],[T,s > -, 7 = {}; K¥ <, S";0""]):
Applying Preservation to (2a) Fiower 1,5 + 7+ {} : T8 = -7 0= {} : T, s = - r > {},
(2b) 5T, s = v = {}: T,s = 1 = {} Fexp £ 1 RGN sir 7, and (2¢) T, s — -7 —
{}; 5 =, S0 we conclude that there exists 3" D5 r+—{}and 8 D5 ;7 — {}
such that Fower 7,5 +— S” : T, s 8" : T, s — §" and 5T, s 8" T, s 3" Fexp V" @ Tq.
Note that 8§ D_5 -, r +— {} implies 8" =.r— R®'. Note that 8" D_5 -7+ {} implies
8" = .,r — R”. Note that S” = -;r — R”, because Fyoyer T,5 — S” : T, 5 — ;7 — R :

T, s -1 — R’ Add [S"=-r— R"].
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Case ([s ¢ dom(T)],[T,s +— -,r +— {};v [str] handle(sfr) — v'],[v/ = &Y'],[T,s +— - r = {}KY <y
850", 18" = -, 7 — R"]): Replace M with [T; runRGN [7,] v — v""'[sf e /s#r][o/s]].

Case T;k? —7: ...
Case T;(I)spp =7 ..

Case T;handle(atip) —7: ...

Case T;returnRGN [7,] [r5] v —,?: Because D is well typed, T, s — S;returnRGN [7,] [74] v <7 is well
typed. Hence, there exists T, T, 8, 8, r € dom(8), and 7, such that Foyer T5 — S : T,5 +— § :
T,s— 8and T,8+— 8:T,s — & Fexp returnRGN [7,] [7,] v : RGN str 7,. By inspection, the
latter derivation must end with

-;?J}—»gktypesﬁr ~;»;7,s»—>8:?,sr—>§kexpv:‘ra

T, 80 8: T, 5> 8 Foxp returnRGN [sfr] [74] v : RGN sfr 7,

and 7, = sffr. Consider the children of T', s — S;returnRGN [7,] [7a] v <, 7
Case (): Add [r, = str].
Case (= = str]): Replace M with [T, s — S; returnRGN [str] [14] v < S;v].
Case T;thenRGN [r,] [a] [5] v1 v2 —.?: Because D is well typed, T, s — S;thenRGN [7,] [74] [73] v1 v2 —x
? is well typed. Hence, there exists T, T, S, 8, r € dom(S), and 7, such that Fiower T, 8 — S :

T,5—8:T,s—8and ;T,s— 8: 7,8+ 8 Fexp thenRGN [7,] [74] [75] v1 v2 : RGN str 7,. By
inspection, the latter derivation must end with

5T, 89— 8 :f,s»—>§)—exp vy : RGN sfir 7, 5T, 89— 8 :?,s»—»gl—exp vy 1 Tq — RGN stir 7
T, s 8: T, 51— 8 Fexp thenRGN [sf#r] [74] [75] v1 v2 : RGN sfir 74

and 7, = sfir. Consider the children of T, s — S;thenRGN [7,] [74] [7p] v1 v2 —x7:

Case (): Add [7, = sfir].

Case ([r- = sfir]): By Lemma 38, we conclude v; = k¥1. Add [v1 = k¥4].

Case ([r = str],[v1 = x¥1]): Add [T, s — S;k"1 —47](), which is well typed by -;-;T,s — § :
T,5— 8 Fexp V1 : RGN sfir 7.

Case ([r = str],[v1 = £"1],[T,s — S;k%1 —x S'501]): Applying Preservation to (2a) Fiower 1,8 +—
S:T,8=8:T,5— 8, (2b) 55T,8— 8: 7,8 8 Fexp £”1 1 RGN str 7, and (2c)
T,s — S;K"1 < S';0], we conclude that there exists 8’ D—> 8§ and 8’ D—5 8 such that
Friower 1,8 — S : T, s +— 8 : T, s — S and 5T, s 8 T, s — g Fexp U] @ Ta. By
Lemma 32, we conclude -;-; T, s +— 8 : T, 5 g Fexp U2 : T, — RGN sfir 7,. Note

’~;~;‘T,s>—>8/ :T,sn—>§/ Fexp V2 : Ta — RGN sir 7

’ - </ !
55T, 88 1T, 8 Fexp V]t Ta

5T, 8 s’ : T, s — 8 Fexp v2 ’Ui : RGN sfir

Add [T, s — S';v9 v —?](), which is well typed by «;T,s +— 8 : T, s 3 Fexp v2 ¥] :
RGN sr 7.

Case ([rr = sfir], [v1 = &¥1],[T\s — S;x%1 —x S50, [T,s — S’;v2 v] — v”]): Applying Preservation
to (1a) Frower Th5 — 8" : T, 5 = 8 : T, 5 gl, (1b) +T,s — 8 : T,s5 s g Fexp V2 ] :
RGN str 7, and (1c) T,s — S';vy v} — 0", we conclude +; T, s+ 8 : T, 5 g Fexp v :
RGN str 7,. By Lemma 38, we conclude v” = k*”. Add [v” = k""].

Case ([r = str], [v1 = &¥1], [Ty s = S;K%1 = S50, [T, s > 8500 v} <y 0], 0" = x*"]): Add [T, s —
. — 7
S’ k" . 7](), which is well typed by ;T,s— 8 : T, 5+ 8 Fexp 67" : RGN sfir 7,
Case ([rr = str], [v1 = k1], [T, 8 = S; k%1 —w S50, [Ty s = S'502 v =k 0], 0" = k"], [Ty s — S5 k%" —x

§:0"): Replace M with [T, s — S;thenRGN [sfir] [7a] [7p] £¥1 v2 —x S"50"].
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Case 7,5+ S;letRGN [r] [ra] v <—.7: Because D is well typed, T, s — S;1etRGN [7,.] [1a] v <47 is well
typed. Hence, there exists T, T, 8, 8§, r; € dom(8), and 7, such that Fiower 7,5 +— S : T, s
§:T,s— 8 and ;T,5 > 8 Fexp [tRGN [7,] [74] v : RGN sfir; 7,. By inspection, the latter
derivation must end with

_ B _ 57,8 8 Feype sfr
5 T,5 = 8 Ftype Ta 55T, 8 8: 7,5+ 8 Foxp v : Va.RGN sfir; < o — RGNHandle o — RGN «a 7,
T, s 8: 7,5 8 Fexp [6tRGN [sfir1] [7a] v : RGN sfiry 74

and 7, = sfir;. Consider the children of T, s — S;|etRGN [7,] [7,] v —, 7

Case (): Add [7, = sir].

Case ([r. = str1]): Note that Fower 7,5 — S : T,5 +— 8 : T,5 +— § and r; € dom(S) implies
r1 € dom(S). Add [r1 € dom(S)].

Case ([r = stri1],[r1 € dom(S)]): Note that there exists ro ¢ dom(S). Add [re & dom(S)].

Case ([r, = stir1],[r1 € dom(S)],[r2 ¢ dom(S)]): Note that Fiower 7,5 — S : T,s — 8§ : T,5 — §
and 7o ¢ dom(S) implies 7o ¢ dom(8). Note that T,s — 8,79 — {} Doo= T,s — § and
T,s— 8,19+ {} D=o=T,5s— § and

’ Fsdom g‘ ro & dom(g) ‘ Frdom {}
s & dom(T) ‘ Fedom 8,2 — {}

Fedom T ‘

Ftdom ﬁv S = g7 r2 {}

and Fiype T,8,1m2 = {} - T,s +— 8,19 +— {} (requires appealing to Lemma 32) and Fower
T,s+ Sirg = {}:T, 581y {}:T,5+— § 13— {} (requires appealing to Lemma 32).
By Lemma 32, we conclude + T, s — 8,72 — {} : T, s — 8,72 = {} Fexp v : Vaustir; < a —
RGNHandle & — RGN « 7,. Let ewis = AB.Ak : RGN stir; S.witnessRGN sfiry stirs [5] k. Note
that

Fetxt B85k RGN stiry 35T, s +— 8,mg +— {}: T,s — 8,3 — {}
©B;, kRGN sfiry B;T,s+— 8,79 — {}:T,s+— 8,79 — {} Fexp k : RGN sfr; B

T.s > 8,r2 = {} Feast str1 ~ sira

©,B;-, kRGN siry B;T, s+ 8,70 +— {} : T, s — 8, 7rp > {} Fexp witnessRGN s#ry sfro [B] k : RGN stry B

BT, s 8,19 {}:T,s— 8,1y — {} Fexp Ak : RGN sfr] B.witnessRGN stry sirg [8] k : RGN sirq B — RGN siry 3

T, s 8,ra = {} T, s 8,72 — {} Foxp ewit : sfiry =X sirg

and

5T, 80 8,72 = {} Frype sfir

g T, s 8, {}: T, s 8,10 — {} Fexp v : Va.sfry < o — RGNHandle a — RGN a 7,

g T, s 8, {1 T, s 8,10 {} Fexp v [sir2] : sfir1 = sfirs — RGNHandle sfro — RGN sfire 74

T s 8, = {}: T, 80 8,10 = {} Foxp ewis ¢ sirn =X st

T, s 8,1m0 — {} c T, s — 8,719 {} Fexp v [sfiT2] ewit : RGNHandle sfiro — RGN stirs 7,

’ T, s 8,2 — {} (T, s 8,7rp {} Fexp handle(sirz2) : RGNHandle sfirs

T, 80— 8,10 — {} : T, s 8,10 {} Fexp v [sfir2] ewit handle(sfir2) : RGN sfre 74

Add [T,s — Sorg — {};v [sra] ewit handle(sfirs) —7?](), which is well typed by -;+;T,s +—
8,ra = {}: T, 5 8,12 > {} Fexp v [s12] ewir handle(sira) : RGN sfirg 7.

Case ([rr = str1], [r1 € dom(9)], [r2 & dom(S)], [T, s — S.r2 + {};v [s#r2] ewir handle(str2) — v’]): Applying
Preservation to (1a) Fiower 1,5 +— S,ro = {} : T, 5 = 8,70 = {} : T, s — 8,79 — {}, (1b)
T s 8= {}: T,s 0 8 ry = {} Fexp v [si72] ewit handle(strs) : RGN stry 7,, and
(1c) T,s — S,ro +— {};v [stire] ewi handle(sire) < o', we conclude ; T, s +— 8,79 — {} :

T, s+ 8,79 — {} Fexp ¥ : RGN stry 7,. By Lemma 38, we conclude v = £¥’. Add [v/ = k"]
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Case ([ry = stir1],[r1 € dom(9)],[r2 & dom(S)], [T, s +— S.ra = {};v [stra] ewis handle(sfira) — v'], [v’ = KY']):
Add [T,s = S,rg {};5Y" —x?](), which is well typed by ;7,5 — 8,13 — {} : T,s —
8,72 — {} Fexp " : RGN sfiry 7.

Case ([t = stri1],[r1 € dom(S)],[r2 ¢ dom(S)],[T,s — S.ra — {};v [stra] ewis handle(stira) — v'],[v/ =
KV T,s — S,ra = {};6Y —x S”;0"'])): Applying Preservation to (2a) Fiower 1,5 +— S,72 +—
{3 :Ts—= 81— {}:T,s— 8§ro—{}, (2b) ;5T,s— 8,ro—{}:T,s — 81y —
{} Fexp K% : RGN stry 75, and (2¢) T, s +— S,r9 — {}; k¥ <, S”;v"", we conclude that there
exists 8 D> 8,1y +— {} and 8" D=5 8,72 — {} such that Fyoyer 1,5 — S : T, 5 — 8" :
T, s — §” and 5T, s 8" T, s - 3" Fexp v : 74. Note that g D_5 8,79+ {} implise
3 =8"r— ig/. Note that 8" D=5 §,re +— {} implise 8" = 8", ry — RY’. Note that
Frower 1,5+ S : T, s 0+ 8" rg > RY = T, 5 gm,rz — i;” implies S = 8", ry — R".
Add [S" =S, ry — RY].

Case ([TT‘ = Sﬁrl]z[rl S dom(S)L[TQ ¢ dom(S)],[T,s g S~'r'2 = {};’U [Sﬁ"?} Ewit handle(sﬁrg) — UI],[’U/ =
KV Tys +— S,r2 — {}rY <. 870", [8" = §",ry — RY]): Replace Mt with [T,s +—

S;1etRGN [sfr1] [7a] v = S7[s§ @ /slira]; v [sh @ /strs]].
Case T,s + S;witnessRGN otip1 ofips [1a] v —u? Because © is well typed, T,s

S; witnessRGN ofipy ofipe [Ta] v <7 is well typed. Hence, there exists T, T, 8, 8, r2 € dom(8§),

and 7, such that Fiower T8 —= S : T,s = 8 : T,s — S and ;7,5 — 8§ : T,5 —= § bFeyxp

witnessRGN ofip1 ofips [74] v : RGN stiry 7, By inspection, the latter derivation must end with
§=§17T1 s §1732,7‘2 = §2733

T, s 8: 7,58 Fexp v : RGN sfiry 74 T, s 8 Feast siry ~ stira
T, s 8: T, 51— 8 Fexp WitnessRGN sfiry sfira [74] v : RGN sfire 74

and ofip; = stry, ofps = sfira, 8§ = 81,71 — Ry,82,70 — Ry, 83. Consider the children of
T, s — S;witnessRGN cfipy ofps [1a] v —x?:

Case (): Add [otlp = stir1].

Case ([otp1 = stir1]): Add [0'tp = stira).

Case ([o#p1 = str1], [otp2 = str2]): By Lemma 38, v = k”. Add [v = k"].

Case ([otp1 = str1], [otp2 = stra], [v = £*]): Note that Fiower T8 — S : T, 5 8 : T, s — 81,71 —

§1782,7‘2 = fRQ,Sg implies S = 51,7‘1 — Rl,SQ,T’Q = RQ,Sg. Add [S = Sl,’l’l = Rl,SQ,’I’Q =
Ry, S3].

Case ([otp1 = stir1], [o8p2 = sira], [v = kY], [SE 51,7“17'—> R1,S2,72 — Ra, S3)): Add [T, S — S; KY ‘—>,{?}(),
which is well typed by +;-;T,s— 8 : T,5+— 8 Fexp £” : RGN stiry 7,.

Case ([otip1 = sfir1], [ofp2 = sfr2],[v = &],[S = S1,71 — R1,S2,72 — R2,S3 | T,s — S;k" <, S';0']):
Replace M by [T, s — S; witnessRGN sfiry sfiry [1.] 67 <, S'; 0]

Case T,s + S;newRGNVar [r,] [ra] v1 w2 g7 Because © is well typed, T,s
S;newRGNVar [7;] [7,] vi va <7 is well typed. Hence, there exists T, T, 8§, 8, r € dom(8),
and 7, such that Fiower 758 — S : T, = & : T,s — Sand . 47,8 — 8 : 7,5 = 8 Fexp

newRGNVar [7] [74] v1 v2 : RGN sfir 7, By inspection, the latter derivation must end with

5T, 80— 8 :?,SHgFexp v1 : RGNHandle sfr 5T, s 8 Z?,SHgFexp V2 i Tq
s T,s—8:T,5— 8 Fexp NeWRGNVar [sfr] [7q] v1 v2 : RGN sfir 7,

and 7, = sfir. Consider the children of T, s — S; newRGNVar [7,] [1,] v1 v —,7:

Case (): Add [, = str].

Case (= = str]): By Lemma 38, v1 = handle(s#r). Add [v; = handle(sfr)].

Case ([r, = str],[vi = handle(str)]): Recall that T,s — 8 : T,s = § Fexp handle(sir) :
RGNHandle sfr. By inspection, this derivation must end with

s € dom(T,s — 8) r € dom((T,s — 8)(s))
s T,s—8:T,s— 8 Fexp handle(sfir) : RGNHandle sfir
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Hence, r» € dom(8). Note Fiower 1,5 +— S : T, +— 8 : T, 5+ § and r € dom(S) implies
r € dom(S). Add [r € dom(S)].

Case ([rr = stir],[v1 = handle(str)], [r € dom(S)]): Note that there exists [ ¢ dom(S(r)). Add [l ¢
dom(S(r))].

Case ([rr = str],[vn = handle(str)],[r € dom(S)],[I ¢ dom(S(r))]): Replace M with [T,s +—
S; newRGNVar [sfr| [74] handle(str) vo —. S{(r,1) — w}; (1) sr].

