
FractalSymbolicAnalysis

Nikolay Mateev, Vijay Menon,Keshav Pingali
Departmentof ComputerScience,

CornellUniversity, Ithaca,NY 14853

Abstract

Moderncompilersperformwholesalerestructuringof pro-
gramsto improve their efficiency. Dependenceanalysisis
themostwidely usedtechniquefor proving the correctness
of suchtransformations,but it suffersfromthelimitationthat
it considersonly thememorylocationsreadandwrittenby a
statementwithoutassumingany particularinterpretationfor
theoperationsin thatstatement.Exploiting thesemanticsof
theseoperationspermitsmoretransformationsto beproved
correct,andis critical for automaticrestructuringof codes
suchasLU with partialpivoting.

Oneapproachto exploiting thesemanticsof programop-
erationsis symbolicanalysisand comparisonof programs.
In principle,this techniqueis very powerful, but in practice,
it is intractablefor all but thesimplestprograms.

In this paper, we proposea new form of symbolicanal-
ysisandcomparisonof programs,appropriatefor usein re-
structuringcompilers. Fractal symbolicanalysiscompares
a programand its transformedversionby repeatedlysim-
plifying theseprogramsuntil symbolic analysisbecomes
tractablewhile ensuringthatequalityof thesimplifiedpro-
gramsis sufficient to guaranteeequalityof theoriginalpro-
grams.

Fractalsymbolicanalysiscombinessomeof thepowerof
symbolicanalysiswith thetractabilityof dependenceanaly-
sis. We discussa prototypeimplementationof fractalsym-
bolicanalysis,andshow how it canbeusedto solvethelong-
openproblemof verifying thecorrectnessof transformations
requiredto improve thecacheperformanceof LU factoriza-
tion with partialpivoting.

1 Intr oduction

Moderncompilersperformsource-level transformationsof
programsto enhancelocality andparallelism.Beforea pro-
gramis transformed,it mustbeanalyzedto ensurethat the
proposedtransformationdoesnot changethe meaningof
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that program. Dependenceanalysis,the most commonly-
usedanalysistechnique,computesa partial orderbetween
executioninstancesof statements:a dependenceis saidto
exist from onestatementinstanceto anotherif oneof these
instanceswritesto a memorylocationthatis reador written
by the other one [23]. Any reorderingof statementscon-
sistentwith this partialorderis permittedsinceit is guaran-
teedto leave the input-outputbehavior of the programun-
changed.

Dependenceanalysishas been the focus of much re-
searchin the past two decades. In early work, program
transformationwas carriedout manuallyby the program-
mer, anddependenceanalysiswasusedonly to verify the
legality of the transformation.More recently, the research
communityhasinventedpowerful algorithmsfor automat-
ically synthesizingperformance-enhancingtransformations
for a programfrom representationsof its dependencessuch
as dependencematrices,cones,and polyhedra[3,12,14].
Thesetechniquesaresufficiently well-understoodthat they
have beenincorporatedinto productioncompilerssuchas
theSGIMIPSPro.

In spiteof thesesuccesses,dependenceanalysishasits
shortcomingsasis shown by thecontrivedprogramin Fig-
ure1(a). In this program,therearedependencesfrom state-
mentS1 to S2, and from S1 to S3. Thereare only two
statementreorderingsconsistentwith this partialorder: the
original program,and the programobtainedby reordering
S2 andS3. In particular, thestatementordershown in Fig-
ure 1(b) is not consistentwith this partial order, so a com-
piler thatreliesondependenceanalysiswill declarethatthis
transformationis illegal. However, it is notdifficult to verify
thatthetwo programsin Figure1 areequivalent. If ����� and����� arethevaluesof x andy atthestart,thefinal valuesin x
andy are �	� �
��� for bothprograms.Therefore,thestatement
reorderingof Figure1 is legal.

Intuitively, dependenceanalysisprovides sufficient but
not necessaryconditions for the legality of restructuring
transformations1 sincethis analysisconsidersonly the sets

1A moreprecisevariationof dependenceanalysisis value-baseddepen-
denceanalysis[8, 16,18]. It is easyto verify that this alternative analysis



S1: y = x S3: x = 2*x
S2: y = 2*y => S2: y = 2*y
S3:� x = 2*x S1: y = x

(a) Original program (b) Transformed program

Figure1: SimpleReorderingof Statements

of locationsreadand written by statements,and doesnot
assumeany particularinterpretation(meaning)for theoper-
ationsin theright-handsidesof thesestatements.Exploiting
thesemanticsof theseoperationscanleadto a richerspace
of programtransformationsasis shownby oursimpleexam-
ple,andis critical for restructuringimportantcodeslike LU
with partialpivoting.

