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Abstract

Genericprogramminglooks like the perfect solution
for writing sparsematrix programsas thereare some
forty or fifty compressedformatswidely usedin prac-
tice. However, it is unclearhow to designa genericpro-
grammingAPI for sparsematrices. A high-level API
appropriatefor genericmatrix algorithmshidesdetails
of sparsematrix formatsfrom the compiler, resulting
in poor performance;while a low-level API that ex-
posesthe detailsof compressedformatsis not suitable
for writing genericprograms.

Wepresentanew varietyof genericprogrammingin
which algorithmimplementorsusea differentAPI than
datastructuredesigners,thegapbetweentheAPI’s be-
ing bridgedby restructuringcompilers.Oneview of this
approachis that it exploits restructuringcompilertech-
nologytoperformanovel kindof templateinstantiation.

1 Introduction

Genericprogramming is a methodologyfor simplify-
ing thedevelopmentof librariesin which a setof algo-
rithmshaveto beimplementedfor many datastructures.
Codeexplosionis avoidedby mandatingacommonAPI
which is (i) supportedby all datastructures,and (ii)
usedto expressalgorithmsin a genericfashion.For ex-
ample,the C++ StandardTemplateLibrary (STL) [3]
usestheAPI of one-dimensionalsequencesastheinter-
facebetweendatastructureslike arraysand lists, and
algorithmslike searchingand sorting. The type sys-
temsof modernlanguagespermitthedatastructureim-
plementationsandgenericprogramsto betype-checked
andcompiledseparately;a concreteimplementationis
producedby linking a genericprogramwith aparticular
datastructureimplementation.

Thereis however a tensionin the designof generic
programmingAPI’sthatbecomesevidentin someprob-
lem domainssuchassparsematrix computations.For
densematrices,highly efficient implementationsof the

BasicLinearAlgebraSubroutines(BLAS) [8] areusu-
ally providedby hardwarevendors.For sparsematrices,
the problemof developing BLAS libraries is compli-
catedby thefactthatsomeforty or fifty compressedfor-
matsareusedto avoid storingzeros.Many attemptsat
writing sparseBLAS librarieshavebeenconfoundedby
thecodeexplosionproblem[7,18]. Althoughit appears
that genericprogrammingis the solution to this prob-
lem, it is not clear that an appropriateAPI canbe de-
signedfor sparsematrix libraries.As weexplainin [14],
a high-level API thatallows theprogrammerto express
genericmatrix algorithmsin a natural array notation
hidesdetailsof sparsematrixformatsfromthecompiler,
so performancemay suffer. On the otherhand,a low-
level API thatexposesthedetailsof compressedformats
is not suitablefor writing genericprograms.This prob-
lemis likely to occurin otherproblemdomainsin which
datastructurepropertiesmustbeexploitedfor highper-
formance.

In [14], weproposedonewayto solve thisproblem.

1. WeusedualAPI’s: ahigh-levelAPI for expressing
genericalgorithms,anda low-level API for expos-
ing detailsof datastructuresthatmustbeexploited
to obtainhighperformance.

2. Weuserestructuringcompilertechnologyto trans-
form abstractprogramswritten in terms of the
high-level API into efficient programswhich use
thelow-level API.

In our system,genericprogramsare densematrix
programs;i.e. the Programmer(high-level) API views
sparsematricesasrandom-accessdatastructures.The
Compiler (low-level) API, on the other hand, views
sparsematricesasindexed-sequential-accessdatastruc-
tures. Our restructuringcompiler[2] “instantiates”the
genericprogramsinto efficient sparsematrixprograms.

Therestof thepaperis organizedasfollows. In Sec-
tion 2 wedescribetheabstractindex structureof sparse
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Figure1: CompressedFormats

matricesusedby our compiler. In Section3 we intro-
duceour genericprogrammingsystem.We discussour
implementationof threeimportantcompressedformats
in Section4. In Section5, we presenttherestructuring
compilertechnologythat instantiatesgenericprograms
into efficient sparsecodes.We presentexperimentalre-
sults in Section6. We concludewith relatedwork re-
view in Section7.

2 Matrix Abstraction

As mentionedearlier, there are at least forty or fifty
commonlyusedcompressedformats;the NIST Sparse
BLAS effort [7] supports13 of them. Figure1 shows
a sparsematrix and threecommonlyusedcompressed
formats. The simplestformat is Co-ordinate storage
(COO) in which three arraysare used to store non-
zeroelementsandtheir row andcolumnpositions.The
non-zerosmaybeorderedarbitrarily. Co-ordinatestor-
agedoesnot permit indexed accessto either rows or
columnsof a matrix. CompressedSparseRow stor-
age(CSR)is a commonlyusedformat that permitsin-
dexedaccessto rows but not columns.Array values
is usedto storethenon-zerosof thematrix row by row,
while anotherarraycolind of thesamesizeis usedto
storethecolumnpositionsof theseentries.A third array
rowptr hasoneentryfor eachrow of thematrix, and
it storesthepositionin values of thefirst non-zeroel-
ementof eachrow of the matrix. Someof the rows of
thematrixmaybeempty.

Somesparsematriceshave small denseblocks oc-
curringin differentpositionsinsidethematrix. It is im-
portant to exploit thesedenseblocks to improve stor-
ageandcomputationalefficiency. Figure1 showsBlock
SparseRow (BSR) storagewhich can be viewed as a
CSR representationin which the non-zerosare small
denseblocksratherthansinglenon-zeroelements.
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Figure2: SparseMatrix Abstraction

2.1 Index Structure

Thegrammarin Figure2 is usedto describethe in-
dex structureof a sparsematrix to oursystem[14]. The
mostimportantrule for specifyingindex structureis the
Index � �

(nesting) productionrule. For example,
a CSR matrix is describedas "#� $�� �

, indicat-
ing that rows must be accessedfirst, and within each
row, elementswithin columnscanbeenumerated.The
map�%��� in 	&
� out

�'��

rule is usedto describelinear

andpermutationtransformationson thematrix indices.
The
�&()�#�&(*(

(perspective) rule meansthat the matrix
canbeaccessedin differentways,usingeitherof thein-
dex structures

�+(
or
�&(*(

. The
�+('� �&(*(

(aggregation)
rule is usedto describea matrix that is a collectionof
two formats,suchasaformatin whichthediagonalele-
mentsarestoredseparatelyfrom theoff-diagonalones.
Enumeratingtheelementsof suchmatrix requiresenu-
meratingboth

�&(
and
�&(*(

.
The

�
attribute��������� attribute � notationdescribes

an index obtainedfrom multiple co-ordinatesenumer-
atedtogether, asin theCOOformat(

� "%��$,�,� � ). On
theotherhand,

�
attribute�-�����.� attribute � denotesin-

dependentindices,asin adensematrix(
� "/�0$1�,� � ).

