arXiv:cs.PL/0403034 vl 23 Mar 2004

Phantom Types and Subtyping

Matthew Fluet Riccardo Pucella
Cornell University Cornell University
Ithaca, NY 14853 Ithaca, NY 14853

fluet@cs.cornell.edu riccardo@cs.cornell.edu
Abstract

We investigate a technique from the literature, called thanpom types technique, that
uses parametric polymorphism, type constraints, and atiibic of polymorphic types to model
a subtyping hierarchy. Hindley-Milner type systems, susthe one found in SML, can be used
to enforce the subtyping relation. We show that this teahican be used to encode any finite
subtyping hierarchy (including hierarchies arising fromltiple interface inheritance). We
formally demonstrate the suitability of the phantom typhhique for capturing subtyping by
exhibiting a type-preserving translation from a simplecaals with bounded polymorphism
to a calculus embodying the type system of SML. We then iiista particular use of the
technique to capture programming invariants associatétuser-defined datatypes, in the form
of statically-enforced datatype specializations.

1 Introduction

It is well known that traditional type systems, such as thee dound in Standard ML
[Milner, Tofte, Harper, and MacQueen 1997], with paranogholymorphism and type constructors
can be used to capture program properties beyond thosalaassociated with a Hindley-Milner
type system[IMilner 1978]. For concreteness, let us reviesimgle example, due to Leijen and
Meijer [1999]. Consider a type of atoms, either booleansitagers, that can be easily represented
as an algebraic datatype:

datatype atom = I of int | B of bool

There are a number of operations that we may perform on sechsaisee Figurg 1{a)). When the
domain of an operation is restricted to only one kind of ataswithconj anddouble, a run-time
check must be made and an error or exception reported if #ekdhils.

One aim of static type checking is to reduce the number oftime-checks by catching type
errors at compile time. Of course, in the example above, e §pe system does not consider
conj (mkI 3, mkB true) to be ill-typed; evaluating this expression will simplysaia run-time
exception.

If we were working in a language with subtyping, we would ltkeconsider integer atoms and
boolean atoms as distinct subtypes of the general type ofsaémd use these subtypes to refine the

*A preliminary version of this paper appeared in Breceedings of the 2nd IFIP International Conference oncFhe
retical Computer Scien¢@p. 448—-460, 2002.



fun mkI (i:int):atom = I (i) fun mkI (i:int):int atom = I (i)

fun mkB (b:bool):atom = B (b) fun mkB (b:bool):bool atom = B (b)
fun toString (v:atom):string = fun toString (v:’a atom):string =
(case v (case v
of I (i) => Int.toString (i) of I (i) => Int.toString (i)
| B (b) => Bool.toString (b)) | B (b) => Bool.toString (b))
fun double (v:atom):atom = fun double (v:int atom):int atom =
(case v (case v
of I (i) => 1 (i * 2) of I (i) => 1 (1 * 2)
| _ => raise Fail "type mismatch") | _ => raise Fail "type mismatch")
fun conj (vi:atom, fun conj (vl:bool atom,
v2:atom) :atom = v2:bool atom):bool atom =
(case (v1,v2) (case (v1,v2)
of (B (b1), B (b2)) => B (bl andalso b2) of (B (b1), B (b2)) => B (bl andalso b2)
| _ => raise Fail "type mismatch") | _ => raise Fail "type mismatch")
(a) Unsafe operations (b) Safe operations
Figure 1:

types of the operations. Then the type system would repgpe drror in the expressiaibuble
(mkB false) at compile time. Fortunately, we can write the operationa way that utilizes the
SML type system to do just this. We change the definition oidthimtype to the following:

datatype ’a atom = I of int | B of bool

and constrain the types of the operations (see Figuré 1{i).use the superfluous type variable
in the datatype definition to encode information about time lof atom. (Because instantiations of
this type variable do not contribute to the run-time repnéstion of atoms, it is called phan-
tom type) The typeint atom is used to represent integer atoms an@l atom is used to
represent boolean atoms. Now, the expressianj (mkI 3, mkB true) results in a compile-
time type error, because the typast atom andbool atom do not unify. (Observe that our use
of int andbool as phantom types is arbitrary; we could have used any twcstiipet do not
unify to make the integer versus boolean distinction.) Gndther hand, bothoString (mkI

3) and toString (mkB true) are well-typed;toString can be used on any atom. This is
the essence of the technique explored in this paper: usingeatype variable to encode sub-
typing information and using an SML-like type system to eoéothe subtyping. This “phantom
types” technique, where user-defined restrictions arecteffiein the constrained types of val-
ues and functions, underlies many interesting uses of typms. It has been used to derive
early implementations of extensible recordds [Wand 198mR1989{ Burton 1990], to provide a
safe and flexible interface to the Network Socket API [Rep@9€l, to interface to COM com-
ponents [[Finne, Leijen, Meijer, and Peyton Jones 1999]ype tembedded compiler expressions
[Cenen and Meinjer 1999| Elliott, Finne, and de Moor 20003, record sets of effects in type-and-
effect type systems [Pessaux and Leroy 1999], and to embegt@sentation of the C type system
in SML [Blume 2001].

The first contribution of this paper is to describe a generatg@dure for applying the phantom
types technique to subtyping. This procedure relies on arogpiate encoding of the subtyping hi-
erarchy. We exhibit different classes of encodings foedéht kinds of hierarchies. The second con-
tribution of this paper is to formalize this use of phantoimey and prove its correctness. We present



atype-preserving translation from a calculus with subitggo a calculus with let-bounded polymor-
phism, using the procedure described earlier. The kindlatfyping that can be captured turns out to
be an interesting variant of bounded polymorphism [Carddrtini, Miichell, and Scedrov 1994],
with a very restricted subsumption rule.

As a nontrivial application of the phantom types technigoieemcode subtyping hierarchies,
we show how to capture programming invariants associatéi weier-defined datatypes. Dubbed
datatype specialization, this technique uses type-chgdki verify that program invariants are pre-
served; compile-time type errors will indicate errors tbatlld violate program invariants.

This paper is structured as follows. In the next section, esedbe a simple recipe for deriving
an interface enforcing a given subtyping hierarchy. Therfate is parameterized by an encoding,
via phantom types, of the subtyping hierarchy. In Sedilow& examine different encodings for
hierarchies. We also address the issue of extensibilith®fencodings. In Sectidd 4, we extend
the recipe to capture a limited form of bounded polymorphismSectior[b, we formally define
the kind of subtyping captured by our encodings by givingnapse calculus with subtyping and
showing that our encodings provide a type-preserving la#ios to a variant of the Damas-Milner
calculus, embodying the essence of the SML type system.dtidB@d, we examine how to encode
datatype specialization using phantom types, followirgapproach to capture subtyping we have
described. We conclude with some problems inherent to thepaph and a consideration of future
work. The formal details of the calculi we introduce in SenfB, the proofs of our results, as well
as other supplemental material can be found in the appendice

2 From subtyping to polymorphism

The example in the introduction has the following featui@s:underlying primitive type of values
(the original typeatom), a set of operations, and “implicit” subtypes that cormegpto the sensible
domains of the operations. The subtyping hierarchy coomding to the example is as follows:

atom

SN

int bool

The subtyping hierarchy is modeled by assigning a type toyawgplicit subtype in the hierarchy.
For instance, integer atoms with implicit subtyipéare encoded by the SML typait atom. The
appropriate use of polymorphic type variables in the typemodperation indicates the maximal type
in the domain of the operation. For instance, the operatedtring has the conceptual ty@dom

— string which is encoded by the SML typea atom — string. The key observation is the use
of type unification to enforce the subtyping hierarchy: ian atom can be passed to a function
expecting ana atom, because these types unify.

We consider the following problem. Given an abstract piireityper,, a subtyping hierarchy,
and an implementation af, and its operations, we wish to derive a “safe” SML signatuteci
uses phantom types to encode the subtyping and a “safe” ingpition from the “unsafe” im-
plementation. We will call the elements of the subtypingrdmehy implicit typesand talk about
implicit subtypingin the hierarchy. All values share the same underlying mapration and each
operation has a single implementation that acts on thisryidg representation. The imposed
subtyping captures restrictions that arise because of soteenal knowledge about the semantics



of the operations; intuitively, it captures a “real” suhityg relationship that is not exposed by the
abstract type.

We first consider deriving the safe interface. The new iats&fdefines a type r corresponding
to the abstract type,. The type variablex will be used to encode implicit subtype information. We
require an encodingr) of each implicit types in the hierarchy; this encoding should yield a type in
the underlying SML type system, with the property that) unifies with(o») if and only if o; is an
implicit subtype ofor,. An obvious issue is that we want to use unification (a symimegfation) to
capture subtyping (an asymmetric relation). The simplegt@ach is to use two encodings- and
(-ya defined over all the implicit types in the hierarchy.vAlueof implicit type o will be assigned
atype(o)c 7. We call (o) the concretesubtype encoding of, and we assume that it uses only
ground types (i.e., no type variables). In order to resttietdomain of an operation to the set of
values in any implicit subtype of, we use(c) 4, theabstractsubtype encoding of. In order for
the underlying type system to enforce the subtype hierambéyequire the encodings)c and(-) 4
to berespectfuby satisfying the following property:

for all o1 andos, (01)c matchesos) 4 iff 01 < os.

For example, the encodings used in the introduction aresotfsh:

(atomy4 = ’a atom (atom¢c = unit atom
(int)Y4 = int atom (int)ycey = int atom
(bool)4 = bool atom (bool)c = bool atom

The utility of the phantom types technique relies on beinkg &b find respectful encodings for
subtyping hierarchies of interest.

To allow for matching, the abstract subtype encoding willdduce free type variables. Since,
in a Hindley-Milner type system, a type cannot contain figeetvariables, the abstract encoding
will be part of the larger type scheme of some polymorphiccfiom operating on the value of
implicit subtypes. This leads to some restrictions on wherstould constrain values by concrete
or abstract encodings. For the time being, we will restriatselves to using concrete encodings
in all covariant type positions, and using abstract engxglin most contravariant type positions.
We will return to this issue in Sectidi 4. Another conseqeeotthaving the abstract encoding be
part of a larger type scheme that binds the free variablesengx position is that the subtyping is
resolved not at the point of function application, but rathethe point oftype application when
the type variables are instantiated. We postpone a distussithis important point to Sectidd 4,
where we extend our recipe to account for a form of boundeghpaiphism.

Consider again the example from the introduction. Assuméawe encodings:)c and(-) 4
for the hierarchy and a structuteom implementing the “unsafe” operations, with the signature
given in Figurd 2(3). Deriving an interface using the re@peve, we get the safe signature given
in Figure[Z2{D).

We must now derive a corresponding “safe” implementatiors.néed a type: 7 isomorphic to
T, such that the type system considersr andr, 7 equivalent iffr; andr, are equivalent. (Note
that this requirement precludes the use of type abbreuwsitod the formtype o 7 = 7,, which
define constant type functions.) We can then constrain thestyf values and operations using
(o)o T and{o) 4 7. In SML, the easiest way to achieve this is to use an abstrpetdt the module
system level, as shown in Figyre 3(a). The use of an opaquatsig is critical to get the required
behavior in terms of type equivalence. The advantage oftleithod is that there is no overhead.
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signature ATOM = sig signature SAFE_ATOM = sig

type atom type ’a atom
val int : int -> atom val int : int -> (int)c atom
val bool : bool -> atom val bool : bool -> (bool)c atom
val toString : atom -> string val toString : (top)4 atom -> string
val double : atom -> atom val double : (int)4 atom -> (int)c atom
val conj : atom * atom -> atom val conj : (bool)s atom * (bool)s atom —-> (bool)c atom
end end
(a) Unsafe signature (b) Safe signature
Figure 2:
structure SafeAtoml :> SAFE_ATOM = struct structure SafeAtom2 : SAFE_ATOM = struct
type ’a atom = Atom.atom datatype ’a atom = C of Atom.atom
val int = Atom.int fun int (i) = C (Atom.int (i))
val bool = Atom.bool fun bool (b) = C (Atom.bool (b))
val toString = Atom.toString fun toString (C v) = Atom.toString (v)
val double = Atom.double fun double (C v) = C (Atom.double (v))
val conj = Atom.conj fun conj (C bl, C b2) = C (Atom.conj (b1,b2))
end end
(a) Opaque signature (b) Datatype declaration
Figure 3:

In a language without abstract types at the module levetha@n@approach is to wrap the primi-
tive typer, using a datatype declaration

datatype ’a 7 = C of 7,

The typea 7 behaves as required, because the datatype declaratiorsdafgenerative type oper-
ator. However, we must explicitly convert primitive valuesand froma 7 to witness the isomor-
phism. This yields the implementation given in Figlire B(b).

We should stress that the “safe” interface must ensure bmatypea 7 is abstract—either
through the use of opaque signature matching, or by hidiegviiue constructors of the type.
Otherwise, it may be possible to create values that do npectshe subtyping invariants enforced
by the encodings. Similarly, the use of an abstract subtyppeding in a covariant type position can
lead to violations in the subtyping invariants.

We now have a way to derive a safe interface and implementaiipadding type information
to a generic, unsafe implementation. In the next sectionskn@v how to construct respectful
encodings-) and(-) 4 by taking advantage of the structure of the subtyping hoéwar

3 Encoding subtyping hierarchies

The framework presented in the previous section relies simgaoncrete and abstract encodings
of the implicit subtypes in the subtyping hierarchy with fhreperty that unification of the results

of the encoding respects the subtype relation. In this@®ctve describe how such encodings can
be obtained. Different encodings are appropriate, depgnuti the characteristics of the subtyping



hierarchy being encoded. Most of these encodings assurnihéhsubtyping relation is completely
knowna priori. We address the question of extensibility in Seclioh 3.5.

3.1 Tree hierarchies

For the time being, we restrict ourselves to finite subtyfimgarchies. The simplest case to handle
is a tree hierarchy. Since this is the type of hierarchy tltaucs in the example we saw in the
introduction (and, in fact, in all the examples we found ie therature on encoding subtyping
hierarchies in a polymorphic type system), this encodingukhbe clear. The idea is to assign
a type constructor to every subtype of a subtyping hierarékgsume we have an encodirig x
assigning a distinct (syntactic) name to each entry in aypif hierarchyH. Hence, for each
o € H, we define:

datatype ’a (o)n = C{o)n

(The name of the data constructor is completely irrelevastye will never construct values of this

type?)
For example, consider the following subtyping hierarchyigh is essentially the one used in
the Sockets API described by Reppy [1096]):

A
/N
B C
/N
D E

We first define type constructors for every element of theahnidry. We assume a reasonable name
encoding(-) v, such agA) y = LA, (B)y = LB, etc. Hence, we have

datatype ’a LA = C_LA

and likewise for the other elements. The concrete encodingr element of the hierarchy repre-
sents the path from the top of the hierarchy to the elemesif.itdence,

(A)e = unit LA

(B)o = (unit LB) LA
(C)e = (unit LC) LA
(D)c = ((unit LD) LC) LA
(E)e = ((unit LE) LC) LA

For the corresponding abstract encoding to be respecttukeguire the abstract encoding®oto
unify with the concrete encoding of all the subtypessofin other words, we equire the abstract

1Again, we could use an abstract type via the SML module sy#tstaad of a datatype.



encoding to represent the prefix of the path leading to theehés in the hierarchy. We use a type
variable to unify with any part of the path after the prefix wanwto represent. Hence,

<A>A = «p LA

(B)4 = (ay LB) LA
(Cya = (a3 LC) LA
(DYa = ((au LD) LC) LA
(E)a = ((as LE) LC) LA

We can then verify, for example, that the concrete encoding anifies with the abstract encoding
of C, as required.

Note that(-) 4 requires every type variable; to be a fresh variable, unique in its context. This
ensures that we do not inadvertently refer to any type vigribbund in the context where we are
introducing the abstractly encoded type. The followingregke illustrates the potential problem.
Let H be the subtyping hierarchy given above, over some underlyipe,. Suppose we wish to
encode an operatiofi: A x A — intin a way that it can accept any implicit subtype_4ffor its
two arguments. The encoded type of the operation becgmesi) 4 7 x (A)4 7 — int (where
a 7 is the wrapped type of, values) which should translate : (a LA) 7 x (b LA) 7 —
int. If we are not careful in choosing fresh type variables, weld@enerate the following type
f:(’a LA) T x (’a LA) 7 — int, corresponding to a function that requires two arguments of
the same type, which is not the intended meaning. (The handli introduced type variables is
somewhat delicate; we address the issue in more detail in8&L)

It should be clear how to generalize the above discussioariorete and abstract encodings for
arbitrary finite tree hierarchies. L&ty correspond to the root of the finite tree hierarchy. Define an
auxiliary encoding-) x which can be used to construct chains of type constructors:

<TH>X t = t <TH>N
(oyxvt = (o')x (t{o)n) if o' isthe parent ofr

Using this auxiliary encoding, we can define the concreteadrstiract encodings:

(o) = (o)x unit
(oya = (0)x « a fresh

3.2 Finite powerset lattices

Not every subtyping hierarchy of interest is a tree. Moreeggahhierarchies can be used to model
multiple interface inheritance in an object-orientedisgtt Let us now examine more general sub-
typing hierarchies. We first consider a particular lattibattwill be useful in our development.
Recall that a lattice is a hierarchy where every set of eleskas both a least upper bound and
a greatest lower bound. Given a finite $ktwe let thepowerset latticeof S be the lattice of all
subsets of5, ordered by inclusion, writteiip(S), ). We now exhibit an encoding of powerset
lattices.

Let n be the cardinality ofS and assume an ordering,...,s, on the elements of. We
encode subseX of S as ann-tuple type, where thé™ entry expresses that € X ors; ¢ X.



First, we introduce a datatype definition:
datatype ’a z = Z

(The name of the datatype constructor is irrelevant, becauswill never construct values of this
type.) The encoding of an arbitrary subsetSaf given by:

unit ifs; € X
X)e = tix...xt, wheret; = .
Ko P X i { unit z otherwise
(% if s, € X
X)a = tix... wheret; = ¢ .
(X LXeee X ' { a; z otherwise

Note that(-) 4 requires every type variale to be a fresh type variable, unique in its context. This
ensures that we do not inadvertently refer to any type viriabund in the context where we are
introducing the abstractly encoded type.

As an example, consider the powerset lattic§¢lo®, 3,4}, which encodes into a four-tuple. We
can verify, for example, that the concrete encoding{f®f, namely (unit z x unit X unit
z X unit z), unifies with the abstract encoding ft, 2}, namely (a1 x as x ag z X ay
z). On the other hand, the concrete encodinglo2} does not unify with the abstract encoding of

(2,31,

3.3 Embeddings

The main reason we introduced powerset lattices is the fattany finite hierarchy can be em-
bedded in the powerset lattice of a &t It is a simple matter, given a hierarciy’ embedded
in a hierarchyH, to derive an encoding foH’ given an encoding fof. Let inj(-) be the in-
jection from H' to H witnessing the embedding and let¢,, and(-) 4,, be the encodings for the
hierarchy /. Deriving an encoding fori’ simply involves defining(o)c,, = (inj(o))c, and
(0)a,, = (inj(o))a,. Itis straightforward to verify that if-)c,, and ()4, are respectful en-
codings, so ar¢-)c,, and(-)4,,. By the result above, this allows us to derive an encodingafor
arbitrary finite hierarchy.