Case T,s— S;readRGNVar [r,] [ra] v —,7: Because D is well typed, T, s — S;readRGNVar [7,] [7,] v —,?
is well typed. Hence, there exists T, 7, 8, 8, r € dom(8), and 7, such that Fiower T, 5 — S : T, 5 —
§:T,s— 8 and T,s— 8:T,s > § Fexp readRGNVar [7,] [7,] v : RGN sfir 7, By inspection,
the latter derivation must end with

5T, s 8 :f,sr—»gkexpv:RGNVar sr T4
5T, 50 8: T, 5> 8 Foxp readRGNVar [str] [74] v : RGN str 74

and 7, = sfir. Consider the children of T, s — S;readRGNVar [7;] [14] v —x7:
Case (): Add [r, = str].
Case ([r = str]): By Lemma 38, v = (). Add [v = ()]
Case ([rr = str,[v = ()ss.]): Recall that T, s — 8 : T, s+ 8 Fexp (I)sr : RGNVar sir 7,. By
inspection, this derivation must end with
- -~ - Fctﬁ‘;';j,s'—)S:i,SL—)g _
s € dom(T,s — 8) r € dom((T, s — 8)(s)) L€ dom((T,s— 8)(s,7)) Ta = (T, s +— 8)(s,7,1)
5 T,s—8:T,5— 8 Fexp (I)sgr : RGNVar sir 7,

Hence, r € dom(8) and | € dom(8(r)). Note Fiower 155 +— S : T,s — 8§ : T, s > § and

r € dom(8) implies r € dom(S). Add [r € dom(S)].

Case ([r = str],[v = (Dsge), [r € dom(5)]): Note Fiower Tys — S+ T,s = 8 : T,s — 8 and
I € dom(8(r)) implies I € dom(S(r)). Add [l € dom(S(s))].

Case ([rr = stir], [v = (syr), [r € dom(S)],[l € dom(S(r))]): Note [ € dom(S(r)) implies v' = S(r,1).
Replace M with [T, s — S;readRGNVar [sfir] [14] ({)sgr —x S;0'].

O

3.5.4 Soundness

Theorem 4 (Soundness)
If 555 1 - Fexp €1 T, then any execution of e (in -) either terminates with a value v (such that ;-5 1 - Fexp
v:T) or diverges.

Proof. Let [;e —=7?]() — ®1 — D2 — -+ be an execution of e. Note that [-;e —7]() is well-typed by
Feower ¢+ i+ and 5+ 1 - Fexp € 1 7. By Progress, every ©; is well typed;

(1) Suppose that for all ®,, such that [T;e —7]() —* D,,, there exists D,y such that ©,, — D, 11.
Then, e diverges.

(2) Suppose that there exists ©,, such that [T;e —7]() —* D,,, such tha tthere does not exist D,, 11
such that ®,, — D, 11.
(a) Suppose ®,, contains no pending judgements. By Lemma 21, ©,, = [T;e — v]. Then, e
terminates with the value v. By Preservation, «;-;-: - Feoxp v @ 7.

(b) Suppose ®,, contains pending judgements. By Progress, there exists ®’ such that ©,, — D',
contradicting the assumption that there does not exist ®,,41 such that ®,, — ©,41. Thus,
e cannot get stuck.

O
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Surface commands kY = ...| writeRGNVar [7,] [14] v1 v2

Computation commands k¥ == ... | writeRGNVar [7,] [74] v1 v2

T,s— S;k" —. 50

Tr = str v1 = (Dsgr
r € dom(S) l € dom(S(r))

S;readRGNVar [7,] [7a] v1 v2 —x S{(r,1) — v2}; ()

A;F;‘J’:ﬁ'l—cxpe:T

AT T T Fexp v1 : RGNVar 7, 7,A; T T : T Fexp V2 : Tq
AT T T Fexp writeRGNVar [7.] [7a] v1 v2: 1

Figure 32: Extensions to FRON for writeRGNVar

3.6 Extensions

FRGN.

We consider two easy extensions to the language : mutable variables and fixed-point variables.

3.6.1 Mutable variables

Figure 32 presents the extensions necessary to support mutable variables The command
writeRGNVar [7.] [r.] v1 v2 overwrites the value stored at the location v; with the value wvy. All
lemmas and theorems can be extended to support mutable variables in a straight-forward manner. In the
special case where programs do not contain |etRGN, we obtain an alternative proof for the soundness of
strict monadic state [23].

3.6.2 Fixed-point variables

Figure 33 presents the extensions necessary to support fixed-point variables. The command
fixRGNVar [7,] [r4] v1 ve allocates a value of type 7, in the region indexed by 7,; the value is produced
by the function vy which is applied to the location where the allocated value is to be stored. This provides
a means of allocating recursive functions. (Recursive structures could be accomodated with the addition of
recursive types.)

The dynamic semantics for fixRGNVar make use of a dummy storable value ¢. The typing rule for ¢
admits arbitrary well-formed types. (We slightly abuse notation here; ¢ is not technically an expression
form. A ¢ can only appear in the range of a region.) However, ¢ is not a value and cannot be the result of
any computation. It serves as a place holder in the store, marking the location where the recursive knot will
be tied. It also ensures that the tower is well-formed with respect to the extended tower type necessary to
prove that vo (1), is well-typed.

We note that the typing rule for fixRGNVar requires that the function vs has the type RGNVar 7,. 7, — 7.
This is a pure function, not a monadic computation. Hence, it is safe to evaluate with the location bound
to ¢ (where the allocated value is to be stored), because no computation (and, hence, no reading of region
allocated values) can occur during the evaluation of the application of v to the location. On the other hand,
vy can return a (suspended) computation that reads the allocated value, since this computation cannot
occur until after the knot has been tied. For example, the following expression? returns a location of type

2In which we assume h has type RGNHandle 7. and we introduce the following notation:

bind f:7, < ej;ea=letk=ep in
thenRGN [7] [7a] [m] & (Af : Ta.€2)
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Surface commands kY = ...| fixRGNVar [1,] [7a] v1 v2

Computation commands k¥ == ... |fixRGNVar [7,] [7a] v1 v2
Storable values w = v]|
Regions R = {limwy,...,lh— wy}

T,s— S;k" —, S0

Tr = sir v1 = handle(sfir)
r € dom(S) I ¢ dom(S(r))
T, s+ S{(r,1) = O};v2 (sgr — 0
S; fixRGNVar [1,] [1a] v1 v2 <= S{(r,1) — v'}, (Dstr

A;F;‘J’:fl—expesr

Feoxt AT T AT Foype T
A;F;‘J’:fl—exp o7

AT T Fexp v1 : RGNHandle 7, AT T Fexp v2 : RGNVar 7, 7, — 7,
AT T T Fexp fiXRGNVar [7.] [7a] v1 v2 : RGN 7 (RGNVar 7, 75,)

Figure 33: Extensions to FRON for fixRGNVar

RGNVar 7, (int — RGN 7, int), which points to a (monadic) function that evaluates factorials:

fixRGNVar [r;] [int — RGN 7,. int] h
(Af : RGNVar 7, (int — RGN 7, int).
An :int.
if n =0 then returnRGN 7, 1
else bind g : int — RGN 7,. int <= readRGNVar [7,] [int — RGN 7. int] f;
bind m : int < g (n — 1);
returnRGN [7,] [int] (n *m)

where k is fresh and 7, and 73, are inferred from context
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Translations yielding region domains

Region domains
Tirdom i #] = lz 75 l] i€l..n,j€l...n
R Frdom {ll,...7ln}

= {h,..., 0.}

Translations yielding stack domains

Stack domains

Fsdom —
Tg I_sdom . -

T scdom |[Fsdom S ré¢ dom(g) Frdom R
s =

e = Teion [§] o Toriom [R]

sdom S7T — R

Translations yielding tower domains

Stack domains

. ) if §=-
de [[Fsdoma] = { .’SHTgsdDm [@] otherwise

Figure 34: Translation from the Single Effect Calculus to FREN (Stacks (T))

4 The Translation

In this section we present a type- and semantics-preserving translation from the Single Effect Calculus to
FRGN  Many of the key components of the translation should be obvious from the suggestive naming of the
previous sections. We clearly intend letregion to be translated (in some fashion) to letRGN. Likewise, we
can expect types of the form (u,p) to be translated to types of the form RGNVar 7, 7,. It further seems
likely that the outlives relation p > p’ should be related to the witness functions 7. < 7. We present the
translation in stages, as there are some subtleties that require explanation.

We start with a few preliminaries. We assume injections from the sets RVars®F¢ and Vars3F¢ to the sets
TVars"RGN and Vars™®EN respectively. In the translation, applications of such injections will be clear from
context and we freely use variables from source objects in target objects. We further assume two additional
injections from the set RVarsSFC to the set Vars®™@CEN: the first, written h, will denote the handle for the
region o, while the second, written w, will denote the witnesses for the region p.

The translation is a typed call-by-value monad translation, similar to the standard translation given
by Sabry and Wadler [22]. We have not attempted to optimize the translation to avoid the introduction of
“administrative” redexes. We feel that this simplifies the translation, and it does not significantly complicate
the proof that the translation preserves the semantics, owing to the fact that only three expression forms in
the source calculus are value forms. The translation is given by a number of functions: TS [-] translates
from the syntactic class src in the Single Effect Calculus to the syntactic class dst in FREN,

Figure 38 shows the translation of types. As expected, the type (u,p) is translated to
RGNVar ']I‘:”l"“’ [[A;g Fplace p]] 'H‘tbt”’e [[A;g Fhtype ,u]7 whereby region allocated values in the source are
also region allocated in the target. The translations of primitive types and product types are trivial. More
interesting are the translations of function types and region abstraction types. Functions with effects bounded
by the region 6 are translated into pure functions that yield computations taking place in stack of regions
with 0 as a member. Region abstractions are translated into type abstractions. Because the target calculus
requires explicit region handles for allocation, each time a region is in scope in the source calculus, the
region handle must be in scope in the target calculus. This explains the appearance of the RGNHandle o
type in the translation. Likewise, the target calculus makes witness functions explicit, whereas in the source
calculus such coercions are implied by > related regions. Hence, we interpret ¢ = {p1,...,pn} as an n-
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Translations yielding type contexts

Region contexts

T retxt l_Sd(’m 8 _

a S '_rctxt °

S Fretxt A 0 ¢ dom(A) A;Ster @
g |_rctxt A, % i %2

’]I‘Zrctxt ’]I‘Zrctxt [lg F et A]] 0

FRGN (

Figure 35: Translation from the Single Effect Calculus to Region contexts (1))

Translations yielding types

Places _
Ttplace ) }_rctxt Ai RS dom(A) _ 0
A8 Fplace ©
T:place S |_rctxt Aﬁ re dom( ) _ Sﬁr
A; S '_place r
pituce || S Freot & f [ ofe i § =
’ A; g '_place o Sﬁ. otherwise

Figure 36: Translation from the Single Effect Calculus to FRN (Places (1))

Translations yielding value contexts

Region contexts
s | Fraom 8]
" 8 Frctxt .
Thretst S Fretxt A _ o & dom(A) A; 8 Fest _
r 8 Frctxt A7 Q t 90
TRt [8 Fretxt A] 4 ho : RGNHandle g, wy, : (T, Piece [A;8 Fplace p1] 20 x -+ % T Plece [A;S Fptace pn] = 0)
where ¢ = {p1,...,pn}

FRGN (

Figure 37: Translation from the Single Effect Calculus to Region contexts (II))
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Translations yielding types

Types
8 Fretxt A
TEove |22 = bool
A; 8 Fiype bool
A; g |7 e A; g '7 ace -_— —
T:typc btype [ pl Pﬂ — RGNVar T:placc [[A; S Fplace ,0]] T;btypc [[A; 3 }_btype #]]

A;g Fiype (14, p)

Boxed types

T:btype wﬂ ~ it
A; 8 Fpiype int
T btvpe [ A8 Fiype 71 A;S Fplace 0 A;8 Frype T2 _
' A§g Fotype T1 s, Ty
i T tvee [A;8 Frype 1] — RGN ' place [2:3 Fptace 0] Thwe [AS Feype 7]
T bepe A8 Hypj 1 A; 8 Fiype 7’2H T twe [4:8 Fype 1] % T tpe [A:5 Frype 7]
A; 8 Fhtype T1 X T2
T bvpe (ASker o Ao éw;g Folace @ A, 0= 938 Fiype Tﬂ _
' A8 Fpiype o = 4,0.97'

Vo.(T-7 [ArS Fptace p1] < 0% +++ X T [A;8 Fplace pn] < 0) —
RGNHandle o —

RGN Ttplace [I:A, % t @,g }_place aﬂ T:type [[Aa 4 t QO,g l_type T]]
where ¢ = {p1,...,pn}

Figure 38: Translation from the Single Effect Calculus to FRCN (Types)

Translations yielding stack types

Stacks types

sdom )
dom(8) = dom(8)
Towve | Vr € dom(S). dom(S(r) = dom(S(r)) _ s
Vr € dom(8).Vl € dom(8(r)). ;8 Futype S(r,1)
styp 8 g
where dom(S) = dom(S™)
dom

Vr € dom(S). (S(r)) = dom(S*(r))
Vr € dom(S).Vl € dom(8(r)).5" (r,1) = T:"° [48 Fugype S(r,1)]

Translations yielding tower types

Stack types

N _ . if § =-
T.stype Fotvpe S 1 8 =
T [[ typ H { LS ']I‘gswpe [[l—stype S : ﬂ] otherwise

Figure 39: Translation from the Single Effect Calculus to FRCN (Stacks (IT))

74




Translations yielding value contexts

Value contexts

g Frctxt A :|]

Fvetxt
Tr A;SF
) vetxt -

A; S Fyetxt T x ¢ dom(T") A;S Ftype T
A;g Fvetxt Iy x 0 7

’]I‘;vctxt = Tlt"c“‘t [A;g Fyctxt F] Tt T, [[A§g Fiype T]]

Figure 40: Translation from the Single Effect Calculus to FRCN (Value contexts)

Translations yielding types

Witnesses
To [AsS e p = p] = To™ [ASS Fptace p] = Tr"" [ATS Fpace ]
S Fretxt A
Ty | A8bwpzp " = (o [Ai8 hwp = pi] - x TH [AS b p = pa])

A;8 e p = {p1,---,pn}

Translations yielding terms

Witnesses
[ 8 Frewxt A
Toe | A(0) = {p1,- s pis--spn} | = ABNk: RGN TP [AS bprace pi] Brlet w = sel; w, inw [8] k
A;Stw 0> pi
g '_rctxt A
T 8 =81,71 — R, 82,72 — Ra, 83 = AB.M\k : RGN stry B.witnessRGN stry sfire [8] k
A8t re =T

-A;gl—rc r={ri,...,rn}

T e _ —
N A8 br =y
AB. Mk : RGN T:pl'“e [[A;g Fplace Ti]] B.let w = sel; Thre [A;g Fre 7 = {r1,.. .,rn}]] inw 8] k
- [8 Freoxe A §=81,m1+ Ri,82 .
T, = = AB.M\k : RGN sfr1 B.witnessRGN sfiry st e [3] k
JANE R Y R S
[ A7g}_ ace =
Thee | =2 B2 Pl AB Ak - RGN TP [AS Fprace p] Bk
A8t p=p
T [AStwp=p ASEep =p"]
! | A8t p=p” B
ABAE : RGN TP [AS Fpjace p] Blet k' = Thr [AS o o/ = p"] [8] k in T [AS b p = ] 18] K
_ g '_rctxt A .
Thre || A;8 b p = ps eln = (T [[Ag Fee p = p1] yoo, The [Ag )

A;Stre p=A{p1,...,pn}

Figure 41: Translation from the Single Effect Calculus to FRCN (witnesses)
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Translations yielding terms

Places )
r]rzplacc 8 Frctxt Ai 1% e dom(A) _ hg

A; S }_place o

8 Fretws A € dom(8

TPl w b redom®) | die(str)

A; 8 Fplace T

TFplace 8 Frctxt A _ handle(oti.) lfg =
v A;S Fplace ® handle(stie) otherwise

Figure 42: Translation from the Single Effect Calculus to FRN (Places (II))

tuple of functions, each witnessing a coercion from region p; to g. This interpretation is formalized by the
T:place [[Aag l_place piﬂ <o typeS-3

We extend the type translation to contexts in the obvious way. In addition to translating region variables
to type variables and translating the types of variables in value contexts, we have additional translations
from region contexts to value contexts. As explained above, region handles and witness functions are explicit
values in the target calculus. Hence, our translation maintains the invariant that whenever a region variable
0 = {p1,...,pn} is in scope in the source calculus, the variables ¢" and ¢“ are in scope in the target
calculus. The variable o" (of type RGNHandle g) is the handle for the region ¢ and the variable o* (of type
T place [[A;g Fplace pl]] < 0oX - X T place [[A;g F place pnﬂ = o) is the tuple holding the witness functions
that coerce to region p.