Eachterm
�

is optionallyannotatedwith thefollow-
ing enumeration properties.2 Enumeration order: a descriptionof the order in

which coordinatevaluescouldbeenumeratedeffi-
ciently. For the CSRformat above, " is random-
access,andwithin eachrow, $ canbeenumerated
efficiently in increasingorder.2 Enumeration bounds: a descriptionof the coordi-
natevaluesthatactuallyoccurin theenumeration.
A lower triangularmatrix, for example,could be
annotated3145$,4�"&4 N.

In addition to specifying this index structure,the



sparseformatdesignermustwrite theactualcodeto per-
form theseenumerations.

3 Generic Programming System

The key featureof our genericprogrammingsystemis
thatit usesdualAPI’s for sparsematrices.TheProgram-
mer API provides a densematrix (or random-access)
view of a sparsematrix,andis usedby thegenericpro-
gramwriter. TheCompilerAPI is a low-level API that
describesa sparsematrix to the optimizing compiler
asan indexed-sequential-accessdatastructure.There-
structuringcompilertechnologydescribedin Section5
instantiatesthe genericprogramsinto efficient sparse
matriccodes.

In designingoursystem,wesetthefollowing goals.2 The end-userof our system,namelythe program-
mer who selectsthe specificsparsematrix format
for whichagenericalgorithmis tobeimplemented,
shouldbepresentedwith asimplemechanismwith
which to invokeoursparsecompiler.2 Our sparsecompilershouldwork asa single tool
within a suite of tools of a larger generic pro-
grammingsystem. In particular, our sparsecom-
piler shouldworkcooperatively with anunderlying
C++1 compiler. Our sparsecompilershouldhan-
dle the sparsematrix computations,andleave the
other genericprogrammingproblemsto the C++
compiler.2 Our sparsecompilershouldknit implementations
for sparsematrixcomputationsthatareasefficient,
andhopefullymoreso,thanthosethattheprogram-
mermighthave writtenby hand.

We are building our systemas a source-to-source
transformationtool. That is, theuserwill first run their
programthoughoursparsecompiler, whichwill instan-
tiatesomeof thethetemplatedefinitions.Theprogram-
mer usespragmas,as shown in Figure 3, to indicate
which templatedefinitionsareto be instantiatedby the
sparsecompiler;therestareleft untouched.Thesparse
compilerwill generatea transformedC++ programto
berunthroughtheunderlyingC++compiler, whichwill
performtheremaininginstantiationandusualoptimiza-
tions.

1C++ haslanguagefeatures(namely, templatesand inheritance)
thatallow us to expressour API’s andprogramsconcisely. It is cer-
tainly possibleto takethebasicideasin thispaperandto realizethem
othermodernlanguageslike Javaor ML.

#pragma instanti at e with Bernoulli
template <class T, class BASE>
void mvm(T A, BASE x[], BASE y[])
{

for (int i=0; i<A.rows( ); i++) {
y[i] = 0;
for (int j=0; j<A.colu mns( ); j++)

y[i] += A[i][j] * x[j];
}

}

// Will be instantia ted with the Bernoull i compiler.
template void mvm(Csr<doubl e> A, double x[],

double y[]);

Figure3: GenericMVM with Instantiation

template< cl ass BASE>
class matrix {

int m; //number of rows
int n; //number of columns

public:
matrix(int r,int c) {m=r;n=c ;}
int rows() {return m;}
int columns( ) {return n;}
virtual BASE get(int r, int c) = 0;
virtual void set(int r, int c, BASE v) = 0;

// Implement at io n of ‘A[r][c]’ notation .
class RowRef operator [] (in t r)

{ return RowRef(A ,r ) }
....

}

Figure4: TheProgrammerAPI: get/set

3.1 The Programmer API

TheProgrammerAPI requireseachclassimplementing
acompressedformatto supporttwomethodscalledget
andset .2 The get methodtakesthe row and column co-

ordinatesof anarrayelementasinput, andreturns
thevalueat thatposition.2 Theset methodtakesavalueandrow/columnco-
ordinatesasinput,andstoresthevalueinto thatpo-
sition in thearray.

In additionto thesemethods,theremustbemethodsto
returnthenumberof rowsandcolumnsin thematrix.

Figure 4 shows the ProgrammerAPI expressedin
C++. Noticethatoperatoroverloadingis usedto permit
programmersto usearraysyntaxratherthaninvocations
of theget/set methods.

To write a genericprogramin this system,the pro-
grammerwritescodeasthoughall matricesweredense,
but specifieswhich classesmustbeusedto implement
sparsematrices. For example,genericMVM is coded
asshown in Figure3, andMVM for a particularcom-
pressedformatis createdby templateinstantiation.

3.2 The Compiler API

The CompilerAPI is summarizedin Figures5. Enu-
merationis supportedthroughthe useof iteratorsasin



Abstractclass Methods
term_scal ar <V> operator V()
term_nest in g<I, E> I begin() , I end()

E subterm (I)
term_nest in g2<I 1,I 2, E> I1 begin1() , I1 end1()

I2 begin2() , I2 end2()
E subterm (I1 , I2)

. . .
term_map< K, E> K map(E:: ind ex _t ype )

E::index_ typ e unmap(K)
E subterm ()

term_aggr egat io n2<E1,E 2> E1 subterm1( )
E2 subterm2( )

. . .
term_pers pect iv e2<E1,E 2> E1 subterm1( )

E2 subterm2( )
. . .

(a) Interfacesfor Views

Abstractclass Methods
unordere d_it era to r< K> K operator *()

(noordering) void operator ++()
increasin g_it er ato r< K>, K operator *()
decreasin g_i te ra tor <K> void operator ++() , or

(one-wayordering) void operator --()
inherits from 6

ordered_i te rat or <K>
(bi-directionalordering)

inherits from 6
offset_ite ra to r<K > int operato r -(iterat or )

(orderedwith distance) void operator +=(int)
void operator -=(int)

inherits from 6
interval _it er at or< K>

(rangeof keys)
(b) Interfacesfor Iterators

Figure5: Interfacesfor CompilerAPI

theSTL.Enumerationorderandboundscanbeincorpo-
ratedinto theprogramthroughtheuseof pragmas,but
wehavechosento incorporateorderinformationinto the
classhierarchyby specifyingdifferentclassesfor enu-
merationsthatareunordered/increasing/decreasingetc.
The boundson the storedindicesareconveyed to the
compilerusinga pragma.

3.2.1 Interfaces for Views

Eachproductionin theview grammargivenin Figure2
hasanassociatedinterface,whichwehaveimplemented
in C++ asa smallnumberof abstractclassesdescribed
in Figure5(a).Theprogrammerconveysviewsof astor-
ageformat to the sparsecompiler by writing a set of
classesthatinherit from theappropriateinterfaces.

The term_nesting abstractclassdenotesanoc-
currenceof the � operatorwithin the view. This ab-
stract classtakestwo templateparameters.The first
specifiesthe implementationof the iteratorthat canbe
usedto enumeratethe index at this level. The second
specifiesthe implementationof the substructurebelow
this level. An implementationof CSR,in which theen-
tries within eachrow arestoredin order, that inherits
from term_nesting is shown in Section4.2.