To give an example of embedding, consider the followingguibyg hierarchy to be encoded:

A
/N
B C
/N
D E
/

F

Notice that this lattice can be embedded into the powersiitdeof {1, 2, 3,4}, via the injection
function sendingd to {1,2,3,4}, Bto {1,2,3}, Cto {2,3,4}, D to {2,3}, Eto {3,4}, andF to
{2}.



3.4 Other encodings

As we noted, the key issue in modeling a subtyping relatioer @n abstract type is to be able
to encode the subtyping hierarchy. We have presented eefip@btaining respectful encodings,
depending on the characteristics of the hierarchy at hanhdhduld be clear that there are more
general hierarchies than the ones presented here thatilt&e gncoded, although the encodings
quickly become complicated.

Not only do we have flexibility in designing the encoding o€ thubtyping hierarchy under
consideration, we can also derive encodings for generafitigies with the understanding that
only arestricted class of elements will ever be accesseanf&sample, let us examine an encoding
that generalizes the finite powerset lattice encoding td¢hantably) infinite case. This encoding
is different from the other encodings, in the sense that wdrtéact encode only the finite subsets
of a countably infinite set. On the other hand, this case é&ésting enough to warrant a discussion.

Technically, the encoding is in the spirit of the finite pog&trencoding. Let be a countably
infinite set, and assume an ordering so, . . . of the elements of. As in the finite case, we define
a datatype

datatype ’a z = Z

The encoding is given fdinite subsets of5 by the following pair of encodings:

(X))o = (1 x(tax(tzx...x(typ xa)...)))

wheret, — unit if s, € X
"1 unit z otherwise

andn is the least index such that C {s1,...,s,}
(X)a = (t1 x (t2a x (t3 x ... X (t, X unit),...)))
«; if s; € X
o; z otherwise
andn is the least index such that C {sq,...,s,}

wheret; = {

(As usual, with the restriction that the type variabdesyy, . .., ., are fresh.) One can verify that
this is indeed a respectful encoding of the finite elementhefnfinite lattice.

Note that this use of a free type variable in the encoding gichdly be “polymorphic in the
rest of the encoded value” is strongly reminiscent of théomodf arow variable as originally used
by Wand to type extensible records [Wand 1987], and furtleselbpped by Rémy [1989]. The
technique was used by Burton to encode extensible recargstlgliin a polymorphic type systems
[Burton 1990]. Recently, the same technique was used tesepts sets of effects in type-and-effect
systems|[Pessaux and Leroy 1P99].

We have not focussed on the complexity or space-efficiendphe®ncodings. We have em-
phasized simplicity and uniformity of the encodings, atépense of succinctness. For instance,
deriving an encoding for a finite hierarchy by embedding idipowerset lattice can lead to large
encodings even when simpler encodings exist. Consideotlosving subtyping hierarchy:
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The smallest powerset lattice in which this hierarchy caeiéedded is the powerset lattice of a
6-element set, and therefore the encoding will requirepiegl On the other hand, it is not hard to
verify that the following encoding respect the subtypinduced by this hierarchy. First assume a
datatype declaration:

datatype ’a 1 =L

(Again, the constructor name is irrelevant.) Consider dtleding encoding:

(unit x unit)

—~

Ao =

(B)c = (unit 1 X unit)

(C)¢ = (unit x unit 1)

(D) = ((unit 1) 1 x unit 1)

(E)e = (unit 1 x (unit 1) 1)

(F)¢ = (((unit 1) 1) 1 x (unit 1) 1)
(G)e = ((unit 1) 1 x ((unit 1) 1) 1)
(H)c = (((unit 1) 1) 1 x ((unit 1) 1) 1)

(The abstract encoding is obtained by replacing eweryt by a type variabley, taken fresh, as
usual.)

It is possible to generate encodings for finite hierarchas are in general more efficient than
the encodings derived from the powerset lattice embeddi@ge such encoding, described in Ap-
pendix(4, uses a tuple approach just like the powerset éatticoding. This encoding yields tuples
whose size correspond to the width of the subtyping hieyabeling encoded rather than the typi-
cally larger size of the smallest set in whose powersetkattie hierarchy can be embedded. (The
efficient encoding for the previous subtyping hierarchyrisrestance of such a width encoding.)

3.5 Encodings and extensibility

One aspect of encodings we have not yet discussed is thatterisgxility. Roughly speaking,
extensibility refers to the possibility of adding new elantsto the subtyping hierarchy after a
program has already been written. One would like to avoidrigato rewrite the whole program
taking the new subtyping hierarchy into account. This iseeslly important in the design of

2Thewidth of a finite hierarchy is the size of the largest set of mutuiatymparable elements.
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libraries, where the user may need to extend the kind of dettithe library handles, without
changing the provided interface. In this section, we exantlire extensibility of the encodings in
SectiorB. We then show how to capture one type of extertgjbiéistricted but still useful, through
any encoding.

Looking at the encodings of Sectibh 3, it should be clear tiatonly immediately extensible
encodings are the tree encodings in Sedfioh 3.1. In suchea @dding a new subtyp® to a given
typeT in the tree simply requires the definition of a new datatype:

datatype ’a (S)ny = C_(S)n

We assume a naming functidr) ;- extended to includé&. For the sake of presentation, we assume
(S)n = LS. One can check that the abstract and concrete enc odings ofiiinal elements of the
hierarchy are not changed by the extension—since the emgoelies on the path to the elements.
The concrete and abstract encodings of the new sulffyipgust the path t@, as expected.

The powerset lattice encodings and their embeddings arsondearly extensible. Indeed, in
general, any encoding of a subtyping hierarchy that cost@in elements” (that is, atype which is
a subtype of at least two otherwise unrelated types, retatedlltiple inheritancen object-oriented
programming) will not be extensible in an arbitrary way. Hwar, it turns out that as long as all
the extensions are done with respect to a single “parené, tyjis possible to extend any subtyping
hierarchy in a way that does not invalidate the previous éimgp Let us take as a starting point
the finite powerset encoding of Sectlonl3.2. Observe thdtdndttice encodings, the encoding of a
typeT corresponding to subsét;, , ..., ¢;, } contains amnit in the tuple position corresponding to
t;, tot; , andunit out in other positions. Suppose we wish to derive a new subsypéT" (not
in the original lattice); we simply encode it as we wodldbut creating a new type, say:

datatype ’a LS = C_LS

as in the case of tree encodings, and replace exery in the encoding of” by unit LS. For the

abstract encoding o, we replace everynit in the concrete encoding by a (fresh) type variable.

One can verify that indeed the resulting encoding is refyleaft the updated subtyping hierarchy.
In general, we can extend a lattice encoding by “graftingjthar lattice to any node. Here is a

general recipe to achieve this. Letbe a powerset lattice over a seof cardinalityn, and leto be

an element of. we want to extend by another sublattitg, that is, everything irl,, is a subtype of

o. (Recall thatr is in fact a subset of.) Assume thal. is encoded via a lattice embedding encoding

()c, ()4, and thatL,, is encoded via some encodiggZ, (-)% . We can extend the encoding fbr

over the elements df,:

)7 ifs;eo
— tx..xt, wheret,={ {7)C b
(re ! " ‘ { unit z otherwise

(r)q ifs;eo

= t1 x...xt, wheret; = .
() ! " ‘ {ai z otherwise

(As usual, eachy; in (-) 4 is fresh, including the type variables n)%.) Again, such an encoding is
easily seen as being respectful of the extended subtypergriohy. The above scheme generalizes
in the straightforward way to encodings via lattice embedsdj and to the countable lattice encoding
of Sectior3.H.
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The interesting thing to notice about the above developrieefitat although extensions are
restricted to a single type (i.e., we can only subtype onergtype), the extension can itself be an
arbitrary lattice. It does not seem possible to describenemgé extensible encoding that supports
subtyping two different types at the same time (multiplesiitance). In other words, to adopt an
object-oriented perspective, we cannot multiply-inhfdtn another type, but we can single-inherit
into an arbitrary lattice, which can use multiple inhergariocally.

4 Towards bounded polymorphism

As mentioned in Sectiofl 3, the handling of type variableomewvhat delicate. If we allow com-
mon type variables to be used across abstract encodingsyw#hean capture a form dfounded
polymorphismas in F. [Cardelli, Martini, Miichell, and Scedrov 19P4]. Boundedlymorphism
ala F.. is a typing discipline which extends both parametric polyphism and subtyping. From
parametric polymorphism, it borrows type variables and/ensial quantification; from subtyping,
it allows one to set bounds on quantified type variables. kamgle, one can guarantee that the
argument and return types of a function are the same and gpsubfo, as invVa < g.a — «.
Similarly, one can guarantee that two arguments have the $gpe that is a subtype af, as in
Va < o.(a x a) — o. Notice that neither function can be written in a language upports only
subtyping.

Returning to the example from the introduction, considetiragl natural numbers as a subtype
of integers, so thatatis a subtype oint. Using bounded polymorphism, we can assigddable
the reasonable typén < int.ac — «. However, bounded polymorphism has its limitations. One
reasonable type for plus operation isva < int.a X o — « where the same kind of atom is
required for both arguments. In order to add an integer anat@al number we need a function
tolInt (operationally, an identity function) to coerce the typetlug natural number to that of an
integer.

We can adapt our “recipe” from Sectibh 2 to types of the foin< o1.(8 x 03) — (. Let the
“safe” interface use types of the formr. Sincef stands for a subtype of;, we let¢g = (1) 4,
the abstract encoding of the bound. We then translate tleeagpve did in Sectiol 2, but replace
occurrences of the type variabteby ¢4 instead of applying-) 4 repeatedly, thereby sharing the
type variables introduced by;) 4. Hence, we get the typgs 7 x (02)4 T — ¢ 7. In fact, we
can further simplify the process by noting that we can “puit’all the subtyping into bounded
polymorphism. If a function expects an argument of any igipBubtype ofs, we can introduce
a fresh type variable for that argument and bound itzhyFor example, the type above can be
rewritten asvp < 01,7 < 02.(8 x v) — .

Unfortunately, this technique does not generalize to full. For example, we cannot encode
bounded polymorphism where the bound on a type variableauggse variable, such as a function
f with typeVa < 0,8 < a.a x 3 — a. Encoding this type ag, 7 x ¢g 7 — ¢, T Where
o = (0)a andgg = (o) 4 fails, because we have no definition (@f) 4. Essentially, we need a
different encoding ofs for each instantiation oft at each application of, something that cannot
be accommodated by a single encoding of the type at the defirut £.

Likewise, we cannot encode first-class polymorphism, such &unctiong with type Va <
or1.cc — (VB < 02.8 — (). Applying the technique yields a typg, 7 — ¢3 7 — ¢3 7 where
¢ andgg contain free type variables. A Hindley-Milner style typesam requires quantification
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over these variables in prenex position, which doesn't m#ie intuition of the original type. In
fact, because we are translating into a language with prposmorphism, we can only capture
bounded polymorphism that is itself in prenex form.

In other words, we cannot account for the general subsumptile found inF... Instead, we
require all subtyping to occur at type application. Thishie teal motivation for the simplification
above which “pulls out” all subtyping into bounded polymioigm. By introducing type variables
for each argument, we move the resolution of the subtypirthdqgoint of type application (when
we instantiate the type variables). The following examplynilustrate this point. Inf.. with
first-class polymorphism, we can write a functiapp with type (Va < o1.ac — 02) — 09 X 09
that applies a function to two valueg] of type o; andv2 of type oo < o;. This definition of
app type-checks when we apply the argument functiorrtoand then tovi and we apply the
argument function te» (using subsumption at type application) and them2oBut, as we argued
above, we cannot encode first-class polymorphism. An @t version ofapp can be written
in F. with type (07 — 02) — 02 x go. This definition ofapp type-checks when we apply
the argument function te1 and we apply the argument function@ (using subsumption on the
argument function to give it the type, — o3). Yet, we cannot give any reasonable encoding of
app into SML, because it would require applying the argumentfiam to the encoding of1, with
type (1) 7, and to the encoding of2, with type (o2)¢ 7; that is, it would require applying an
argument function at two different types. As hinted abovés ts a consequence of the lack of
first-class polymorphism in the SML type system; the argurf@mction cannot be polymorphic.

These two restrictions impose one final restriction on the kif subtyping we can encode. Con-
sider a higher-order functianwith typea < (07 — 02).cc — 02. What are the possible encodings
of the boundrs; — o5 that allow subtyping? Clearly encoding the bound@sc ™ — (o2)c 7
does not allow any subtyping. Encoding the boundma$s 7 — (02)4 7 Or (o1)a 7 — (o2)c T
leads to an unsound system. (Consider applying the arguimnection to a value of typeg > o1,
which would type-check in the encoding, becaysg) - unifies with (1) 4 by the definition of a
respectful encoding.) However, we can soundly encode thedas(ci)c 7 — (o2)4 7. This
corresponds to a subtyping rule on functional types thatress — 7 < 7 — 75 iff 7o < 7.

Despite these restrictions, the phantom types technigsélli® viable method for encoding
subtyping in a language like SML. All of the examples of ploenttypes found in the literature
satisfy these restrictions. In practice, one rarely neads-diass polymorphism or complicated
dependencies between the subtypes of function argumertg;ytarly when implementing a safe
interface to existing library functions.

5 A formalization

There are subtle issues regarding the kind of subtypingctirabe captured using phantom types. In
this section, we clarify the picture by exhibiting a typedtaédus with a suitable notion of subtyping
that can be faithfully translated into a language such as ShéLa phantom types encoding. The
idea is simple: to see if an interface can be implementedgusiantom types, first express the
interface in this calculus in such a way that the program-tyfpecks. If it is possible to do so, our
results show that a translation using phantom types exisistarget of the translation is a calculus
embodying the essence of SML, essentially the calculus aid3sand Milner([1982], a predicative
polymorphicA-calculus.

13



5.1 The source calculus\®"

Our source calculusy®™, is a variant of the Damas-Milner calculus with a very resédl notion of
subtyping, and allowing multiple types for constants. Weuase a partially ordered sgrf’, <) of
basic types.

Types of \2M:
T = Monotypes
t Basic type(t € T')
Q@ Type variable
T — To Function type
o= Prenex quantified type scheme
Yo <:Ti,...,0n <:Tp.T

We make a syntactic restriction that precludes the use af ¥gpiables in the bounds of quantified
type variables.

An important aspect of our calculus, at least for our purppsethe constants that we allow.
We distinguish between two types of constants: basic cotsstand primitive operations. Basic
constants, taken from a s€f, are constants representing values of basic typed’. We suppose
a functionm;, : () — T assigning a basic type to every basic constant. The priendperations,
taken from a set’,, are operations acting on constants and returning cosstauther than giving
primitive operations polymorphic types, we assume thatdherations can have multiple types,
which encode the allowed subtyping. The primitive operatiouble in our example would get
the typesint_value — int_value andnat_value — nat_value. We suppose a function,
assigning to every constante C), a set of typesr,(c), each type a functional type of the form
t —t (fort,t' € T).

Our expression language is a typical polymorphic lambdeutas expression language.

Expression syntax ofA2M:

e = Monomorphic expressions
c Constant(c € C, U C))
Ax:T.€ Functional abstraction
e1 e Function application
x Variable
T, Tl Type application
letz=pine Local binding

p = Polymorphic expressions
x Variable
Ao <:mq,...,ap<:Tp.e Type abstraction

The operational semantics are given using a standard doateseduction semantics, written
e1 — .. eo. The details can be found in AppendX B, but we note the mopbitant reduction

3For simplicity, we will not deal with higher-order functisrhere—they would simply complicate the formalism
without bringing any new insight. Likewise, allowing pritivie operations to act on and return tuples of values is a
simple extension of the formalism presented here.

14



rule, involving constants:
C1 Cp —. C3 iff 5(61,62) = C3

wheres : C), x Gy, — C,, is a partial function defining the result of applying a pringtoperation
to a basic constant.

As previously noted, we only allow primitive operations te monotyped. However, we can
easily use the fact that they can take on many types to wriigmmphic wrappers. Returning to
the double example, we can write a polymorphic wrappe <: int value. Az : a.double z tO
capture the expected behavior. We will see shortly thatftimstion is well-typed.

The typing rules forA®M are the standard Damas-Milner typing rules, modified to aeto
for subtyping. The full set of rules is given in AppendiX B. Byping is given by a judgment
A k.. 7 <: 1, and is derived from the subtyping on the basic types. Thadsting rules are:

t1 <ty Al T <:T£
AF_ t1 <:to Ao 1 =T <:T —T)

Notice that subtyping at higher types only involves the ltetsppe. The typing rules are given by
judgmentsA; T" -_. e : 7 for monotypes and\;I' _. p : o for type schemes. The rule for primitive
operations is interesting:

(7" = m){r /a1, ....7} Jan} € mp(c) V7 <:Ti,..., T, <iTp c e Cy,
Aoy <:Tyye o <yl T FV(r) = (a1,...,an)

The syntactic restriction on type variable bounds ensirasaachr; has no type variables, so each
7/ <: 7; is well-defined. The rule captures the notion that any subtypn a primitive operation
through the use of bounded polymorphism is in fact realizethb “many types” interpretation of
the operation.

Subtyping occurs at type application:

AT p:iVa <7y, <iTpT Abori<im 0 Abo7) <i7y
NT o plr,...,7h) s m{r]/oa,..., 7} /an}

r'n

As discussed in the previous section, there is no subsumptithe system: subtyping must be
witnessed by type application. Hence, there is a differdvetsveen the type; — to (where
t1,to € T) andVa <:t1.a — to; Namely, the former does not allow any subtyping. The retsbris
of Sectior[# are formalized by prenex quantification and thtagtic restriction on type variable
bounds.

Clearly, type soundness of the above system depends onfihiiole of 6 over the constants.
We say thatr, is sound with respect té if for all ¢; € C, andcy € Cy, we havet-_. ¢ ¢ : 7
implies thato(cy, c2) is defined andr, (d(c1, c2)) = 7. This definition ensures that any application
of a primitive operatior:; to a basic constant, yields exactly one valué(c;, c;) at exactly one
typem,(d(c1, c2)) = 7. This leads to the following conditional type soundnessiltésr A°M:

Theorem 5.1 If 7, is sound with respect t, -_. e : 7, ande —_. ¢/, thenk_. ¢’ : 7 and either
¢’ is a value or there exists’ such that’ —_, ¢”.

Proof: See AppendikBl
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5.2 The target calculus\?™

Our target calculus\?™,

is meant to capture the appropriate aspects of SML that eles r

vant for the phantom types encoding of subtyping. Esséntidlis the Damas-Milner calculus
[Damas and Milner 1982] extended with a single type consirut.