Symbolicanalysisis theusualway of exploiting the se-
manticsof operations.To comparetwo programsfor equal-
ity2, wederiveexpressionsfor theoutputsof theseprograms
asfunctionsof their inputs,andattemptto prove that these
expressionsareequal.If analgebraicaxiomsuchasthedis-
tributive, associate,or commutative law of arithmeticcan
be assumedby the compiler, it may be usedwhenproving
equality.

In principle, symbolicanalysisandcomparisonof pro-
gramsis anextremelypowerful techniquefor proving equal-
ity of programs;not only can be it usedto verify the le-
gality of programrestructuring,but it can also be usedto
proveequalityof programsthatimplementverydifferental-
gorithms,suchassortingprogramsthatimplementquicksort
andmergesort.However, for all but thesimplestprograms,
symbolicexecutionandcomparisonis intractable.

In this paper, we describe fractal symbolic analysis
which is a novel way of performingsymbolicanalysisand
comparisonof a programandits restructuredversion. Fig-
ure2 illustratesthehigh-level idea.Weassumewearegiven
asymbolicanalyzerthatcansymbolicallyanalyzeprograms
thatare“simpleenough”.Dependingonthepowerof thean-
alyzer, thesemaybeprogramswith only straight-linecode,
or programswith onlystraight-linecodeandDO-ALL loops,
etc. Let S bea programthat is to be restructuredto a pro-
gramT. If theseprogramsare simple enough,we invoke
the symbolicanalyzeron theseprogramsandeitherprove
or disprove their equality. On the other hand,if the pro-
gramsaretoo complex to beanalyzedby thesymbolicana-
lyzer, wegeneratetwo simplifiedprogramsS 
 andT 
 which
haveaveryspecialproperty:if thesesimplifiedprogramsare
equal,wecanconcludethat theoriginal programsS andT
are equalas well3. Analysisof the simplified programsis
performedin amannersimilar to theanalysisof theoriginal
programs:if theprogramsaresimpleenough,they areana-
lyzedby the symbolicanalyzer;otherwise,they in turn are

makesnodifferencein ourproblem.
2In this paper, we areonly interestedin extensionalequality: two pro-

gramsareequalif their input-outputbehavior is equal.
3A minor technicaldetail is thata simplificationstepmayactuallypro-

ducea numberof simplifiedprogramsfrom eachof theoriginal programs,
in which caseit is necessaryto establishequalityof thatnumberof pairsof
simplifiedprograms.
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Figure2: Overview of FractalSymbolicAnalysis

simplified to producenew programsandso on (this is why
wecall ourapproachfractal symbolicanalysis).

It is guaranteedthatat somepoint, we will endup with
programsS� andT� thataresimpleenoughto beanalyzed
even by a symbolicanalyzerthat canonly handlestraight-
line code.If wecanprove thattheseprogramsareequal,we
canconcludethatS andT areequal;otherwise,we conser-
vatively assumethatS andT arenot equal,anddisallow the
transformation.

Therearetwo importantcaveats.First, therulesfor sim-
plifying programsarederived from the transformationthat
relatesthetwo programswhoseequalityis to beestablished.
Therefore,ourapproachcannotbeusedto provethatquick-
sortandmergesortareequal,for example,sincethesepro-
gramsarenotrelatedby arestructuringtransformation.Sec-
ond,equalityof simplifiedprogramsis asufficientbut not in
generalnecessaryconditionfor equalityof theoriginalpro-
grams. Therefore,successive simplificationstepsproduce
programsthatarelessandlesslikely to beequalevenif the
originalprogramsareequal.It is desirablethereforethatthe
coresymbolicanalyzerbepowerful sothatrecursivesimpli-
ficationcanbeappliedsparingly.

The restof this paperis organizedas follows. In Sec-
tion 2, weintroducethehighlightsof our technologyby dis-
cussingtransformationof a small program. In Section3,
we discussthe simplificationrulesfor key transformations
in the literature. In Section4, we describethe basesym-
bolic analyzerweusein our implementation.We applythis
technologyto automaticblocking of LU factorizationwith
pivoting in Section5 andshow thatweachieve performance
comparablewith thatof theLAPACK library [2] ontheSGI
Octane.Finally, in Section6, wediscussongoingwork.



2 A Small Example

In thissection,wediscussa smallexamplewhich is a distil-
lationof LU with partialpivotingandwhich illustratesvari-
ousaspectsof fractalsymbolicanalysis.

2.1 Source and Transf ormed Programs

The sourceprogramof Figure3(a) traversesan arrayA; at
thej � � iteration,it swapselementsA(j) andA(j+1), and
updatesall theelementsfrom A(j+1) throughA(N) using
thenew valuein A(j). This is amuchsimplifiedversionof
LU factorizationwith partial pivoting in which entirerows
of amatrixareswappedandentiresub-matricesareupdated
at eachstep. In our discussion,meta-variablesB1 andB2
will beusedto referto theswapandupdatestatementblocks
respectively.