Figure 41 shows the translation of witness terms. The first six translations in the second set of translations
map the reflexive, transitive closure of the syntactic constraints in the source A and § into an appropriate
coercion function. The final translation collects a set of coercion functions into a tuple; such a term is
suitable as an argument to the translation of a region abstraction.

Figures 43, 44, 45, and 46 shows the translation of terms. In order to make the translation easier to read,
we introduce the following notation:

bind f: 7, < ej;ea =let k=e€1 in
thenRGN [7,] [7a] [7] & (ASf : Ta-€2)

where k fresh
where 7, and 7, are inferred from context. Note that this induces the following derived rules:

Tiep —wv
T;bind f: 7, < e1;eq < thenRGN [7] [7,] [1] v (Af : Tq.€2)

A;F;‘J’:j’l—exp e1: RGN 7, 7, A;F,f:Ta;‘T:?l—exp ez : RGN 7. 7
A;F;T:fl—exp bind f: 7, < e1;e2 : RGN 7. 7

The translation of an integer constant is a canonical example of allocation in the target calculus. The
allocation is accomplished by the newRGNVar command, applied to the appropriate region handle and value.
However, the resulting command has type RGN T Piace [p] (RGNVar T Piace [p] int), whereas the source typing

3Note that in the Single Effect Calculus, we only substitutes regions for region variables. This means that the sets of
regions that appear in the program never change size (although they may change elements as a result of substitution). The

'_ p—
T, Place [[A; 8 Fplace pi]] =< p translations require keeping the ordering of regions in a set {p1,...,pn} constant. It does not

require a global ordering on region variables; such an ordering would not suffice for our purposes, because the ordering of
elements in a set might change after substitution. Instead, we take {pi,...,pn} as a list with fixed order, where substitution
preserves the order.
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Translations yielding terms

Expressions

B Fetxt ;158 :73;0
T:exP A, 8 I7placc P A7 8 Frr 9 t P =
A;T;8 : 8 Fexp i at p: (int, p), 6

TH [A;8 Fue 0> p] [T [A;S Feype (int, p)]]
(newRGNVar ['JTE""‘“ [458 Fpiace p]]
[Tgbtype HALS '_btype int]]]
Tvplacc [[A7 S }_place P]]
i)
A;T;8 8 Fexp €1 : (int, p1),0 A;8 b 0= pr
AT;8:8 I—g(p ez : (int, pz),é)i A; Sk 0> po
A; 8 Fplace p A8k 0= p -
AT;S: 8 Fexp €1 ® €2 at p: (int, p), 0
bind a : T';“ype [[A;g Fiype (int,pl)ﬂ ~= T:e"p [[A;P; $:8 Fexp €1 : (int,pl),ﬁ]] ;
bind a’ : T5™" [A;8 Frype int] < T [A;S b 0 = pa] [Tr [AsS Foype int]]
(readRGNVar [T57** [A;S Fprace p1]]
[T [A;S Fuiype int]]
a);
bind b : T:type [[A;g Feype (int, pg)ﬂ <~ 'JI‘L_exp [[A;F; $:8 Fexp €2 : (int7p2)79]] ;
bind b’ : T, ™ [A;S Fiype int] < T [A;S o 6 = pa] [T-™"° [A;S Foiype int]]
(readRGNVar [T57** [A;S Fprace p2]]
[T75%¢ [A;S Fuiype int]]
b);

T:exp

letz=d @b in
T, [AsS b 0= p] [T-77° [AsS Fype (int, p)]]
(newRGNVar [’]l'tpl'““ [[A;g Fplace P]]]
[T [A;S Fiype int]]
T,"*° [ A58 Fptace 7]
z)
where a,a’,b, V', z fresh
AT S :EFEXP e1: (int, p1),0 A;ghrﬁtm
The® || AsT;8 1 S beyp €2 : (int, p2), 0 A;8 o 0= p2 =
A;T Fexp €1 © €2 : bool, 0
bind a : Tt“”’e [A;g Fiype (int,pl)]] &= T:exp [[A;F;S .8 Fexp €1 : (int, pl),e]] ;
bind @’ : T-* [A;8 Fueype int] < T5r [A;8 Fur 6 = p1] [Tr™™ [A;S Foiype int]]
(readRGNVar [Tiplaw [[A;g Fplace p1]]]
[T [A;8 Foype int]]
a);
bind b : Tttype [[A;g Fiype (int,pg)ﬂ <~ ']T:e"p [[A;F;S 8 Fexp €2 (int,pg),e]] ;
bind b’ : T, ™ [A;S Fiype int] < T [A;S b 6 = pa] T2 [A;S Fiype int]]
(readRGNVar [Tipl'“c [[A;g Fplace pzﬂ]
[T [A;8 Foiype int]]
b);

let z=a' @b in
returnRGN [T77%% [A; 8 Fprace 0] ] [T-27° [A; S Fiype bool]] =z /
where a,a’, b, b, z fresh

Figure 43: Translation from the Singlé Effect Calculus to FRN (Terms (1))




Translations yielding terms

[ Fewt AjT;8: 830 - -
oo ctxt - ’ Fplace Ftype
T S = returnRGN T-* Av Sk ace 0 T »* A, S+ e bool|] tt
_A;F;S:Sl_exp tt:b00|79:|:| 7[ II pl ]]] [ [[ typ }H

Fett A;T58: 850
_A; ;8 : 8 Fexp ff : bool, 6
[ AT 28 Fexp €0 ¢ bool, §
’]I‘:”"P AT, 8 : S Fexp €t 7,0 A;T;8 0 S bhexp ef 27,0 =
AT;8:8 Fexp if €y then e; else ey : 7,60

bind z : T, "»e [A;S tiype bool] «= T, = [A;T58 : 8 Fexp € : bool, 0] ;

if z then T:e"P [A;F;S .8 Fexp €t © T, Hﬂ else T?"P [[A;F;S -8 Fexp €f : T, 0]]

where z fresh

T}_exp

e

]] = returnRGN [T, [A;8 Fptace 6]] [T-57¢ [A;8 Fype bool]] fF

Fetxe A;T:8 0 8;6
TEe® ||z € dom(T) Fz)=71| =
AT;8:8bexpx:T,0

returnRGN [T57° [A; S Fpiace 0]] [T5P° [A;S Fiype 7]] 2
AT,z 7158 : S hexp € 1 72,6
TFEXP A,g "place P A,g }—rr 0 t P —

e

|A;T;8:8 Fexp A : 7'1.9l€l at p: (m N T2, p), 0
Tom [A;S b 6 > p/] [T [[A;E Feype (11 2 Tzvp')ﬂ]
(newRGNVar [T:7** [A; 8 Fptace p']]

[T’;bty"e [[A;g Fbtype T1 °, Tzﬂ}

T:Place [[A; 3 F olace plﬂ

Az : T:typc [[A;g Fiype Tl]] .T:“XD [[A; Tx: 7138 : 8 Fexp € : T2, 0']))
. A;F;S:gl—cxpielz(ﬁ LTz,pg),e B A8 i 0= pl
TP A;T58 1 8 Fexp €2 : 71,0 A8t b0 =

A;T;8: 8 Fexp €1 €2 : 72,0

bind f : Thtvee A; 8 Fiype (T1 o, Tg,p/l):|:| < Thex [[A;F;S 18 Fexp €1 : (11 LN 7'2,[7/1),9]] ;

bind g: T:btypc A,g Fbtype T1 0_’) TQH ~ Tg" [A,g Fu 6 = pll]] [T:btypc [[A7g }_btype T1 i) TQH]
(readRGNVar [T,"*** [A; 8 Fpiace p1]]

[Ttbtype

s

— o’
A) S I_btype T1T — T2 }

bind a : T:typc [[A;g Fiype Tl]] ~= T:Oxp [[A;F;S 8 Fexp €2 : 71,0]] ;
let z=g ain
TH [A;8 b 6 = 6] [T57% [A;8 Feype 72]] 2
where f, g,a, z fresh

Figure 44: Translation from the Single Effect Calculus to FRN (Terms (II))
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Translations yielding terms

AT S :gkexp e1: 71,0
Thexe 7A;F;S 18 Fexp ez : 72,60 B
¢ A; 8 Fplace p NSO p
A;T;8 8 Fexp (e1,e2) at p: (11 X T2, p),0
bind a : T:typc [[A;g Fiype Tl]] ~= Tzcxp [[A;F;S 8 Fexp €1 : 71,0]] ;
bind b : T-""° [A; 8 Feype 7] <= Te™ [A;T58 1 8 Fexp €2 : 72,0] ;
TEm [A;S Fur 0= p [Tr™™ [A;S Feype (11 X 72, p)]]
(newRGNVar [T:pl"‘“‘ [A;8 Fptace p]]
[T:btype [A;g Fotype T1 X 72]]
T, [A58 Fpiace 7]
(a,b))

where a, b fresh

AsT;8 1 S hexp et (11 X T2, p),0
hexr A8t O>=p =
A; TS :gl—exp fst e: 7,0
bind z : T/ %re [A;g Feype (T1 X Tg,p)ﬂ < Ther [[A;F; 8:8Fexpe: (11X 7'2,/)),9]] ;
bind Yy T:bype IIA,g |_bype T1 X 7'2] = TZ” IIA,g '_rr 0 t P]] [T:btype [I:A7g |_btype 71 X 7—2]]]
(readRGNVar [T:placc [[A§ S Fplace PM

[T:btype [[A,g Fbtypc 71 X Tz]]]
a);

let z =sel; y in
returnRGN [']I‘:p"‘lce [A;8 Fplace 0]] [']I‘};t”’e [A;8 Feype 1] 2
where z,y, z fresh
AT S :gl—ixp e: (11 X 12,p),0
T:exP A; S '_rr 0 t P =
A;T;8 : Shexpsnd e: 72,0
bind z : Titype [A;g Feype (71 X Tg,p)ﬂ = ’]I‘:exp [[A;F; S$:8 Fexp €: (11 X 7'2,,0),0]] ;
bind y : T"* [A;S Fype 71 x 7ol = Th [AS b 0= p] [T, [AiS Foiype 71 X ]|
(readRGNVar [T:P*** [A; 8 Fptace p]]

[T:btype [[A;g Fbtype T1 X 7’2]]]
a);

let z =sely y in
returnRGN [']I‘:palce [[A;g Fplace 9]]] [T:type [[A;g Fiype 7'2]]] z
where x,y, z fresh
A8 Foype T }_Ctit A;T;8:8;0
Thexr Ao = {0118 :Sthexpe:To =
A;T;8 : 8 Feyxp letregion gine: 1,6

letRGN [Ttplace [[A7g Fplace 9]“
['Jlttype [A;8 Feype 7]
(Ao dw, : (T:pl‘“e [A;S Fpiace 0] = 0).Aho : RGNHandle o.
T, o [[A, 0= {01158 : Shexpe: T, g]])

Figure 45: Translation from the Single Effect Calculus to FREN (Terms (III))
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Translations yielding terms

A,gt p; 58 :g#eip u T, 6
T:CXP A; 8 Fplace P A§ St 0 = P =
A;T;8 8 Fexp Ao = <p.9lu/ at p: (Ilp = <p.9/T, 0),0
T A8 e 0 o] [T [AS Fupe (o = 077, )]
(newRGNVar [T5P'* [A; 8 Fplace p]]
[Tr’btype [[A§g Fbeype Ilo = 80~9/7']]]
T:placc [[A7g }_place P]]
(Ao. B . B
)\U)g : (T:place [[A7 S l;Place Plﬂ j oX---X 'ETplace [[A’ S Fplace p"]] j ‘Q)
Ah, : RGNHandle p.
Th x> [[A, 0= ;158 : 8 bexp u: T, 9']]))

where ¢ = {p1,...,pn}
A;T;8 8 Foxp e : (o = 0.7, 1),0 CASER 0 py
Too | A8 Fpace p2 - A;Shrepa =@ ASkw0=0[p2/0|| =
A;T;8 8 bexp €1 [p2] : T[p2/0], 0
bind f : T-""° [ A;8 Fiype (o = 9.7, p’l)]] =T [[A%F;S :Sbexp 1 (Ilg = 9.7 7, p’l),e]] ;
bind g : T5"%¢ [A; S Feype Ilo > @.9/7]]
= T [AsS b 0= pf] [T [[A;g Fiype Mo = 90-9'7]]]
(readRGNVar [T:pl‘“e [A;S Fprace p1]]
[T:btypc [[A§g Fiype o = ‘P~9,T]]]
i B f); . B

let z = (g [T,P"*° [[A; 8 Fplace pgﬂ} Thre [A; 8 Fre pa = ] TpPe [[A; 8 Fplace P2]]) in
T, [A;8 o 6= 0'[p2/0]] T:typc [[A§g Feype T[pQ/Q”] z

where f, g, z fresh

Fet A;T;8: 850 r € dom(8) l € dom(8(r)) w=38(r1)
A;T58 08 Fexp () = (1157),0
returnRGN [T:place [[A;g Fplace 9]]] [T:type [[A§g Feype (Mﬂ“)]]] (D) str

|]:'70txt A, F, S: g, 0 A,g Fbtype u:ﬂ o

T:exp

T:exp

AT 8 0 8 Foxp (et (11,0),0
returnRGN [’H‘Eplme [[A;§ Fplace 9]]] [T:type [A;§ Feype (14, °)M <l>0ﬁ' if § =-
returnRGN [T [A7S by 0]] [T [A75 Fuppe ()] g ofherwise

Figure 46: Translation from the Single Effect Calculus to FRN (Terms (IV))
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Translations yielding storable values

Closed values

T;cval l_stype S : S = tt
_8 1 8 Fevarl tt @ bool
'E:cval l_Stpr 8 : g — ff
_S : 8 Feval ff 2 bool
T eval [Fotype 8 : 8 r € dom(8) 1 € dom(8(r)) p=38(r0| 0
S 88 Fevat ()« (1,7) -
']I'h‘zval —Fstype 8:8 ’g Fbtype H = { <l>0t[o if§=-
Y 8 : 8 Feval (Ve : (1, 9) (I)sge  otherwise

Figure 47: Translation from the Single Effect Calculus to FRCN (Closed values)

Translations yielding storable values

Storab_le values

TFsto '_stype 8 . g —
"8 Sk itint
[ .;~7x:7'1;8:g|—exp6/:7'2,9, " _ - _
T} ste — ; o = Az : T [A;8 Fiype 1] Te™ [+, : 7158 : S bexp €1 72, 6]
18 : 8 Fsto e:nle:inSn
(s 8 Feva : S : 8 Feva : _ _
T:sto ; lgvli 7'1( ) 1 V2 TQﬂ _ (Ti“val [S S Foval V1 - 7_1]] ’Tchal [[5 8 vl V2 7_2]])
: val (V1,V2) 1 T1 X T2
e || 20 Z ¢3S S bexp ' 7,6 B
v _S 0 8 Fsto Ao = ga.g/u/ o = go.G/T

Ao.

Mg # (75 A58 bptace p1] < 0 % -+ X T [A8 Fytace p] < ).