Types of \PM:
T = Monotypes
@ Type variable
T — To Function type
TT Type constructoil
1 Unit type
T X Ty Product type
o= Prenex quantified type scheme
Val, e, O T

Expression syntax ofA?™M:
I

e =
c
Ax:T.e
€1 €9
x
P,y Thl
letx =pine
p =
x
Aoy ..., «ap.€

Monomorphic expressions

Constantc € C, U C))
Functional abstraction
Function application
Variable

Type application
Local binding

Polymorphic expressions

Variable
Type abstraction

The operational semantics (via a reduction relatien;) and most typing rules (via a judgment
A;T ;e : 1) are standard. The calculus is fully described in AppehdixA€ before, we assume
that we have constants, andC,, and a functiorny providing semantics for primitive applications.
Likewise, we assume that, and m, provide types for constants, with similar restrictions;(c)
yields a closed type of the fori 7, while 7, (c) yields a set of closed types of the foiffi ;) —

(T 12). The typing rule for primitive operations iA?™ is similar to the corresponding rule in
APM. Given two typesr and7’ in AP™, we define their unificationunify(r, 7’) to be a sequence
of bindings((a1, 1), (a2, 72), . . .) in depth-first, left-to-right order of appearancecqf, . .., «, in
7, or ) if 7" is not a substitution instance of Given a typer in A, we defineF'V (7) to be the
sequence of free type variables appearing,im depth-first, left-to-right order.

V7' € my(Cy) with unify (1, 7') = (a1, 71)s - - oy (Qn, T)s - -2
(11 — ) {r/cu,...

T/} € mp(€)

A,Oél,..

Lo e — 1

( ce O,
FV(Tl) = <Ozl,...

Again, this rule captures our notion of “subtyping througfification” by ensuring that the operation
is defined at every basic type that unifies with its argumegue.tyDur notion of soundness of with

respect ta) carries over and we can again establish a conditional typedsess result:



Theorem 5.2 If 7, is sound with respect td, -1 e : 7, ande —+ ¢/, thent+ ¢’ : 7 and eithere’
is a value or there exists’ such that’ — ¢”.

Proof: See AppendikCh

Note that the typed 7, 1, andm; x 7 have no corresponding introduction and elimination
expressions. We include these types for the exclusive garpb constructing the phantom types
used by the encodings. We could add other types to allow nmaredings, but these suffice for the
lattice encodings of Sectidn 3.

5.3 The translation

Thus far, we have a calculu®™ embodying the notion of subtyping that interests us andaub.z
APM capturing the essence of the SML type system. We now ediablisanslation from the first
calculus into the second using phantom types to encode bigping, showing that we can indeed
capture that particular notion of subtyping in SML. Moregwee show that the translation preserves
the soundness of the types assigned to constants, therabgntgeeing that if the original system
was sound, the system obtained by translation is sound &s wel

We first describe how to translate typesAf™. Since subtyping is only witnessed at type
abstraction, the type translation realizes the subtypsiggthe phantom types encoding of abstract
and concrete subtypes. The translation is parameterizeght®nvironmeni associating every
(free) type variable with a type iA?™ representing the abstract encoding of the bound.

Types translation:
I

Tlalp = pla)

Tl 2 T {t)o

T[r — mlp = Tlnlp — Tlrlp

T[Vor <:71,. .oy <:Tn.T]p 2 V11, oo Qs e e o s Qs - - - Ok, T [T] plevi = 7]
wherer = A[r]
andFV () = (i1, . - -, g,

If pis empty, we will simple writeZ [7]. To compute the abstract and concrete encodings of a type,
we define the functiongl andC.

Abstract and concrete encodings:

A[t] £ T (t)a

.A[[Tl — TQH = C[[Tl]] — .A[[TQ]]
Clt] =T (e

Clr — ] £ C[r1] — C[m]

Note that the syntactic restriction on type variable boualsures thatd andC are always well-
defined, as they will never be applied to type variables. Haurhore, observe that the above trans-
lation depends on the fact that the type encodifigs and (t) 4 are expressible in tha?™ type
system using’, 1, and x.

We extend the type transformatidnto type contextg® in the obvious way:
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Type contexts translation:

T[[xl B P R Tnﬂp = Zy: T[[Tlﬂp> ceeydp T[[Tn]]p

Finally, if we take the basic constants and the primitiverapens in\2M and assume that,
is sound with respect t6, then the translation can be used to assign types to thearwssind
operations such that they are sound in the target calculesfirgtf extend the definition df to
andm, in the obvious way:

Interpretations translation:

Tl 2 7, wherer)(c) = Tm()]

I’T[[wpﬂ £, wherer/(c) = {T[r] | 7 € my(c)}

We can further show that the translated types do not allow tisisuse” the constants ik?™:

Theorem 5.3 If 7, is sound with respect ®in A, then7 [r,] is sound with respect tdin A>M.

<
Proof: See AppendiX Dl We therefore takd [r;,] and7 [x,] to be the interpretations in target

calculus\?™.

We can now define the translation of expressions via a tramslaf typing derivationsg, taking
care to respect the types given by the above type translatiemote that the translation below only
works if the concrete encodings being used do not contagntyige variables. Again, the translation
is parameterized by an environmentas in the type translation.

Expressions translation:

E[ATF z:7]p =
E[A;TF_ c:T]p2c
E[AT F_ x:t'e:7]p 2 Xa:T[]p.Ee]p
E[A;T F_ e1es:T]p = (Eler]p) Elea]p
E[A;TH_ letz=pine:7]p 2 letz = Ep]pin E[e]p
E[AT Fo plr,. ] i Tp =
(gﬂpﬂp) [7—117"'771k1>"'77n1>"'77nkn]

whereB[p]l' = (athB), ey (an,ﬂ?» andTZA = A[[TZBH
andFV () = (ai, ..., aip,) andrl = T[r]p
andum’fy(TiA,Tf) = (1, Ti1)s « o5 (Qikys Tk )5 - - )

E[ATF_ x:0]pEx
E[A;T Fo Ao <imyy ..o yapn <:Tp.€:0]p
AQIT, -y Qs e e ey Qs - - s Qe E €] plevi = 7]
wherer# = A[r;] andFV () = (i1, - - ., ;)

Y

Again, if p is empty, we simply write& [e]. The functionB returns the bounds of a type abstraction,
using the environmerit to resolve variables.

Bounds of a type abstraction:
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B[z]T £ ((a1,71), ..., (n, 7)) Wherel'(z) = Vay <:71,...,0n <:Tp.T
Bl[Aai<:7i,...,an<:Tn.e]T 2 {(a1,71),.. ., (Cn, T0))

We useBB andunify to perform unification “by hand.” In most programming langas, type infer-
ence performs this automatically.
We can verify that this translation is type-preserving:

Theorem 5.4 If -_. e : 7, thent .. e: 7] : T[7].

Proof: See AppendikDI

Theorem BM is interesting in that it shows that the traimiatin a sense, captures the right
notion of subtyping, particularly when designing an irsed. Given a set of constants making
up the interface, suppose we can assign types to those otmsta\®" in a way that gives the
desired subtyping; that is, we can write type correct exgoes of the formAa <: t.Ax : a.c x
with typeVa <: t.o — 7. In other words, the typing, is sound with respect to the semantics of
d. By Theoreni B, this means thét™ with these constants is sound and we can safely use these
constants im2M. In particular, we can write the program:

let fi = Aa<:t;, Az a.c; xin

let f,, = Aa<:t;, . Ax:a.cp, zin
e

By TheorenT &M, the translation of the above program exsauitiout run-time errors. Further-
more, by Theorerfi’ 5 3, the phantom types encoding of the typi®se constants are sound with
respect tay in AP, Hence, by Theoreiln 3.2°™ with these constants is sound and we can safely
use these constants ™. Therefore, we can replace to the body of the translatedranogvith

an arbitrary\?™ expression that type-checks in that context and the ragyttiogram will still ex-
ecute without run-time errors. Essentially, the trangtatif the let bindings corresponds to a “safe”
interface to the primitives; programs that use this intefen a type-safe manner are guaranteed to
execute without run-time errors.

5.4 Example and remarks

In this section, we work through a mostly complete examplereeturning our attention to some
general remarks.

Recall the subtyping hierarchy introduced in Seclibn 2emedéd in Sectiofl4, and here further
extended to include strings.

atom

/1N

int bool str

nat
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We can encode this hierarchy with phantom types as follows:

(atomy = ax(8x7) (atome = 1x(1x1)
(intha = Tax(Bx7) (inthe = T1lx(1x1)
naty = T(Ta)x(Bx7) (natc = T(T1) x(1x1)

(boohy = ax(TABx%) (booh = 1x(T1x1)
(stha = ax(BxTn) (st = 1x(1xT1)

We consider two primitive operatior®uble andtoString with

mp(double) = {int — int, nat— nat}
mp(toString) = {atom— str, int — str, nat— str, bool — str, str — str}

We can derive the following typing judgementsXh, which capture the intended subtyping:

F.. Aa<:intA\z:«a.double z : Va <:int.a — «
F.. Aa<:atomAz:a.toString x : Va <: atoma — str

Applying our translation to these functions yields:

E[Aa<:intAz:a.doublez] = Aa«,S,v7.Az:T (T ax (8 x7v)).double z
E[Aa<:atomAz:a.toStringz] = Aa,B,7.Az:T (a x (8 X 7)).toString =

As expected from Theoren .4, we can derive typing judgesiiiait assign the translated types to
these functions:

Fr Ao, B, v x: T (T ax (B x 7v)).double x : Vo, B,7.T (Tax (Bx7v) = T(Tax(8x%))
Fr Ao, B,y x: T (a x (B x 7)).toString z : Vo, B,7. T (ax (Bx7v) = T(1x(1xT1))

Interestingly, we can also derive the following typing jedgents:

Fr Aadz:T (T a x (a X a)).double z : Va.T (Tax (a x a)) = T (T a x (a X a))
Fr Ao, BAx:T (a x (8 x B)).toString z : Vo, B.T (a X (B x 3)) = T (1 x (1 xT1))

The first function type-checks because, of all basic types; & (int)c unifies withT (T a X

(a x «)), by the substitutior{c, 1), and{T (int)c — T (int)c} C 7 [n,](double). Likewise,
the second function type-checks because, of all basic typ#g T (valueéc, T (int)o, T (nat)c
unify with T (T « x (8 x 3)) and{T (atom¢ — T (str)¢, T (int)c — T (str)c, T (natc —

T (str)c} C T[mp,](toString). We can interpret the first as a function that can only be egpb
integers (but not naturals) and the second as a functiorc#mabnly be applied to values, integers,
and naturals (but not booleans or strings). Observe thdewhgse functions do not capture all of
the subtyping available in their wrapped primitive operas, neither do they violate the subtyping
available. This corresponds to the fact that the secondfdgpes are instances of the first set of
types under appropriate substitutions foand~.

The existence of these typing judgements sheds some ligtiteopractical aspects of using
the phantom types technique in real programming langudgesall that the typing judgement for
primitive operations is somewhat non-standard. Spedyidal contrast to most typing judgements
for primitives (like the typing judgement for basic cong&nthis judgement is not syntax directed,;
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that is, the type is not uniquely determined by the primitgeration. This complicates a type-
inference system fokP™. At the same time, we cannot expect to integrate this typiigément
into an existing language with a Hindley-Milner style typstem. Rather, we expect to integrate
a primitive operation into a programming language throudbraign-function interface, at which
point we give the introduced function a very basic type tlueshot reflect the subtyping inherent in
its semantic$. After introducing the primitive operation in this fashiome wrap it with a function

to which we can assign the intended type using the phantoestgncoding, because the type
system will not, in general, infer the appropriate typesltar this reason that we have stressed the
application of phantom types technique to developing amémenting interfaces.

6 An application to datatype specialization

Let us say a datatype &pecializedwhen we define a version of the datatype with a subset of
its constructors, themselves acting on specializationthefdatatype. If we view elements of a
datatype as data structures, elements of the specializatypia are data structures obeying certain
restrictions. For example, a representation of booleamditas can be specialized to represent
formulas in disjunctive normal form. A representation attdi can be specialized to distinguish
between the empty list and nonempty lists, or even lists witiven number of elements. By
choosing appropriate datatype definitions and speciaizstwe can capture a variety of program
invariants. By using a type system that is aware of such i@ants, we can use typechecking to
verify that these invariants are preserved; compile-tigge terrors will indicate errors that could
violate program invariants. A recent type system that ef®isimilar (and strictly more powerful)
invariants is theefinement typesystem|[Freeman and Pfenning 18991; Freemani1994].

Let’s introduce a real example to make this discussion morermete. Consider the boolean
formulas mentioned earlier, which we will use as a runningnegle throughout this section. The
first problem is defining an abstract syntax for formulas, dich p A (true V —¢) is a typical
example. A straightforward representation of formulaséfbllowing:

datatype fmla = Var of string | Not of fmla
| True | And of fmla * fmla
|

False | Or of fmla * fmla

We can easily define a functiosval that takes a formula and an environment associating every
variable in the formula with a truth value, and evaluatesftmula. Similarly, we can define a
toString function that takes a formula and returns a string represent of the formula. As is
well known, a propositional formula can always be represgbint a special form called Disjunctive
Normal Form (or DNF), as a disjunction of conjunctions ofiabtes and literals. A formula in DNF

is still a formula, but it has a restricted form. We can defiiNd- formula as apecializatiorof the
above formulas. We assume a special syntax for specializgtivhich should be self-explanatory:

= Var of string | Not of fmla
| True | And of fmla * fmla
| False | Or of fmla * fmla

datatype fmla

“In general, foreign-function interfaces have strict regmients on the types of foreign functions that can be called.
Due to internal implementation details, language impleiagons rarely allow foreign functions to be given polymiaig
types or types with user defined datatypes, both of which sed by the phantom types encodings.
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withspec atom = Var of string

and 1it = Var of string | Not of atom
and conj = True | And of 1lit * conj
and dnf = False | Or of conj * dnf

Roughly speaking, the specializatianf of the datatype&mla is restricted so that th&r constructor
creates list of conjunctions terminated with thelse constructor. A conjunction is defined by
another specializationonj of the datatypefmla that restricts thend constructor to forming lists
of literals. A literal is essentially a variable or a negatexdtiable. This can be captured using
two specializationsatom for atomic literals andLit for literals. Notice that to define thénf
specialization, we need all the specializatians, conj, 1it, andatom.

In this section, we show that we can implement, in SML, muctvieht one would want out of
a language that directly supports specialization throbghtype system, such as a refinement type
system. We can write, for example, a functiosDnf that guarantees not only that its result is a
formula, but also that it is in DNF form, purely staticallyh&@ advantage of expressing specialization
invariants directly in SML, of course, is that the former éygpystems are complex and not widely
available. What are the key features of specialization Wetvould like available? For one, we
would like the representation of values of specialized $yjoebe the same as the representation of
the original datatype. Hence, we should be able to impleraairigle function to evaluate not only
an unspecialized formula, but also any specialization ohtdas, such as thénf specialization.
Moreover, we would like to writease expressions that do not include branches for constructors
that do not occur in the specialization of the value beingrérad. For example, if we perform a
case analysis on a value with specializatdrt, we should only need to supply a branch for the
False andOr constructors. If we write such an expression in SML, we areneg that thecase
expression is not exhaustive. Clearly, we could accomphisrabove by having distinct datatypes
for formulas and DNF formulas and provide functions to esipy convert between them. This is
of course inefficient, and, as we show, unnecessarily so.

We exhibit an informal translation based on phantom typemfa set of specializations of
a datatype to declarations providing constructors, defgrsi and coercions corresponding to the
specializations. These declarations form a minimal setrimhipve operations that provide the
functionality of the specialization. They can be used in Stdlenforce the invariants specified by
the specializations. While the translation generatesgelamount of code, most of this code is
boilerplate code that can be mechanically generated,iggelgppropriate structures and signatures
providing access to the specialized types.

Our notion of specialization is quite general, and can camlgood number of useful invariants.
For example, we can define a specialization that ensurethin&rmula contains no variables:

= Var of string | Not of fmla
| True | And of fmla * fmla

| False | Or of fmla * fmla
withspec grnd = Not of grnd

| True | And of grnd * grnd
| False | Or of grnd * grnd

datatype fmla

The following specializations of a Peano number represientadistinguish between zero and non-
zero:
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datatype peano = Zero | Succ of peano
withspec zero = Zero
and nonzero = Succ of peano

Lists can give rise to interesting specializations. Comsttle following specializations, differenti-
ating between empty lists, singleton lists, and nonemptg:li

datatype ’a list = Nil | Cons of ’a * ’a list
withspec ’a empty = Nil
and ’a singleton = Cons of ’a * ’a empty
and ’a nonempty = Cons of ’a * ’a list

The following list specializations distinguish betweesidiof even or odd length:

datatype ’a list = Nil | Cons of ’a * ’a list
withspec ’a even = Nil | Cons of ’a * ’a odd
and ’a odd = Cons of ’a * ’a even

Finally, we can use specializations to define abstract sytnt@s that distinguish between arbitrary
expressions and well-formed expressions (e.g., welleygepressions| [Leijen and Meijer 1999;
Elliott, Finne, and de Moor 2000], expressions in normahfey etc.). A simple example of this

is the following:

datatype exp = Bool of bool
| And of exp * exp
| Int of int
| Plus of exp * exp
| If of exp * exp * exp
withspec boolexp
= Bool of bool
| And of boolexp * boolexp
| If of boolexp * boolexp * boolexp
and intexp
= Int of int
| Plus of intexp * intexp
| If of boolexp * intexp * intexp

Using this form of datatype specialization, we have show tmwdefine red-black trees that check
the critical invariant that no red node has a red child chitdrdnserting a new element and how to
define constructors for expressions in the simply-typezhlculus that permit only the building of
type-correct expressions.