Loop distribution transformsthis programinto the one
shown in Figure3(b). In thisprogram,all theswapsaredone
first, andthenall theupdatesaredonetogether. This trans-
formationis usefulbecausethesecondloopnestis perfectly-
nestedandcanbetiled to getgoodlocality of reference.Are
theseprogramsequal?

do j = 1,N-1 do j = 1,N-1
B1(j): //swap B1(j): //swap

tmp = A(j); tmp = A(j);
A(j) = A(j+1); A(j) = A(j+1);
A(j+1) = tmp; A(j+1) = tmp;

B2(j): //update do j = 1,N-1
do i = j+1,N B2(j): //update

A(i) = A(i)/A(j) do i = j+1,N
A(i) = A(i)/A(j);

(a) Original Program (b) Transformed Program
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(c) Incremental Loop Distribution

B1(j1): //swap B2(j2)://update
tmp = A(j1); do i = j2+1,N
A(j1) = A(j1+1); A(i) = A(i)/A(j2)
A(j1+1) = tmp; B1(j1)://swap

B2(j2): //update tmp = A(j1)
do i = j2+1,N A(j1) = A(j1+1);

A(i) = A(i)/A(j2) A(j1+1) = tmp;

(d) S1(j1) before S2(j2) (e) S2(j2) before S1(j1)

Figure3: LoopDistribution in RunningExample

Dependenceanalysisrequiresthat therenot bea depen-
dencefrom an instanceB2(j2) to an instanceB1(j1) where
j1 � j2. Unfortunately, this condition is violated: for any
j � between� and ��������� , instanceB2(j� ) writes to loca-
tionA(j � +1), andinstanceB1(j� +1) readsfrom it. Symbolic
analysisof theseprogramson theotherhandis toodifficult.

2.2 Fractal Symbolic Anal ysis of Example

Thekey to fractalsymbolicanalysisis to considerthetrans-
formationof the programin Figure3(a) to the onein Fig-
ure 3(b) not as a one-steptransformationbut as an incre-
mentalprocessin which instancesof B1 arescheduledbe-
fore successively earlier instancesof B2 as shown in Fig-
ure3(c). At eachstepof theincrementalprocess,we locate
an instanceof block B2 (sayB2(j2)) which is executedjust
before an instanceof block B1 (sayB1(j1) wherej1 � j2),
andrescheduleit sothatit is executedjustafter thatinstance.
It is obviousthatat theendof this process,loop distribution
is complete,andthatthis distribution is legal if eachstepof
theprocessis legal.

To verify thelegality of eachstepof theincrementalpro-
cess,wemustverify thattheprogramsshown in Figures3(d)
and(e)areequal;in otherwords,thatB1(j1)andB2(j2)com-
mute(assumingthatN � j1 � j2 � 1). Noticethat(i) these
programsaresimplerthanthe onesin Figures3(a) and(b)
sinceeachonehasonelessloop, and(ii) their equalityim-
plies equalityof the original programs,asrequiredby Fig-
ure2.

The symbolic analyzerwe use in our implementation
cananalyzeprogramswith straight-linecodeandDO-ALL
loops,soit canperformanalysisandcomparisonof thepro-
gramsin Figure 3(d) and (e) without any further simplifi-
cation. Let � ��� and ���! � be the valuesin array A before
andafter the executionof the programin Figure3(d). It is
easyto seethat ���" � canbe expressedin termsof � ��� as
a guarded symbolicexpression(GSE for short), shown in
Figure4, consistingof a sequenceof guardsdefiningarray
regionsandsymbolicexpressionsfor thevaluesin thearray
in thoseregions.

#%$"&('*),+�-�.
/00001 00002
354 + 47698;: #%<>=
)?+�-+@. 6�3 : #%<A=
) 6B3DCE3 -�F!#%<>=�) 6(8 -+G. 6�3DCH3I: #%<>=J) 6B3 -KF"#L<A=M) 6(8 -
NPO>QPN : #%<>=�),+�-�F!#%<A=M) 6(8 -

Figure4: GuardedSymbolicExpressionfor � �! �
An identicalGSE expressesthe result of executingthe

programof Figure3(e). If � is assumedto betheonly live
variableafter executionof the two programs,we can con-
cludethatthattheprogramsof Figure3(d)and(e)areequal,
sotheprogramsof Figure3(a)and(b) areequaltoo.