Ah, : RGNHandle o.
To™ [0 = 958 : 8 boxp u: 7,0']

Figure 48: Translation from the Single Effect Calculus to FRN (Storable values)
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Translations yielding stacks

Stacks
']rgstack [['_stack S:S: a] = S*
where dom(S) = dom(S™)
Vr € dom(S).dom(S(r)) = dom(S™(r))
Vr € dom(S).Vl € dom(8(r)).S*(r,1) = Tp [8 : 8 Fato S(r,1) : 8(r,1)]

Translations yielding towers

Stacks

Thteck [lgpaer S:8:8] = S =

{ S ']I‘g“'“k [I—Smck S:8: a] otherwise

Figure 49: Translation from the Single Effect Calculus to FRCN (Stacks (III))

Translations yielding terms

Programs
T:prog '77_( t {}? R l_exp p: bOOI7H _
Fprog D ok
runRGN [T5%%° [, H = {};+;- : - Fiype bool]] (AH.Ahs : RGNHandle M.
let wyx = () in
Too [ H = {};;- ¢ - Fexp p : bool, H])

Figure 50: Translation from the Single Effect Calculus to FR®N (Programs)
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judgement requires the computation to be expressed relative to the region . We coerce the computation
using a witness function, whose existence is implied by the judgement A:;8 F.. p > p’. Allocation of a
function proceeds in exactly the same manner. Function application, while notationally heavy, is simple.
The thenRGN commands (implicit in the bind expressions) sequence evaluating the function to a location,
reading the location, evaluating the argument, and applying the function to the argument.

The translation of letregion p.e is pleasantly direct. As described above, we introduce o, 0", and o*
through A- and A-abstractions. The region handle and coercion function are supplied by the [etRGN command
when the computation is executed.

The translation of region abstraction is similar to the translation of functions. Once again, region handles
and witness functions are A-bound in accordance to the invariants described above. During the translation
of region applications, the appropriate tuple of witness functions (constructed by Tt [-]) and region handle
are supplied as arguments.

Figures 47 and 48 give the translations of closed and storable values, which follow directly from the
translations of expressions. Figure 49 gives the translation of stacks, where each stored value is translated
according to the g, derivation implied by the by derivation.

Figure 50 shows the translation of programs. An entire region computation is encapsulated and run by
the runRGN expression. We bind H" to an empty tuple, which corresponds to the absence of any coercion
functions to the region H.

4.1 Surface programs

Once again, things are complicated by the distinction between surface and computation syntax. All of the
translations given in this section must be given via translations on derivations, essentially to propagate the
8 stack domain to each point where a e may appear. The difficulty is that during the evaluation of the
translation of a source program, there can be points at which e is translated to either sfie or ofe. We make
this choice based on whether or not any region is in the 8 stack domain.

When we are only interested in translating surface programs, then neither r nor e can appear in types
or expressions. This simplifies many of the translations. We no longer require any translations of stack
domains, stack types, or stacks. Furthermore, the translations of region contexts, places (which must be of
the form p), types and boxed types, and value contexts can all be given as syntactic translations (rather
than translations on derivations).
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4.2 Type Preservation

Lemma 39 (Translation preserves types)

(1) If From R,

then F1rd0m T%.dom [[Frdom ﬂ .

o)) Frdom
Furthermore, dom(R) = dom('ﬂ‘ﬁd [[}—rdom ﬂ)

(2) If I_sdorn g;
then Fsdom TESdOIxI [['_sdom g_ﬂ .

Furthermore, dom(g) = dom(Tg““’m [[Fsdom g]])

(3) If l_sdom g7 _
then "tdom %Sdom [[}_rdom 8]] .

(4) Ifg Frctxt A;
then '_tctxt sztm |B l_rctxt A]] .

Furthermore, dom(A) = dom (T [8 Fretxe A]).

(5) IfA,g '_place P,

then TZrCtXt H_g Fretxt A]] ;T%Sdom [D_sdom g_” |_type Ttplace [[A,g '_place p]] .

(6) Ifg |_rctxt A7

then TZrCtXt IB l_rctxt A]] ;T;Sdom [D_rdom a] l_vctxt TFrCtXt ﬂg l_rctxt A]] .

(7) If Ayg I_btype M,

then TthXt H_g Frctxt A]] ;T%Sdom [ﬂ_sdom g_” |_type T

(8) If A; 8 Feype s

then TR [8 Fretxt A] 3 T2 [Fadom 8] Fiype T

(9) If Fstype S 2 8,

then Fuype T [Fatype S : 8]

(10) [ang l_vctxt F7

then szt“ IB l_rctxt A]] ;T%Sdom [D_rdom a] l_vctxt TFVCtXt [[A,g l_vctxt F]] .

(11) IfAyg I_VCtXt F;

[[AQ S Fhtype ,U]] .

[[A; S Fype T]] .

then Tzrcmt B Frctxt A]] ;T%Sdom [Frdom QI Fvctxt TFrCtXt ﬂg Frctxt A]] 7’]1“;\,0txc [[A,g Fvctxt F]] .

(12) If A8 p =0,

then sztm IB l_rctxt A]] ;T%Sdom [D_sdom a] l_type TF” [[Avg }_rr 14 i p/]] :

(13) If A;8 bre p = 0,

th@n TZrCtXt B |_rctxt A]] ;T%Sdomg [[}_sdom q '_typc T:m [[Avg }_rc P t 90]] .

(14) [f l_stype §: g and A,g }_rr P t Pl;

then TZrCtXt ﬂg Fretxt A]] ;T;‘mmt H_g Fretxt A]] ;T;Stype [[}_stype 8: g_”

Tgn [[Aag Frr p= pl]] : T:” [[A’g Frr p= pl]] :
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(15) If Fstype S+ 8 and A;8 e p = @,
then TertXt ﬂg FrCtXt A]] ;T;mmt I].g l_rCtXt A]] ;T;Stype [[}_stype S: g_” : T%Sdom [[}_sdom gﬂ "type
T;re [[A7g Fre p = Spﬂ . ’]Itre [[A’g Fre p = 90}]'

(16) If Fstype S : 8 and A; 8 Fplace ps
then TZrctxt ﬂg '_rctxt A]] ;’]I‘Frctxt [[g |_rctxt A]] ;T;stype [D_stype S g]] : ']I‘;sdom [["Sdom a] l_exp
T [AS e ] ancle(T5 A5 by ]

(17) If A;T;8 : Stexp €1 7,0,
then TZrCtXt ﬂg l_rctxt A]] ;TFmtXt [[g |_rctxt A]] aT;VCtXt [A7g l_vctxt F]] ;T;‘ﬁype [D_sdom S : ﬂ
T%Sd”m [["sdom g]] Fexp '[er"p [[A; r:$:8 Fexp €: 7, 9]] : RGN T:pla“e [[~;g Fplace (9]] T:type [[A;g Fiype 7']].

(18) If 8 : S beya v : T,
then «;-; T;St“’e [[Fstype S: gﬂ : T?d""’ [[Fsdom g]] Fexp T ova [[8 28 Feval U T]] : Tttype H~;g Fype Tﬂ.

(19) If 8 : S bgpo w : T,
then ;- Tgft”’e [[l—stype S: gﬂ : ']T%Sd""’ [["sdom g]] Fexp ']TZS“’ [[S 28 bato W ,uﬂ : T:btype [[-;g Fotype uﬂ.

(20) If Fopack S : 88,
then Frower T [Fstack S : 8 : 8] : Te™ [Fatype 8 : 8] : T [Fedom 8] -

(21) If Fprog p ok,
then -5 Foxp Te™ [ H = {}; 3+ : - Fexp p : bool, H] : T [-,H = {}; - Fype bool].

Proof. By (mutual) induction on the derivations, making frequent appeals to the well-formedness lemmas
of Section 2.7.1. |
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4.3 Semantics Preservation

In this section, we prove that the translation is meaning preserving. The essence of the proof relies on a
coherence lemma stating that the translation of witnesses yields functions that are operationally equivalent
to the identity function.

Lemma 40 (Coherence)

Suppose Fgpack S : 8 : S and ~;g Fopr = 1;.

Let T [Faom 8] = 5 — 8", T [Fatype 8: 8] = -8 = 8%, Tiet** [Fgtack S:8:8] = -5 — S,
and TZ" [[-; Sty r ™= r,-]] =,

If 5,8~ 8% : s -8 Fexp K : RGN stir; 7, and -, s — S*; k¥ <, S0,

then -, s — S*; v [Ta] KV* v and -, s S* RV s ST

7w — K

Proof. By applying Lemma 7 to;;g Fw 7 = 73, we conclude that =8 Fplace 7 and =8 Fplace Ti- Hence,
we conclude that r € dom(8) and r; € dom(8). Furthermore, r € dom(8) and r; € dom(8) and
r € dom(S) and r; € dom(S). Thus, § # -, § # -, and S # .. Hence, ']I‘?dom [[I—Sdomﬂ = .8
Tgﬁd‘”’] [Fsdom 8] = -5 — s, T;“y” [Fstype 8 : 8] = -5 — Tg“ypc [Fstype 8 : 8] = -5 — 8*, and
T;“'d“k [Fstack S:8:8] =+, 5— Tgm”k [Fstack S:8:8] =+, 5 — S* as assumed.
By applying Lemma 39 to -; 8 by 7 > r;, we conclude that -;-;-, s — 8% : -, 5 — s Fexp Uy @ stirs =< sfir.
Note that

’ s 8 Fuype Ta ’ s 8% s 8 Faxp 07 YA.RGN stri 8 — RGN str 5‘

e, s— 8% s 8 Fexp Vi [Ta) t RGN sfr; 7o — RGN siir 74
’ e8> 8 i s 8" Fexp &7 : RGN sfir; 74
s 8% i s 8 Fexp Vi [Ta] K™ : RGN sir 74

Proceed by induction on the derivation of -; 8 by 7 &= 7;.

B 8 Fretxt
S=381,r; — Ry, S2, 7 — R, 83
R e )

8§=81,1r; — R, 82,7, — R, 83 and S = Sl,rz »—>RZ,Sg7n '—>R Sg

By applying Lemma 39, we conclude that s = 81 ST le ,82 , T R 83 , 8 =817,
R*, 8%, r = R*, 83", and S* = S1*,7r; — R;*, 82", r — R* S3".

Note that

. By inspection of the derivation by S : 8 : 8, we conclude that

vy = AB.\k: RGN sfr; B.witnessRGN stir; sir [3] k

w

Note that

©, 8 S*;v; [Ta] < Ak : RGN sfir; 74.witnessRGN stir; sfr [1,] k ‘

vk v *

’ -, 8 — S™; (witnessRGN stir; stir [74] k)[k" " /k] — witnessRGN sfir; sir [14] £°~

CES CES

s STl [Ta] KT <> witnessRGN stir; sir [1q] &
and
’ S* =8, ", ri > R;*, 8" .1 > R, 83" ’ s ST RV oy 80
-, 8 — S™; witnessRGN sfir; stir [14] kK" <4 AT
g'_lrctxt . ‘;gkrrrtri icl.m
8 bre T = Tlye..,T . . . . 5
Case ’ reg = { ; T Applying the induction hypothesis to Fgpack S @ 8 : 8§ and
B T T

8 e 7 = 7;, we conclude that -, s +— S*; T [[~;g B’ = ’I”i]] [Ta] k"% — K** and -, 5
S*'Iiv*/ Sl* /*
)
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Note that

vi = AB.Ak:RGN T,Place [[A;E F place r]] B.let w = sel; Thre [[A;E Fre 7 = {r1,.. .,rn}] inw [] k

Note that

5 S*; vy < AB.Ak : RGN T_Place HA;g Fplace ri]] Bllet w = sel; T, * HA;g Fre 7> {11, ... ,7‘"}]] inw (4] k

= — =
8+ 8™ vy [Ta] < Ak : RGN T, Place HA; 8 Fplace ri]] Ta.let w = sel; T, [[A; Shrer = {r1,.. ~,Tn}]] inw [ra] k
’ s ST Ry o Kyt
oo SHT [AS e r = {ra, ] o (@ [AS ar =] T [AS b= ]
s S;sel; Thre [[A;E Fro > {r1,.. .,rn}]] o The [[A;E b = n]]

- < / /
s ST TT H~;S [T ri]] [Ta] " — K"

s — 5% let w = sel; T,re [[A;g Fre 7= {r1,.. .,rn}] inw [14] Ky = &Y
s 8 vy [Ta] Kot = KU
and -, s — S*; k" <, 870"
= 8 Fplace Ti
Case —— Place i . Note that
g 8 Frr i t T4
vy, = AB.Xk:RGN sir; 8.k
Note that
s ST [Ta] < Ak : RGN str; ‘ra.k‘ ’-,SP—)S*;K,U*‘HI{“*‘ ",SHS*;k[I{U*/k]‘—)HU*
s STk [Te] KU = kYT
and
s SR S
58 Fwr = p 58 b ol =y . =
Case ‘2 "=F 0T P =T By applying Lemma 17 to 58 by 7 = p, we conclude that p/ = 7.
3 Sk =
Hence,
S8k = e
58w =T
Note that
vi = ABNk:RGN stry Blet k' =T [ bw v’ =i (8] kin o [ e r = o] 18] K

Applying the induction hypothesis to Fgtack S @ S : S and ;8 bk 7 = r;, we conclude that
s SUTOr [58 b v’ =] [1a] K% — kY and -, s — SR 0 S50

Applying the induction hypothesis to Fstack S @ 8 : S and 8 F, r = 7/, we conclude that
w5 SUTU [58 b r = 7] [ma] KYF = K8 and -, s S*RET oy S0
Note that

<5 S%0% [Ta] © Ak : RGN sr; Bllet k' = T/ [[A;E Foe v’ = r]] [Ta] K in Thr [[4;5 Foe 7 > r/]] [ra] &’

. v v
’~,s>—>S;fi — K

Forr = ’ r = ’
8 ST T [[.;S P 7 > Tiﬂ [Ta] K" — K] 8 8T T |[.;S Feppr =1 H [Ta] K1" < Ky "

s 8% (let k' =Th [[.;3 Fre 7 r]] [Ta] K in T [[.;S Foe r’]] [ra] k') [k /K] — w3*

e T T
s STvn [Ta] KU Ky
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and

* U * 7 7%
s ST iRy =k S v

Lemma 41 (Translation Correctness (stack domain weakening))

=/

Suppose s Do ggnd Fedom 8 and &' D¢ 8 and Fpype &' 1 S .
Suppose A;T';8 : 8 bexp €1 7, 0.

Let T:e"p [[A; r;s:8 Fexp €1 T, 9] =e*.

Then there exists a derivation of A;T; 8/ .8 Fexp € : 7,0 such that
e =T A8 8 Fag e 7, 0]

Proof. Each judgement of the form 8§ - O, A;8 (), 8 : SF (O, and A;I';8 : § - O can be replaced by
(syntactically) indentical judgements of the form S O, A;g/ FO, 8 : Sk O, and A;T; 8 : 3+ O
without invalidating any judgements. O

Lemma 42 (Translation Correctness (substitution of places))

Suppose A, 0 = p, A';T;8 : 8 boxp €: 7,0 and A, A'[p/0]; 8 Fre p = .

Let To=» [[A7g =0, A T8 Shexp € 779]] = e*.

Then there exists a derivation of A, A'[p/o;T[p/ol;8 : 8 Fexp €lp/0] : T[p/ 0], 0lp/ 0] such that
T [A, A[p/ol:Tlp/el: 8 : 8 Fexp €lp/a]  7lp/ ], 0lp/ ] =

e*[T2 [p] /ol Thr [AsS e p = @] Jw][Tu"™ [A, A[p/0]; S Fptace p] /o).

Lemma 43 (Translation Correctness (substitution of closed values))

Suppose A;T,x 1 7/, 1,8 : Stexp €: 7,0 and 8 : 8 Feyar v : 7.

Let To=» [[A;l",x c7 T8 1 Shexp € 7,9]] = e*.

Then there exists a derivation of A;T',T7;8 1 8§ Fexp e[v/x] : 7,0 such that
T, [A; T, T8 : 8 bexp e[v/a] : 7,0] = e*[Thevt [8: 8 Feyar v : 7] /a].

Theorem 5 (Translation Correctness)

Suppose Faack S:8:8, 558 8kexp e 7,7, and S;e — S0,
Then there exists S D> 8 and 8’ D—5 § such that Fyaa S 8 S and 8§ Foval v T.
Let Tg“‘”"’ [[l—sdom g]] = .85 g*, T;“”’e [[I—Stype 8 :ﬂ = ., 5 — 8%, T;“'“k [[}—chk S:8 :ﬂ = . 5 5%
and T:e"" [[~; =8:8 Fexp€: T, r/]] = e*.
Then -, s — S*:e* < k" and -, s — S*; kV* <, S0,

.

where Tg o [Faom 8 = 87 T Jrape 88| = 87, o [raac :8':8] = 87, and
T cvat [[S’ : 8 Feyal V' : T]] =",
Proof. By applying Theorem 1 to Fgpack S :8:8, 558 : 8 Fexp € : 7,77, and S;e — S’;0’, we conclude that

there exists S D_> 8 and 8 D_5 8§ such that Fgpaa S': 8 : S and 8 :§ Feval v @ T, as assumed.