6.1 Writing specializations in SML

How should we write (in SML) an implementation of the abovariala dataype and its specializa-
tions, so that the type system enforces a consistent usensfraotors? In this section, we give a
highly-stylized implementation that achieves this pafac goal. We hope that the reader will grasp

23



signature FMLA = sig
(x specialization type *)
type ’a t

(* encoding types *)
datatype ’a x = X and ’ay =Y and ’a z = Z

(* abstract encodings *)
type ’a AFmla = ’a t

type ’a ALit = (Ca x) t

type ’a AAtom = ((’a x) x) t
type ’a AConj = (a y) t
type ’a ADnf = (’a z) t

(* concrete encodings *)
type CFmla = unit t

type CLit = (unit x) t
type CAtom = ((unit x) x) t
type CConj = (unit y) t
type CDnf = (unit z) t

(* constructors *)

val varFmla : string -> CFmla

val notFmla : ’a AFmla -> CFmla

val trueFmla : CFmla

val andFmla : ’a AFmla * ’b AFmla -> CFmla
val falseFmla : CFmla

val orFmla : ’a AFmla * ’b AFmla -> CFmla
val varLit : string -> CLit

val notLit : ’a AAtom -> CLit

val varAtom : string -> CAtom

val trueConj : CConj

val andConj : ’a ALit * ’b AConj -> CConj
val falseDnf : CDnf

val orDnf : ’a AConj * ’b ADnf -> CDnf

(* destructors *)
val caseFmla : ’a AFmla -> (string -> ’b) * (CFmla -> ’b) *
(unit -> ’b) * (CFmla * CFmla -> ’Db) *
(unit -> ’b) * (CFmla * CFmla -> ’b) -> ’b
val caselLit : ’a ALit -> (string -> ’b) * (CAtom -> ’b) -> ’b
val caseAtom : ’a AAtom -> (string -> ’b) -> ’b
val caseConj : ’a AConj -> (unit -> ’b) * (CLit * CConj -> ’b) -> ’b
val caseDnf : ’a ADnf -> (unit -> ’b) * (CConj * CDnf -> ’b) -> ’b

(* coercions *)

val coerceFmla : ’a AFmla -> CFmla

val coercelLit : ’a ALit -> CLit

val coerceAtom : ’a AAtom -> CAtom

val coerceConj : ’a AConj -> CConj

val coerceDnf : ’a ADnf -> CDnf
end

Figure 4: TheFMLA signature
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signature FMLA = sig
(x specialization type *)
type ’a t

(* encoding types *)
datatype ’a x = X and ’ay =Y and ’a z = Z

(* abstract encodings *)
type ’a AFmla = ’a t

type ’a ALit = (Ca x) t

type ’a AAtom = ((’a x) x) t
type ’a AConj = (a y) t
type ’a ADnf = (’a z) t

(* concrete encodings *)
type CFmla = unit t

type CLit = (unit x) t
type CAtom = ((unit x) x) t
type CConj = (unit y) t
type CDnf = (unit z) t

(* constructors *)

val varFmla : string -> CFmla

val notFmla : ’a AFmla -> CFmla

val trueFmla : CFmla

val andFmla : ’a AFmla * ’b AFmla -> CFmla
val falseFmla : CFmla

val orFmla : ’a AFmla * ’b AFmla -> CFmla
val varLit : string -> CLit

val notLit : ’a AAtom -> CLit

val varAtom : string -> CAtom

val trueConj : CConj

val andConj : ’a ALit * ’b AConj -> CConj
val falseDnf : CDnf

val orDnf : ’a AConj * ’b ADnf -> CDnf

(* destructors *)
val caseFmla : ’a AFmla -> (string -> ’b) * (CFmla -> ’b) *
(unit -> ’b) * (CFmla * CFmla -> ’Db) *
(unit -> ’b) * (CFmla * CFmla -> ’b) -> ’b
val caselLit : ’a ALit -> (string -> ’b) * (CAtom -> ’b) -> ’b
val caseAtom : ’a AAtom -> (string -> ’b) -> ’b
val caseConj : ’a AConj -> (unit -> ’b) * (CLit * CConj -> ’b) -> ’b
val caseDnf : ’a ADnf -> (unit -> ’b) * (CConj * CDnf -> ’b) -> ’b

(* coercions *)

val coerceFmla : ’a AFmla -> CFmla

val coercelLit : ’a ALit -> CLit

val coerceAtom : ’a AAtom -> CAtom

val coerceConj : ’a AConj -> CConj

val coerceDnf : ’a ADnf -> CDnf
end

Figure 5: TheFmla structure
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the straightforward generalization of this implementatio an arbitrary specialization.We feel
that a fully elaborated example is more instructive thanrméd translation, where definitions and
notation become burdensome and obfuscating.

Consider thefmla datatype and thenf specialization introduced at the beginning of this sec-
tion:

= Var of string | Not of fmla
| True | And of fmla * fmla
| False | Or of fmla * fmla
withspec atom = Var of string

and lit = Var of string | Not of atom
and conj = True | And of 1lit * conj
and dnf = False | Or of conj * dnf

datatype fmla

The specializations induce a simple subtyping relatignbleitween the various kinds of formu-
las:

fmla

/TN

lit conj dnf

atom

For uniformity, we will consider the specialized datatyfseif as a specialization.

Figured# anfll5 give a signature and corresponding implatientof the specializations above.
The amount of code may seem staggering for such a small egaimpl as we shall see shortly,
most of it is boilerplate code. (In fact, it is straightfomdgo mechanically generate this code from
a declarative description of the specializations.) Moegpall the action is in the signature! The
implementation is trivial. Part of the reason for this exgibm of code is that while SML provides
convenient syntax for datatypes, there is no syntax forigpeation. Therefore, we implement a
datatype and its specializations notionally as abstraagstywith explicit constructors and destruc-
tors. In other words, we give a datatype

datatype t = A of string | B of int
the following interface:

type t

val aT : string -> foo

val bT : int -> foo

val caseT : t ->
(string -> ’b) *
(int -> ’b) > ’b

50ur running example uses a first-order, monomorphic dagatypwhich abstract syntax trees are a typical example.
Extending the implementation to handle first-order, polyphic datatypes is straightforward. It is also possibleandie
higher-order datatypes; we briefly consider this in Sedidh
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whereaT andbT are used to construct values of typandcaseT is used to perform a case analysis
on a value of typet that invokes the appropriate supplied function on the coosir argument.
It's easy to see how the blowup from a single-line datatypzadlation to a four-line description of
an abstract interface leads to the kind of interface we havéigure[#. With this in mind, let us
examine the different elements of the signature and thgitamentation.

6.1.1 Types

The first part of the signature defines the types for formutabktheir specializations. This uses the
phantom types approach described in the first part of thismpafle introduce a polymorphic type
t. This type represents the values of the datatype and itsasigations. This ensures that these
values all have the same representation.

To differentiate between the different specializations, define a series of type abbreviations
CFmla, CAtom, CLit, CConj, andCDnf, which encode theoncrete typesA value of typeCAtom
will correspond to a value in thet om specialization. Concrete types are abbreviations of thype
constructor, applied to a particular type that represdmsspecialization. For instance, the type
CLit is declared as

type CLit = (unit x) t

Here,unit x is the type corresponding to the specializatidgrt in our encoding of the subtyping
hierarchy given above. To help in the encoding, the sigeatiroduces the types y, andz. (This
is essentially the tree hierarchies encoding of Se€fidr) 3.1

As we mentioned, there is an implicit subtyping hierarchyspecializations. To capture sub-
typing, corresponding to every concrete type, we define a tiyat can match every subtype of that
concrete type. Hence, we definBmla, AAtom, ALit, AConj, andADnf, which encode thab-
stract types These types allow us to write, for instance, a function petya ALit — string,
which takes an arbitrary subtype of the specializalion, and returns a string representation of that
formula. To see why this works, look at the definition of thpdyLit:

type ’a ALit = (Ca x) t

We can verify that indeed;Lit andCAtom matchALit. We can also verify that all concrete types
matchAFmla, capturing the fact that thémla specialization is the top element of the subtyping
hierarchy. In other words, the encoding respects the sirghyperarchy on specializations.

In the implementation of Figuld 5, we see that the typs implemented as bona fideSML
datatype whose polymorphic type variable is ignored. Healt¢he specializations share the same
representation. However, notice that we npaque signature matching Figure[. This is crucial
to get the required behavior for the phantom types, as wers&edtior 12

6.1.2 Constructors

For every specialization, the interface provides a fumctar each constructor of the specialization.
For instance, thatom specialization has a single constructarr, so we provide a function

SFor languages that do not provide opaque signature matctich as Haskell, this particular way of hiding phantom
types does not work. For those, we need to makedatatype with a dummy constructor, and wrap and unwragy ever
value with that dummy constructor.
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val varAtom : string -> CAtom

that returns an element of the specializatiarom (and hence, of typ@Atom). We allow subtyping
on the constructor arguments, where appropriate. Heneeahstructolnd for conj is available
as:

val andConj : ’a ALit * ’b AConj -> CConj

The implementation of these constructors is trivial. Theysamply abbreviations for the actual
constructors of the datatype Giving them different names allow us to constrain theirtipatar
type, depending on the specialization we want them to yield.

6.1.3 Destructors

For every specialization, the interface provides a de&irifanction that can be used to simultane-
ously discriminate and deconstruct elements of the spe&ien, similar to the manner in which the
case expression operates in SML. Each destructor function takeslement of the specialization
as well as functions to be applied to the arguments of thelredtconstructor.

As an example, let's examine tlkaseFmla function, the destructor function for the specializa-
tion fmla. It has the following type:

val caseFmla : ’a AFmla ->
(string -> ’b) *
(CFmla -> ’b) *
(unit -> ’b) =*
(CFmla * CFmla -> ’b) *
(unit -> ’b) *
(CFmla * CFmla -> ’b) -> ’b

It expects first a value of any subtypefila; therefore, we use the abstract tyffenla. Because
the fmla specialization has constructovar, Not, True, And, False, andOr, we must provide
functions to apply in each of these cases. For example, Wwdhes passed toaseFmla was con-
structed usingZar, then the first function is applied to the string argumentaf. If the value
passed was constructed usifgs, then the second function is applied to fixea argument ofiot.
Similarly for the other cases.

One may note that when the constructor to be matched has angsiwhich are themselves
specializations, a concrete type is used for the functiam.ekample, the function used to match a
Not constructor incaseFmla has typeCFmla — ’b. This seems limiting. We might expect it to
take a functiorrc AFmla — ’binstead, since presumably that function ought to be ablandle
any subtype offmla. Unfortunately, doing this would break the invariants of gpecializations.
Consider the following expression, which is well-typed whieeNot branch ofcaseFmla is given
the alternate typeéc AFmla — ’b:

val res =
caseFmla (notFmla (notFmla (varFmla "p")))
(fn _ => varLit "q",
fn f => notlit f,
fn _ => varLit "q",
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fn _ => varlLit "q",

fn _ => varLit "q",

fn _ => varLit "q")

This expression has the typeit, but it evaluates to the formuliot (Not (Var "p")), which
is not a valid element of the specializatiant. The problem is that the anonymous functitxn
f => notLit f hasthetypea ALit — CLit, which can be unified withc AFmla — ’b by
taking’c <+ ’a xand’b « CLit.

Informally, the invariants of the specializations are pregsd when we use concrete encodings
in covariant type positions and abstract encodings in ewatiant type positions. This explains the
appearance of concrete encodings in the argument typee bfdimch functions.

As a different example, consider the destructor functiageCon j for the specializatiortonj.
Because the elements efnj are built using only th&€rue and And constructors, deconstructing
elements of such a specialization can only yieldTthee constructor or thénd constructor applied
to alit value and to &onj value. Therefore, we giveaseConj the type:

val caseConj : ’a AConj —>
(unit -> ’b) =*
(CLit * CConj -> ’b) -> ’b

Similar reasoning allows us to drop or refine the types obwarbranches in the destructor functions
for the other specializations.

Destructor functions also have a trivial implementatiohey are simply implemented as a SML
case expression. On the branches for which no function is praljiele raise an exception. On the
other hand, if the invariants of the specializations ared, we know that those exceptions will
never be raised! By virtue of our encoding of subtyping,istiiping ensures that this exception
will never be raised by programs that use the interface.s(€ssentially follows from our results of
Sectior®.)

6.1.4 Coercions

Finally, the interface provides coercion functions thatet subtypes to supertypes. Such coercion
functions are necessary because, intuitively, phantorastypovide only a restricted form of sub-
typing. For instance, type subsumption occurs only at tygmieation, which most often coincides
with function application. Thus, when two expressions @fedent specializations occur in contexts
that must have equal types, such as the branches of arpression, subsumption does not occur,
and the expressions must be coerced to a common supertypexdrople, the following function
will not typecheck because the type of the true brandatList and the type of the false branch is
CAtom — two types that cannot be unified.

fun bad b = if b
then varLit ("p")
else varAtom ("q")

Instead, we must write the following, coercing #iese branch to the common supertypeit:

fun good b = if b
then varLit ("p")
else coercelLit (varAtom ("q"))
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Coercions are also useful to work around a restriction in 3NHt precludes the use of poly-
morphic recursion| [Henglein 1908; Kfoury, Tiuryn, and Uczyn 1993]. We shall shortly see an
example where this use of a coercion is necessary.

The implementation of coercion functions is trivial. Theg aimply identity functions that
change the type of a value.

6.2 Examples

Let us give a few examples of functions that can be writtenrsgghe interface to formula special-
izations given above.

First, consider aoString function that returns a string representation of a formAlaimple
implementation is the following:

fun toString (f: ’a AFmla): string = let
fun toString’ (f: CFmla) =
caseFmla f

(fn s => S,
fn f => concat ["-", toString’ f],
fn O => "T",

fn (£1,f2) => concat ["(", toString’ f1, " & ",
toString’ f2, ")"],
fn () => "F",
fn (£1,f2) => concat ["(", toString’ f1, " | ",
toString’ £2, ")"1)
in toString’ (coerceFmla f) end

Note that the inferred type of theoString’ function isCFmla — string, because it is recur-
sively applied to variables of typ€Fmla in the caseFmla branches and SML does not support
polymorphic recursion. However, we can recover a functiat allows subtyping on its argument
by composingtoString’ with an explicit coercion. Now the SML type system infers thesired
type for thetoString function.

If we had polymorphic recursion, we could directly assiga thpe’a AFmla — stringto
toString’. One may ask whether the lack of polymorphic recursion in SMkes a significant
problem for the use of specializations as we have descriteh.t The fact that we could work
around the problem in this one instance does not mean thtteanexample would not need poly-
morphic recursion in an essential way. However, this is hetdase. This relies on the fact that
the use of phantom types in specializations only influenicet/peof an expression or value, never
its representation. The specialization idiom only guagastcertain structural invariants. Consider
a recursive function which accepts an argument of a cerfanializationsp. (This generalizes to
multiple arguments in a straightforward way.) Any recuesaall that it makes sense to perform
must be applied to a subtype s furthermore, there exists a coercion from that subtypspto
Hence, we can always write a recursive function as we did etbset the domain of the function
to the concrete encoding sp and coerce t@p at any recursive call. (In theoString example,
all of the recursive calls are on values of tyf#mla, so the coercion can be elided.) We recover
the subtyping of the original function by coercing the argumtntosp prior to calling the recursive
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fun andConjs (f: CConj, g: CConj): CConj =
caseConj f (fn () => g, fn (£f1,f2) => andConj (f1, andConjs (£f2, g)))
fun orDnfs (f: CDnf, g: CDnf): CDnf =
caseDnf f (fn () => g, fn (f1,f2) => orDnf (f1, orDnfs (f2, g)))
fun andConjDnf (f: CConj, g: CDnf): CDnf =
caseDnf g (fn () => falseDnf,
fn (gl,g2) => orDnf (andConjs (f, gl), andConjDnf (£, g2)))
fun andDnfs (f: CDnf, g: CDnf): CDnf =
caseDnf f
(fn () => falseDnf,
fn (£1,f2) => caseDnf g
(fn () => falseDnf,
fn (gl,g2) => orDnf (andConjs (f1, gl),
orDnfs (andConjDnf (f1, g2),
orDnfs (andConjDnf (gi, £2),
andDnfs (£2, g2))))))
fun 1itToDnf (f: ’a ALit): CDnf = orDnf (andConj (f, trueConj), falseDnf)
fun toDnf (f: ’a AFmla): CDnf let
fun toDnf’ (f: CFmla): CDnf
caseFmla f
(fn s => 1itToDnf (varAtom s),
fn f => caseFmla f
(fn s => 1itToDnf (notLit (varAtom s)),
fn £ => toDnf’ f,
fn () => toDnf’ falseFmla,
fn (f,g) => toDnf’ (orFmla (notFmla f, notFmla g)),
fn () => toDnf’ trueFmla,
fn (f,g) => toDnf’ (andFmla (notFmla f, notFmla g))),
fn () => orDnf (trueConj, falseDnf),
fn (f,g) => andDnfs (toDnf’ f, toDnf’ g),
fn () => falseDnf,
fn (f,g) => orDnfs (toDnf’ f, toDnf’ g))
in toDnf’ (coerceFmla f) end

Figure 6: ThetoDnf function

function.

Figurel® gives an extended example which culminates witbbaf function that converts any
formula into an equivalent DNF formula. The type of this ftiog, ’a AFmla — CDnf, ensures
that the result formula is a DNF formula. We further note thatuse of type annotations in Figlile 6
is completely superfluous. Type-inference will deduce igedg these types.

A typical problem that arises when providing constructard destructor functions in place of
a proper datatype declaration is that we lose the abilityetbopm pattern-matching on the values
of the type. Using ideas from Wang and Murphy [2003], we shovAppendix[E that we can
in fact recover pattern-matching for our implementationdafatype specializations. Therefore,
specializations can be used with practically no overheawh the programmer.

6.3 Discussion

In our previous discussion, we have made a number of imp@liwt explicit restrictions to simplify
the treatment of specializations. There are a number of wayslaxing these restrictions that

’In this explication, we assume that the desired recursimetion on the unspecialized datatype can itself be written
without polymorphic recursion. If this is not the case, thieafunction cannot be written in SML with or without phantom
types and specializations. (Thus, we exclude speciadiaatof non-regular datatypes.) On the other hand, if thikes t
case, then one need never “escape” from specializationst®tive function.
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result in more expressive systems. For example, we can allspecialization to use the same tag
at multiple argument types. Consider defining a DNF formalbe a list ofor-ed conjuctions that
grows to either the left or the right:

= False
| Or of conj * dnf
| Or of dnf * conj

withspec dnf

One can easily define two constructor functionstfethat inject into thednf specialization. How-
ever, the “best” destructor function that one can write &ftillowing:

val caseDnf : ’a ADnf ->
(unit -> ’b) x*
(CFmla * CFmla -> ’b) -> ’b

not, as might be expected:

val caseDnf : ’a ADnf ->
(unit -> ’b) =*
(CConj * CDnf -> ’b) *
(CDnf * CConj -> ’b) -> ’b

While the second function can be written with the expectedastics, it requires a run-time inspec-
tion of the arguments to ther constructor to distinguish betweencanj and adnf. We do not
consider this implementation to be in the spirit of a priv@ttase expression, because sufficiently
complicated specializations could require non-constiame to execute a destructor function. In-
stead, the first function corresponds to the least-uppendaficonj x dnf anddnf X conj

in the upper semi-lattice of types induced by the specititimasubtyping hierarchy. The loss of
precision in the resulting type corresponds to the factbbaspecialization exactly corresponds to
the union of theconj anddnf specializations. We could gain some precision by intraglysiuch a
specialization, at the cost of complicating the interface.

In the examples discussed previously, we have restrictesbimes to monomorphic, first-order
datatypes. This restiction can be relaxed to allow monoiormigher-order datatypes, although
this extension requires the specialization subtypingahnidry to induce a full lattice of types (rather
than an upper semi-lattice), due to the contravarianceraftion arguments.

One final limitation of the procedure described here is thahly applies to one datatype. At
times, it may be desirable to consider specializations efdatatype in terms of the specializations
of another datatype. The technique described in this papene extended to handle this situation by
processing all of the specialized datatypes simultangoédthough this decreases the modularity
of a project, it is required to declare each unspecializedtgae in terms of other unspecialized
datatypes, which otherwise would be hidden by the opaqueatices.