An index of the form
� "%��$7�0� ����� is speci-

fied by inheritancefrom the term_nesting abstract

classandspecifyingthat its iteratorenumeratesindices
of type pair<int,int> . This is illustratedby the
implementationof Co-ordinatestorageshown in Sec-
tion 4.1.

An index like
� "8�9$:�0� ����� has two inde-

pendentiterators. To specify these sorts of views,
term_nesting2 , etc., abstractclassesareprovided
whichallow theimplementationof eachindependentit-
eratorto bespecified.TheBSRimplementationin Sec-
tion 4.3usestheterm_nesting2 interface.

By averysimpleanalysisof theseclasses,thesparse
compilercaninfer thefollowingrelationships,

Coo: // <r,c> -> v
term_nest in g< unordered _i te rat or < pair<int, int > >,

term_scal ar < BASE > >

Csr: // r -> c -> v
term_nest in g< interval_ it er ato r< in t>,

term_nest in g< increasin g_it er ato r< in t>,
term_scal ar < BASE > > >

which clearly indicatethenestedstructureof thesefor-
mats,andthepropertiesof theiteratorsthatareusedat
eachlevel.

Interfacesfor expressingperspective, aggregation
andmaparealsoavailable.

3.2.2 Interfaces for Iterators

The abstractclassesfor the iteratorsare describedin
Figure5(b).

Iteratorsin the CompilerAPI areusedfor enumer-
ating indices only. That is, they do not provide the
methodsfor accessingthe substructures.Instead,the
substructuresareobtainedvia thesubterm methodin
each term_nesting class. This is done, because
whenever two independentiteratorsappearin a level
of the index nesting, (e.g., in the densematrix stor-
age format), the matrix elementsare associatedwith
two indicesfrom two different iterators. Sincein this
case,the valueis not associatedwith a singleiterator,
it cannotbe accessedvia a methodin either iterator.
Thus, the methodfor accessingthe value is placedin
theterm_nesting classes.

In addition to unordered_iterator ,
increasing_iterator , and
decreasing_iterator iterators, we provide
the offset_iterator interfacefor iteratorswhose
positions can be randomly accessed,similar to the
random_access_iterator ’s found in the STL.
The interval_iterator is a refinement of
offset_iterator , which is usedto representall
of the integer indicesbetweena fixed lower andupper
bound.



4 Compressed Formats

In this sectionwe presentC++ implementationof the
API’s of the three compressedformats introducedin
Section2. Theformatswerechosento illustratediffer-
ent featuresof our sparsematrix abstraction.The Co-
ordinateformatdoesnot allow indexedaccessto either
rows or columns.TheCompressedSparseRow format
permitsindexed accessto rows but not columns. The
Block SparseRow formatis amorecomplex formatthat
illustrateslinearmapsanddensesub-matrices.

4.1 Co-ordinate Storage (COO)

Co-ordinatestorage(COO)shown in Figure1 is a sim-
ple format in which threearraysareusedto storenon-
zeroelementsandtheir row andcolumnpositions.The
non-zerosmaybeorderedarbitrarily. Co-ordinatestor-
agedoesnot permit indexed accessto either rows or
columnsof a matrix. Its index structurecanbeviewed
as
� "%�;$<�,� � .

4.1.1 COO Programmer API

The structureCooStorage is usedto hold all of the
componentsof theCOOstoragewithin a singleobject.
For eachmatrix in theCOOformat therewill bea sin-
gle instanceof thisclasswhichmaintainsthestoragefor
thatmatrix. All otherclassesin the COOimplementa-
tion keepa pointerto this instance.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// CooStora ge //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
struct CooStora ge {

vector<in t> *rowind;
vector<in t> *colind;
vector<BA SE> *values;
const int nz;

CooStorag e( vec to r< int > *_rowind,
vector<int > *_colind,
vector<BAS E> *_values )

: rowind(_ ro wi nd) , colind(_c ol ind ),
values(_ va lu es) , nz(rowind -> siz e( )) {

}
};

The CooRandom classinherits from the matrix
abstractclassandimplementsthe randomaccessinter-
facefor the matrix by implementingthe get andset
abstractmethods.Themethodref within this classis
responsiblefor findingaparticular�="%�;$>	 entrywithin the
matrix. As thenon-zeroelementsin COOcanappearin
any order, ref useslinearsearch.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// CooRandom //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template <class BASE>
class CooRandom : public matrix<BA SE> {
protected :

CooStorage <BASE> *A;

public:
CooRandom(in t m, int n, CooStorag e<BASE> *A)

: matrix<B ASE>( m,n) , A(A) { }

virtual ˜CooRand om() { }

BASE *ref(int r, int c) {
for (int k=0; k < A->nz; k++)

if ((*A->ro wi nd)[k ] == r
&& (*A->col ind )[ k] == c)
return &(*A->val ues)[ k] ;

return 0;
}
virtual BASE get(int r, int c) {

BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0.0; }

}
virtual void set(int r, int c, BASE v) {

BASE *p = ref(r,c);
assert(p );
*p = v;

}
};

4.1.2 COO Compiler API

The classesCoo and CooIterator implementthe
compilerAPI for the COO format. This API provides
fast enumerationof the non-zeroentries. As the COO
format has no index structure,there is a single (un-
ordered)iterator implementingit. That iteratorcorre-
spondsto the

� "%��$-� termin theabstractview of COO.

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// Coo //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template< cl ass BASE>
class Coo

: public CooRandom<BASE>,
public term_ne sti ng< CooIterato r< BASE>,

term_scala r< BASE> >
{
protected :

typedef CooItera tor <BASE> iterator_ ty pe;
typedef term_sca lar <BASE> subterm_t yp e;

public:
Coo(int m, int n, CooStora ge<BASE> *A) :

CooRandom<BASE>(m,n ,A) { }
virtual iterator _ty pe begin()

{ return CooItera to r<B ASE>(A, 0) ; }
virtual iterator _ty pe end()

{ return CooItera to r<B ASE>(A, A- >nz) ; }
virtual subterm_ typ e subterm(i ter at or _t ype it)

{ return (*A->val ues)[ it .j j]; }
};

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// CooItera to r //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template< cl ass BASE>
class CooItera to r :

public unordered _it er at or< pair <in t, in t> > {
friend class Coo<BASE>;

protected :
CooStorage <BASE> *A; int jj;

public:
CooIterato r( CooStor age<BASE> *A, int jj)



: A(A), jj(jj) { }
virtual void operator ++(int) { jj++; }
virtual pair<int ,i nt> operator *() {

return make_pair( (* A- >ro wi nd)[ jj] ,
(*A->coli nd)[ jj] );

}
virtual bool equal(

const proto_it era to r< pai r< in t, int > > &y)
const
{ return jj ==

dynamic_ cas t< co nst CooItera to r &>
(y).jj; }

};