By applying Lemma 9 to ;8 : S Fexp € : 7,7/, we conclude that 58 Fplace 7. Hence, we conclude
that v € dom(8). Furthermore, ' € dom(8) and ' € dom(S). Thus, 8§ # -, 8§ # -, and S #
Hence, T?d"m [Fsdom 8] = -5 — ’JI‘%““’“‘ [Fsdom 8] = - s — s, T;“ype [Fstype $:8] = s —
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']I'g“’”[’e [[I—Stype S: gﬂ = .5 — 8% and ']T;f‘a““ [[I—Stack S:8: gﬂ = .85 ']I‘gs‘a““ [[I—Stack S:8: gﬂ =
-, 8 — S* as assumed.

By applying Lemma 39 to -;;8 : 8 Fexp € : 7,7/, we conclude that -;-;-,5 — 8% : -, s +— s Fexp €% :
RGN s’ T [+8 Fyype 7]
Proceed by induction on the derivation S;e — S’;v'.

p=r r € dom(S) 1 ¢ dom(S(r))

Case - i : Note that
S;iat p— S{(r,1) — i}; (I)r
Fotxt 538 857 48 Fplace T S8k =
558 8 Fexp @ at 7 : (int, 1), r’
and -
e = 1 [B ] 1150 [B ki Gt )]
(newRGNVar [T:place [[-;g Fplace r]]]
Fbtype [ = ;
[TTbtyp [['; 8 '_btype mt]]]
Te?2 [158 Fptace 7]
i)
- e [[.;g bt = r]] [RGNVar str int] (newRGNVar [s#r] [int] handle(sfr) )
Note that
538 8% s 8 Foxp handle(str) : RGNHandle sgr ] s 87 s 8 baxp izt
e8> 8% 1 85 8" Foxp newRGNVar [str] [int] handle(sfir) i : RGN sfir int
and

r € dom(S™)

’z ¢ dom(S™(r)) ‘
-, 8 — S™;newRGNVar [sfr] [int] handle(sfir) i <, S™{(r,1) — i}, ({)spr

By Lemma 40, we conclude that

s S*iet s gV
and
s ST RV e ST{(r 1) = i}, (s

Note that
S’ = S{(r,1) — i} _ _
8 = 8{(rn)—int} and Fgema S 88 and Tgstack [[Fsmk S8 s’ﬂ = 5*{(r1) — i}
8 8
s = 8{(r,l)—}

Finally, note that Ttev [[8’ .S Feval () : (int,r)]] = (1) szr

5;61 — Slgvl v = <ll>7«1
r1 € dom(S1) l1 € dom(S1(r1)) Si(ri,l1) =141
S1;e2 — Sa;v2 v2 = (l2)ry

ro € dom(S2) lo € dom(S2(r2)) Sa(ra,l2) = iz
p=T r € dom(S2) U ¢ dom(S2(r)) t=11 @iz

Case Sre1®es atp = 5ol ) o 100 : Note that

~;»;S:§Fexp el :(int,pl),r/ S8k =1
b ! , b
;';S:S}_eip 62:(Int,p2),T’ 58 Frr Tltfh

38 Fplace T Skt =
5588 Fexp €1 @ ez at r: (int, 7), 7’

Applying Theorem 1 to (1a) Fgpack S : 8 : S, (1b) 8 S Fexp €1 : (int, p1), 7', and (1c) S;e; —
S1;(l1)r,, we conclude that there exists 8 D=5 8§ and 81 D—5 & such that Fgpack S1: 81 : 81 and

81 :81 Feval {l1)r, : (int, p1). Hence, p1 = ry.
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By Lemma 13, we conclude - ;81 : 81 Fexp 62 : (int, p2), 1’
Applying Theorem 1 to (la) Fgpack S1 : . 81, (Ib) 81 'El Fexp €2 : (int,p2),r’, and
(Ic) S1;e2 — Sa;(la)r,, we conclude that there exists 82 D> 8; and 83 D=5 8; such that

Fatack S2 1 82 : 82 and 83 : 83 Feval (l2)r, : (int, p2). Hence, py = 9.
Note

e* =  binda: T:typc [[,g Feype (int, Tl)]l <~ TFCXP H~; 58 : 8 Fexp €1 : (int, rl),r’]] ;
I - = = =
bind @’ : T, [158 Foiype int] = 10 [48 a1 = ]| 1127 [48 Fugype int]]
" _
(readRGNVar [']I‘Tplace [[~; 8 Fplace 7‘1]]]
Fobype [ .
[T, byPe |[ S Fiiype int]]]
a);
bind b : T, Pe |[.;§ Fiype (int, m)]] = Tl [[ 88 bexp €2 : (int, rg),r/]] ;
- = = - =
bind b : T, PYPe [[ S Foiype int]] < The [[ S b = W]] [T PYype [[ S Fheype int]]]
[ _
(readRGNVar [T, P'ace [[~; 8 Fplace 'rg]]]
Foype | .o
[T, Pype [[ S Fbtype int]]]
b);
let z=a'" @b in
Th e [.;E Fow 1/ = rﬂ [T, tvpe [[.;E Fiype (int, r)]]]
[ _
(newRGNVar [T,.place [[-; S Fplace rﬂ]
[ _
[T, Ptype [[ S Fhiype int]]]
Fplace =
Te?** [58 Fptace 7]
2)

where a,a’,b,b’, z fresh
= bind a : RGN sfir; int < T:CXP |[', :8: 8 Fexp €1 : (int,71) ’]] ;
bind a’ : int <= T/ r [[-;g For 1’ = rl]] [int] (readRGNVar [stirl] [int] @)
bind b : RGN sfirs int < ']I':eXp [[-; 58:8 Fexp €2 : (int,72), 7’ ]] ;
bind b’ : int < T [.;g Fop 7/ = ’r‘g]‘ [int] (readRGNVar [sfira] [int] b):
let z=a' ®b in
Thr [[.;E For 7/ = 7»] [RGNVar str int] (newRGNVar [sr] [int] handle(sir) )

By applying the induction hypothesis to S;e; < S1; (1), 558 ¢ 8 Fexp €1 : (int,r1),77,
Thew [[-;-;S:gl—exp el : (int,rl),r’]] = e}, we conclude that there exists 8§ D_5 § and
81 D—5 8§ such that Fgpmac S1 @ 81 : 81 and 81 : 8 Fevar (1), : int, and -5
S*er — kY and ., s — S*RYY <, ST;uf where T stack [[}—Stack S1:81 :glﬂ = 57, and
Theva [81 ¢ 81 Feval <l1>r1 :(int, )] = () sty =017

Note that

e* = letk, =ej in

thenRGN [stir’] [RGNVar sfiry int] [RGNVar stir int] ko (Aa : RGNVar sfry int.e))

where
el = binda’:int < T [[,g e 7’ = rl]] [int] (readRGNVar [sfir1] [int] a);
bind b : RGNVar strs int < T/ P [[ 818 Fexp €2 : (int, Tg),r/]l ;
bind b’ : int < T5 |[»;§ Fo > TQ]] [int] (readRGNVar [strs] [int] b);
let z=a’ @b in
Thr H,g For 7’ = r]‘ [RGNVar sfir int] (newRGNVar [sfr] [int] handle(sfir) z)

Hence,

- v *
",Sl—)S M

-, 8+ S*;thenRGN [stir’'] [RGNVar stry int] [RGNVar str int] x5 " (Aa : RGNVar sfry int.e)) —
thenRGN [s#r'] [RGNVar sfir1 int] [RGNVar sfir int] x.* (Aa : RGNVar sfr; int.e’)

-, 8+ S*;e* < thenRGN [sir'] [RGNVar sfry int] [RGNVar sfr int] k7 * (Aa : RGNVar sfr; int.e))
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Note that

s Siseg[(l)sgry /a] = 3"

s 8TiRg " s ST () sk -, 8+ 575 (Aa : RGNVar sfiry intee) (I1)sgr; < fg s STk —e O

-, 8+ S*;thenRGN [str’] [RGNVar stry int] [RGNVar str int] 2" (Aa : RGNVar sfry int.e) <, O

Note that
ell)ogm Ja] = et ky =The [[.;ghr o rl]] fint] (readRGNVar [str1] [int] (I1)sgr, ) in
thenRGN [sfir’] [int] [RGNVar sfir int] k,/ (Aa’ :int.e’,)
where .
e, = bind b: RGNVar stry int < T5 P [[ 818 Feoxp €2 : (int, rz),r’]] :
bind b’ : int < T' ™ [[5 Fre 7’ = Tzﬂ [int] (readRGNVar [stirs] [int] b);
let z=a' @b’ in
Th [[,g [ r]] [RGNVar sfir int] (newRGNVar [sfir] [int] handle(sfr) z)
Hence
S8 ST;T:” |[~;§ Fo = 7“1]] [int] (readRGNVar [sfir1] [int] (I1)sgry ) — Ko™
-, s +— S;;thenRGN [sfr'] [int] [RGNVar str int] k2,* (Aa’ :int.el,) —
thenRGN [str'] [int] [RGNVar str int] x5, * (Aa’ : int.e}/)
s+ Syser[(l1)siry /a] < thenRGN [sfir’] [int] [RGNVar stir int] k2, (Aa’ :int.e/)
Note that
’ G s 81 i, s g; Fexp (l1)sgr; : RGNVar sfiry int
G, s 81 i, s g; Fexp readRGNVar [sfiry] [int] (l1)sgr : RGN sfry int
and

’n € dom(ST) ‘ ’ll € dom(St(r)) ‘ i = S (r, 1) ‘
-, 8 +— S1;readRGNVar [sfir1] [int] (I1)sgr;, “—r S7;i1

By Lemma 40, we conclude that

s ST |[-;§ Fo = rl]] fint] (readRGNVar [sr] [int] (I1)pry ) < K%,
and

v o*

8 ST KD, <y ST

Note that

s Siielifin/a] — kY

v * P
o S S1i0

*
[ siom

— - p
s STi(Aa’ tintel,) i1 — kYT ’~,s»—> STk ™ —p Q‘

-, 8+ S7;thenRGN [sfir’] [int] [RGNVar sr int] k2, * (Aa’ :int.el)) —, O

By applying the induction hypothesis to Si;ea < S2;(I2)ry, 5581 @ 81 Fexp €2 : (int,72),77,
',

Te™ [5::81 : 81 Fexp €2 : (int,72),7'] = €3, we conclude that there exists 85 D_5 8; and
82 D5 8; such that bFyack S2 @ 82 : 83 and 582 @ 82 Feval (la)y, @ int, and -, s
Sises — kp* and s = SfREY o, Sisve where T [Fypaac So: 82 8] = S5, and
Thet [5+582 : 8o Feval (la)r, = (int,72)] = (l2) strs-
Note that

ellin/a’l = letky=e}in

thenRGN [sir’] [RGNVar sfirs int] [RGNVar stir int] k, (Ab : RGNVar sfirs int.e;)

where
e; = bind b :int < Th [[,g [ ’l"gﬂ [int] (readRGNVar [sf#ir2] [int] b);
let z=14, @b in
Th [[~;§ [ 7']] [RGNVar str int] (newRGNVar [sr] [int] handle(sfr) z)
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Hence,

i
-, 5+ S7;thenRGN [sir’'] [RGNVar strs int] [RGNVar str int] «; * (Ab: RGNVar sfrs int.ej) <
thenRGN [str] [RGNVar sfrs int] [RGNVar sfir int] x; * (Ab: RGNVar strs int.ej)

s+ STiel [i1/a’] < thenRGN [stir’] [RGNVar strs int] [RGNVar str int] s
Note that

vk

2" (Ab: RGNVar sfir int.e;)

S S;?EZ[UZ)SﬁTQ/b] — K%*
SNt Sr;’ig* A ng <l2>sﬁ7‘2

8 S;; (Ab : RGNVar sfra int.eZ) (l2)stry — n%*
-, 5+ S7;thenRGN [sir’'] [RGNVar sfirs int] [RGNVar str int]

*, v
s Syikg =k O

vk

Ky~ (Ab: RGNVar stirs int.ep) <, O
Note that
erl{l2)sgry /] = let ky =THr™ {|;8 oy v’ = rof| [int] (readRGNVar [stra] [int] (I2)sgry) in
thenRGN [sfir’] [int] [RGNVar sfir int] k,/ (Ab" :int.e;,)
where
ey, = letz=i1 @b in
THrr |58 by v = rﬂ [RGNVar sfir int] (newRGNVar [s#r] [int] handle(sfir) z)
Hence
s 85T [[-;g b 1 = m]] fint] (readRGNVar [sgra] [int] (lo)sgry) — K™
-, 8 — S5;thenRGN [stir'] [int] [RGNVar stir int] rp,* (A :int.ejs) —
thenRGN [sfir'] [int] [RGNVar sfir int] ry,* (Ab' @ int.ej/)
-8+ S35 ep[{l2) sgry /b] < thenRGN [str'] [int] [RGNVar str int] xp, ™ (Ab" :int.eps)
Note that
’ e, 8> 85 18> 85 Fexp (12)sgry ¢ RGNVar strs int
G, 8 85t s g; Fexp readRGNVar [sfir2] [int] <l2>sﬁr2 : RGN sfirs int
and

’m € dom(S}) ‘ ’lQ € dom(S(ra)) ‘ in = S5 (ra, l2) ‘
-, 8 +— S5;readRGNVar [sfira] [int] (I2)sgry “r Sa;i2
By Lemma 40, we conclude that

s SE T |8 b 1 = o [int] (readRGNVar [stira] [int] (l2)sgry ) — w2 *
25ty fra b
and
8 S3iRy T i S5

Note that

* * . / v o
8= Syseplia/b] — K
s Syiky T o Sy

ws»—»S;;()\b/:int‘e;,) iy — Kp " s S3ikp T o O
-, 8+ S5;thenRGN [sfir'] [int] [RGNVar str int] k™ (A :int.ejs) —, O
Note that
ez, [i2/b'] = let z =141 @iz in
Thrr 18 by 7/ = rﬂ [RGNVar sfir int] (newRGNVar [sfr] [int] handle(sfir) z)
Hence,

. .
5= Soii1 — i

. .
58+ Spiiz iz

=11 P iz

-,S»—»Sg;il D ig — 1

S S;;Tz” [[';g L rﬂ [RGNVar stir int] (newRGNVar [stir] [int] handle(sir) i) — x5/~

s Syreplia/b] — ki ”
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Note that

G S 85 i, s g; Fexp handle(stir) : RGNHandle sfir

=% ..
";';',SHS;Z-,SHSQ Fexp % @ int

s8> 85 1,8 > 85 Fexp newRGNVar [str] [int] handle(sfir) i : RGN T [str] int

and

’ r € dom(S5) ‘ ’ 1 ¢ dom(S5(r)) ‘
-, s — S3;newRGNVar [sfr] [int] handle(sfir) i <, S5 {(r,1) — i}, ({)sr

By Lemma 40, we conclude that

s S5 Th [[.;E Fop 7/ = 7»] [RGNVar sfir int] (newRGNVar [sgr] [int] handle(sr) i) < k%, "
and
s ST RE T i S5{(r 1) = d}, (D sy

Note that
S = Sa{(r,1) — i} B N _
8" = Sof(r,l) —int} and beaa S:8: S and Tigtack [[ksmk 5.8 s’]] = S:{(r,1) — i}
8§ = S{(rl) )

=/

Finally, note that T!eval [[~; 5818 Feval (D (int,r)]] = () sgr-

S;e1 — St1;v1 v = (li)ry
r1 € dom(S1) l1 € dom(S1(r1)) Si(r1,l1) =41
S1;e2 — Sa;v2 v2 = (I2)ry
ro € dom(Sg) lo € dom(Sg(T’g)) 52(7‘2,l2) =19
b=11 01y
Case !
S;e1 @ ez at p — Sa;b
Case —————: Note that
S;tt — S;tt
Fetxt 558 : 87
5588 Fexp tt: bool, v’
and . .
e* = returnRGN [T, P! [[-;E F place 7‘/]]] [T, tPe [[-;E Feype bool]]] tt
= returnRGN [sfir’] [bool] tt
Note that
-, 8 — S™; returnRGN [sfi'] [bool] tt < returnRGN [sfr'] [bool] tt
and
-, 5 — S*; returnRGN [sfir’] [bool] tt <, S*;tt
Note that
s = 8 B . B
s = 8 and  Fotack S’ : 88 and Tgstack |[Fsmck S .8 S/}] = S*
s =3

Finally, note that T* eval

B

18 g Feval t: bool]] = tt.