As we already mentioned, a system that enforces invariamigas in spirit to (and strictly
more expressive than) specializations is the refinememestggstem [Freeman and Pfenning 1991;
Freeman 1994]. In fact, many of the examples consideredviere inspired by similar examples
expressed in the refinement types setting. However, thera aumber of critical differences be-
tween refinement types and the specialization techniqussited in this paper. These differences
permit us to express specializations directly within SMi/jse system. The most significant differ-
ence concerns the “number” of types assigned to a value. drt, sefinement types use a limited
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form of type intersection to assign a value multiple typeshecorresponding to the evaluation of
the value at specific refinements, while specializationgassevery value exactly one typeFor
example, in Section 8.1, we assigned the ToDnf function the (conceptual) typeit — dnf. In
the refinements type setting, it would be assigned the ffpda — fmla) A (lit — dnf),
indicating that in addition to mapping literals to DNF forfae, the function can also be applied to
an arbitrary formula, although the resulting formula wittisatisfy any of the declared refinements.

While this demonstrates the expressibility of the refinergres system, it does not address the
utility of this expressiveness. In particular, one rarelyrks in a context wherall possible typings
of an expression are necessary. In fact, the common caseypsty with data structure invariants,
is a context where exactly one type is of interest — name#y,atigood” structure is either produced
or preserved. This is exactly the situation that motivat@sexamples of specialization. In this
sense, specialization is closer in spirit to refinement wfpecking [Davies 1997], which verifies
that an expression satisfies the user specified refinemesd.typ

It is worth pointing out that some limitations of our implemation of specializations are due
to the encodings of the subtyping hierarchy implicit in tpedalizations. So long as the encodings
respects the hierarchy, the techniques described in thex f@ae completely agnostic to the specifics
of the encoding. However, if the encoding of the subtypingrdmichy has other properties beyond
respecting the hierarchy, these properties can sometimasdd to provide a more flexible imple-
mentation of specializations. The following example sbdagive a flavor of the kind of flexibility
we have in mind.

Consder a datatype of bit strings, and specializationsctygtiure the parity of bit strings:

datatype bits Nil
Zero of bits
One of bits

Zero of even
One of odd

Zero of odd
One of even

I

I
withspec even = Nil

I

I

and odd =

I

Following the approach described in this section, it isightforward to derive an interface to
bit strings and their specializations:

signature BITS = sig
(*x specialization and encoding types *)
type ’a t
type ’a x and ’a y

(* abstact and concrete encodings *)
type ’a ABits = ’a t

type ’a AEven = (’a x) t

type ’a A0dd = (Ca y) t

type CBits = unit ABits

type CEven = unit AEven

8Although, both systems employ a form of subtyping to furiiherease the “number” of types assigned to a value.
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type COdd = unit AOdd

(* constructors *)

val nilEven : CEven

val zeroEven : ’a AEven -> CEven
val oneEven : ’a AOdd -> CEven
val zeroOdd : ’a AOdd -> COdd
val one0dd : ’a AEven -> COdd

end

An analysis of the above interface reveals that we can indafihe a singlezero constructor that
applies to all specializations, with typa t — ’a t. Unfortunately, we cannot similarly define
a singleone constructor.

However, if we choose the encoding of the subtyping hiesaczrefully, we can in fact come
up with an implementation of the bit strings specializagidinat allows for the definition of a single
one constructor:

signature BITS = sig
(x specialization and encoding types *)
type ’a t
type ’a z

(* abstact and concrete encodings *)
type (’a, ’b) ABits = (Pa * ’b) t
type (’a, ’b) AEven = (’a z * ’b) t
type (a, ’b) A0dd = (’a * ’b z) t
type CBits = (unit, unit) ABits
type CEven = (unit, unit) AEven
type C0dd = (unit, unit) AOdd

(* constructors *)

val nilEven : CEven

val zero : (’a, ’b) t > (’a, ’b) t
val one : (’a, ’b) t -> (’b, ’a) t

end

One can verify that the concrete and abstract encodinggcefipe specialization subtyping hier-
achy. However, they also satisfy a symmetry that makes giplesto write single instances of the
zero andone constructor functions that apply to all specializationsparticular, note that the type
of the one function makes it explicit that the parity of the bit strirgfiipped.

7 Conclusion

The phantom types technique uses the definition of type algunige in SML to encode information
in a free type variable of a type. Unification can then be useenforce a particular structure on
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the information carried by two such types. In this paper, @weehfocused on encoding subtyping
information. We were able to provide encodings for hiersgtwith various characteristics, and
more generally, hinted at a theory for how such encodingsbeaderived. Because the technique
relies on encoding the subtyping hierarchy, the problenxtresibility arises: how resilient are the
encodings to additions to the subtyping hierarchy? Thisjeeially important when designing li-
brary interfaces. We showed in this paper that our encodiag$andle extensions to the subtyping
hierarchy as long as the extensions are always made withaetpa single parent in the hierarchy.
We also showed how to extend the techniques we developecctalera form of prenex bounded
polymorphism, with subsumption occuring only at type aggtion. The correctness of this encod-
ing is established by showing how a calculus with that formaugiftyping can be translated faithfully
(using the encoding) into a calculus embodying the typessysif SML.

It goes without saying that this approach to encoding subtys not without its problems
from a practical point of view. As the encodings in this pagleow, the types involved can become
quite large. Type abbreviations can help simplify the pnéstgon of concrete types, but for abstract
encodings, which require type variables, those type viasatieed to appear in the interface. Having
such complex types lead to interfaces themselves becoroimglex, and, more seriously, the type
errors reported to the user are fairly unreadable. Althdhghprocess of encoding the subtyping
hierarchies can be automated, deriving the encodings frdeclarative description of the hierarchy,
we see no good solution for the complexity problem. The camise between providing safety
and complicating the interface must be decided on a perizase.

We demonstrated the utility of the phantom types techniqueadern programming languages,
like SML or Haskell, by showing that it can be used to captwm@gmmming invariants for user-
defined datatypes. By modelling an abstract datatype adextioh of constructor, destructor, and
coercion functions, we candefine a notion of datatype sliegiion using the techniques devel-
oped in this paper. We further described methods by whicleliiasy destructor functions can be
replaced by familiar pattern-matching by injecting intaagrojecting from datatypes inspired by
recursion schemes.

We also note that the source language of Seélion 5 providg@dower bound on the power of
phantom types. For example, one can use features spingficencoding used to further constrain
or refine the type of operations. This is used, for instanctha secon®81T signature of Sectidng.3,
and is also used by Reppy [1996] to type socket operationsreTis yet no general methodology
for exploiting properties of encodings beyond them respgdhe subtyping hierarchy.
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A A width-based encoding for finite lattices

We describe in this appendix an encoding for finite latticééctvis in general more efficient than
the encoding derived from embedding the lattice into a peetdattice, as defined in Sectibnl3.3.
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Let (L, <) be a lattice we wish to encode. Thédth of L is the maximal size of sets of
incomparable elements. Formally,

w(l) =max{|X| : X CLVx,ye L,(xLy&yLx)}
The following proposition allows us to derive an encodingdzhon the width of the lattice.

Proposition A.1 Let L be a finite lattice, andv be the width ofL. There exists a functioh: L —
N such thate <, yifffori=1,...,w, (x)(@) > l(y)(3).

Proof: ChooseS = {si,...,s,} @ subset ofL such thatS is a set of mutually incomparable
elements of sizev. We iteratively define a functiofl : L — Q. We initially set!’(T.) =
0,...,0),'(Lr) = (1,...,1), and for every; in the setS,

1 ifi#k

/ ) —
U(si) = (a1,...,aw) Whereq; = { 0 otherwise

Iteratively, for all elements € L not assigned a value 1% define the sets
x” ={y € L : yisassigned a value Wyandy > z}

and
x< ={y €L : yis assigned a value bandy < x}.

It is easy to verify that either” NS = () orz<N.S # (), but not both (otherwise, there exigts € S
andy~ € S such thaty” > x > y<, and hencg~ > y=, contradicting the mutual incomparability

of elements of5). Definel’(z) = (z1,...,z,), where
2 = Minyer<{U'(y)(D)} + maxye,> {I'(y) (1)}
(2 2 .

We can now define the functidn L — N* by simply rescaling the result of the functiéin Let
R be the sequence of all the rational numbers that appear ie sigpfe position in the result(x)
for somer € L, ordered by the standard order@nForr € R, leti(r) be the index of the rational
numberr in R. Define the functiori by i(z) = (i(I'(z)(1)),...,i(I'(z)(w))). Itis straightforward
to verify that the property in the proposition holds for thusiction. 1

We can use Propositidn 4.1 to encode elements of a finitedalti Define a datatype
datatype o z = Z

(as usual, the data constructor name is irrelevant). Wedenaa element into a tuple of size
the width of L. Assume we have a labelling of the elementsLoby a function/ as given by
PropositiorfAlL. Essentiallywill indicate the nesting of the above type constructor mehcoding.
Formally,

(X)e = (...(unit 2)...z) X...x (...(unit z)...z)
Uz)(1) Uz)(w)
(Xya = (G(..(ag 2)...2) X...x (..(ay 2)...2)

I(x)(1) I(z)(w)
(As usual, eaclay; in (-) 4 is fresh.)
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B The calculus A\

Types:
T = Monotypes
t Basic type(t € T')
@ Type variable
T — To Function type
o= Prenex quantified type scheme
Vo <:Tiy...,0pn <:Tp.T

We make a syntactic restriction that precludes the use af ¥gpiables in the bounds of quantified
type variables.

Expression syntax:

e = Monomorphic expressions
c Constant(c € C, U C))
Ar:T.€ Functional abstraction
e1 e Function application
x Variable
P,y Thl Type application
letx =pine Local binding

p = Polymorphic expressions
x Variable
Aag<imy, .. ,an<iTh.e Type abstraction

IRES Values
c Constant(c € C, U C))
Ax:T.€ Functional abstraction

Evaluation contexts:
I

E = Evaluation contexts
] Empty context
Fe Application context
v E Argument context
Elr,... ) Type application context

Operational semantics:
I

Az:T.e) v —_, efv/z}

(Aay <: 71,y <:Tpe€) [T], .., Th] — < e{m{/an, ..., T /an}
letz =pine —_. e{p/z}

Cl1 CQg —>,. C3 Iﬁ (5(61,62) = C3

E[el] —<. E[eg] iff €] —<. €2
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The functions : C), x C, — C,, is a partial function defining the result of applying a privet
operation to a basic constant.

Typing contexts:

= Type environments
Empty

Tax:r Monotype

Iz:o Type scheme
A= Subtype environments

. Empty

Aa<:T Subtype
Judgments:
F.. A ctxt Good contexi\
AF_ Ttype Good monotype
A F_. o scheme Good type scheme
AF_ T ctxt Good context’
A1 <7 Type T, subtype ofr,
A;TH_ e T Good expressioa with monotyper
Ao p:o Good expressiop with type scheme

Judgmentt_. A ctxt:

F.. Actxt Ak, 7type
k.. - ctxt Fo. A a <: 7 ctxt

JudgmentA +_. 7 type

F.. Actxt a e dom(A) Ab_ mtype Al mtype
AF_ ttype Ak atype Ak, 1 — o type

JudgmentA +_. o scheme

Ao <:Tyy. .., 0 <: Ty B, T type
AF_ Yoy <:im,...,a, <:7,.T SCheme
L

JudgmentA +_. I ctxt:

AF_Tctxt AF_ 7type AF_ Tctxt AF_, oscheme
A F_. - ctxt AF_ T z:7ctxt AF_ T,z :0octxt

JudgmentA +_. 7 <: 7o:
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1 < 1o
AR T<T A<tk a<:T AF_ t) <:ito

Al <73 AbF_ 1< Al m<iT3
Ao —m<im — T3 AbF_. 7 <13

JudgmentA;T'F_. e: 7:

AT c:mp(e) (c€ )

m{r /a1, ....,7h/an} € mp(c) V1 <iTi,..., T <iTh ce Gy,
Aoy <7y an <ty Thoei 7 — 7 FV(T) = (a1,...,an)

AF_ T ctxt ATyo:Th_e: 7
AN R o SR AT Apire:7 — 7

AT er:mm—1m AR ea:m
A;F }—<: €1 €9 1 T2

AR p:Vay <7y, <iTpom Abomi<im o Abo7) <imy
NTE_plr,... 7] 7 {r]/a1,..., 7 /an}

ATx:ob_e:m ATHOp:o
ATk  letx=pine: 7

JudgmentA;T"'-_. p: o

AF_Tetxt Ao <imq,.o,an <smy ko enr
AT Ho Aoy <oy ap <o Tpee s Vag <07y, ..., Qp <o TplT
L

(a1,...,00 & A)

B.1 Proofs
Lemma B.1 (Monotype expression substitution preserves typing)
o f AT, z:7'F_e:TandA;T H_. ¢ : 7/, thenA; T +_, e{e/ [z} : 7.

o f AT, z:7'F_ p:oandA;T F_, ¢ : 7/, thenA;T +_, p{e'/x} : 7.

Proof: Proceed by simultaneous induction on the derivatidn§', = : 7/ F_. e : 7andA; T,z :
Tk pro.

The cases for constants are immediate.

The cases for variables (both monotype and polytype) is idiate.

In the lambda case; = \y : 74.€0, T = 7, — T, ANdA; T,z - Ty 1 Ty Fooeq Ty
Assumey # x,y € FV(€'). Note (\y:14.eq){€'/x} = Ay :7q.e.{€'/x}. FurthermoreA;T',y :
Ta,x @ T F_. e, : 7. By the induction hypothesis\;T,y : 7, .. e.,{¢//x} : 7. Hence,
AT R (Ay:7g.e0){€ /2} 2 T
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In the application case, = e; es, AT,z : 7/ F_. ey : 7y — 7. andA; Tz - 7/ H_. eg : 7.
Note (e1 ex){e’/x} = e1{€'/x} ea{e’/x}. By the induction hypothesig\; " -_. e;{¢/z} : 7, —
TandA;T _, exg{e'/x} : 7o. Hence A; T F_, (e1 ex){e’ [z} : 7.

In the type application case,= p, [Tp1,- -, Tonls T = Ta{m1/1, -, Ton/an}, AT, 2
T bl pa s Yo <t T, 0 <8 TapTa, @UAA F_, 71 <t T, A bl Thn <8 Tap.
Note (pg (7.1, - -, Tom)){€'/x} = pa{€'/x} [Tp1, ..., Tpn]. By the induction hypothesig); T F_.
pa{€/x} 0. Hence A;T . (po [T.1,-- -, Ton)){€ /a} : 7.

In the local binding case, = lety = p,in ey, AT,z : 7/ F_. po i 00, AT, 2 : 7y 1 0 Fo.
ep: 7. Assumey £ x,y & FV(€'). Note(lety = p,in e,){e’ [z} = lety = p{€'/x} in ep{e’ /2 }.
FurthermoreA; T,y : o,z : 7' _, e, : 7. By the induction hypothesig\; I -_. p,{¢’/x} : o and
AT ., ep{e’/a} 7. Hence A;T H_. (lety = p, in ep){e’/z} i 7.

In the type abstraction case= Aoy <: T4 1,...,0p <! Tan-€a, 0 = Vo <:Ty1,...,0, <
Tan-Ta, ANAA ) <: Tg1,...,0n <: Tan; L2 0 7' F_ g 0 7q. ASSUMEN, ... o & FV ().
Note (Aa; <: Tg1,...,0n < Tan-€a){€/2} = Ay <: Tq1,...,00n <: Tgn.€a{€'/x}. By

the induction hypothesis\, a; <: 74.1,...,an <t Tan;T Fo. e.{€//z} : 7,. Hence,A;T +_.
(Aar <:7Tg 1y, Qn <t Tgp.€g){e/x} 0. 1

Lemma B.2 (Polytype expression substitution preserves typing)
o f AsT z:0'F_ e:TandA;T F_, p' i o/, thenA;T F_, e{p//x} : 7.
o fA;T,x:0'F_ . p:oandA;T +_, p' : o/, thenA;T +_. p{p'/z} : 0.

Proof: Proceed by simultaneous induction on the derivatidn§, z : o’ -_. e : 7 andA; T, x :
ok_.p:o.

The cases for constants are immediate.

The cases for variables (both monotype and polytype) is idiate.

In the lambda case; = \y : 740, T = 7o — T, aNdA; T,z : o'y 1 74 Fo. eq @ T
Assumey # x,y € FV(€'). Note Ay : 7q.€0){p'/x} = Ay :14.e{p’/x}. FurthermoreA;T,y :
Ta, T @ 0 F_ eq : 7. By the induction hypothesis\;T,y : 7, .. e.{p/x} : 7. Hence,
AT Eo (Ay:i7g.e0){p /x} o 7.

In the application case, = e¢; es, A;T,x : 0/ F_. ey : 7y — 7. andA; T,z : 0’ .. es : 7.
Note (e e2){p’/x} = e1{p'/z} ea{p’/x}. By the induction hypothesig\; T \_, e1{p'/z} : 7, —
TandA;T _. ea{p'/x} : 7,. Hence A; T . (eq e2){p'/x} : 7.

In the type application case,= p, [Ty 1,...,Ton)s T = Ta{m1/1, .. s Ton/0n}, AT, 2
o' Fo po i You < Tais. 0 <8 TapTa, @UAA Fo T <0 T, A Bl T <8 Tap.
Note (pg (6.1, - - -, o] )P’ /2} = pa{P’/2} 701, - - ., Tb]. By the induction hypothesig); T F_.
pa{p'/z} 0. Hence AT F_. (pa [To15- - - Ton) ){P /2} - 7.

In the local binding case; = lety = py in ey, AT,z : 0/ b, py : 00, AT, 2 2 0Ly -
o4 Fo. ey : 7. Assumey # xz,y & FV(e'). Note(let y = p, in e){p'/z} = lety =
paf{p’/x} in ep{p’/x}. FurthermoreA;T,y : 0,2 : ¢’ F_, ¢, : 7. By the induction hypothesis,
AT o pafp'/x} cog andAsT F_, ep{p’/x} : 7. Hence A;T F_, (lety = p, in ep){p'/x} : 7.

In the type abstraction case= Aoy <: T4 1,...,0n < Tan-€q, 0 =Yy <: Ty 1,...,0, <
Tan-Tay QNAA p <t To1,..., 0 <t Tan; Tz 2 0’ o, eq : 7,. ASSUMEN, ... o & FV ().
Note (Ao <: Tg1,...,0n <t Tan-€a){P//x} = Aot <t Tq1,...,0n <t Tan-€a{p'/z}. By
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the induction hypothesis), o <: 74.1,..., 0 <t Ton; T . eo{p’/a} 7. Hence, A;T F_,
(Aag <:Tg 1y 0 <t Tam-ea){p'/x} 0.1

Lemma B.3 (Type subsumption preserves subtyping)

o fAa<:7TF_ 1 <:m,and7” <: 7 thenA,a <: 7" F_. 11 <: 7.

Proof: Proceed by induction on the derivatidn o <: 7/ F_, 71 <: 19. 11

Lemma B.4 (Type subsumption preserves typing)
e If Aa<:7;T't_. e:7Tand7” <: 7/, thenA,a <: 7";TF_.e: 7.
e f Aa<:7;I'+_ p:oandr” <: 7/, thenA,a <: ;T +_. p: 0.

Proof: Proceed by simultaneous induction on the derivatidng : 7;T" F_. e : 7 and A, « :

T:Tk_ p:o.