4.2 Compressed Sparse Row (CSR)

CompressedSparseRowstorage(CSR)in Figure1 per-
mits indexed accessto rows but not columns. Array
values is usedto storethenon-zerosof thematrixrow
by row, while anotherarraycolind of thesamesizeis
usedto storethe columnpositionsof theseentries. A
third arrayrowptr hasoneentry for eachrow of the
matrix,andit storesthepositionin values of thefirst
non-zeroelementof eachrow of thematrix. Someof the
rowsof thematrixmaybeempty. Usingtheview gram-
marin Figure2, CSRcanbedescribedas "0�?$-� � .
4.2.1 CSR Programmer API

As with the Co-ordinate format, the structure
CsrStorage is usedto hold all of thecomponentsof
theCSRstoragewithin asingleobject.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// CsrStora ge //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
struct CsrStora ge {
public:

vector<in t> *rowptr;
vector<in t> *colind;
vector<BA SE> *values;
const int n;
const int nz;

CsrStorag e( vec to r< int > *_rowptr,
vector<int > *_colind,
vector<BAS E> *_values )

: rowptr(_ ro wptr) , colind(_c ol ind ),
values(_ va lu es) , n(rowptr- >s ize () -1 ),
nz(colin d- >s ize () ) {

}
};

TheCsrRandom classimplementstheprogrammer
interfacefor the matrix by implementingthe get and
set abstractmethods. The methodref shown here
findsa particular �@"A�;$B	 entrywithin thematrixby linear
searchwithin therow " . A binarysearchcouldalsobe
used,asentrieswithin arow aresortedby columnindex.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// CsrRandom //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template <class BASE>
class CsrRando m : public matrix<BA SE> {
protected :

CsrStorage <BASE> *A;

public:
CsrRandom( in t m, int n, CsrStorag e<BASE> *A)

: matrix<B ASE>( m,n) , A(A) { }

virtual ˜CsrRand om() { }

virtual BASE *ref(int r, int c) {
for (int jj=(*A-> ro wpt r) [r ];

jj<(*A- >ro wptr )[r +1];
jj++)

if ((*A->co li nd)[j j] == c)
return &(*A->val ues)[ jj ];

return 0;
}
virtual BASE get(int r, int c) {

BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0.0; }

}
virtual void set(int r, int c, BASE v) {

BASE *p = ref(r,c);
assert(p );
*p = v;

}
};

4.2.2 CSR Compiler API

ClassCsr is thetop-level classimplementingthecom-
piler interfacefor the CSRformat. It providesaccess
to therows of thesparsematrix andcorrespondsto the"0�C����� termin theabstractview. As thearrayrowptr
providesrandomaccessto a particularrow in the ma-
trix, this nestinglevel is describedto the compileras
interval_iterator .

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// Csr //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template< cl ass BASE>
class Csr

: public CsrRand om<BASE>,
public term_ne sti ng< interval_i te ra to r<i nt >,

CsrRow<BASE> >
{
protected :

typedef interval _it er at or< in t> iterator _ty pe;
typedef CsrRow<BASE> subterm_t ype ;

public:
Csr(int m, int n, CsrStora ge<BASE> *A)

: CsrRando m<BASE>(m,n, A) { }
virtual iterator _ty pe begin()

{ return interval _i ter at or <in t> (0 ); }
virtual iterator _ty pe end()

{ return interval _i ter at or <in t> (r ows() ); }
virtual subterm_ typ e subterm(i ter at or _t ype it)

{ return CsrRow<BASE>( A, *i t); }
};

TheclassesCsrRow andCsrRowIterator pro-
videaccessto thenon-zeroelementswithin arow of the
CSR matrix. They implementthe $ � �

part of the
abstractview. The increasing_iterator tells the
compilerthatelementswithin a row aresorted.

///////// // /// // // // /// // // /// // // /// // // // /// // // ///



// CsrRow //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
class CsrRow

: public term_nest ing < CsrRowIte ra tor <BASE>,
term_scal ar <BASE> >

{

protected :
CsrStorag e<BASE> *A; int r;
typedef CsrRowIt er ato r< BASE> iterator _t yp e;
typedef term_sca la r<B ASE> subterm_ typ e;

public:
CsrRow(Cs rS tor age<BASE> *A, int r)

: A(A), r(r) { }
virtual iterator _t ype begin()

{ return CsrRowIt er at or< BASE>(
A,(*A->r owptr )[ r] ); }

virtual iterator _t ype end()
{ return CsrRowIt er at or< BASE>(

A,(*A->r owptr )[ r+ 1]) ; }
virtual subterm_ ty pe subterm(i te ra tor _t yp e it)

{ return (*A->val ues) [it .j j] ; }
};

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// CsrRowIte rat or //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
class CsrRowIte rat or :

public increasin g_ite ra to r<i nt > {
friend class CsrRow<BASE>;

protected :
CsrStorag e<BASE> *A; int jj;

public:
CsrRowIte ra tor (C sr Sto ra ge<BASE> *A, int jj)

: A(A), jj(jj) { }
virtual void operator ++(int) { jj++; }
virtual int operator* ()

{ return (*A->col in d) [jj ]; }
virtual bool equal(co ns t proto_ite rat or <i nt> &y)

const
{ return jj ==

dynamic_ cas t< co nst CsrRowIt er at or &>
(y).jj; }

};

4.3 Block Sparse Row (BSR)

The Block SparseRow(BSR) in Figure1 is a general-
izationof CSRin which the non-zerosaresmall dense
blocksratherthansinglenon-zeroelements.Eachblock
is accessedby a set of block indices �@DFE��;DFG;	 , and the
scalarelementswithin eachblockareaccessedby a the
offset indices �@H�E!��H�GF	 . The view of BSR can be ex-
pressedasmap�%D�E0I0JLK#H�EM
�N"%��D�GOI,JLK#H�GP
�Q$ �D�E0�?DFGR� � H�ES�TH�G-�0� � 
 .
4.3.1 BSR Programmer API

The structureBsrStorage holds all of the compo-
nentsof theBSRstoragewithin asingleobject.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// BsrStora ge //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
struct BsrStora ge {
public:

vector<int > *browptr;
vector<int > *bcolind;
vector<BAS E> *values;
const int blk_sz;
const int num_block s;
const int bnz;
BsrStorage (v ec to r<i nt > *_browptr,

vector<i nt > *_bcolind,
vector<B ASE> *_values, int _blk_sz)

: browptr( _brow pt r) , bcolind( _bco li nd) ,
values(_ va lue s) , blk_sz(_bl k_ sz ),
num_bloc ks (br owpt r-> si ze ()- 1) ,
bnz(bcol in d-> si ze ()) {

}
};

The BsrRandom classshows onepossibleimple-
mentationof the get andset which provide the pro-
grammerinterfacefor the matrix. The block row D�E ,
aswell as the offsets H�E and H�G , areaccesseddirectly.
Linear searchis usedfor the block column D G . Binary
searchcould alsobe usedas the blocks aresortedby
columnindex within a block row.