Case ————: ...
S ff — S; ff
Case S;ep — S50 v =tt S’ ep — S//;U”.
S;if e, then e; else ey — S”;0v"
Case S;ep — S50 v =ff S';efHS”;v”_

S;if ep then e else ey — S”;v"
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p=r r € dom(S) U ¢ dom(S(r))

Case & =7 : Note that
S;xx:T.l e at p— S{(r,l) = Az : 7.9 '} (1)r
S T1; 8 :gl—eXJ, e : 7'279l
8 bplace ™ 58 ka2
= o’ 1 0’ ’
558 8Fexp AT i1, € atr:(T1 — T2, 1), T
and
" - = ’ Ftype g o’
et = Thm ﬂ.;s Fo ! = rﬂ [T 8 Feype (11— 72, 7)|]
- _
(newRGNVar [P |18 place Tﬂ]
= — ’
[T "% 1138 Foiype 71— Tz]]]
Fol =
TEP ace H,; S Fplacc 7‘]]
(>‘$ : Tf—type [[yg Ftype 7'1]] ~T:exP |['§ SrT; 8 8 Fexp e : 7'279/]1 ))
e 3 ’ Ftype Fplace < ’ Ftype =
= T, ['; S by’ = rﬂ [RGNVar sgr (T, P° [r1] — RGN T, H‘? 8 Fplace 0 ]} T~ H'; 8 Ftype 7—2]] )]
(newRGNVar [sfir]
. Folace [ = M.
[TS®P€ [7,] —> RGN T, Place [+8 Fotace ] T} ee [+8 Fevpe 2]
handle(stir)
Az - T:type [,g Ftype 7'1]] ,']T:exP |[~; X TS : S Fexp e 7o, 9’]‘ )
Note that
’ s 8% 1o s> 8% Faxp handle(str) : RGNHandle str
Ftype - <
ez Tr [ri];-,8— 8" :+,5—8 Fexp
T:exf’ T TS :gkcxp e 72,0
L _ _
RGN TP [158 tprace '] -7 [58 Fiype 72
B 8 : -,s|—>g* Fexp
Az T:type [[-;g Fiype 7'1]] .'H':eXp [[-; T iT1;8: 8 Fexp e 1, 0/]] :
Tf_type [m1] — RGN ’]I‘.,F.place [[‘;g Fplace 9’]] T:type [[~;§ Ftype 'rz]]
B 8* . -’s|—>§* Fexp
newRGNVar [sfir] :
. _ _
(1797 [r1] — RGN T-7° [58 bprace 0] 297 [58 Faype 72|
handle(s#r)
Az : T:type [[’g Feype 7'1]] TEexp [['% T8 8 rexp € 1 T, 9/]]))
C _ _
RGNVar str (T, 7 [ri] — RGN T [18 Fprace 0] T797° [48 Fugpe 72])
and

[r e dom(s)|  [1 ¢ dom(s™(r)]

-y 8 — S™; newRGNVar [sfir]
[T 1] — RGN T [55 Fprace 0] 777 [58 Fuype 7))
handle(sfir)
Az : Tttype [[,g Fiype 7'1]] T:ex" [[-; Lz iT1;8:8 Fexp e : 7'2,9/]]))
— S™{(r, 1) = Az : T:type [[,g Fiype 7'1]] .T:e"p |I~; Lx:iT1;8:8 Fexp e 7, 9’]] D spr

By Lemma 40, we conclude that

v/

s STt >k
and
s SRV s S*{(r, 1) — Az : T;typc [[-;g Fiype 7'1]] .T:CXP [[-; LT T8 S Foxp € : 7'2,0’]]}, (1) spr

Note that
CI— S{(r,l) — Az : Tl.ele}
8 = 8{(rnhm—mn o, T} and  Fotack 57 : 8¢ 8
s S{(r,1) —}

and
’]I‘;StaCk [[)—Smck S' .8 :gl]] = S*{(r,1) — Az : T, tvpe [ A Feype 1] TP [['; @738 S bexp el 7’279/]]}
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Finally, note that Ttev [[5' .S Fevat () : (int,r)]] = (1) gz

S;el — Sl;vl v = <l1>r1 ,
r1 € dom(S1) l1 € dom(S1(r1)) Si(ri,l1) = Az : .0

S1;e2 — Sa;v2 So; € [va/z] — S3;v3
Case

Sie1 e2 — S3;v3

S;e1 — S1;vm1
S1;e2 — Sa;v2
r r € dom(S2) I ¢ dom(Sa(r))

p=
Si (er,e2) at p— Sa{(r, ) = (vr,v2)} Dy
S;e — Sv v= ()
Case " € dom(S") 1 € dom(S'(r)) S'(r,1) = (v1,v2): .
S;fst e — S';v1
r & dom(S) S,r— {};e[r/o] — S';v" S'=8"r—R

S; letregion g in e — S"'[e/7];v" [e/7]

Case

/!
Case : Note that

'?g '_typez
Feixt 558 : 857
o= {r'};8:SkapeiTo

58:8 Fexp letregion p.e : 7, r

and .
e* = [etRGN [T, Pace [[-;§ Fplace 7‘/]]]
[T:type [['%g Feype T]‘]
(Ao dw, : (T Place [.;5 F place r’]]) < 0.\, : RGNHandle .
Te™ [ o= (r'}Ti8: 8 baxp e: 7 0])

= JetRGN [str’] [T, ™P° [[~;g Fiype T]]] vy

where

v = Ao},

v = dwg: (s’ < 9)'”29
U;‘LQ = Ah, : RGNHandle g.e

el = TP [["Qt{T'}HS:ghxpe:T,e]]

Note that

8 S*;e* < |etRGN [str'] [Tttype [[‘;g Fype ‘r]}] v;
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and

r’ € dom(S™)

r & dom(S™)

P P *
’~,s>—>S ST {};'UQ f—»Ag.va

|5 87 (vl lotr/o] = dwg st S stra, e/l

s ST r— {};vg [str] — Aw, : sir’ < sﬁr.vzg[sﬁ'r/g]

8= S",r— {}; (AB.)\k : RGN sfir B.witnessRGN str’ str Bl k) —
(AB.Mk : RGN sfir B.witnessRGN stir’ str [5] k)

s 8T r {};v;g[sﬂr/g][A[j.)\k : RGN str (.witnessRGN str’ stir [3] k/w,] —
Ah, : RGNHandle g.e[s#r/0][AB. Ak : RGN sfir B.witnessRGN st stir [B] k/w,]

s ST s {};v; [s#r] (AB.Ak : RGN str B.witnessRGN str’ str [8] k) —
Ah, : RGNHandle g.e’[sir/o][AB.\k : RGN str B.witnessRGN str’ sir [B] k/w,]

’ -, 8 +— 8™, r + {}; handle(sfir) — handle(str)

s S s el [stir/o][AB.- Ak : RGN str B.witnessRGN stir’ sr [B8] k/w,][handle(str)/hy] — "~
s ST s {};v; [str] (AB.\k : RGN stir B.witnessRGN str’ str [3] k) handle(str) — x”""*

-y 5 = S™;1etRGN [str'] [TT []] vy o

By Lemma 13, we conclude that -, 0 = {r'}; ;8,7 +— {} : §,7 + {} Fexp € : 7,0. By Lemma 15,
we conclude 7[r/g] = 7.

By Lemma 41, we conclude e} = T, > [[~, o= {r'};8,r—{}: gl,r —{}Fexpe:T, Q]].
By Lemma 42 applied to -, 0 = {r'}; ;8,7 +— {} : 8,7 — {} Fexp € 1 7,0 and 38 {} e =
{r'}, we conclude that there exists a derivation of -;-;8,7 +— {} : 8,7 — {} Fexp €[r/o] : 7,7 such

that
& e’ [str/o][(AB. Xk : RGN sfir B.witnessRGN stir’ stir [3] k)/w,][handle(sir)/h,]

= TZCXD [['§ 58, {}: 8,7 = {} Fexp €[r/0] : T, rﬂ

Let

'™ = e [str/o][(AB.AK : RGN sfir B.witnessRGN sir’ sir [B] k)/w,][handle(stir)/h,]
By applying the induction hypothesis to S,r — {};e[r/o] — S”,r — R";v", 48,1 —
{2 81 = {} Fexp €[r/o] : 7,7, T, [558,r—{}:8r— {}Fexpelr/o:m,r] = €7, we
conclude that there exists 8,7 — R O 87 — {} and 8,7 — R” D5 8,7 — {}
such that Fgak S”,7 — R” : 8",r — R' : g//ﬂ‘ — R and 8" r — R g//,r —
R’ Few v ¢ 7, and -5 — S*r — (e — &% and - s — S*r — {}eV"7

* * * [ o ~ * *
S// 7,r N R// ;,U// Where ’I[“Sstdck |:|:}_btdck S//7,,,, — R// . 8//’7,, —s R// : 8 ,,r — R :|:| — S// ,,r —s R// ,

;)R

= — «
and T eval [[S”,r — RS, r— R Fea v 7']] =",

Note that
S = S'"[e/r] _ N _
8 = 8'"[e/r] and  Fatack 78" : 8 and TsStaCk [[Fsmck S’ 8 S/]] = S*[st e /str]
g/ — g//

Finally, note that T!eval [[S”[O/r] : g”[o/r] Feval v/ [0/7] : T]] =" [st e /str].

p=r r € dom(S) U ¢ dom(S(r))
Sixem o w at p o S{(r ) = Aoz W O

Case
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S;e1 — S1;v1 vy = (l1)ry )
r1 € dom(S1) l1 € dom(S1(r1)) S1(r1,l1) = Xo = <p.0 u
Si;u/[p2/0] — S2;v2
S;e1 [p2] — Sa2;v2

Case : Note that

— ’
558 : Shaxp e (M= .0 7,

38 Fplace P 58 by
8kt =0'[p/e

558 :g}_eXD e [p]: T[p/g],r,

S Fexp €@ (ITp = go.a'T, p),r', and (1c)

/

Applying Theorem 1 to (1a) Fgpack S : 8 : 8, (1b) ;-8 :

S;e — S’;(l),, we conclude that there exists g D_> S and 8 D_>5 § such that Fgpaex S’ : 8 1 §
and 8 : 8 Feval () 2 (TTo = <p.9l7', p'). Hence, p' =r.

By applying Lemma 17 to ;8 -, 7’ = 6'[p/0], we conclude that '[p/o] = r".

By inspection of the derivation -; 8 pjace p, We conclude p =" or p = e.

Note

e* = bind f: ']I‘:type [[‘;g Feype (ITo = gae/'r, 7‘)]] = T:eXp [[~; 5 8:8 Fexp € : (Ilo = @.9/7', T),r']] ;
(= o =
bind g : T, >*Pe [-; 8 Fiype o = Lp.e/T:Il
= _
T [8 b v/ = ] TP [158 biype Te. 7]
[ _
(readRGNVar [T, P'aee [[ 8 Fplace rﬂ]
- — ’
7297 [158 Fuype Tlo = 0.7 7]]
. s .

let = = (g [T-"*° [ 18 Fprace o] T4 58 Fre p = ] TP [48 Fptace p]) in
T [48 bue o = 6[p/c]] TH9P° |[';§ Feype T[P/Q}]] z

where f, g,z fresh

= bind f : RGNVar sfir 11 < T:exP [[-; 58 : 8 Fexp e (Hg‘e/'r, 'r‘),r’] ;
bind g : 71 <= T5** [38 ke 7/ = ][] (readRGNVar [str] [] f);
let 2 = (g [s#p] T4 [;8 Fre p = @] handle(stp)) in
T [58 e v/ = 0/[0/0]] - [8 Fuype lo/el] 2
[ —
moo= T [58 by o 7]
= ace < = ace <
= Vo (T [58 bptace 1] S0 % -+ X TP [48 bprace ]| < 0) —
RGNHandle o —
[ N _ —
RGN T, P'aee [[ 07 ©;8 Fplace 0’]] T e [[ 0= ¢;8 Fiype T]
where ¢ = {p1,...,pn}

By applying the induction hypothesis to S;e < S5 (1), 58 : 8 Fexp € : (Ilp = 0., r),r’

’]I‘:e"" [[~;~;S:gl—expe:(Hgt¢.9/77r),r’]] = e}, we conclude that there exists g 2-> S
and 8 D_5 8 such that Feace S ¢ 8 : 8 and 8 : 8 Few () ¢ int, and -5 —
S*er — KY* and -5 = S% K} =, S v; where Tigrtack [[I—Stack S':S’:g/]] = S, and

Theot [8:8' Fvat () : (Mo = 0.2 7,1)] = (g = 0"
Note that

e* = letks=ejin

thenRGN [str'] [RGNVar stry 7r1] [Th P [[.;3 Fiype T[p/g]]]] ko (Af : RGNVar stry r.e’)

where
e = bindg:mm < Th [38 Fur 7" = 7] [rm] (readRGNVar [stir] [rr] f);
let z = (g [sp] T,™® [:8 Fre p = ] handle(stp)) in
T [58 b v/ = 0'[0/0l] T7P° [58 Fuype 7lo/el] =
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Hence,

* P
’~,SHS ;eI'—»n? *

-, 5 — S*;thenRGN [sir’'] [RGNVar sfr 1] [’I[‘.t"ype [[~;§ Feype T[p/,g]]]] k3" (Af : RGNVar stir mr1.e})
thenRGN [sf#'] [RGNVar str 1] [T:type |[,§ Ftype -r[p/g]]l] n;* (Af : RGNVar stir m.e;)

. 5 8*;e* < thenRGN [str'] [RGNVar sfr 1] [Tttype [,g Ftype T[p/g]ﬂ] H;* (Af : RGNVar stir 'rn.e})

Note that

58 S,*?e;'[<l>sﬁr/f] — '{;‘*

s STRYT S5 (1) e 8 8" (Af : RGNVar sfir m-e}) (Dsgr — K" s 8T RLY S O

-, s — S*;thenRGN [sfr'] [RGNVar sfr 7] [Tttypc |[,g Fiype T[p/g]ﬂ] K;* (Af : RGNVar stir ’TH.E;) —. 0

Note that
ef(Dapr/f] = letky = T [58 b :'/ = r] [rn) (readRGNVar [str] [rr] (I)sgr) in
thenRGN [s¢r] [rn] (177 [58 Fuype 7lo/el]] (Ag : Te))
where
e, = letz= (g [stp] '[[‘,:re [58 Fre ﬁt el hindle(sﬁp)) in
TZ" I[‘; S bForr r’ e 0’[P/Q”] Tftype [['§ 8 }_type T[f’/@]]] z
Note that
’ e, s— 8T s — 8" Fexp (1) sgr : RGNVar sfr o ‘
558 = 87 s = 87 bexp readRGNVar [str] [r] ()sgr - RGN sir o
and
’r € dom(S'™) ‘ ’l € dom(S'"(r)) ‘ v, = 8" (1,1) ‘
-, s +— 8% readRGNVar [str] [rr] ()sgr —n S5 v,
where - , ,
v, = T:Sm [[S’; 8’ Fsto Ao = <p.9 u' :Tlp = Lp.e T]
= Aoy,
Folace = Fplace <
Vw, = Awg : (TTPI H'; S "place plﬂ j oX - X TTDl [[‘; S '_place Pn:” j Q)~'Uh,9
Vh, = Ahg: RGNHandle g.e,
ey = TP [z eii8:Shagu 70

By Lemma 40, we conclude that

s S8TU [8 by v/ = ] [rm] (readRGNVar [sir] [rm] (1) sgr) — k1™
and ‘

/%
s STTRYT

AN
g Tk S5 v,

Note that

*

s 8 ey [vo/g) = RG”

vk

1%
85— S O

7% IER R * v ok 7% v %
. 80, s ST (g Tey) Vo & Kg ’-,s»—uS’ A ®)

-5+ S'"; thenRGN [str'] [rr] [T:type [[,g Fiype T[p/g}ﬂ] ke (Ag:mmee,) = O
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Note that