2.3 Discussion

It is usefulto understandwhathappensif we applyanother
stepof simplificationto theprogramsof Figure3(d)and(e).
The reorderingof block B1(j1) over the iterationsof loop
B2(j2) can be viewed incrementallyas a processin which



B1(j1)://swap B2(j2,i)://update body
tmp = A(j1); A(i) = A(i)/A(j2);
A(j1)R = A(j1+1); B1(j1)://swap
A(j1+1) = tmp; temp = A(j1);

B2(j2,i)://update body A(j1) = A(j1+1);
A(i) = A(i)/A(j2); A(j1+1) = tmp;

(a) B1(j1); B2(j2,i) (b) B2(j2,i); B1(j1)

Figure5: AnotherStepof Simplification

blockB1(j1) is movedover theiterationsof loop B2(j2)one
iterationat a time. If eachmove is legal, theentirereorder-
ing is clearly legal. The simplified programsareshown in
Figure5(a)and(b); we mustverify thatB1(j1) andB2(j2,i)
commute,assumingthat � �;SM�T�;SU�V�W� and that���YXL�ZS[� .

However, it is easyto verify that theseprogramsarenot
equal. For example,for \�]^X_]`SM� , the final valuesin���" � �K\�� aredifferent.This illustratesthecaveatdiscussedin
Section1. Equalityof thesimplifiedprogramsis asufficient
but not in generalnecessarycondition for equality of the
originalprograms,sothesimplificationprocessthatis at the
heartof fractalsymbolicanalysismustbeappliedsparingly.
In particular, hadour basesymbolicanalyzerbeenable to
analyzeonly straight-linecode,we would have concluded
conservatively that the loop distribution of Figure3(a,b)is
not legal.

To formalizetheintuitiveideaspresentedin thissection,
weneedto answertwo questions.

1. Whatarethesimplificationrules?

2. Whatcoresymbolicanalyzeris bothpowerfulandprac-
tical?

We answerthesequestionsnext.

3 Simplification Rules

To determineequalityof a programandits restructuredver-
sion,thecompilerusesatablesimilarto theoneshownin Ta-
ble 1(a). To verify legality of a transformationshown in the
first column,theCommutefunctionis invokedonappropriate
instantiationsof programstatementsasshown in thesecond
columnof thistable.Theintuitionbehindtheselegality con-
ditionshasbeendescribedin Section2 — thetransformation
is viewedincrementallyasreorderingpairsof instancesat a
time. For lack of space,we have shown the legality condi-
tionsfor only a few commontransformations.

TheCommutefunctionis shown in Figure6. It is passed
two programfragmentsaMbMcEd and aMbMc_e , someoptional
bindingswhich areconstraintson freevariablesin thepro-
gram fragments,anda list of variablesthat are live at the
endof executionof the programfragments.It returnstrue
if aJb�cHd and aMbMc_e commute— that is, if theresultof exe-
cuting aJb�c d followedby aJb�c e is thesameastheresultof
executingthemin theoppositeorder, assumingthatwe are

only interestedin the valuesof live variablesat the endof
execution.

TheCommutefunctioninvokesthesymbolicanalysisand
comparisonenginedirectlyby callingtheComparemethodif
theprogramfragmentsaMbMc d and aMbMc e aresimpleenough.
Ourimplementationof thismethodis discussedin Section4.
Ontheotherhand,if theseprogramfragmentsarenotsimple
enough,it appliestherulesshown in Table1(b) to simplify
theprogramsrecursively till theprogramsaresimpleenough
to beanalyzedsymbolically. As with therulesshown in Ta-
ble 1(a),therulesin Table1(b) areeasyto understandif the
restructuringis viewedincrementally. Notethatexactly one
of therulesin Table1(b) canbeappliedat eachsimplifica-
tion step,resultingin a deterministicsimplificationproce-
dure.

3.1 Proof of Correctness of Simplification Rules

The validity of the legality conditionsin Table 1 follows
from thefollowingresult,many variationsof whichhaveap-
pearedin theliterature[11].

Lemma 1 Let fg]ihjf dBk f e�k fml kBn�n�n�k f �po be a sequence
of program fragments,and let a be any permutationonf . Define q7�AaD�r]sht�Kf �vu fJwx�Tyz�V{|X~}�S�{|�Z�a��KX��Z��a��?S[� o as the set of pairs of statementsreordered
by a . Then, the program f is equivalentto the programa��KfL�@]~hxfJ��� dP� k fJ��� e�� k fJ�U� l � k�nBn�nDk fJ��� � � o if hxf � k f w o is equiv-
alentto hxf w k f � o where ��f � u f w ����q7�Aam� .