The case for basic constants is immediate.

In the primitive operation casee = ¢ (¢ € (), FV(r) = (o,...,0), and
Vi<t T, T <ioTy, We have T{r{/ai,...,Th/an} € mp(r). If a # a
the result is immediate. lfa = «;, then Vs <@ n,...,7F < 7,7 <
Tn. {1y a1, ..., T o, .. T Jan} € mp(T) and A F_. 77 <: 7/ impliesVry <: 1,..., 7 <
Tk <smpr{r/on, . T oG, T Jan } € mp(T). Thus, A o <: 7T H_. c: 7.

The cases for variables (both monotype and polytype) arecidiate.

In the lambda case, = \z:74.4, 7 = 7, — T, @aNdA, o <: 7/;', 2 : 7, F.. €4 : 7. By the
induction hypothesis), o <: 7T,z : 7, F.. eq : 7. Hence A, a <: 7T H_, Aw:7q.eq 1 T

In the application case; = e e3, A,a <: 7;Tx : 0/ F_, e; : 7, — 7. andA,«a <:
7T,z : o/ F_ ey : 7,. By the induction hypothesish, a0 <: 7;T ., e; : 7, — 7 and
Aja<:7"Tk_ e :7q. Hence A,a <: 7T H_. ey e : 7.

In the type application case,= p, [Tb1,---,Tonls T = Ta{Tp1/00, ..., Ton/an}, A, o <
T T Fo po  Var <:Tat,...,0n <t TanTo, @NAA o <: 7/ F_ 1y <t 71, A o <0 7'
T <: Tan. ASSUMEN, ..., a, # a. By the induction hypothesig), o <: 7";T' F_. p, : Yoy <:
Tals--s0n < Tan.Te. By LemmaBBA, o <: 7" F_ . 7y1 <t 11,000 a <0 77" 1y <
Tan- HeNnce A a <: 7";TF_ po [To1,- -+, Tom] 1 T.

In the local binding case; = let z = p, in ey, A, <: 7;T . py : 04, Ay <: 73T, 2 :
o4 F-. ey : 7. By the induction hypothesig), o <: 7";T'F_. p, : 0, andA,a <: 7"; T,z : 0 F_,
ep: 7. Hence A, a <: 7T F_ letx =p,ine, : 7.

In the type abstraction case= Aoy <: T4 1,...,0pn < Tan-€q, 0 =Yy <:Ty1,...,0, <
Tan-Tay MDA,  <: 7/ 0 <:Tg1,. .., Qn <: Tan; T o €q 1 7o ASSUMeEN, . ..,y # . Then,
Aoy < T, Qn <t Tgp,a <: 7, F_, e, : 7. By the induction hypothesish, o <:
Tads- s On <: Tan, 0 <: T";T F_, e, : 7,. FurthermoreA, o <: 7" a1 <t 741,..., 0, <
Tan; T Fo. et Tq. Hence Ao <: 77T F_ Aoy <: Tg 1,0, 0 <: Tgm.€q:0. I

Lemma B.5 (Type substitution preserves subtyping)

o If Aja<:7' k.. 7 <:m,thenA+_ {7’ /a} <: {7 /a}.
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Proof: Proceed by induction on the derivatidn o <: 7/ F_. 71 <: 9. 11

Lemma B.6 (Type substitution preserves typing)
o f Ala<:7:TH_ e:7rthenA;T{7' /a} _ e{r'/a}: {7 /a}.
o If Aja<:7;TF_ p:othenA;T{r' /a} F_. p{7'/a}: o{r'/a}.

Proof: Proceed by simultaneous induction on the derivatitna <: 7/;T' F_, e : 7 andA, a <:

Tk, p:o.

The case for basic constants is immediate.

In the primitive operation casee = ¢ (¢ € Cp), FV(r) = (aa,...,an),
and Vrf < 7,...,7, <: 7, we have 7{r{/o,...,7/an} € m(7). Note
Ar'/a} = e If a # «; the result is immediate. Il = «; then Vrf <:
Tlyeo, 8 <t 7.1 < 1, we haver{ry/ai,..., 7 /a,..., T /an} € my(T), Which
implies that vr{ <: 7,...,7°, <@ 71,7 <@ Tip1,...,7, <i T, We have
{7 Ja{r{/on,. .., T} Jvii1, T i, T Jam} € mp(T). Thus, AsT{7'/a} k.. c :
{7’ /a}.

The cases for variables (both monotype and polytype) arecidiate.

In the lambda case; = Az : 740, T = T4 — T, @aNdA, a0 <: 7;T, 2 @ 7, Fo. eq : T
Note (Az:7,.e,){7'/a} = Ax:7,{7"/a}.eo{7'/a}. By the induction hypothesig\;T'{7'/a},z :
{7 /a} o e /o) m{T' /a}. Hence AsT{7' /a} o, (A\x:7q.e0)T [} : T{T'/a}.

In the application case; = e e3, A,a <: 7;Tx : o' F_, e1 : T, — 7. andA,a <:
7T,z : o b, es : 7. Note(e; ex){7'/a} = e1{7'/a} ex{7'/a} and (1, — 7){7'/a} =
1{7'/a} — 7{7'/a}. By the induction hypothesig\; T'{7'/a} F_.. e1{7'/a} : (1. — 7){7'/a}
andA;T{7' /a} F_. ex{7'/a} : 7,{7"/a}. Hence A;T{7'/a} F_. (e1 e2){7'/a} : T{7'/a}.

In the type application cases = p, [To1,---Ton), T = Ta{mi/a1,....,Ton/on},
Ao < 7T b pg @ Yo <@ Ta1,...,0n <¢ TanTe, and Ao < 7 F_
1 <: Tals--Da <o 7 bFo m, <@ Tan. AsSsUmMeai,...,a, # o«. Note

(Pa [T0,1, -, )T/} = pa{7' [0} [Tp1{7'/a}, ..., {7’ /a}]. By the induction hypoth-
esis, A;I'{7'/a} F_. po{r'/a} : (Va1 <: Ta1,...,0n <t Tan.7a){7'/a}. By Lemma[Bb
Ao ma{r'fa} < moa{r'/a},. LA o {7 /a} < 1o {7’ /a}. Hence A;T{7'/a} +_.
(Pa [T0,1, -, o7 [} - T{7"/a}.

In the local binding case; = let z = p, inep, A, <: ;T .. py 0, Ay <: 75T, 2
o4 <. €y : 7. Note(let x = p, in ey){7'/a} = let x = p,{7'/a} in e,{7’/a}. By the induction
hypothesisA; T{7'/a} .. po{7'/x} : o {7'/a} and A;T{7'/a},x : o{7'/a} .. ep{7'/a} :
7{7'/a}. Hence A;T{7'/a} _. (letx = p, in ep){7'/a} : {7’ /a}.

In the type abstraction case= Aoy <: T 1,...,0p <! Tan-€a, 0 = Vo <: Ty 1,...,0, <
Tan-Ta, ANAA @ <: T/ oy <: Ta1,..., 00 <t Tan; T Foeq @ Tq. ASSUMEQy, ..., o # o
Note (Aa; <: To1,...,0n <t Tan-€a){7'/a} = Aoy <t T41,...,0n < Tan.€o{7'/a} and
(Var <: Ta1,-- 0 <t TanTa){7'/a} = Va1 <t T41,..., 00 <t Tan.1a{7'/a} (because
type variables are precluded from the types of quantifie@ tygriables). Futhermore), a; <:
Tals---,0n <:Tap,a <: 7' F_. e, : 7,. By the induction hypothesig\, oy <: 7,1, ..., ap <:
Tan; T{7'Ja} Fo. eo{r'/a} : mo{7'/a}. Hence,A;T{7'/a} F_.. (Aa1 <: 7q1,...,0 <:
Tan-€a){T'/a} {7 [Ja}. 1
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Theorem B.7 (Preservation) Ifr, is sound with respect t6, -_. e : 7 ande —_. €, then
Fo.e T

Proof. Proceed by induction on the derivatibn. e : 7.

The cases for constants and lambda-abstractions are irmm@esdince there are no evaluation
rules for constants or lambda-abstractions.

In the application case, = e e, F.. 1 : 7, — 7, andk_. es : 7,. By the definition of the
evaluation relation, either, —_. ¢} ande’ = € ey, Ore; isavaluee, — _. €5 ande’ = e; €,
Ore; = Az :74.€), ex is avalue, and’ = e {ez/z}, 0re; = ¢1 (c1 € Cp), e2 = 2 (ca € C),
ande’ = 6(cq1, co). In the first case, the result follows from the induction hyyasis and the typing
judgment for applications. Likewise, in the second case, résult follows from the induction
hypothesis and the typing judgment for applications. Inttel case;; -,z : 7, .. €] : 7 and the
result follows from Lemm&EIl1. In the fourth case, the refllows by the definition ofr, sound
with respect tad.

In the type application case,= p [11,...,Tpnl, Fe. P 1 Vou <: T41,..., 00 <: Tqn.T4, and
Fo b1 <:Tais o< Ton <i Tan. Furthermorer = 7,{m, 1/, ..., 7 n/0n}. By the definition
of evaluation relationp = Aoy <: 71,...,0n <! Tan.¢q ande’ = e {Tp1/a1,...,Ton/on}.
We are required to show.. e, {7y 1/c1,...,Ton/an} : Ta{mp1/00,. .., Ton/an}. Frombk_ p:
Vag <: Tg1,.-.,0n <i Tqn.Ta, We have that, oy <: 741,...,0, <! Tan;- Fo. €q @ T4 By
(repeated applications of) LemmaB:4q; <: 7p1,...,q, <: Thn;- F<. €4 1 7. By (repeated
applications of) LemmBBl6&; .. eq {71/, ..., Ton/on} : Tad{Tp1/01, ..., Ton /o }.

In the local binding case;, = let x = p, IN ey, F_. py : 0q, @Nd-; -z 2 04 Fo. €, : 7. By the
definition of the evaluation relatior; = e,{p,/x}. The result follows from LemmiaB.21

Lemma B.8 (Canonical Forms)
e If H_ v : ¢, thenv has the form: (c € Cy).
o If-_. v:7, — 7, then either has the fornt (c € C,) or v has the form\z : 7,.e,.

o If-_.p:Vay <:741,..., 00 <: Tan.Tq, thenphasthe form\ay <:7,1,..., 0, <: Tgn-€q

Proof. For the first part, proceed by case analysis of the derivationv : t. By inspection of
the typing rules, it is clear that the final rule in a derivatiof -_. v : ¢ must be the rule for basic
constants. Hence, has the fornt (c € Cy).

For the second part, proceed by case analysis of the denvati v : 7, — 7,. By inspection
of the typing rules, it is clear that the final rule in a derigatoft-_. v : 7, — 7, must be the rule
for primitive constants or the rule for lambda-abstractiorlence either has the forme (c € C))
orv has the form\z: 7, .e,.

For the third part, proceed by case analysi®.ofSuppose is of the formx. Thent_. = :

Vag <: Ta1,...,0n <! Tan.Tg @Ndoy <: Tg1,...,00 <: Tapi- Fo. 1 7. But,z ¢ dom(-),
hencea; <: 7,1,...,0p <: Tan;- <. 2 : 7, CANNOt have a proper derivation. Thuss not of the
form . Thereforep must have the formhay <: 7,1,..., 0 <! Tan-€q. 1

Theorem B.9 (Progress) Ifr, is sound with respect thandi-_. e : 7, then eithere is a value or
there existg’ such thate —_, ¢’

43



Proof. Proceed by induction on the derivatibn. e : 7.

The two cases for constants are immediate, since constantslaes. Likewise, the case for
lambda-abstraction is immediate, since a lambda-abgtnaista value.

The variable case cannot occur, because the type envirdrisnempty.

In the application case; = ej eg, F.. e1 : 7, — 7. andk_. ey : 7,. By the induction
hypothesis, eithet; is a value or there, can take a step. H; can take a step, then the application
context step applies t@ Otherwiseg; is a value. By the induction hypothesis, eitlegris a value
or theree; can take a step. M, can take a step, then the application argument step applies t
Otherwiseg is a value. By part 2 of Theoreln B.8, eithgrhas the forn; (c¢; € Cp) or A\x: 74.¢€,.

If e; has the form\z : 7,.¢,, then the application step appliesdolf e; has the forme (c; € C)),
thent, — 7 =t, — tfort, ¢t € T andt, — t € my(c1) by the typing judgment for primitive
operations. By part 1 of Theoreim B.8, has the fornr;y (c2 € Cy). Hencet_. ¢ ¢o : 7 and
d(c1, c2) is defined by the definition af, sound with respect t6. Thus, the primitive step applies
toe.

In the type application case, = p [ 1,...,Ton)s <. P @ Va1 <t Ta1,..., 00 <i Tan.Ta,
andb_. 7,1 <! Tq1, ... Fe. Ton <! Tqpn. By part 3 of Theorenl BI8p has the formAa; <:
Ta,1s- -+ Qn < Tqn-€q, and the type application step appliesto

In the local binding case, the local binding step applies td@

Theorem[51: (Soundness) If, is sound with respect @ I-_. e : 7 ande —* ¢/, thent_. ¢/ : 7
and eithere’ is a value or there exists’ such thate’ —_. ¢”.

Proof: We assumé-_. e : 7 ande —*, ¢’. Thene —" ¢’ for somen. Proceed by induction
onn. In the base case, the theorem is equivalent to Theprem B.thelstep case, the inductive

hypothesis, TheoreB.7, and Theoreml B.9 suffice to provéhdmem. Ii

C The calculus\>"

Types:
T = Monotypes
Q@ Type variable
T — Ty Function type
T Type constructoil
1 Unit type
T X Ty Product type
o= Prenex quantified type scheme
Val, e

Expression syntax:

e = Monomorphic expressions
c Constantc € C, U Cp)
Ax:T.€ Functional abstraction
e1 e Function application
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T
p[Tlv"'an]
letx =pine

p =
T
Aoy ..., «p.€

Vo=
c
AT:T.€

Variable

Type application

Local binding
Polymorphic expressions

Variable

Type abstraction
Values

Constantc € C, U C))

Functional abstraction

Evaluation contexts:
I

E =

Elr,...,T)
letzx=Fine

Evaluation contexts
Empty context
Application context
Argument context
Type application context
Local binding context

Operational semantics:

I()\th.e) v —r efv/z}

(Ao, ... ap.€) [r,...,7}] — v e{r]/a1,..., 7} /an}

letz =pine —ye{p/z}
C]l Co —T C3 iff 5(01,02) = C3

E[el] —T E[EQ] iff €1 —1 €2

The functions : C), x C, — C,, is a partial function defining the result of applying a privet

operation to a basic constant.

Typing contexts:

.= Type environments
Empty
Fx:r Monotype
Nz:o Type scheme
A= Type variable environments
Empty
A« Type variable
Judgments:
A ;T octxt Good context’
A ;7 type Good monotype

A 1 o scheme

Good type scheme
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A;'Hre: T Good expressioa with monotyper

A;Tbrp:o Good expressiop with type scheme

JudgmentA ¢ I' ctxt:

A+ T ctxt A 1 T ctxt
A - ctxt AT x: 7ctxt ATz : o ctxt

JudgmentA - 7 type:
Fr Actxt o € dom(A) AFrmitype Ab; 7 type

A ttype A atype A1 11— T type

JudgmentA +; o scheme

A aq,...,a, Fr T type
A1 Vaq,..., a7 SCheme

JudgmentA;T' Fre: 7:

AT e mp(e) (c € Ch)

v S Wb(Cb) with unify(Tlv 7_/) = <(O£1, Ti)? ey (anv TrlL)v . '>7 <

ceC
(1 — m){r/oa,..., 7 an} € mp(c) P >
Aoar,...,on;TFrcim — 1 FV(r) = (e, an)
A+ T ctxt AT, z:7hre: 7 A;TFrer:m— 1 Albres:n
VAN A ol e AT Az:Tte:7— 7 A;TFreres:m
AT Hrp:Vag, ..., an.T ATx:obre:m A;THrp:o
AT hrplr,... ] i 7{m/oa, ... mn/an} ATk letz=pine: T

JudgmentA;T' 1 p: o
I

AR Tetxt Ajag,...,an;lFre: T

AT Hr Aaq, ..o ap.e i Yag, ..., an.T
L

(Oél,...,()éngA)

C.1 Proofs

Lemma C.1 (Monotype expression substitution preserves typing)
o f AsT z: 7' Fre:7andA;T' e : 7/, thenA;T 1 e{e'/x} : 7.

o f AsT z: 7' Frp:oandA;T e : 7/, thenA;T b p{e//x} : 7.
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Proof: Proceed by simultaneous induction on the derivatidn§, x : 7/ -1 e : 7 andA; T,z :
T'hrp:o.

The cases for constants are immediate.

The cases for variables (both monotype and polytype) is idiate.

In the lambda case; = My : 74.€0, T = T4 — T, and AT,z - Ty 1 Ty Froeq Ty
Assumey # x,y € FV(e'). Note (\y:1,.e0){€'/x} = Ay :7q.e.{€'/x}. FurthermoreA;T,y :
Ta,x : T b1 eq : 7. By the induction hypothesis); T,y : 7, b1 e {e’/z} : 7,. Hence,
AT (Ny:7q.€0){€ /a} i 7.

In the application case,= ej es, A;T,x : 7/ Fr e : 74 — 7. andA; T,z : 7/ b1 eg : 7,. Note
(e1 ex){e'/x} = e1{€'/x} ea{€’ /2 }. By the induction hypothesig\; " -1 e1{¢’/z} : 7, — 7 and
AT breg{e [z} : 7o Hence A;T b+ (e eo){e’ /a} @ 7.

In the type application case, = p, [T1,...,T], T = T.{11/01,...,Tn/an}, andA;T, z :
T b1 pa i Vau, ... apn. 7. NOt€(pg [11, ..., ma]){€'/2} = pa{€’/x} [T1, ..., Ta]. By the induction
hypothesisA; T 1 pa{€e’/z} : 0. Hence A;T b+ (pg [11, - .., Ta)){€ [z} : 7.

In the local binding case;, = lety = p, in ey, ;T2 0 7/ bp pe i 00, AsT 2 : 7y 0 Fr
ep : 7. Assumey # z,y & FV(e'). Note(lety = pgin ey){e’/z} = lety = p.{e’/x}in ep{e’ /x}.
FurthermoreA;T',y : 0,2 : 7' -+ €, : 7. By the induction hypothesig\;T" -1 p,{€¢’/z} : o and
AT bFrep{e/x} - 7. Hence A;T b+ (lety = p, in ep){e’/x} : 7.

In the type abstraction casep = Aaiy,...,an.eq, 0 = Vai,...,0,.7, and
Aag,...,an; Do 0 7 1 e ¢ T,.  Assume ag,...,a, ¢ FV(¢). Note
(Ao, ... ane){e/x} = Aaq,...,an.e.{€e/x}. By the induction hypothesis,

Ajaq,...,an; D relde [z} i 7. Hence AT by (A, ... ap.eq){e' /x} 0. 1

Lemma C.2 (Polytype expression substitution preserves typing)
o fA;T,x:0'Fre:7andA;T H p' : o/, thenA; T b e{p’/z} : 7.
e f AT x:0'brp:oandA;T  p' : o/, thenA; T 1 p{p'/z} : 0.