7%
",S}—)S M <—>Ag.vw9

s 8 v, [stp/ o]
’_place < '_place <
Mg (T2 [ Fptace p1] = stp x -+ x TP [58 Fprace pn | < sto).vn, [sto/ o]

s S, [sto] .
— )\”U)Q : (Tfplace H:'; 8 }_place ,01]] < sffpx oo x T'rplace H'; 8 '_place pnl] = Sﬁﬂ)'”he [Sﬁp/g]

8 Sl*;T;m [8Fwep=p] — T;m [8Frep =]

’ s 8" on, [stp/ol[T,™ [158 Fre p = @] /wo] — Ahg : handle(stp).el [stp/o][T,™ [ Fre p = @] /w,]

S5 85w, [stp] T [58 bre p = @] < Ahy : handle(stp).cl [stip/ o) [Th™ [58 Fre p = @] /w,]

s 8 el [stp/ol[T,™ [58 Fre p = @] Jwo]lhandle(stp)/ho] — kY™

s 85w, [stol ’H‘Zm [:8 Fre p = ] handle(sfip) — Ky "

’ -, s +— S’ " handle(sfip) — handle(sfip) ‘

vs s ST [58 e v = 0'lp/0l] (T2 [48 Fuype Tlo/el]] 53—

s 87 ;3 [Ug/g]c_}’i;/

Note that , , ,
0= ;58 18 Fexpu 7,0

— ’ !
58 8 Fao Ao = 0.0 W i To = 0.0 7

By Lemma 42 applied to -, 0 = ;8" : § Fexp t' 1 7,0 and ~;§* Fre p = ¢, we conclude that
there exists a derivation of -; ;8" : 8’ Fexp w'[p/0] : T[p/0],0'[p/0] such that

el [sttp/el[Thre [ 8 Fre p = @] /wp][handle(stlp) /h,]

=T [558": 8 bexp w'lp/e] : Tlp/ e, 0'p/ ]

Applying the induction hypothesis to S’;u’[p/o] < S”;v", 8" + & Fexp 'lp/o] : T[p/o], T
T [58' 8 bexp w'lp/e] : 7lp/ ], 7] = ellsto/ol[Ty [18 e p = ] Jwollhandle(stp)/h, ]

we conclude that there exists § D> S and 8 D_> & such that Fgack S” : 8" - 8" and
8" : 8" Feva v ¢ 7lp/d), and -5 — S"se [stp/ol[The [58 re p = ] fw,][handle(stp)/hy) —

* * * ot ne 3 *
ky* and -5 — STiRYT =, 877077, where Ttk [[I—Stack S”:S”:S]] = S”", and

T evat HS’ : 8 Feyal v : T[p/g]]] ="

Applying Lemma 40, we conclude that -, s — S'*; T [+ 8 b 1/ = 0/[p/ 0] 5P [:8 Fiype 7o/ 0l] %

1% 1% * gk
kY and - s S KYT s S0

O
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Theorem 6 (Correctness)

Suppose Fprog p ok and p — v'.
Let T [Fprog p ok] = €*.
Then -;e* «— v'", where Theval [+ - Feya v @ bool] = v'™.

Proof. Note that

SHe (BipH/H < S0 S’ = Ho R
pt—»v/[o/H]
and
wH = {};; " Fexp p : bool, H
Fprog P ok

By Lemma 13, we conclude that -, H = {};;-,H+ {} : ,H — {} Fexp p : bool, H.
By Lemma 10, we conclude that -;-;-,H— {} : -, H— {} Fexp p[H/H] : bool, H.

By Theorem 1, we conclude that there exists R’ and R’ such that Fstaok s H— R - H—R - H—R
and - His R : - His R Fopa v 2 bool.

Note that N
e* = runRGN [T, "P° [, H > {};- Feype bool]]
(AH.Aha¢ : RGNHandle H.
let wy = () in
T:exD [sH =} Fexp P : bool, H])

By Lemma 41, we conclude that

11,Zcxp H';H - {}7 st bexp Pt b00|,H]]
= TP [H = {};-H = {}: s H = {} Fexp p & bool, ]

By Lemma 42, we conclude that

e [ Him {} £+ H i () Foxp p[H/H] : bool, H]
=T[5 = {}H = {} 2+ H i {3 Fexp p & bool, H] [sgH/HI[()/wr¢]handle(sgH) /hy]
=T [H = {}i+: - Fexp p & bool, H] [s4H/H][() /wr][handle(stH) /hs ]

Applying Theorem 5 to Fgpack sH— {} : s H—= {} - H—={}, 55 H—= {} - H— {} Fexp p[H/H] :
bool,H, and -,H +— {};p[H/H] — -,H — R’;v’, we conclude that

s+ o, Hi— {};TZCXP L5 H={}:,H— {} Fexp p[H/H] : bool, H] — x"*’
and

v/ 1% 1%
s H—{};k —p 8= H— R'™ v

where
T [Fatack - Him R i H s R H s R =5 Ho R
and
! eval |[ Hio R H o R Foyar 0 : bool]] =
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Hence,

H ¢ dom(-)

s -, H— {};']I‘:e"p [H = {};-: - Fexp p : bool, H] [s#H/H][handle(sfH) /h#][() /wH] — rY

(et wy = () in v
wsr s He () (T:exp [+H = {};+: Fexp p : bool, H] [sﬁH/H][handIe(sﬁH)/hH}) -

Ah1¢ : RGNHandle sfH.
ys = He {3 | let wy = () in handle(sH) — rY*
T:C"p [+H = {}; : - Fexp p : bool, H] [s§H/H]

AH.\hy : RGNHandle H.
s His {

let wy = () in [stH] handle(sH) — x"*’
T:e"p [.+H > {};-: - Fexp p : bool, H]

v/ 1% 1%
’~,s>—>~,H>—>{};ﬁ —pns—H— R0

- runRGN [T 5P° [ H = {};- Feype bool]] < o' *[st e /s4H][0/s]
(AH.Ah; : RGNHandle ‘H.
let wy = () in
TEeP [ H = {};- 1 - Foxp p : bool, H])

Recall that -, H— R’ : - H— R Feval vt bool. Proceed by inpsection of the derivation.

Fstype sHi— R 1 Hi—> R

Case — : Note that
SH— R . H— R Feya tt: bool
Feval ’ D’
T eva [[-,H = R H i R boyar tt bool]] =tt
and
tt[st @ /sgH][o/s] = tt
and
T:cval [ : - Feval tt[®/H] : bool] = tt
Fstype s Hi— R i His R

Case stype H 77 72 = : Note that

JH= R Hio R Feya fF : bool

Theval H His R Hio R Fovar s bool]] = ff
and
fflst o /stH][o/s] = fF

and
Theval [ ¢ - Foyar ffle/H] : bool] = ff
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1 € Z
e € EVarsTT
¥,0 € RVars™T where H € RVars™T
f,x € Vars™T
Surface region placeholders 6,p == p
Surface effects o == 0{p}le|p1Ueps
Surface types T u= bool| (u,p)| Ve
Surface boxed types won=int |7 RN | 71 X 7o | Ho.%T
Surface programs p = e

Surface terms e = datp|ler@eratp|e1©eq|
tt | ff | if ey then e, else ey |
x| Ar:T¥eatpl|er ea
(e1,e2) at p|fst e |snd e |
letregion g.e | Ao.Pu at p | e [p] |

fix f:71u
Surface abstractions u u= Ar:T.Peatp]|No.fuatp
Surface values v ou= tt|ff|x

Figure 51: Surface syntax of TT

5 Expressiveness of the Single Effect Calculus

An important issue to consider is the expressiveness of the Single Effect Calculus relative to Tofte and
Talpin’s original region calculus. Tofte and Talpin’s formulation of the region calculus as the implicit target
of an inference system makes a direct comparison difficult. Fortunately, there has been sufficient interest
in region-based memory management to warrant direct presentations of region calculi [10, 3, 4, 11], which
are better suited for comparison. Three aspects of the region calculus are highlighted as essential features:
region polymorphism, region polymorphic recursion, and effect polymorphism.

5.1 Tofte-Talpin

For comparision, we adopt the presentation of the Tofte-Talpin region calculus given in by Henglein,
Makholm, and Niss [11]. We have added integer and product types and made the effect/region context
explicit. We have dropped type polymorphism, as it does not appear in the Single Effect Calculus (or the
Bounded Region Calculus); adding it to both calculi is trivial and orthogonal to the comparisons we wish to
make. Finally, we give a distinguished rule for top-level surface programs, to establish “boundary conditions”
for a program’s execution.

5.1.1 Surface Syntax of TT

Figure 51 presents the syntax of “surface programs” (that is, excluding intermediate terms that appear in
the operational semantics) of the Tofte-Talpin Calculus.

As in the Single Effect Calculus, we distinguish between places and effects. The Tofte-Talpin Calculus
includes a richer class of effects — essentially, that of a finite set of places and effect variables. We also
distinguish between types and boxed types; note that the “single effect” 6 in function and region abstraction
boxed types of the Single Effect Calculus are replaced by a “general effect” ¢ in the Tofte-Talpin Calculus.
Also note that region abstraction types do not include a region bound. Finally, the Tofte-Talpin admits
universal quantification of effects over types: Ve.r.

102



Effect/Region contexts A == -|Aje|Ap
Value contexts r == - |Tx:7

Figure 52: Static semantics of TT (definitions)

The Tofte-Talpin Calculus includes all the terms seen previously in the Single Effect Calculus. Once
again, note that the “single effect” 6 in function and region abstractions are replaced by a general effect ¢
in the Tofte-Talpin Calculus. Also note that region abstractions do not include a region bound. Finally,
the Tofte-Talpin include a fixed-point term, fix f : 7.u. Since we intend the Tofte-Talpin Calculus to obey a
call-by-value evaluation semantics, we limit the body of a fixed-point to abstractions.

5.1.2 Static Semantics of TT

Figures 52, 53, 54, 55, 56, and 57 define the static semantics of the Tofte-Talpin Calculus. The development
is entirely analagous to that of the Single Effect Calculus.
We summarize the main typing judgements in the following table:

Judgement Meaning

A l—btype n Boxed type p is well-formed.
AbFiype T Type 7 is well-formed.
AlFge3p Region p is a region in ¢.

Ale o2 All region in ¢’ are regions in ¢.
A;T Fexp €17, | Term e has type 7 and effect ¢.
Fprog P Ok Program p is well-typed.

5.2 Region Polymorphism

The Single Effect Calculus clearly supports region polymorphism, albeit, in a slightly different form than
that usually found in region calculi. One can give a straightforward translation from the Tofte-Talpin region
region calculus without effect polymorphism (or fix) into the Single Effect Calculus. This translation is
essentially the same as that of Section 2.8.3; we include it here for completeness.

We start with a few preliminaries. We assume injections from the sets RVars”? and VarsT? to the sets
RVars®F¢ and VarsSPC respectively. In the translation, applications of such injections will be clear from
context and we freely use variables from source objects in target objects. We further assume a partitioning

RVarsS®¢ = RVars™ T w O

and draw 1 region variables from the set ©. Hence, no 19 region variable appears in any source T'T program.
Note that in the absence of effect polymorphism, effects in the Tofte-Talpin calculus are of the form
©==0|{p}|e1Ups. Hence, it is clear that effects can be given in the form ¢ ::= {p1,...,pn}. In light of
the injection from RVars™" to RVarsSFC, we can freely use effects from source objects in target objects.
Figure 58 gives the translation from Tofte-Talpin Calculus to the Single Effect Calculus. The proof that
the translation is type-preserving is virtually identical to that of Section 2.8.3.

Lemma 44 (Translation preserves types)

(1) If l_erctxt A; th@TL l_rctxt Tﬁ [[A]]
Furthermore, dom(A) = dom (T4 [A]).

(2) If A Fplace p, then ’]I‘ﬁ [A] Fplace p-
(3) If A Fegr @, then TR [A] Fet ¢-
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AT Foxp e Ty

AsT Fexp €12 (int, p1), 0 Abe 93 p1

Fotxt AT AT Fexp €2 @ (int, p2), ¢ Al @3 p2
A }_place pP A Fer ©wo3p A |_place P A Fer w3 p
AT Fexp i at p: (int, p), AT Fexp €1 D ez at p: (int, p),
AT Fexp €1 : (int, p1), Alte ¢ 3 p1
AT Fexp €22 (int, p2), ¢ Ale ¢ 3 p2 Fetxt A3 Fetxt A3
AT Fexp €1 © €2 : bool, ¢ A;T Fexp tt : bool, A;T Fexp ff 2 bool, ¢
A;T Fexp € @ bool, ¢
AT bFexp er i 7, Fetxt A3 ;0 AT x0Ty Fexp e : T2, cp/
AT bexp ep 1 7,0 x € dom(T) I(z)=r71 A Fplace p Abepdp
AT Fexp if €y then e else ef @ 7, JAND) R P ) AT Foxp [V at p: (n 5 72, p), 0
AT Foxp €11 (11 = 72, p1), AT Fexp €11 71,0
Al 03 ph AT Fexp €2 : T2, 0 A;T Fexp €: (T1 X T2,p), ¢
A;FFCXpeQ:TlagD A'_CC(PQQO/ A'_placep A"cr@BP AFchDEP
AT Fexp €1 €21 T2, AT Fexp (e1,e2) at p: (11 X 72, p), ¢ AT Fexp fst e: 71,9
AT Fexp €2 (11 X 72,p), Abgpe T Fee AiT5 9 A, 0T Fexp ' 2 7,
Al @3dp A, o;T Fexp e : 1,0 U {0} A Fplace P Abe@dp
AT Fexp snd e: 72, A;T Fexp letregion g.e : T, AT Fexp o2 W at p: (0. 7, p),
A; r Fexp e (HQ(P T, p/1)7 @ Aler "= 0/1 Fetxt A; T ®
A'_plabce P2 AFee(Pg(pl[pQ/Q} A;va:T}_epr:Tyga A,(‘:;F'—expe:’r,@
AT bexp € [p2] : T[p2/ 0], ¢ AT bexp fix fimu:7,0 AT Fexp e: Ve, @

AT Fexp €: VeT, @ A e <p'
AT Fexp e T[¢ /€], 0

Figure 53: Static semantics of TT (expressions)

Abgp>dp

AI7p1acep A};eﬁr Y2 A};er P1 9/) A}*eff 1 APer P2 9[)
A}—er{p}Bp A'_er(plUQOQBP A'_er(plUQOQBp

Al 2 ¢

AFEH@ A"erQOBﬂ A'_ee@gﬁpl AFee‘PQQPQ "erchgA € € dom(A)
AbepDD Atee o D {p} Alee p D o1 Upa Abagede

Al_eﬁ' P2 Al_ee P1 ;)E Al_eﬁ' P1 Al_ee P2 ;)5
AFee‘PlL—J(PQQE AFee‘PlL—J(PQQa

Figure 54: Static semantics of TT (casts)
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Ferctxt A XS dom(A)
A '_place o
Ferctxt A A l_place P Fetxt A S dom(A) A Fog Y1 JANI e ©2
Abeg 0 Ates {p} Albeg € A Fer 01 U o
'_crctxt A A }_typc T1 A '_eff 2 A }_typc T2 A l_typc T1 A I_typc T2
A I7b1:ypc int A }_btype T1 i) T2 A I7b1:ypc T1 X T2
A oberr Ao biype T
A |_btype HQ.g}T
}_erctxt A A I_btype 1% A I_place P Aa € I_type T
A }_type bool A '_type ([J/, p) A '_type Ve.T
Figure 55: Static semantics of TT (types)
Ferctxt A o & dom(A) Ferctxt A e ¢ dom(A)
'_erctxt N '_erctxt A7 Q l_erctxt A; 3
Ferctxt A A Fyeixe T xr ¢ dom(r) A I_type T
A l_vctxt - A }_vctxt Fy . T
}_C‘cxt Ay Fa ¥
A l_vctxt r A }_eff (2]
I_ctxt A, Fy SD

Figure 56: Static semanti

cs of TT (contexts)
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'7H§ : l_exp p: b00|7 {H}

Fprog D ok

Figure 57: Static semantics of TT (surface programs)

Region contexts
_TRI
TA HAa Q]]

Boxed types
Ty [int],
T [[7'1 RN 7'2]]
P
Tﬁ [[’7'1 X TQ]]p
T} [o.7],

Types
T7 [bool]
T7 [(1, )]
Value contexts
Tt [1]
TR [T,z : 7]

Expressions
Te [i at p],
T¢ [ex @ e2 at p],
T¢ [e1 © e2],
T [t
T¢ [ff],
T¢ [if e then e; else ef],
Te [],
T¢ [Az : 7.%€e at p],
T¢ [e1 e2],
T [(e1, ) at o],
T¢ [fst €],
T¢ [snd €],
T¢ [letregion o.e],
T¢ [Ao.u at p],
Te [e [p]l,

Programs
T3 [Pl

TA[A] 0= {}

int

Y = ¢.*(T7 [11] % TF [r2] . p)
T7 [11] x T7 [r2]

Mo = {}.*(I1Y = ¢.°T7 [], p)

bool
Ty [u1,

Tr [I], 2 : T7 []

iatp

T¢ [e1], ® T¢ [e2], at p

T¢ [ex]y © T¢ [e2],

tt

ff

if T¢ [eu], then T¢ [e;], else T¢ [ef],
x

M = @.”(\x: TL [7] .”TE [e], at p) at p
T¢ [ea] [6] T [ez]

(T [ery » T [ea],) at

fst T¢ [e],

snd T¢ [e],

letregion 0.T¢ [e],

o= {32 (N = p."TE [u], at p) at p
T [el, [7) 16]

Te [[p]]H

Figure 58: Translation from the Tofte-Talpin Calculus to the Single Effect Calculus
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Surface terms ) fix frTa
Computation terms e == ...|fix f:7.u

p=r redom(S) 1¢dom(S(r))
Sifix £ (11 L mayp) A 1 at p s S{(r,1) o w1 [0/ 15 (D

p=T r € dom(S) I ¢ dom(S(r))
Sifix f: (Mo = @."7,p) M0 = ¢." ' at p— S{(r,1) = Ao = @." W[(1),/ F1}: (1)

A;T;8: 8 bexpe:T,0

AT, f:738:Shexpu:T,0
AT 8 : 8 boxp fix f 77,0

Figure 59: Extensions to SEC for fix

(4) If A Foiype 1, then forall A’ and p,
if TR [A], A Fplace p, then T [A], A’ Fotype T4 [[u]]p.