Proof: The Lemmafollows from inductionon the cardinality
of ������� . If ��������������� thenclearly �Z���m���	� . Otherwise,
theremust exist an � suchthat �m�������(���r�D����� , which im-
plies that ���� �¡ <>¢m£,¤�¥ �� �¡ <�¤ �§¦��¨���M� . Since �� �¡ <�¤ and �t B¡ <A¢m£,¤
commuteand are adjacentin �D���	� , transposingthem gives
us an equivalent program ��©,���	� where �¨���M©��«ª¬�¨���M� and���¨��� © ���5�������������5­®� . By induction, �_�E�D���	� . ¯
Intuitively, Lemma1 allows usto reformulatetheprob-

lem of checkinglegality of a transformationas a problem
of verifying commutativity of statementinstancesthat are
reorderedby that transformation.The validity of the rules
givenin Table1 followsdirectly from this result.

3.2 Reduction Example

An interestingexampleof the useof therulesin Table1 is
providedby thereductionexampleshown in Figure7. The
loop interchangeshown in Figures7(a,b)is legal if we as-
sumethatadditionis commutativeandassociative,but every
iterationof theloop nestreadsandwritesvariablek, sode-
pendencesareviolatedby the restructuring.This program
is simpleenoughthatsymbolicanalysisis tractablein prin-
ciple althoughit requiresreasoningaboutsummations.In



Transformation Legality Condition

StatementReordering
S1; S2; <-> S2; S1; °L±*²³²µ´x¶ N )K·?¸ 3(¹ ¸ 8»º -
LoopDistribution/Jamming
do i = 1,n do i = 1,n

S1(i); <-> S1(i);
S2(i); do i = 1,n

S2(i);

°L±*²³²µ´x¶ N )K·?¸ 3 )�¼K£v- ¹ ¸ 8 )�¼�½(- ºm¾x3L¿ .H¼�½ ¿ ¼�£ ¿ .HÀJ-
Loop Interchange
do i = 1,n do j = 1,m

do j = 1,m <-> do i = 1,n
S(i,j); S(i,j);

°L±*²³²µ´x¶ N )K·?¸Á)�¼K£ ¹�6 £P- ¹ ¸m)�¼�½ ¹�6 ½(- ºm¾35¿ .�¼K£ ¿ ¼�½ ¿ .�À³Â 35¿ . 6 ½ ¿76 £ ¿ . ² -
LinearLoopTransformationT
do (i1,i2,...,ik) do (i1’,i2’,...,ik’)
S(i1,i2,...,ik); <-> S’(i1’,i2’,...,ik’)
where (i1’,i2’,...,ik’) = T(i1,i2,...,ik)

°L±*²³²µ´x¶ N )K·?¸Á)?Ã¼�- ¹ ¸m)"Ã6 - º	¾Ã¼mÄEÃ6 ÂµÅx),Ã¼�-pÆ§Åx)ÇÃ6 -K-
(a) SimplificationRulesfor CommonLoopTransformations

CommuteCondition RecursiveCondition

StatementSequence

ÈÊÉ c�c_ËMÌvÍU�!Î S1; S2;...; SN,B2 Ï�y�Ð É �	ÑJ�
°L±*²³²µ´x¶ N )K·?¸ 3(¹�Ò�8(ºm¾(Ó ± ÀtÔ(-�Â°L±*²³²µ´x¶ N )K·?¸ 8�¹�Ò�8(ºm¾(Ó ± ÀtÔ(-�ÂÕ�Õ�Õ°L±*²³²µ´x¶ N )K·?¸MÖ ¹�Ò�8(ºm¾(Ó ± ÀJÔ(-

LoopÈÊÉ c�c_ËMÌvÍU�!Î do i = l,u
S1(i); ,B2 Ï�yUÐ É �	ÑJ� °L±*²³²µ´x¶ N )K·?¸ 3 )�¼,- ¹�Ò�8(º
¾BÓ ± ÀtÔ�Â O ¿ .�¼ ¿ . ´ -

ConditionalStatementÈÊÉ c�c_ËMÌvÍU�!Î if (pred) then
S1;

else
S2;

,B2 Ï�yUÐ É �	ÑJ� °L±*²³²µ´x¶ N )K·?¸ 3(¹�Ò�8(ºm¾(Ó ± ÀtÔLÂG×BØ N Ô(-JÂ°L±*²³²µ´x¶ N )K·?¸ 8�¹�Ò�8(ºm¾(Ó ± ÀtÔLÂ³ÙM×BØ N Ô(-
(b) Recursive SimplificationRules

Table1: SimplificationRules

practicemostcompilersusepatternmatchingto detectre-
ductionsandtreatthemspecially, but patternmatchingis no-
toriously fragile (for example,introducinga temporaryinto
thereductionwill causemostpatternmatchersto fail).