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// BsrRandom //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template <class BASE>
class BsrRando m : public matrix<BA SE> {
protected :

BsrStorage <BASE> *A;

public:
BsrRandom( in t m, int n, BsrStorag e<BASE> *A)

: matrix<B ASE>( m,n) , A(A) { }
virtual ˜BsrRand om() { }
BASE *ref(int r, int c) {

int bi = r / A->blk_si ze ;
int oi = r % A->blk_si ze ;
for (int bjj=(*A- >brow pt r) [bi ];

bjj<(*A ->b ro wptr) [b i+ 1];
bjj++) {

int bj = (*A->bcol in d) [bj j] ;
int oj = c % A->blk_si ze;
int j = bj*A->blk_ sz + oj;
int jj = (bjj * A->blk_sz *A -> bl k_s z) +

oi*A->bl k_ sz + oj;
if (j == c)

return &(*A->val ues)[ jj ];
}
return 0;

}
virtual BASE get(int r, int c) {

BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0.0; }

}
virtual void set(int r, int c, BASE v) {

BASE *p = ref(r,c);
assert(p );
*p = v;

}
};

4.3.2 BSR Compiler API

The following classesareusedto implementthe com-
piler interfacefor BSR:U Bsr : map�%D E I'JVKWH E 
�?"%��D G I'JXKTH G 
�?$ � ����� 
U BsrHier : D E �Y�����U BsrRow : D G �Y�����



U BsrBlock :
� H E �TH G �0� �

Thetop-levelclassBsr is responsiblefor translating
betweenthe two-dimensionalrow/columnview of the
matrixandthefour-dimensionalinternalrepresentation.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// Bsr //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
class Bsr

: public BsrRandom<BASE>,
public term_map< pair<int, in t> , BsrHier<BA SE> >

{
protected :

typedef BsrHier< BASE> subterm_ ty pe;
public:

Bsr(BsrSt or age<BASE> *A)
: BsrRando m<BASE>(A -> num_blo ck s*A -> bl k_s z,

A->num_blo ck s*A -> bl k_s z,
A) { }

virtual subterm_ ty pe subterm()
{ return BsrHier< BASE>(A ); }

virtual pair<int ,i nt>
map(quad< in t,i nt ,i nt, in t> p) {

return make_pair(
p.first* A- >bl k_ sz + p.third ,
p.second *A ->b lk _s z+ p.fourth) ;

}
virtual quad<int ,i nt, in t, int >
unmap(pai r< int ,i nt > p) {

int i = p.first, j = p.second;
int bi = i / A->blk_s z,

oi = i % A->blk_s z;
int bj = j / A->blk_s z,

oj = j % A->blk_s z;
return make_quad( bi ,b j,o i, oj );

}
};

The classes BsrHier , BsrRow , and
BsrRowIterator implementthe D E � D G � �����
part of the index structureof BSR. As expected,they
are almost identical to the classesimplementingthe
compilerAPI for CSRin Section4.2.

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// BsrHier //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl as s BASE>
class BsrHier

: public term_nest ing < interval_ it era to r< int >,
BsrRow<BASE> >

{
protected :

BsrStorag e<BASE> *A;
typedef interval _i ter at or <in t> iterator _t ype ;
typedef BsrRow<BASE> subterm_t yp e;

public:
BsrHier(B sr Sto ra ge<BASE> *A) : A(A) { }
virtual iterator _t ype begin()

{ return interval _i te rat or <i nt >(0 ); }
virtual iterator _t ype end()

{ return interval _i te rat or <i nt >(
A->num_blo cks ); }

virtual subterm_ ty pe subterm(i te ra tor _t yp e it) {
return BsrRow<BASE>(A ,*i t) ; }

};

///////// // // // /// // // /// // // /// // // // /// // // /// // // /
// BsrRow //
///////// // // // /// // // /// // // /// // // // /// // // /// // // /

template< cl ass BASE>
class BsrRow

: public term_ne sti ng< BsrRowIter at or <BASE>,
BsrBlock<B ASE> >

{
protected :

BsrStorage <BASE> *A; int r;
typedef BsrRowIt era to r< BASE> iterator _t ype ;
typedef BsrBlock <BASE> subterm_ty pe;

public:
BsrRow(Bsr St or age<BASE> *A, int r)

: A(A), r(r) { }
virtual iterator _ty pe begin()

{ return BsrRowIt er ato r< BASE>(
A,(*A->b row pt r) [r] ); }

virtual iterator _ty pe end()
{ return BsrRowIt er ato r< BASE>(

A,(*A->b row pt r) [r+ 1] ); }
virtual subterm_ typ e subterm(i ter at or _t ype it)

{ return BsrBlock <BASE>( A, it. jj ); }
};

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// BsrRowIter at or //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template< cl ass BASE>
class BsrRowIt er at or :

public increasin g_i te ra tor <i nt > {
friend class BsrRow<BASE>;

protected :
BsrStorage <BASE> *A; int jj;

public:
BsrRowIter at or (B srS to ra ge<BASE> *A, int jj)

: A(A), jj(jj) { }
virtual void operator ++(int) { jj++; }
virtual int operator* ()

{ return (*A->bco li nd) [j j] ; }
virtual bool equal(co ns t proto_it er at or <in t> &y)

const
{ return jj ==

dynamic_c as t< con st BsrRowIt er ato r &>
(y).jj; }

};

TheBsrBlock classimplementsthedense-matrix
blocksin BSR.The independenceof the H E and H G in-
dicesis describedby term_nesting2 . Both H E andH G areimplementedasinterval_iterator .

///////// // /// // // // /// // // /// // // /// // // // /// // // ///
// BsrBlock //
///////// // /// // // // /// // // /// // // /// // // // /// // // ///

template< cl ass BASE>
class BsrBlock

: public term_ne sti ng2< interval_ it er at or< in t> ,
interval_ it er at or< in t> ,
term_scal ar <BASE> >

{
protected :

BsrStorage <BASE> *A;
int bjj;
typedef interval _it er at or< in t> iterator 1_t yp e,

iterator 2_ty pe;
typedef term_sca lar <BASE> subterm_t yp e;

public:
BsrBlock(B sr St or age<BASE> *A, int bjj)

: A(A), bjj(bjj) { }
virtual iterator 1_t yp e begin1()

{ return interval _i ter at or <in t> (0 ); }
virtual iterator 1_t yp e end1()

{ return interval _i ter at or <in t> (
A->blk_s z); ; }

virtual iterator 2_t yp e begin2()
{ return interval _i ter at or <in t> (0 ); }

virtual iterator 2_t yp e end2()



{ return interval _i te rat or <i nt >(
A->blk_s z) ;; }

virtual subterm_ ty pe subterm(i te ra tor 1_ty pe it1,
iterator 2_ty pe it2){

return (*A->value s) [
bjj*A->b lk _sz *A -> blk _s z +
*it1*A-> bl k_s z + *it2]; }

};

5 Compiler Technology

The key to efficiency in sparsematrix computationsis
performingthe computationin a data-centricway, i.e.,
enumeratingthe non-zeroelementsof sparsematrices
and performing computationswith theseelementsas
they areenumerated.