Proof: Proceed by simultaneous induction on the derivatidn', = : ¢’ 1 e : 7 andA; T,z :
o' Frp:o.

The cases for constants are immediate.

The cases for variables (both monotype and polytype) is idiate.

In the lambda case; = Ay : 74.60, T = T, — T, @Nd AL,z : o',y : 74 Fr eq Ty
Assumey # z,y € FV(€'). Note (\y: 7q.€0){p'/x} = Ay :14.e{p’/x}. FurthermoreA;T',y :
Ta, T 1 0 b1 eq : Tp. By the induction hypothesis); T,y : 7, b1 e {p’/x} : 7. Hence,
ATy (Ny:Ta-€0){p'/2} 2 7.

In the application case,= e es, A;T',z : 0’ Fr ey : 7, — 7. @ndA; T,z : 0/ b+ es : 7,. Note
(e1 e2){p'/x} = e1{p'/x} ea{p’/x}. By the induction hypothesig\; I - e {p'/z} : 7, — 7 and
AT breg{p'/x} : 7o Hence A; T b (e1 ex){p'/x} : 7.

In the type application case, = p, [11,...,7a], T = To{71/01,...,Tn/on}, andA; T,z :
o' b pa i Vag,. .., an. 7. NOte(pg [11, ..., T]){p'/2} = pa{p’'/2} [11,- .., 7). By the induction
hypothesisA; T b+ pa{p'/z} : 0. Hence A;T b+ (pg [11, .- -, 7 )P/ /2} : 7.

In the local binding case; = let y = p, in e, A;T,x 2 0/ br py @ 04y A;T 2 2 0y -
oo Fr ey : 7. Assumey # z,y ¢ FV(e/). Note(lety = p, in ep){p//x} = lety =
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pa{p’'/z} In ep{p’/z}. Furthermore A;T,y : o,z : ¢’ b1 e, : 7. By the induction hypothesis,
AT e paof{p'/2} 0 @andA;T Fr ep{p’/2} - 7. Hence AT b+ (lety = pq in ep){p’/a} : 7.

In the type abstraction casep = Aaiy,...,an.eq, 0 = Vai,...,0,.7, and
Aag,...,an; D 0 o b1 ey 0 T, Assume ai,...,a, ¢ FV(¢/). Note
(Aaz,...,ane){p /x} = Aoq,...,an.e.{p'/x}. By the induction hypothesis,

Asag,...,an; T e{p'/x} - 7o Hence AT Fr (Aaq, ... apeo){p’ /a} o0 |

Lemma C.3 (Type substitution preserves typing)
o If Aa;T Fre:mthenA;T{7"/a} b1 e{r'/a} : 7{7'/a}.
o If Aa;T Frp:othenA;T{r'/a} b1 p{7'/a} : o{7'/a}.

Proof: Proceed by simultaneous induction on the derivatitng; T' - e : 7andA, o; T F p : 0.

The case for basic constants is immediate.

In the primitive operation case, = ¢ (c € Cp), 7 = 11 — T2, FV(11) = (aq,...,qn),
and for all7. € m(Cy) such thatunify(r.,71) = ((c1,7),-.., (@n, 7). ..), we haver; —
m{r/ai,..., 7 /an} € mp(c). Notec{r'/a} = c. If a # «; for anyi, the result is im-
mediate. Ifa = «; for somei (without loss of generality, let = 1), then for anyr, €
mp(Ch) such thatunify (., m{7'/a1}) = ((a2,75), ..., (an, 7)), ...), We haveunify(r.,m1) =
((a1,7"), (a2, 75)s ... (an, 7)), ...y, sO that(ry — m){r'/a}{r)/ae,....7}/an} = (1 —
{7 fon, s ag, ... 7] Jan} € mp(c). Thus,A;T{7'/a} v c: 7{7"/a}.

The cases for variables (both monotype and polytype) arecidiate.

In the lambda case; = \x : 14.¢q, T = T4 — T, aNdA, T,z : 7, F1 eq @ 7. Note
Az : Tq.e){7'/a} = Ax: 1{7'/a}.e{7'/a}. By the induction hypothesis\;T'{7'/a},z :
{7 /a} Frel{T' Ja} : {7’ /a}. Hence A; {7 /a} b+ (M\z:14.€0)7" Ja} - T{7/a}.

In the application case,= e es, A, ;T z: 0’ Frey i 7 — 7. andA, o; T,z : 0/ 1 eg @ 7.
Note (e1 ex){7'/a} = e1{7'/a} ex{7'/a} and(r, — 7){7'/a} = 7,{7"/a} — 7{7'/a}. By the
induction hypothesis)\; T'{7'/a} Fr e1{7'/a} : (1, — 7){7'/a} andA;T{7"/a} -t ex{7'/a} :
{7 /a}. Hence A;T{7' /a} b+ (e1 e2){7'/a} : T{7'/a}.

In the type application cases = p, [11,...,7|, T = 7To{11/011,...,7n/y}, and
A,a;T by pg : Yoq,...,an.7q. ASSUmeas,...,a, # a. Note (p, [11,...,7]){7"/a} =
pa{T' /a} [m{7' /a}, ..., 7{7"/a}]. By the induction hypothesis);T{7'/a} Fr p.{7'/a} :
(Vaq,...,an.70){7 /Ja}. Hence A;T{7' /Ja} b+ (pa [11, - - )T /a} - 7{7/a}.

In the local binding case, = let x = p, in ey, A, ;T bp pg 2 04, Ao T2 i 0g Froep o 7.
Note (let © = p, in ep){7'/a} = letx = p.{7'/a} in e,{7'/a}. By the induction hypothesis,
AT Ja} by po{T/2} : oo{7'/a} and A;T{7' Ja},x : o{r'/a} Fr ep{T'/a} : 7{7'/a}.
Hence A;T{7'/a} b+ (letx = p, in ep){7'/a} : 7{7'/a}.

In the type abstraction casep = Aay,...,an.eq, 0 = Vai,...,0,.7, and
Aja,aq,...,an; 0 Froeq @ 7q. Assumear,...,a, # a. Note (Aay,...,an.e,){7"/a} =
Aaq, ... an.e.{7'/a} and(Vaq, . .., an.7){7' /a} = Va,...,an.1o{7’ /a} (because type vari-

ables are precluded from the types of quantified type vagbFuthermore), aq, ..., an,a; T 1
eq : Tq. By the induction hypothesis), a1, ..., an; T{7 /a} b1 e {7'/a} : 7.{7"/a}. Hence,
A T{r Ja} by (Aag <: 7o, .., 0 Tapn-€){T' /a} : o{7’/a}. 1

Theorem C.4 (Preservation) lfr, is sound with respect @) -+ e : 7 ande —+ ¢/, thent-+ € : 7.
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Proof: Proceed by induction on the derivatibn e : .

The cases for constants and lambda-abstractions are irmm@esdince there are no evaluation
rules for constants or lambda-abstractions.

In the application case, = e1 es, F1 €1 : 7, — 7, andk1 ey : 7,. By the definition of the
evaluation relation, either;, —+ €] ande’ = €] eg, Ore; is a valuee, —+ €, ande’ = e; €,
Ore; = Az :74.€), ex is avalue, and’ = ej{ez/z}, 0re; =1 (c1 € Cp), e2 = c2 (ca € C),
ande’ = 6(cq1, co). In the first case, the result follows from the induction hyysis and the typing
judgment for applications. Likewise, in the second case, résult follows from the induction
hypothesis and the typing judgment for applications. Intthel case;; -,z : 7, -+ €} : 7 and the
result follows from Lemm&Cl1. In the fourth case, the refllows by the definition ofr,, sound
with respect tad.

In the type application case, = p [r1,...,7,), andt+ p : Vaq,...,a,.7,. Furthermore,
T = 1{m/aq,...,m/an}. By the definition of evaluation relatiory = Aaq,...,q,.€q4
and ¢ = eu{mi/a1,...,7/an}t. We are required to show, e.{m1/a1,...,7n/an} :
ToAT1/00, .., Ton/an}. Frombr p : Vou,. .., op.7,, we have that,aq,...,an;- Froeq @ Ta.
By (repeated applications of) LemmaiC:3, e, {71 /a1, .., mn/an} : Ta{m1 /00, ., Tn/an}.

In the local binding case; = let z = p, in ey, 1 po : 04, @Nd-; -,z : 04 Fr e, : 7. By the
definition of the evaluation relatior; = e,{p,/x}. The result follows from Lemmia{d.2a

Lemma C.5 (Canonical Forms)
o If H+ v : T 7, thenv has the fornt (c € ().
o If -+ v: 7, — 7, then eitherw has the forme (c € C) or v has the form\z: 7,.¢e,.

o If - p:Vaq,...,a,.74 thenp has the formhag, ..., a,.e,

Proof. For the first part, proceed by case analysis of the derivation : T 7. By inspection of
the typing rules, it is clear that the final rule in a derivatiaf -+ v : T 7 must be the rule for basic
constants. Hence, has the fornt (c € Cy).

For the second part, proceed by case analysis of the derivativ : 7, — 7. By inspection of
the typing rules, it is clear that the final rule in a derivataf 1 v : 7, — 7, must be the rule for
primitive constants or the rule for lambda-abstractionsn¢e eithew has the forne (c € C)) orv
has the form\z: 7, .¢e,.

For the third part, proceed by case analysigofSupposep is of the formz. Thenk; z :
Vaq,...,0n. 17 @anday,...,an;- b1z 0 7,0 But,xz ¢ dom(-), henceay,...,ap;- Fr z @ 74
cannot have a proper derivation. Thupsis not of the formz. Therefore,p must have the form
Aaq,...,an.eq. 1

Theorem C.6 (Progress) Ifr, is sound with respect td andt-+ e : 7, then eithere is a value or
there existg’ such thate —+ €'.

Proof: Proceed by induction on the derivatier e : .

The two cases for constants are immediate, since constantalaes. Likewise, the case for
lambda-abstraction is immediate, since a lambda-absiraist a value.

The variable case cannot occur, because the type envirdrisnempty.
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In the application case,= ey e9, Fr e1 : 7, — 7. andk e3 : 7,. By the induction hypothesis,
eithere; is a value or there; can take a step. H; can take a step, then the application context step
applies toe. Otherwiseg; is a value. By the induction hypothesis, eitlagris a value or there,
can take a step. - can take a step, then the application argument step applies@therwise,
ey is a value. By part 3 of Lemnia_Q.5, either has the forme; (¢; € C)) or Az : 74.¢4. If €1
has the form\z : 7,.e,, then the application step appliesdo If e; has the forne; (¢; € Cp),
thent, — 7 =t, — tfort, ¢t € T andt, — t € my(c1) by the typing judgment for primitive
operations. By part 1 of Theorell .5 has the forme, (c; € Cp). Hence,b+ ¢ ¢ : 7 and
d(c1, c2) is defined by the definition af, sound with respect t6. Thus, the primitive step applies
toe.

In the type application case, = p [r1,...,7,], and+ p : Vaq,...,a,.7,. By part 4 of
LemmdCbp has the form\ay, ..., a,.e,, and the type application step applies:to

In the local binding case, the local binding step applies t@

Theorem[5.2: (Soundness) If, is sound with respect t, -+ e : 7 ande —7% €, thent- ¢ : 7
and eithere’ is a value or there exists’ such that’ —- ¢”.

Proof: We assumé-; e : 7 ande —% €¢’. Thene —7 ¢’ for somen. Proceed by induction
onn. In the base case, the theorem is equivalent to Thebrem B.thelstep case, the inductive

hypothesis, TheoremB.7, and Theordeml B.9 suffice to provéhtmem. I

D Translation proofs

Theorem[53: If 7, is sound with respect t6 in A2, then7 [r,] is sound with respect té in
ARM.

Proof: We need to show that for ath € C), andcy € Cy such that-+ ¢; cp : 7 for somer,
thend(cy, c2) is defined, and thaf [m,](d(c1,c2)) = 7. Givene; € Cp andey € Cp, assume
thatkr ¢y co : 7. This means that; ¢; : ¥ — 7 and that-; ¢ : 7. Frombk; ¢; : 7 — T,
we derive that for al* € 7[m](C,) such thatunify(r*,7') # 0 (sincer’ andr* are both
closed types);’ — 7 € T[m,](c1). By definition of 7, and by assumption on the form of,
this means that’ — 7 is of the form7 [t'] — T[¢], with 7[t'] = 7/ and7[t] = 7. Hence,
Fooep i t) — t. Fromby o : 7/, we derive thatl [t'] = 7/ = T[m](c2) = T [m(c2)]. Hence,
mp(ce) = ', andk_, ¢o : t'. We can therefore infer that_. ¢; ¢o : t. Therefore, by soundness
of 7, with respect taj in A2, we get thati(c;, c2) is defined, and that,(6(c1,c2)) = t. Thus,
T mp](6(c1,c2)) = Tmp(d(cr,c2))] = T[t] = 7, as required.l

The following lemma, relating the correcteness of the subncoding and substitution, is used
in the proof of Theorerfi 514.

LemmaD.1 For all t,t/, and 7 with FV (1) C (a), if t4 = ()4, FV(t4) = (a1,...,an),
agﬂ u7ify(<t’>c’7;A)}: ((ar, 1), (oms ), oo), then T[r{t'/a}] = Tr]le
T/, T/ O

Proof: We proceed by induction on the structurerof
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For 7 = «, we immediately get thaf [{t'/a}] = T[t'] = (t')c. Moreover, we have
T[] — tAYr/on, ... ,mojan} = tA1/a1,...,Ta/an} = (t')c, by the assumption on
the unification of(t')c andt4.

For r = t* for somet*, thenT[r{t'/a}] = T[r] = (t*)c. Moreover, T[r][a
tAY /o, .. m)an} = T[]l — tA{m/ay, ..., Ta/an}t = #c{n/aL, ..., T/an} =
{t")c.

Finally, forr = 7/ — 7", we haveT [(7" — 7"){t'/a}] = T[7'{t'/a} — 7"{t'/a}] =
T[r'{t'/a}] — T[7"{t'/a}]. By applying the induction hypothesis, this is equalZtpr'][« —
tA Y /o, ,mnfan} — T["a — tY{n/ai,....,m/any = T — 7"]a
tArm /oq, ..., T/}, as required.li

Theorem[B3: If -_. e: 7, then E[F_. e: 7] : T[7].

Proof: We prove a more general form of this theorem, namely thak;if® -_. e : 7, then
T[A]; T[T]pa b1 E[A; T Fo e T]pa : T[] pa, where:

Tlog <: 71,y <iTn] = Q11yeeey Ol e o Onls e - oy Ok,
wherer! = A[r]
andFV(TiA) = (a,-l,... ,aiki>

and forA of the formay <: 7,..., ap <: 7y,
A A A
pa ={ar— 1 an — T )

Similarly, we show that iA;T' -_. p : o, thenT [A]; T[T pa Fr E[A; T F_. p: olpa : To]pa.
We establish this by simultaneous induction on the deowst\;I' -_. e : 7andA;T' ., p : 0.

For variablesA,T" -_. = : 7 implies thatz : 7isin . Hence,x : 7[r]pa is in T[I']pa.
Hence, 7[A]; T[T]pa br x : T[] pa. Similarly for A;T H_. z : 0.

For constants: € Cy, if A;T H_. ¢ : 7, then we haver,(c) = 7. Hence,7 [my(c)]pa =
T[r]pa, and by definition [7,]pa(c) = T[] pa. ThisimpliesT [A]; T7[T] b+ ¢ : T[r]pa.-

For constants: € Cp, if Aoy <: 71,...,0, <t ;T F_, ¢ : 7" — 7 (WhereFV(7') =
(ai,...,an)). Hence, for allr] <: 7;, we have(r" — 7){r{/a1,...,7),/an} € my(c). Note
that this implies that each is of the formt; for somet;, due to the restrictions imposed a.
Furthermore, also due to the restrictions imposedrgrwe must have that’ is eithert’ for some
t’, or a type variablex;. We need to show that for ali* € 7[m,](Cy), if unify(r*, T[7']) =
((a1,71), -, (0, ), .. .), thenT [7" — 7]{m/a1,...,7n/an} € T[mp](c). Take an arbitrary
7* € T[mp] (Cy). By restrictions onr,, 7* is of the form(t*)  for somet* € 7, (Cy). Now, consider
the different forms of~'. In the case’ = t/, we haveT [7'] = (t)¢, so that ifunify((t*)c, (t')c),
thent* = t/. Moreover, because we assumed that concrete encodingstdidtroduce free type
variables, therF'V (7') = 0. Thus,7[r" — 7] = T[7'] — T[r] € T[np](c) follows immediately
from the fact that’ — 7 € m,(c). In the case that’ = o, thenT [7']p = (t})a. Let FV (t}) =
(o1, ..., a1k, ). Assumeunify((t*)c, ') = ((a11,71), - - ., (Q1g, s Thy ), - - -). Because the encod-
ing is respectfulunify((t*)c,t'4) # 0 if and only if t* < ¢y, that is,t* <: t;. By assumption, we
have(r’ — 7){t*/a1} € my(c). Therefore,T[(7" — 7){t*/au}] € T[mp](c). By LemmaDl,
T — ){t"Jaa}] = T[7 — 7{m/ea1,..., 7 /oak, }, @and the result follows. Since*
was arbitrary, we can therefore infer ttBfA], a1, ..., 01k« Qnty - oy Qg 7 [T pales —
A by e T — Tlpala: — 7).
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For abstractions, if\;T" ~_, Ax:7".e : 7 — 7, thenA;T",z : 7/ +_. e : 7. By the induction
hypothesis, T [A]; T[T]pa;x : T[7']pa Fr Elelpa : T[7]pa, from which one can infer that
T[AL T[T]pa e A T[T ]pa-Elelpa : T[T'lpa — T[7]pa, which yieldsT [A]; T[T]pa -+
Me: T[T ]|paEle]pa : T — T]pa.

For applications, ifA;T" F_. e; es : 7, then for some’, A;T F_. e; : 7/ — 7andA; T F_,
ey : 7. By the induction hypothesis, we ha@e][A]; T[[]pa tr Efer] : T[7 — 7], so that
TIAL T[C)pa b+ Elea] : T[] — T[r], andT [A]; T[] pa b+ E[ez2] : T[7']. This yields that
T[A; T[] pa 1 (Elex]pa) Ele2]pa : Tlr]pa.

For local bindings, ifA; T F_. letz = pin e : 7, then for somer we haveA; T,z : o .. e: T
andA;T _. p : 0. By the induction hypothesis, we haldA]; 7[Tpa, z : T[o]pa b+ E]e] :
T[r]pa andT[A]; T[C]pa Fr E[p]pa : To]pa. Thus, we havel [A]; T[T]pa tr let z =
Elplpain Ele]pa : Tr]pa.