Fractalsymbolicanalysissolves the problemelegantly.
UsingTable1,wegeneratethesimplifiedprogramsshownin
Figure7(c,d).A symbolicanalyzerthatcananalyzestraight-
line codecandeduceeasilythattheseprogramsequalif it is
allowedto assumethatadditionis commutativeandassocia-
tive; if additioncannotbeassumedto have theseproperties,
the symbolicanalysisandcomparisonenginededucescor-
rectly thattheprogramtransformationis not legal.

3.3 Discussion

As mentionedin Section2, theprecisionof fractalsymbolic
analysisdependson the power of the core symboliccom-
parisonengine.Notice that theprocedurein Figure6 stops
simplifyingassoonasthestatementsbeingcomparedcanbe
handledby theCompareprocedure.A morepowerful Com-
pareprocedurewill result in fewer levels of simplification
andpotentiallymoreaccuratesymbolicanalysis.

4 Symbolic Anal ysis and Comparison Engine

We now describethe coresymboliccomparisonprocedure
that is invokedafter simplification. As mentionedearlier,
it is important for this procedureto be as powerful as is
tractableso thatsimplificationcanbeappliedsparingly. In
our work, we have foundthat it is sufficient if thesymbolic
comparisonprocedurecanhandlethefollowingclassof pro-
grams4.

Ú Programsconsistof assignmentstatements,for-loops
andconditionals. No unstructuredcontrol flow is al-
lowed.Ú Loopsdonot have loop-carrieddependences.Ú Array indicesandloopboundsarerestrictedtobeaffine
functionsof enclosingloopvariablesandsymboliccon-
stants,andpredicatesarerestrictedto beconjunctions
anddisjunctionsof affine inequalities.

4It is importantto rememberthattheserestrictionsareonly for programs
thatcanbeanalyzeddirectlyby thesymbolicanalyzer;theyarenotrequired
for inputprogramsto fractalsymbolicanalysissincecomplexprogramsare
simplified recursively till they meetthe restrictionsfor the coresymbolic
engine.



Commute(��Û�Ü³Ý ,��Û�Ü�Þ ,ß ���tà*��� Û(á ,â ��ãBä ã�å�æ á ) ç
if Simple(��Û�Ü Ý ) then

if Simple(��Û�Ü�Þ )
returnCompare(ç ��Û�Ü³Ý ;�BÛ�Ü�Þ(è , ç ��Û�ÜéÞ ;��Û�ÜµÝ!è ,ß ���JàP��� Û9á ,â ��ã�ä ãBå9æ á )

else
returnCommute(�BÛ�Ü�Þ ,��Û�Ü³Ý ,ß ���tà*��� Û(á ,â ��ãBä ãBå�æ á )

else
case(��Û�Ü Ý ) çê ��Û�ÜéëÝ ;��Û�Üéë�ëÝxìUí

returnCommute(��Û�Ü ë Ý ,�BÛ�Ü Þ ,ß ���tà*��� Û(á ,â ��ãBä ãBå9æ á ) î Commute(��Û�Üéë ëÝ ,��ÛvÜ Þ ,ß ���tà*��� Û(á ,â ��ãBä ãBå9æ á )ê
if � æväPà then ��Û�Ü ë Ý else ��ÛvÜ ë�ëÝ ì�í
returnCommute(��Û�Ü ë Ý ,�BÛ�Ü Þ ,ß ���tà*��� Û(áPïK� ævä*à ,â ��ãBä ã�å�æ á ) î Commute(��Û�Ü ë ëÝ ,��Û�ÜéÞ ,ß ���tà*��� Û(áPï�ð�� æväPà ,â ��ãBä ã�å�æ á )ê
do
�

= â ,  ��ÛvÜ�ëÝ � � � ìxí
returnCommute(��Û�ÜéëÝ � � � ,��ÛvÜ Þ ,ß ���tà*��� Û(áPï!ñ �Kò âxó � ó  ,â ��ãBä ãBå�æ á )èè
Figure6: TheCommutefunction

do i = 1,M do j = 1,N
do j = 1,N do i = 1,M
B(i,j)://update on k B(i,j)://update on k
k = k + A(i,j) k = k + A(i,j)

(a) Original Program (b) Transformed Program

B(i1,j1): B(i2,j2):
k = k + A(i1,j1) k = k + A(i2,j2)
B(i2,j2): B(i1,j1):
k = k + A(i2,j2) k = k + A(i1,j1)
(c) B(i1,j1); B(i2,j2) (d) B(i2,j2); B(i1,j1)

Figure7: Loop Interchangeof ReductionCode

#�) Ã+�-m.
/000001 000002
ô ´Uõ Ø(Ô�£() Ã+B- : N!ö ×BØ NPQPQ ¼ ± À
£B) Ã+�-ô ´Uõ Ø(Ô�½x) Ã+B- : N!ö ×BØ NPQPQ ¼ ± À�½U) Ã+�-

...ô ´Uõ Ø(Ô = ) Ã+B- : N!ö ×BØ NPQ*Q ¼ ± À = ) Ã+B-
Figure8: GuardedSymbolicExpressions

The importantconstraintis the secondone. Althougha
loopmaywrite to asectionof anarraythatis potentiallyun-
boundedat compile-time,at mostone iterationmay affect
thevalueof any givenlocationin anarray. Thisensuresthat
the symbolicvalueof a given elementof the arraycanbe
expressedfinitely. Techniquessuchasscalarexpansion[23]
shouldbeusedto aggressivelyeliminateloop-carrieddepen-
dences.