We illustrateour restructuringcompiler technology
on thegenericmatrix-vectormultiplicationin Figure3.
For therunningexample,weassumethatthesparsema-
trix A is storedin CSRformat, andhasM rows andN
columns. After the genericprogramis instantiatedby
ourcompiler, wehave theC++codeshown in Figure6.

5.1 Restructuring Imperfectly-nested Loops

The codein Figure3 is imperfectly-nested—statement
S1: y[i] = 0; is nestedin the i loop but not in
the j loop. We have developedcompiler technology
for restructuringimperfectly-nestedloopsin [1] and[2],
herewepresenta shortsummary.

Our framework makesthe usualassumptionsabout
programs: (i) programsare sequencesof statements
nested within loops, (ii) all memory accessesare
througharray references,and there is no array alias-
ing, and(iii) all loopboundsandarrayindicesareaffine
functionsof surroundingloopindicesandsymboliccon-
stants.

5.1.1 Dependences

At the very least, the restructuredprogrammust pre-
serve the semanticsof the original code. For our
example, if we execute statementS2: y[i] +=
A[i][j] * x[j]; before y[i] is initialized in
statementS1, theresultingcodewill bewrong.Depen-
denceanalysisstatesthat semanticsof a programare
preserved if all dependencesarerespectedin the trans-
formedprogram.

We will useS1, S2, . . . , Sn to namethestatements
in the programin syntacticorder. An instanceZ[]\ of a
statementSk is the executionof statementSk at itera-
tion Z[]\ of thesurroundingloops. We saythat thereex-
istsa datadependencefrom instanceZ[.^ of statementSs
(the source of the dependence)to instanceZ[._ of state-
mentSd (thedestination) if (i) bothinstanceslie within
correspondingloopbounds;(ii) they referencethesame

template <>
void mvm(Csr<doubl e> &A, double x[], double y[])
{

typedef Csr<doub le> :: su bte rm_t ype row_type ;

for (int i = 0; i < A.rows() ; i++)
y[i] = 0.0;

for (Csr<dou bl e>::i te ra tor _t yp e it_r = A.begin();
it_r != A.end(); it_r++) {

int r = *it_r;
row_type Ar = A.subter m(it _r) ;
for (row_typ e:: it er ato r_ ty pe

it_c = Ar.begin() ;
it_c != Ar.end(); it_c++) {

int c = *it_c;
double v = Ar.subter m(it_ c) ;
y[r] += v * x[c];

}
}

}

Figure6: Compiler-generatedCodefor MVM

memorylocation;(iii) at leastoneof themwritesto that
location;and(iv) instanceZ[.^ of statementSs occursbe-
fore instanceZ[ _ of statementSd in programexecution
order. Dependenceconstraintscanbe representedasa
matrix inequalityof theform `a�=Z[ ^ �FZ[ _ 	=bMK Zc�d9e . Such
an inequality obviously representsa polyhedron. We
call eachsuchmatrix inequalityadependenceclass, and
denoteit by f with somesubscript.

For our running examplein Figure 3, it is easyto
show that thereis onerelevantdependenceclass2 fhg� e 4jilk � M� e 4�i=m � M� e 4on�m � N��ilkpgqi@m 
 . It
arisesbecausestatementS1 writes to a locationy[i]
which is thenreadby statementS2.

5.1.2 Modeling Program Transformations

Wemodelprogramtransformationsasfollows.We map
dynamicinstancesof statementsto points in a Carte-
sian spacer . We then enumeratethe points in r in
lexicographicorder, andexecuteall statementsmapped
to a point whenwe enumeratethat point. If thereare
more thanonestatementinstancesmappedto a point,
we executethesestatementinstancesin original pro-
gramorder. Intuitively, theCartesianspacer modelsa
perfectly-nestedloop, andthemapsmodeltransforma-
tionsthatembedindividualstatementsinto thisperfectly
nestedloop. It shouldbeunderstoodthat this perfectly-
nestedloop is merelya logical device—thecodegen-
erationphaseproducesanimperfectly-nestedloop from
thespaceandthemaps.

For rsg7iO�an , we canembedthecodein Figure3
into r usingthe embeddingfunctions �tkugv�@iw� e 	 for
statementS1, and �xm�gy�=iz�lnA	 for statementS2. That
embeddingpreservestheoriginalprogramorder.

2Thereis alsoa reductiondependencecomingfrom the multiple
writes to y[i] in statementS2. Reductiondependencesarenot im-
portantfor preservingsemantics,theyareeasyto recognizeandelim-
inate.



Clearly, not all spacesandmapscorrespondto le-
gal transformations.However, if theexecutionorderof
the transformedprogramrespectsall dependences(i.e.
for eachdependence,the sourcestatementinstanceis
enumeratedand executedbeforethe destinationstate-
ment instance),then the resultingprogramis semanti-
cally equivalentto theoriginalprogram.Wemustthere-
foreaddresstwo problems.

What is the Cartesian space r for the trans-
formed program? Eachstatementhasan iteration
spaceanda dataspace. The iterationspaceis a Carte-
sianspacewhosedimensionis equalto the numberof
loopssurroundingthatstatement.For our example,the
iteration spaceof S1 is i , and the the iteration space
of S2 is i{� n . The dataspaceis a Cartesianspace
whosedimensionsarethe dimensionsof all references
to arraysonwhich wemightwantto bedata-centric.In
our context, thesearethereferencesin thestatementto
sparsearrays.In theexample,matrix A is sparseandis
storedin CSRformat,sothedataspaceof statementS2
is | E �}| G . We usethe actualsparsedatadimensions,
i.e. if A was storedin BSR format, the dataspaceof
S2 would be |�~�����|�~z����|��]����|���� , wherethe name
of eachdimensionhasbeenchosento reflect its pedi-
gree. The statementspaceof a statementis the prod-
uct of its iterationspaceanddataspace.We denotethe
statementspaceof statementSk by � \ , and the coor-
dinatesof instanceZ[ \ in � \ by �=Z[ \ � Zc \ 	 . Thestatement
spaceof S2 is i=ma� n�m���| Em ��| G m . A product spacer for a programis theCartesianproductof its individ-
ual statementiterationspaces.For the purposesof this
paper, theorderin which individualdimensionsappear
in this productis left unspecified,andeachordercorre-
spondsto adifferentproductspace.A productspacehas�

dimensions,andtherearea total of
���

productspaces,
correspondingto the differentordersof dimensionsofrog9ilk0�Mi=m&��n�m&�M| Em �T| G m .

Product spacescan be computedeasily from the
original codeandthe abstractindex structureof sparse
matrices,detailsareavailablein [2].