(5) If A Fiype T, then forall A,
if Fretxt TR [A], A, then TR [A], A’ Feype TZ [7]-

(6) If A l_vctxt F, th@'ﬂ Tﬁ [[A]] l_vctxt Tg [[F]]

(7) If AT bFexp €2 T, , then forall A and 6,
if Fetxt Tﬁ [A], A TE[T] ;60 and Tﬁ [A], A" e 0 = o,
then T4 [A], A'; TR [T] Fexp T¢ [e], : TZ [7], 6.

(8) If Fprog P OK,
then prog T [p] ok.

5.3 Region Polymorphic Recursion

Region polymorphic recursion can be supported in the Single Effect Calculus by adding fix and fixing a region
abstraction (as is shown by Henglein, Makholm, and Niss [11] for the Tofte-Talpin Calculus); Figure 59
presents the extensions necessary to support fix. The translation given in the previous section is simply

extended as follows:
T¢ [fix f:7u], = fix f:T7[7].T¢ [u],

As an example, consider the following term to compute a factorial (in which we elide the type annotation

on fact):
fix fact.

(To; = {}.## (Tgp = {}.7* (Tap = {py, 0i, 00 }-**
(An: (int, g;).2°

if letregion ¢ in n < (1 at p)

then 1 at o,

else letregion g, in (letregion g, in

(fact [oi] [00] [00]
(letregion o in n — (1 at o) at g;/))) *n at g,

) at pf) at ,Of) at pf) at of
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The function fact is parameterized by three regions: g; is the region in which the input integer is allocated,
0o is the region in which the output integer is to be allocated, and g, is a region that bounds the latent effect
of the function. (Region p; is assumed to be bound in an outer context and holds the closure.) We see that
the bounds on p; and g, indicate that they are not constrained to be outlived by any other regions. On the
other hand, the bound on g, indicates that py, g;, and g, must outlive gy. Hence, g, suffices to bound the
effects within the body of the function, in which we expect regions ps (at the recursive call) and g; to be
read from and region g, to be allocated in. Note that the regions passed to the recursive call of fact satisfy
the bounds, as g, outlives py (through g; and @), 0 is allocated before (and deallocated after) ., and
0o clearly outlives itself.

5.4 Effect Polymorphism

A completely satisfactory account of effect polymorphism in the Single Effect Calculus has proved elusive.
Here, we present our thoughts on possible ways of incorporating effect polymorphism into the framework
described in this paper.

Recall that effect polymorphism provides a means to abstract over an entire set of regions. Effect
instantiation applies an effect abstraction to a set of regions. Effect polymorphism is especially useful for
typing higher-order functions. For example, the type of the list map function is polymorphic in the effect of
the functional argument.

We note that effect polymorphism is most useful in the presence of type polymorphism. While we
have presented the Single Effect Calculus (and the Tofte-Talpin region calculus) as monomorphic languages,
adding type polymorphism is entirely orthogonal to the development thus far.

Second, we note that effect polymorphism is primarily used to abstract the effect of functions. While the
types Ve.bool or Ve.((int, p1) X (int, p2), p3) are well-formed, they appear to have utility in a program. On
the other hand, the types Ve.(m; 2 1, p) and Ve.(Ilp.#7, p) are well-formed and have immediate utility in
abstracting the effect ¢ in the latent effect ¢ or in the latent effects of the types 71, 7, and 7. It is less clear
whether Ve.(71 X 72, p) is of significantly more utility than (Ve.r; X Ve.ra, p).

5.4.1 A Non-compositional Encoding

Effect polymorphism can be simulated in the Single Effect Calculus, although at a heavier notational cost
than the encoding of latent effects.

Encoding effect polymorphism in the Single Effect Calculus begins by replacing effect abstractions (Ve.7)
by region abstractions with an empty bound (Ile = {}.*7). Effect instantiation (by a set of regions) must
be translated to region instantiation; in particular, the set of regions must be translated to a single region
denoting the upper bound of the set. In the presence of region polymorphism, this can be complicated,
because a set of region variables may have no obvious upper bound. Hence, we must extend the translation
to include upper bounds for each set of region variables that may be used in an effect instantiation. For
example, a source type like (I1g;.91(I1g2.#2.(I1p3.937, p3), p2), p1) (where any subset of {01, 02, 03} may be
used in an effect instantiation) is translated to

(I = {}./ (119 = 1.
(I = {}.72(I1Y5 = @q.P?
(ITo12 = {01, 02}.72
(ITo3 = {}.73 (1193 = 3.73
(ITo13 = {01, 03}.72 (1023 = {02, 03}.7°
(ITo123 = {01, 02, 03}.72
(T[], p3), p3)s P3), P3): P3)s P3), P2)-P2)s P2), P1), P1)

In the term translation, 012, g23, and p123 can be used for region instantiations when the source term performs
an effect instantiation with the corresponding set of region variables. The burden of instantiating 012, 023,
and o103 falls to the term that instantiates o1, g2, and p3, which will have sufficient information to choose
the right upper bounds.
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Unfortunately, this leads to a non-compositional encoding.

5.4.2 A Dynamic Encoding

The difficulty with the above encoding is that every effect instantiation must be translated to a region
instantiation, where we must “pick” the region that denotes the upper bound of the set. The real problem is
getting this upper bound region to the point of the instantiation. This corresponds to the non-compositional
aspect of always having the upper-bound of each subset of region variables in scope.

However, there is one key difference between effect abstraction (simulated by region abstraction) and
region abstraction. Namely, that it is impossible to use any of the regions of an effect variable within the
scope of the abstraction.

Suppose we were able to choose this upper bound dynamically:

©={Tiys- oy, }

SE 5177'1 g R1;527---7Snarn = R7L7Sn+1 Y= {pla-”a.a-'-apn}
Sselrn/o] — S';0 Siele/o) — S50/
S pick o = @ ine— S50 S;pick o = @ ine— S50

A,Qi(p;l";S:gl—expezr,G
A;F;S:g}—exp pick o = pine:T,0

The expression pick o = ¢ in e instantiates g, at run-time, with the upper bound of the set (.

Now, one can imagine translating an effect instantiation e [¢] into pick ¢ > ¢ in e [g]; we have effectively
chosen the upper bound needed to capture the effects in .

Unfortunately, the dynamic semantics of pick are somewhat unsatisfactory. In particular, within the
scope of pick, one can allocate into the chosen region:

pick o= ¢inletx=1atpintt

However, if we consider the motivation for introducing pick, we come to a new observation. We introduced
pick to choose the right region to instantiate what had been an effect abstraction. So, in an encoding of
effect polymorphism, we would not expect to use the chosen region for an allocation (i.e., no ¢ at o terms).
Therefore, in the dynamic semantics, while we need to pick the upper-bound region to satisfy a type-
preserving execution, we do not need that region for a type-erasing execution. This corresponds to the
fact that in a type-erasing execution, we need the region handles (which are implicit in the Single Effect
Calculus), but not the region types.

Therefore, this suggests that a formulation of the Single Effect Calculus with pick that makes the region
/ region handle explicit may be able to encode a reasonable facimile of effect polymorphism. The argument
for reasonableness is that the pick simply manipulates regions at the type level, without manipulating region
handles at the term level (i.e., within the scope of pick, we have the region type o, but not the region handle
handle(p)).

5.4.3 An Alternate Translation to FRCN

An alternate account of effect polymorphism would be to forgoe the translation into the Single Effect Calculus
altogether and to adopt a modified formulation of FRCN. Essentially, we wished to encode effects using a
single type for the index of the RGN monad. If we were to instead encode the entire effect as the index of
the RGN monad, we may be able to give a cleaner account of effect polymorphism, although this is by no
means certain.

One really nice aspect of the current translation is that there are no terms for transformations on RGN
computations in the (surface syntax of the) target. The only way to acquire a term of type 7, <X 74 =
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VB.RGN 7. 3 — RGN 7, (3 is through |etRGN. The two trivial casts (corresponding to reflexivity and
transitivity) can be written in System F without any additions:

refl = NVror=<r
refl Ar.AB. Mk : RGN r 5.k

trans = Ar;s;t.(r<s)— (s Xt)—> (r 21t
trans = Ar,s,tAf:r <sAg:s X t.ABXNk: RGN r B.g [B] (f [6] k)

If we were to adopt a source calculus where latent effects were given by
pu=0[{p} el U

then the “obvious” translation would be something like:

T[0] = unit
Tlp} = »
Tle] = e
TlerUpa] = Tpa] X T 2]

Now we would require some interpretation for the cast judgements like

Akee‘pgwl Akee@2@2
Alee p 201U

From a typing perspective this needs to translate to a term with the type
Ve, e1,e2.V3.RGN (e; x eg) 6 — RGN e

But, certainly there is no System F term with that type. It there fore seems that we would need to introduce
a number of witness terms (at the surface syntax) in order to accomodate all of the F, and F¢ judgements.

Unfortunately, in this system, one can aquire numerous witness functions. And we lose a nice property
of the current formulation: namely, that there aren’t any non-trivial witness terms — we only aquire one as
the by-product of doing something that changes the region on the top of the stack (namely, entering a new
region).
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6 Related Work

The work in this paper draws heavily from two lines of research. The first is the work done in type-
safe region-based memory management, introduced by Tofte and Talpin [25, 26]. Our Single Effect Calculus
draws inspiration from the Capability Calculus [5] and Cyclone [8], where the “outlives” relationship between
regions is recognized as an important component of type-systems for region calculi.

The work of Banerjee, Heintze and Riecke [2] deserves special mention. They show how to translate
the region calculus of Tofte and Talpin into an extension of the polymorphic A-calculus called F4. A new
type operator # is used as a mechanism to hide and reveal the structure of types. Capabilities to allocate
and read values from a region are explicitly passed as polymorphic functions of types Va.ao — (aftp) and
Va.(a#p) — o; however, regions have no run-time significance in F4 and there is no notion of deallocation
upon exiting a region. The equality theory of types in Fx is nontrivial, due to the treatment of #; in
contrast, type equality on FRCN types is purely syntactic. Furthermore, their proof of soundness is based on
denotational techniques, whereas ours are based on syntactic techniques which tend to scale more easily to
other linguistic features. Finally, it is worth noting that there is almost certainly a connection between the
Fu lift and seq expressions and the monadic return and bind operations, although it is not mentioned or
explored in the paper.

The second line of research on which we draw is the work done in monadic encapsulation of effects
[17, 18, 21, 14, 28, 15, 16, 22, 1, 13, 23, 19, 29]. The majority of this work has focused on effects arising from
reading and writing mutable state. While recent work [28, 19, 29] has considered more general combinations
of effects and monads, no work has examined the combination of regions and monads.

Launchbury and Peyton Jones [14, 15] introduced a monadic state transformer type ST s « for compu-
tations which transform a state indexed by s and delivers a value of type .. To run such state transforming
computations, they provide a term runST with the type Va.(Vs.ST s @) — a. Our typing rules for runRGN
and letRGN, inspired by that of runST, use the same parametricity to ensure that computations do not leak
any (direct or indirect) references to deallocated regions.

Launchbury and Sabry [16] argue that the principle behind runST can be generalized to provide nested
scope. They introduce two constants

blockST :: (VBST (axfB)7)—=STar
importVar :: MutVar & 7 — MutVar (a x 3) 7

where blockST encapsulates a new scope and importVar explicitly allows variables from an enclosing scope
to be manipulated by the inner scope. Similarly, Peyton Jones* suggests introducing the constant

liftST == STa7—ST (axpf)T

in lieu of importVar, with the same intention of importing computations from an outer scope into the inner
scope. At first glance, this mechanism seems sufficient for supporting a translation from a region calculus.
However, in the presence of region polymorphism, such an approach proves difficult. The problem is that the
explicit connection between the outer and inner scopes in the product type enforces a total order on regions.
This total order is expressed in the types of region allocated values. Hence, one cannot write a function
polymorphic in the regions p; and ps and apply it in all three of the following situations: (a) instantiate p;
and py with the same region, (b) instantiate p; with a region that strictly outlives the region that instantiates
p2, (c) vice versa. To put it another way, the function doesn’t know what the region stack is going to look
like when it is called — it doesn’t know where p; and po are relative to each other or to the top of the stack.
Hence, we adopt the approach presented in this paper, where we pass evidence showing that each of the
regions is live.

Finally, we note that Wadler and Thiemann [29] advocate marrying effects and monads by translating
a type 71 — T to the type T [r1] — T? T [r2], where T? 7 represents a computation that yields a value
of type 7 and has effects delimited by (the set) o. As with the work of Banerjee et. al. described above,

4private communication
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this introduces a nontrivial theory of equality (and subtyping) on types; the types T? 7 and T 7 are equal
so long as o and o’ are (encodings of) equivalent sets. However, few programming languages allow one to
express such nontrivial equalities between types.
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7 Conclusions and Future Work

We have given a type- and meaning-preserving translation from the Single Effect Calculus to FREN. Both
the source and the target calculi use a static type-system to delimit the effects of allocating in and reading
from regions. The Single Effect Calculus uses the partial order implied by the “outlives” relation on regions
to use single regions as bounds for sets of effects. We feel that this is an important insight that leads to
a relatively straight-forward translation into the monadic setting. FRN draws from the work on monadic
encapsulation of state to give parametric types to runRGN and letRGN that prevent access of regions beyond
their lifetimes. Explicit functions witness the outlives relationship between regions, enabling computations
from outer regions to be cast to computations in inner regions. Witness functions cannot be forged and are
only introduced via letRGN.

There are numerous directions for future work. One idea is to provide the RGN monad to Haskell pro-
grammers and to try to leverage type classes so that witnesses and handles can be passed implicitly, thereby
reducing the notational overhead of programming with nested stores. Unfortunately, a direct encoding of
the subtyping leads to overlapping instances for witness generation, and we have been unable to find a suit-
able set of type-class definitions that works around this problem. Obviously, a language that incorporates
subtyping directly, such as F<, would simplify the encoding.

Finally, as is well known, Tofte and Talpin’s original region calculus can lead to inefficient memory
usage for some programs. In practice, additional mechanisms are required to achieve good space utilization.
Cyclone incorporates a number of these enhancements, including unique pointers and dynamic regions, and
it remains to be seen whether these features can also be encoded into a simpler setting.
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