Wecanthensummarizetheunboundedsetof expressions
for thevaluesin anentirearraywith afiniteexpressioncalled
aguardedsymbolicexpression(orGSEfor short)whichcon-
tainssymbolicexpressionsthathold for affinely constrained
portionsof thearrayasshown in Figure8. Figure4 shows
anexampleof a GSE.

Compare(á � Ü � Ý , á � Ü � Þ ,ß ���tà*��� Û(á ,â ��ãBä ãBå�æ á ) çâ ��ãBä Ý = setof live alteredvariablesin á � Ü � Ýâ ��ãBä Þ = setof live alteredvariablesin á � Ü � Þ
if( â ��ãBä Ý�÷ø â ��ãBä Þ )

returnfalse

for each
å �Kùú � in â ��ã�ä Ý ç� ævä*ä Ý ø Build Expr Tree(á � Ü � Ý , å � ùú � ,û )� ævä*ä Þ ø Build Expr Tree(á � Ü � Þ , å � ùú � ,û )Û(á ä Ý = NormalizeGSE(� æväPä Ý ,ß ���Jà*��� Û(á )Û(á ä Þ = NormalizeGSE(� æväPä Þ ,ß ���Jà*��� Û(á )

if( ð CompareGSEs(Û(á ä Ý ,Û9á ä Þ )
returnfalseè

returntrueè
Figure9: Comparisionof SimplePrograms

Build Expr Tree(á � Ü � ,� æ�äPä ,ß ���JàP��� Û(á ) ç
case( � æväPä ) ç

Op(� � ,� ævä*ä Ý ,...,� æ�äPä�ü ) í
returnOp(� � ,

Build Expr Tree(á � Ü � ,� æ�äPä Ý ,ß ���tà*��� Û(á ),...,
Build Expr Tree(á � Ü � ,� æ�äPä Ý ,ß ���tà*��� Û(á ))

Cond(� æväPà ,� æ�äPäPý ,� æ�äPäPþ ) í
returnCond(� ævä*à ,

Build Expr Tree(á � Ü � ,� æ�äPä ý ,ß ���tà*��� Û(á ),
Build Expr Tree(á � Ü � ,� æ�äPä*þ ,ß ���tà*��� Û(á ))

A( ùú ) í
case( á � Ü � ) çê

A’( ÿ�� ù� ��� ) = � æ�äPä ÝP� ù� � ìxí
if (A ø A’) then

returnCond(ß ���tà*��� Û(á*ï ùú ø ÿ�� ù� ��� ,� ævä*ä Ý � ÿ�� Ý � ��ùú	� � �,� ,A( ùú ))
else

returnA( ùú )ê á � Ü � Ý ; á � Ü � Þ ìUí
returnBuild Expr Tree(á � Ü � Ý ,

Build Expr Tree(á � Ü � Þ ,� æ�äPä ,ß ���tà*��� Û(á ),ß ���tà*��� Û(á )ê
if � æväPà then á � Ü � Ý else á � Ü � Þ ìUí
returnCond(ß ���JàP��� Û9á*ïK� æ�äPà ,

Build Expr Tree(á � Ü � Ý ,� æ�äPä ,ß ���tà*��� Û(á ),
Build Expr Tree(á � Ü � Þ ,� æ�äPä ,ß ���tà*��� Û(á ))ê

do
��


= â 
 ,  
 á � Ü � Ý ìUí
returnBuild Expr Tree(á � Ü � Ý ,� ævä*ä ,ß ���tà*��� Û(áPï
� � 
 ò â 
 ó � 
 ó  
 )èèè

Figure10: ExpressionTreeGeneration

Figure9 providesa high-level overview of oursymbolic
comparisonalgorithm. We considereachalteredscalaror
arrayvariablein the two programsbeingcompared.Note
thatweonly needto considerlive variables[1]. If theGSE’s
correspondingto eachlivealteredvariableareequal,thetwo
programsaredeclaredto be equal. We now describehow
GSE’s areconstructedandcompared.
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Figure 11: ConditionalExpressionTreesfor RunningEx-
ample