For type applications, we have\;T" +_. p [rf,...,7}] : . Then for all
(i, 7)) In B[p]l', we have A;T .. p : Va1 <@ 71,...,0, < 1.7, A F_
7/ <: 7 for al ¢ and 7 = 7{r{/ai,...,7,/a,}. By the induction hypoth-
esis, T[A];T[T]pa Fr Elplpa : TNar <: 11,00 <: 7.7 ]pa. Let
A = Aln], and FV (1) = (ou1,...,qi,). Thus, T[AL; T[T]pa H+ Elplpa
Vi1, .oy Qkyye v oy Qnly e oy Ok, T [T ] palc — TZA] We know thatA +_, 7/ <: 7; for all 4,
so we have thatnify(t, T[r]pa) = (i1, Ti1), - - - s (Qikys Tiky )s - - -), @A T[A]; T[T pa Fr
EMPIPA [T11y -+ s Tikys - - s Tnls - - - s Tuk) * T[T ]pacs — /Y], as required.

For type abstractions, we have I"' F_. Aoy <:7q, ..., <:Tp.€ : Yo <:Ti,..., 0 <:Tp.T.
Thus, we haveA +_. T' ctxt, that is, the type variables i appear inA, and moreover
Aoy <@ Ty, 0n <8 Ty Fooe roTo Let TZ-A = A[r] andFV(TZA) = (1, Qg ),
for 1 < i < n. Letpy = palaa — ,...,an — 7). By the induction hy-

pothesis, we havel [A], ai1,..., k- s nise sk T0]PN Fro Elelpy + TIr]ph-
From this we can infer thal [A]; T[T]p\ Fr Aoar,..., k- st o, - Ele]ps
Vot ..oy Qikys - oo s Qs - - - Ok, - T [T] pla, Which is easily seen equivalent T[A]; 7 [L]pa F+
E[Aan <:711, ..o an <:Tpe€]pa @ T[Voq <:71,..., 00 <:Tp.T]pa. (We can replacd [I'] o by
T[I'Jpa by the assumption thatis a good context id\.) 1

E Specialization in Practice

While Sectior[b describes an interesting theoretical téthe ability to define a&oDnf function
whose type statically enforces a structural invariant @atirecourse to separate datatypes), it is not
yet clear whether the methodology presented is usable atipea In particular, pattern-matching
on specialized types must be performed via application @distructor functions, rather than via
SML's built-in syntactic support for pattern-matching. €rresult is the “truly unreadable code”
in Figure[®. While any use of pattern-matching can be desagar applications of the destructor
functions, we feel that a number of important aspects of #tttepn-matching programming idom
are seriously inhibited by the encoding in the previousisact

First, and perhaps most importantly, the destructor fonetiforce the programmer to de-
compose a specialized type in a particular order; furtheemthe syntax provides no hint as
to the correct order! Whereas a static-typing error will ftag use of the anonymous function
fn () => falseDnf in the tuple slot for theAnd element of the specialization, nothing pre-
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vents us from interchangingn (f,g) => andDnfs (toDnf’ f, toDnf’ g) andfn (f,g)
=> orDnfs (toDnf’ f, toDnf’ g) in thetoDnf function of Figurdb. It is true that pattern-
matching would not prevent us from performing the erronaatexchange, but the incongruity of
the patternAind (f,g) followed by the expressionrDnfs (toDnf’ f, toDnf’ g) in an arm
of a case expression would certainly catch the eye in a way that thenyanous functions in a
destructor function do not.

A simple solution to this immediate problem is to replace tily@le argument in the destruc-
tor functions with a record argument. The type for teseFmla function would then have the
following type:

val caseFmla : ’a AFmla ->
{Var: string -> ’b,
Not: CFmla -> ’b,
True: unit -> ’b,
And: CFmla * CFmla -> ’b,
False: unit -> ’b,
Or: CFmla * CFmla -> ’b} -> ’b

Using this function, the programmer is now free to discriatnand deconstruct elements of the
specialization in any order. Furthermore, it is now manifghich element corresponds to each
dispatch function.

Yet, this solution is still a far cry from the full power (in ttoexpressivity and convenience) of
pattern-matching. Examining Figuré 6 reveals two paréidulglaring assaults on readability that
could be improved with pattern-matching, and cannot be avgul by the previous solution. First,
consider theandDnf s function. Informally, one can describe the intended bedrasf the function
in the following way: consider both arguments in thénf specialization: if either argument is a
Falseelement, return the other argument; if both arguments@relements, return the disjunction
of the pairwise conjunction of the elements’ argumenusfortunately, the written code obscures
this behavior. Reading the code, one might describe thakdwthavior as followsconsider the first
argument in thein f specialization: if it is aFalse element, return the second argument; if it is an
Or element, then consider the second argument irdit)especialization: if it is aFalse element,
return the first argument; if it is amwr element, return the disjunction of the pairwise conjunttio
of the elements’ argumentdhis highlights two missing aspects of pattern-matchirige ability
to pattern-match simultaneously (via the nesting of dagtyatterns within tuple patterns) and the
ability to give a wild-card match.

Second, consider theoDnf’ function. In this function, note the nested application v t
caseFmla destructor function. Here, one misses the ability to wrigetad patterns, which would
combine the two applications of destructor functions inte pattern match. Clearly, the solution
presented above provides no help in these situations.

We seek, therefore, for a solution that brings the exprégsand convienence of pattern-
matching to specialized types. As we stated earlier, wedcactomplish the same static invariants
as provided by specialized types by using distinct datatypeeach specialization and providing
function to convert between them. Of course, this is rathefficient. For example, converting a
dnf specialization to a string viétoString o dnfToFmla) requires two complete traversals of
the DNF formula and the allocation of an intermediate stmeci{of the same size as the original
formula). As a compromise, we describe a middle-groundtesly- one that uses distinct datatypes
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signature FMLA_DT = sig
include FMLA

(* datatypes *)

datatype (’a,’b,’c,’d,’e) DFmla = VarFmla of string | NotFmla of ’a
| TrueFmla | AndFmla of ’b * ’c

| FalseFmla | OrFmla of ’d * ’e
datatype DAtom = VarAtom of string

datatype ’a DLit = VarLit of string | NotLit of ’a

datatype (’a, ’b) DConj = TrueConj | AndConj of ’a * ’b

datatype (’a, ’b) DDnf = FalseDnf | OrDnf of ’a * ’b

(* injections *)
val injFmla : (’a AFmla,

’b AFmla, ’c AFmla,

’d AFmla, ’e AFmla) DFmla -> CFmla
val injLit : ’a AAtom DLit -> CLit
val injAtom : DAtom -> CAtom
val injConj : (’a ALit, ’b AConj) DConj -> CConj
val injDnf : (’a AConj, ’b ADnf) DDnf -> CDnf

(* projections *)
val prjFmla : ’a AFmla -> (CFmla,
CFmla, CFmla,
CFmla, CFmla) DFmla
val prjLit : ’a ALit -> CAtom DLit
val prjAtom : ’a AAtom -> DAtom
val prjConj : ’a AConj -> (CLit, CConj) DConj
val prjDnf : ’a ADnf -> (CConj, CDnf) DDnf

(x Maps *)
val mapFmla : ((’al -> ’a2) *
(bl -> ’b2) * (Pcl -> ’c2) *
(’d1 -> ’d2) * (Cel -> ’e2)) —>
(’al,’b1,’c1,’dl,’el) DFmla ->
(’a2,’b2,’c2,’d2,’e2) DFmla
val mapAtom : DAtom -> DAtom
val mapLit : (’al -> ’a2) -> ’al DLit -> ’a2 DLit
val mapConj : ((’al -> ’a2) * (°bl -> ’b2)) -> (’al,’bl) DConj -> (’a2,’b2) DConj
val mapDnf : ((’al -> ’a2) * (bl -> ’b2)) -> (’al,’bl) DDnf -> (’a2,’b2) DDnf
end

Figure 7: TheFkMLA_DT signature

for their induced patterns and fine-grained coercions talipe coercions to and from the abstract
specialized type and the datatypes.

We take as inspiration Wang and Murphy’s recursion sche&ng and Murphy VIl 2003].
Exploiting two-level types, which split an inductively dedid type into a component that represents
the structure of the type and a component that ties the rigelksot, recursion schemes provide a
programming idiom that can hide the representation of atradistype while still supporting pat-
tern matching. Figurdd 7 afifl 8 give a signature and corresppimplementation of datatypes for
the specializations of the formulas. (Again, while the ditarof code is large, it is also largely
boilerplate code that can be mechanically generated froetkahtive description of the specializa-
tions.) Note that the signature and implementation ardewrihgainst th€MLA signature an@mla
structure; in particular, thEeMLA_DT signature and'm1aDT structure do not require access to the
unspecialized datatype. Therefore, we need not make aritjosdd arguments about the safety of
using the datatype interface to the specializations. Bhaté cannot violate the invariants imposed
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structure FmlaDT :
open Fmla

FMLA_DT = struct

(* datatypes *)
datatype (’a,’b,’c,’d,’e) DFmla

datatype
datatype
datatype
datatype

DAtom = VarAtom of string

(’a, ’b) DConj = TrueConj
(’a, ’b) DDnf = FalseDnf |

(* injections *)

fun injFmla f = case f of

= VarFmla of string | NotFmla of ’a
| TrueFmla | AndFmla of
| FalseFmla |

b % ¢

OrFmla of ’d * ’e

’a DLit = VarLit of string | NotLit of ’a
| AndConj of ’a * °’b
OrDnf of

’a % ’b

VarFmla s => varFmla s

NotFmla f => notFmla f
TrueFmla => trueFmla

=> andFmla (f1, £2)

FalseFmla => falseFmla
OrFmla (f1, f£2) => orFmla (f1, f2)

|
|
| AndFmla (f1, £2)
|
|

=> andConj (f1, £2)

fun injLit f = case f of VarLit s => varLit s

| NotLit f => notLit f
fun injAtom f = case f of VarAtom s => varAtom s
fun injConj f = case f of TrueConj => trueConj

| AndConj (f1, £2)
fun injDnf f = case f of FalseDnf => falseDnf

| OrDnf (f1, f2) => orDnf (f1, £2)

(x projections *)
fun prjFmla f =

caseFmla f (VarFmla,NotFmla,

fn () => TrueFmla,AndFmla,
fn () => FalseFmla,OrFmla)

fun prjLit f = caseLit f (VarLit,NotLit)

fun prjAtom f = caseAtom f (VarAtom)

fun prjConj f = caseConj f (fn () => TrueConj,AndConj)
fun prjDnf f = caseDnf f (fn () => FalseDnf,OrDnf)

(* Maps *)

fun mapFmla (F1,F2,F3,F4,F5) f =
|

fun mapAtom f =
fun mapLit F f =

case f of VarFmla s => VarFmla s

NotFmla f => NotFmla (F1 f)

TrueFmla => TrueFmla

AndFmla (f1, £2) => AndFmla (F2 f1, F3 £2)
FalseFmla => FalseFmla

OrFmla (f1, £f2) => OrFmla (F4 f1, F5 f2)

case f of VarAtom s => VarAtom s
case f of VarLit s => VarLit s

| NotLit f => NotLit (F f)

fun mapConj (F1,F2) f = case f of TrueConj => TrueConj

| AndConj (f1, £2) => AndConj (F1 f1, F2 £2)
case f of FalseDnf => FalseDnf

| OrDnf (f1, £f2) => OrDnf (F1 f1, F2 £2)

fun mapDnf (F1,F2) f =

end

Figure 8: TheFm1aDT structure
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by the specializations by using the datatype interface.
As we did in Sectioill6, let us examine the different elemehti@® signature and their imple-
mentation.

E.1 Datatypes

The first part of the sighature defines the datatypes usegtesent specializations. The datatype
for a specialization has a datatype constructor for eachtagtor in the specialization. Wherever
the specialization references a specialization, we intreda type variable, inducing a polymorphic
datatype. The polymorphic type allows the datatype to smpreunfoldings of the recursive spe-
cialization type with the abstract specialization typehat tleaves” of the structure. For instance,
thednf specialization

withspec dnf = False | Or of conj * dnf
becomes

datatype (’a, ’b) DDnf = FalseDnf
| OrDnf of ’a * ’b

replacing the references to the specializationsj anddnf with the polymorphic type variables
’a and’b. Thus, the structure of énf specialization is given without reference to specific types
for conj ordnf.

While this implementation is inspired by recursion scheniteis at this point that we deviate
significantly. Recursion schemes as described by Wang amghyiyi2003] are designed to support
monomorphic recursive types, with a straightforward esitem to polymorphic recursive types.
However, it is less clear how to extend the idiom to mutuadlgursive types, which sometimes
arise in specializations (e.g., theolexp andintexp specializations given in Secti@h 6). Hence,
we have chosen to allow each reference to a specializatibe tgped independently. Clearly we
do not wish to identifyconj anddnf in the dnf datatype above, because the two specializations
are distinct. It is debatable whether all occurences offthea specialization within thefmla
specialization should be identified; that is, whether wauhtroduce

datatype (’a,’b,’c,’d,’e) DFmla =
VarFmla of string | NotFmla of ’a

| TrueFmla | AndFmla of ’b * ’c

| FalseFmla | OrFmla of ’d * ’e

or

datatype ’a DFmla =
VarFmla of string | NotFmla of ’a
| TrueFmla | AndFmla of ’a * ’a
| FalseFmla | OrFmla of ’a * ’a

The latter is closer to recursion schemes (and hence coulivbe a simple categorical interface
as described by Wang and Murphy_[2003]). For pragmatic regsee have instead adopted the
former, because it gives finer grained control over coesctorand from the datatype. However, as
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the entire implementation does not require access to thgearaized datatype, either or both could
be given without difficulty.

The polymorphic type variables allows the datatype to regme arbitrary, finite unrollings of
the specialized type. For example, the ty{@€onj, CDnf DDnf) DDnf corresponds to unrolling
the dnf specialization into th@Dnf datatype once at the top-level and once again at the second
argument to theénd constructor. Hence, it has as elemefdsseDnf, OrDnf (el, FalseDnf),
and0rDnf (el, OrDnf (e2, e3)) foranyel ande2 of typeCConj ande3 of typeCDnf.

E.2 Injections

For every specialization, the interface provides a fumctior injecting from a specialization’s
datatype into the specialization itself. In particular thjection is from one top-level unrolling
of the specialization into the datatype back into the spigeidon. The implementation is straight-
forward: map each datatype constructor to the correspgnsiaecialization constructor. For the
DDnf datatype, this yields

fun injDnf f =
case f of FalseDnf => falseDnf
| OrDnf (f1, £2) => orDnf (f1, f2)

with the type(’a AConj, ’b ADnf) DDnf — CDnf. We find injections to be used infrequently
in practice. One usually wishes to build values at the sfiezateon type, and the specialization con-
structors are better suited for this purpose than injedtioigy the specialization’s datatype. Hence,
we will not use injections in our examples.

E.3 Projections

Much more practical are the projection functions, whichalina specialization into the datatype
representation. Again, the unrolling is from the specaln to a single top-level unrolling of the

specialization. The implementation builds upon the desbrfunctions, by mapping each dispatch
function to the corresponding datatype constructor. Febthhf datatype, this yields

fun prjDnf f =
caseDnf f (fn () => FalseDnf,
fn (f1,f2) => 0rDnf (f1,f2))

with the type’a ADnf — (CConj, CDnf) DDnf.

E.4 Maps

One final useful family of functions are the structure preisgr maps. These functions, similar in
flavor to the familiar map on polymorphic lists, apply a fuootto each polymorphic element of a
structure, but otherwise leave the structure’s “shapeldntFor instance, the map

fun mapLit F f =
case f of VarLit s => VarLit s
| NotLit f => NotLit (F f)
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fun andConjs (f: CConj, g: CConj): CConj =
case prjConj f of TrueConj => g
| AndConj (£f1,f2) => andConj (f1, andConjs (£f2, g))
fun orDnfs (f: CDnf, g: CDnf): CDnf =
case prjDnf f of FalseDnf => g
| OrDnf (£f1,f2) => orDnf (f1, orDnfs (f2, g))
fun andConjDnf (f: CConj, g: CDnf): CDnf =
case prjDnf g of FalseDnf => falseDnf
| OrDnf (gl, g2) => orDnf (andConjs (f, gl),
andConjDnf (f, g2))
fun andDnfs (f: CDnf, g: CDnf): CDnf =
case (prjDnf f, prjDnf g) of
(FalseDnf, _) => falseDnf
| (_, FalseDnf) => falseDnf
| (OrDnf (f1,f2), OrDnf (gl,g2)) => orDnf (andConjs (f1, gl),
orDnfs (andConjDnf (f1, g2),
orDnfs (andConjDnf (gi, £2),
andDnfs (£f2, g2))))
fun 1itToDnf (f: ’a ALit): CDnf = orDnf (andConj (f, trueConj), falseDnf)
fun toDnf (f: ’a AFmla): CDnf = let
fun toDnf’ (f: CFmla): CDnf =
case mapFmla (prjFmla, id, id, id, id) (prjFmla f) of
VarFmla s => 1itToDnf (varAtom s)
NotFmla (VarFmla s) => litToDnf (notLit (varAtom s))
NotFmla (NotFmla f) => toDnf’ f
NotFmla TrueFmla => toDnf’ falseFmla
NotFmla (AndFmla (f,g)) => toDnf’ (orFmla (notFmla f, notFmla g))
NotFmla FalseFmla => toDnf’ trueFmla
NotFmla (OrFmla (f,g)) => toDnf’ (andFmla (notFmla f, notFmla g))
TrueFmla => orDnf (trueConj, falseDnf)
AndFmla (f,g) => andDnfs (toDnf’ f, toDnf’ g)
FalseFmla => falseDnf
OrFmla (f,g) => orDnfs (toDnf’ f, toDnf’ g)
in toDnf’ (coerceFmla f) end

Figure 9: ThetoDnf function (via datatype interface)

transforms arral DLit to an’a2 DLit via a functionF of type a1 — ’a2. Since the poly-
morphic elements of a specialization datatype correspotioket nested specializations used by that
datatype, maps are useful for localizing unfoldings of agdization for nested pattern matching.

E.5 Example

Figure[® reproduces the code from Figlke 6 using the datamgpdace to the formula specializa-
tions. While some may argue that the syntactic differencesranor, those differences are impor-
tant ones. We have addressed all the shortcomings desetiltieel beginning of this section. All of
the functions are written in a familar, readable patterrieiniag style. In particular, thendDnfs
function uses simultaneous pattern-matching and wild-caatches to efficiently implement the
textual description described previously. Also, thdnf’ function uses nested-patterns to fold all
the branches into a singlease expression. Note the use of thepFmla function to unfold only
theCFmla under thelotFmla constructor, while leaving all othémla specializations folded. The
expression discriminated by tlhease has the following type:

((CFmla, CFmla, CFmla, CFmla, CFmla) DFmla,
CFmla, CFmla, CFmla, CFmla) DFmla
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Finally, a word about the efficiency of the compiled code.Hea presence of cross module in-

lining, smart representation decisions, and some locadtaonfolding, the overhead of projections
from a specialization type to a datatype can be almost gneteminated. Specifically, when pro-

jections appear directly as the expression discriminated dnse, then a compiler can easily fold

the case expression “buried” in the projection function into the eutase expression.
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