How do we determine maps � \ to obtain a le-
gal program? We embedstatementspacesinto a
productspaceusing affine embeddingfunctions � \ �� \ ��r . Let � \�� � denotethe dimensionsof � \ cor-
respondingto dimensionsderived from statementSm,
i.e. � \�� � � � \ ��� � . To keepsmatterssimple,weonly
considerembeddingfunctionsfor which � \�� \ is identity
mapping.As dependenceclassesaredescribedby sys-
temsof linear inequalities,we canuseFarkas’Lemma
to computethesetof all legalembeddingfunctions.De-
tails areavailablein [1].

��� �=�y�.���;���
��� k �� � kk ���� k �� � k

���
�

dimension� ��� ��� ��.�� �
Figure7: IdentifyingRedundantDimensions

Among the legal embedding functions for the
product space r g ilk}�7i@m��#n�m��o| Em �o| Gm are�tk��@ilkB	 g �@ilk���ilk�� e �;ilk�� e 	�b , �xm%�=i@m��ln>mA�;| E m ��| G m 	 g�@i=m��;i=m%�ln>mA�;| E m ��| G m 	 b , which correspond to the
original execution order; as well as �tk��=i kB	 g�@ilk%�B¡S3��>¡S3��>¡S3��>¡+3�	=b , �¢mA�@i=m��ln�m%�;| E m ��| G m 	 g�@£ K¤3���i@mA� n�m%��| E m �;| G m 	�b , which correspondto ini-
tializing vector y before executing any instanceof
statementS2.

5.2 Generating Data-centric Code

We can think of a product spaceand embeddingsas
representinga perfectly-nestedloop nestwith guarded
statementswhereweenumeratethevaluesof all dimen-
sions,andexecutestatementSk whenthevaluesbeing
enumeratedmatchtheembedding� \ �=Z[]\ � Zc \ 	 . However,
this codewill have very poorperformance.To improve
performance,it is necessaryto (i) identify andeliminate
redundantdimensions,and (ii) usecommonenumera-
tionsfor relateddimensions.

Redundant dimensions To give ourselves more
flexibility to restructurethe code,we introducedmany
dimensionsin the productspace. Now, after we have
determinedthe embeddings,we can identify the di-
mensionswe do not needand eliminate them. For
our example, consider the (ordered) product spacer g | E m �7| Gm ��ilk��¥i=m¦�Ln�m , and the embed-
ding functions �tk��=i kB	Lg �l¡+3��B¡S3��;ilk��>¡+3��B¡S3�	=b and�xm%�@i=m�� n�m%��| E m �;| G m 	tgo�=| E m ��| G m �;£LK�3��;i=m%�ln�mB	=b . As | E m g#i@m
and | G m g§n�m , thevaluesof dimensionsi@m and n>m of the
productspacearedeterminedby the valuesof the pre-
cedingdimensions| E m and | G m . More generally, we iden-
tify redundantdimensionsasfollows.

Embeddingfunctionsareaffine, andfor eachstate-
mentinstance�=Z[]\ � Zc \ 	 , thedatacoordinatesZc \ areaffine
functionsof the loop indices Z[]\ . We canthereforerep-
resenttheembeddingfunctionsas � \ �=Z[]\ � Zc \ 	�g#¨ \ Z[]\ KZ©�\ , wherethe matrix ¨ \ definesthe linear part of � \ ,
andthevector Z©�\ is theaffine part. We canusethema-
trix ¨?g�ª*¨�k;¨Smx�����w¨&«�¬ to identify redundantdimen-
sionsin the productspace.We use ¨ \ to refer to the­!®@¯

row of thematrix ¨ . For ourexample,thismatrix is
shown in Figure7.

If a row of the ¨ matrix is a linear combination
of precedingrows, the correspondingdimensionof the
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productspaceis saidto be redundant. In our example,
dimensionsi m and n m areredundant.It is not necessary
to enumerateredundantdimensionssincecodeis exe-
cutedonly for a singlevaluein thatdimension,andthat
valueis determinedby valuesof precedingdimensions;
insteadwe can generatecodeto searchfor this value.
For theexample,thesearchfor a particularvaluein di-
mensionsi@m and n�m is a simplelookup.

Common enumerations An important optimiza-
tion is recognizinggroupsof dimensionsthatcould be
enumeratedtogether. In previouswork [11], we devel-
oped technologyfor commonenumerationof dimen-
sionswhicharerelatedthroughasingleparametricvari-
able (we called thesejoinable dimensions). We use
commonenumerationsfor groupsof dimensionscon-
sistingof anon-redundantdimension,andredundantdi-
mensionsthatimmediatelyfollow it andarelinearlyde-
pendentonit. Thereareanumberof waysof performing
commonenumerationswhicharecloselyrelatedto join
strategies in databasesystemssuchas merge-join and
hash-join[11]. In the example,thereis a singlerefer-
enceto a sparsematrix, andcommonenumerationsdo
notarise.

Theresultingdata-centriccodeis theonein Figure6.

5.3 Search Space and Cost Estimation

In theory, wecanenumerateall legalenumeration-based
codesasillustratedin Figure8, thenestimatethecostof
eachcode,andselectthebestone.

Cost Figure 9 describessyntax for enumeration-
basedpseudo-codes.3 Each syntax rule is annotated
with its associatedcost.EnumCostdependsonwhether
we areenumeratingthe dimensionin a direction sup-
portedby the format,or whetherdependencesforceus
to enumeratein a differentdirection. SearchCostde-
pendson the typeof enumerationmethodavailablefor
thatdimension(e.g., whetherit is aninterval,or whether
the valuesaresorted). CommonEnumCostdependson
what commonenumerationimplementationsareavail-
ablefor thecorrespondingdatadimensions.

3Theguardconditionalsarisebecauseof loop bounds.
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Heuristics to limit the search space Searching
the full spaceof enumeration-basedcodesis impracti-
cal, but the following heuristicsmakethe searchspace
manageable.

Data-centric ExecutionOrder: We only consider
data-centricordersof dimensionsof the productspace
(i.e., ordersin which all datadimensionscomebefore
any iterationspacedimensions).Theindexing structure
of sparsematricesputsfurtherrestrictionsonthedimen-
sionsorderingswe needto consider. In our example,A
is accessedthroughtheindex structure"��¤$S� � , so
ourcompilerdoesnot considerproductspacesin which$ is enumeratedbefore " .

CommonEnumerations: Efficient sparsecodeenu-
meratesthedataasfew timesaspossible,soourgoalis
to usea singleenumerationof a sparsematrix, andex-
ecuteall statementswhich referencethat matrix. That
restrictsourchoiceof embeddingfunctionsto just three
perdimension:acommonenumerationwith amatching
dimensionof anotherstatement,or, if that is not legal,
embeddingthe statementbefore or after the enumera-
tion of thematchingdimension.

6 Experimental Results

Our implementationof the Bernoulli SparseCompiler
is ongoing.Theperformancemeasurementswepresent
herearefrom our earlierimplementationthatproduces
C code. For the final version of the paper, we will
presentthe numbersfrom the C++ codegeneratedby
ourcompiler.

Additionally, the genericprogrammingsystemthat
wehave implementeddoesnotusevirtual methods,
asdotheexamplesin thispaper. Instead,weusetheBar-
tonandNackmantrick [24] to ensurethatall methodin-
vocationscanberesolvedto methoddefinitionsat com-
pile time. See[13] for a moredetaileddiscussionof the
performanceissuesinvolved in implementingour sys-
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Figure9: CostEstimation

tem.
We comparedcodeproducedby theBernoulli com-

piler with theNIST SparseBLAS C implementationsof
matrix-vectormultiplication, for the threecompressed
formatsdiscussedin this paper. We usedthe matrix
can 1072 from theHarwell-Boeingcollection[15] as
input. It arisesin finite-elementstructuresproblems
in aircraft designandhas1072rows andcolumnsand
12444nonzeroentries.For theBSRformatweusedthe
sparsitypatternof the samematrix but expandedeach
entryinto a 3 � � 3 � block.

The numberspresentedhere were collectedon a
Pentium II running at 300 MHz, with 512 KB of
L2 cacheand 256 MB of RAM. The operatingsys-
tem was RedHatLinux. We compiledthe codewith
egcs version 1.1.1 with -O4 -malign-double
-mpentiumpro compilerflags.

Figure 10 presentsthe performanceof the hand-
written NIST C code(dark bars)and the codegener-
atedby the Bernoulli SparseCompiler (shadedbars).
Theseresults demonstratethat the generic program-
mingapproachcansuccessfullycompetewith handwrit-
tenlibrary code.Bernoulli-generatedcodeperformance
rangesbetween97%and112%of NIST’sperformance.

7 Related Work

Generic programming Our work is in thespirit of
genericprogrammingwhich is “the ideaof abstracting
from concrete,efficient algorithmsto obtaingenerical-
gorithmsthatcanbecombinedwith differentdatarep-
resentationsto producea wide variety of useful soft-
ware” [16]. An important differencefrom existing
genericprogrammingsystemsis that in our system,the
API usedin writing genericalgorithmsis differentfrom
theAPI that is supportedby the implementorsof com-
pressedformats. Supportingdual API’s effectivelyre-
quiresadvancedrestructuringcompilertechnologyand
can be viewed as a sophisticatedform of templatein-
stantiation.

Otherresearchershave recognizedthat the level of
abstractionof programscan be raisedby combining
genericprogrammingwith moresophisticatedcompiler
technologythanis usuallyavailablefor templateinstan-

tiation. Our work is close in spirit to that of Batory
and co-workers[20,21] who have usedsimilar ideas
in designingthe DiSTiL system,a softwaregenerator
for containerdatastructures. DiSTiL is a declarative
languagethat extendsC with constructsfor specifying
complex datastructuresdeclaratively. Data structures
arespecifiedby typeequationsthatpermitcomposition
of DiSTiL components. When a DiSTiL programis
compiled,thesedeclarative specificationsarereplaced
with efficient C implementationsby the DiSTiL com-
piler. DiSTiL’s goal is to supportstandarddatastruc-
tures,not sparsematrices,andno restructuringof code
is doneduringthecompilationprocess.

Aspect-oriented programming The Programmer
API presentsa simpleview of compressedformatsthat
permitsprogrammersto write genericcode,but it does
not by itself permit the compiler to generateefficient
code. the Compiler API conveys additional informa-
tion aboutcompressedformatsto thecompilerin order
to permit it to generatemoreefficient code. Thesead-
ditional propertiescross-cuttheget/set abstractions
of thebasicAPI, andareaspectsin the terminologyof
Kiczales[10].

Kiczalesand othershave designedaspect-oriented
extensionsto Java [12] to permittheexpressionof such
aspectsin Java classesin amodularfashion,usingcom-
piler technologyto exploit aspectsfor generatingeffi-
cientcode.Thekey advantageis thatresultingprograms
aresimplerto readandmaintainbecausealgorithmsand
aspectsare codedseparately, and the algorithm is not
clutteredwith what areessentiallyimplementationde-
tails. Thereareongoingefforts to write sparsematrix
factorizationcodesusing theseideas[9,17]; however,
they do not provide anAPI for supportinguser-defined
datastructures.

Restructuring compilers Traditionally, restructur-
ing compiler technologyhasbeenusedto restructure
densematrix programsto enhanceparallelismor local-
ity of reference,but it cannotbeuseddirectlyto restruc-
ture sparsematrix programs.This is becauseprogram
analysistechniquesarebasedonintegerlinearprogram-
ming, andcan be usedonly if all array subscriptsare



affinefunctionsof loopindex variables.Suchsubscripts
arecommonin densematrix programsin which arrays
areaccessedby row, columnor diagonals,but are the
exceptionin sparsematrixprogramssincesparsearrays
areaccessedthroughindirectionarrays.

Bik andWijshoff at LeidenUniversitywerethefirst
to applyrestructuringcompilertechnologyto synthesize
sparsematrixprogramsfromdensematrixprograms[5].
Their compilerhadknowledgeof small numberof for-
matsbuilt into it. The formatsthey consideredcanbe
calledCompressedHyperplaneStorage(CHS) formats
sincethey areobtainedby doinga basistransformation
on the densearray index spaceand then compressing
out thenon-zerosalongoneor moredimensions.CSR
and CSC are thereforespecialcasesof CHS formats.
Theircompileranalyzedandrestructuredtheinputcode
to matcha CHS format,andgeneratedsparsecodefor
thatformat.Themainlimitation of this systemis thatit
hasa smallsetof relatively simpleformatsbuilt into it,
andit cannotbeextendedto new formats.

Sparse matrix libraries A number of projects
in the numericalanalysiscommunity have exploited
genericprogrammingto supportsparsematrix compu-
tations.PETSc[4] is a successfullibrary from Argonne
which hasa largecollectionof iterative solvers. These
solvers must be linked with user-suppliedBLAS that
mustbe written for the particularsparseformat of in-
terest.TheBLAS areinvokeddirectly by PETSccode,
sono specialcompilersupportis neededfor PETSc.In
contrast,our systempermitseventheBLAS to bewrit-
tenin ageneric,data-structure-neutralfashion,although
atthecostof requiringaggressiverestructuringcompiler
technologyfor generatingefficient code.

POOMA [6] andBlitz++ [23] are two morerecent
packagesfor matrix computations.The API for both
packagesis essentiallythe ProgrammerAPI described
in thispaper. A rich setof C++templatesareprovidedin
bothpackages,with which a programmercanassemble
matrix implementationsandproducematrix programs.
Someoptimizationscanbe performedby the compiler
by relying on TemplateExpressions[22], but therange
of suchoptimizationsis limited, andthey canbe cum-
bersometo use. In particular, programmersmustpro-
videtheirown implementationsof operationslike MVM
or triangularsolve.

The MTL [19] is anotherC++ matrix library in
which matricesareviewedascontainersof containers.
This ideais analogousto indexedsequentialaccess,but
notasrich asthestructuresthatwediscussin thispaper.
Also, MTL doesnot have high- andlow-level API’s,as
wedo.
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