4.1 Generation of Conditional Expression Trees

A guardedsymbolicexpressionis essentiallya description
of the effect of a programon anarray. As an intermediate
steptowardstheconstructionof this description,we build a
symbolicrepresentationof theprogramthatwecall acondi-
tional expressiontree. A conditionalexpressiontreemaybe
viewedasa functionalexpressionthat describesthe output
of theprogramasa functionof its inputs. Figure11 shows
the conditionalexpressiontreesfor the programsof Fig-
ure3(d,e).Theinterior nodesof the treearepredicatesand
operatorswhile the leavesof the treearescalarsandarray
references.Sincesimplified programshave only straight-
line codeandDO-ALL loops,theconstructionof thesetrees
is straight-forward.Figure10 shows analgorithmto gener-
atesuchtrees.This algorithmprocessesthestatementsof a
programin reverseorder, determiningat eachstepthe tree
correspondingto relevantoutputdatain termsof input data
andlinking thesetogetherto producethefinal result.

4.2 Normalization to Guarded Symbolic Expres-
sions

In general,theconditionalexpressiontreesgeneratedabove
containa mix of conditionspredicatedby affine constraints
on onehandandarithmeticexpressionson the other (Fig-
ure11(a)is anexampleof suchamixture).To convert these
to guardedsymbolic expressions,we needto separatethe
two (Figure11(b)is anexamplewheretheaffine constraints
areseparatefrom the arithmeticexpressions).We accom-
plish this by factoring the affine constraintsoutsideof the
symbolicoperationsby repeatedapplicationof the follow-
ing transformation.

Op(± × ,¶ Ø NPN £ ,...,Cond(×�Ø N Ô ,¶ Ø NPN ¶ < ,¶ Ø NPN � < ),...,¶ Ø N*N = )�
Cond(×BØ N Ô ,Op(± × ,¶ Ø N*N £ ,...,¶ Ø NPN ¶ < ,...,¶ Ø NPN = ),

Op(± × ,¶ Ø NPN £ ,...,¶ Ø NPN � < ,...,¶ Ø NPN = ))
At this point, theguardsaregeneratedby combiningthe

predicatesat thetop of thefactoredexpressiontree,andthe
correspondingarithmeticexpressionsaresimply takenfrom
the subtreesbeneaththesepredicates,as is shown in Fig-

Factor(� æväPä ) ç
case( � ævä*ä ) ç

Op(� � ,� æ�äPä Ý ,...,Cond(� æ�äPà ,� ævä*ä ��� ,� æ�äPä � � ),...,� æ�äPä9ü ) í
returnFactor(Cond(� æ�äPà ,

Op(� � ,� æ�äPä Ý ,...,� æväPä � � ,...,� ævä*ä ü ),
Op(� � ,� æ�äPä Ý ,...,� æväPä � � ,...,� æ�äPä ü )))

Op(� � ,� æ�äPä Ý ,...,� ævä*ä ü ) í
returnOp(� � ,Factor(� æväPä Ý ),...,,Factor(� æ�äPä ü ))

Cond(� ævä*à ,� æväPä ý ,� ævä*ä þ ) í
returnCond(� æ�äPà ,Factor(� ævä*äPý ),Factor(� æväPä*þ ))

A( ùú ) í
returnA( ùú )èè

Build GSE(� æväPä ,Û  å9ævà )
if ( Û  å�ævà ) then

case( � æväPä ) ç
Cond(� æväPà ,� æ�äPä ý ,� æväPä þ ) í

returnBuild GSE(� ævä*ä ý ,Û  å�ævà î � æ�äPà ) �
Build GSE(� æväPä*þ ,Û  å�ævà î ð�� ævä*à )

Op(� � ,� ævä*ä Ý ,...,� æväPä ü ) í
A( ùú ) í

return ç �>Û  å9ævà��Çä�� � æ � èè
else

return ûè
NormalizeGSE(� ævä*ä ,ß ���tà*��� Û(á ) ç

returnBuild GSE(Factor(� ævä*ä ), ß �A�Jà*��� Û(á )è
Figure12: FromExpressionTreesto GSE’s

CompareGSEs(Û(á ä Ý ,Û(á ä Þ ) ç
for each( Û  å�æ�à Ý , ä�� � æ Ý ) in Û(á ä Ý ç

for each( Û  å�ævà Þ , ä�� � æ Þ ) in Û9á ä Þ ç
if ( Û  å�ævà Ý î Û  å�ævà Þ5÷ø������ ��� )

if (
ä�� � æ Ý ÷ø ä�� � æ Þ )
returnfalseèè

returntrueè
Figure13: Comparisionof GSE’s

ure12.

4.3 Comparison of Guarded Symbolic Expres-
sions

Finally, Figure13 illustratesthecomparisonof two guarded
symbolicexpressions.Therearetwo stepsto this compar-
ison. First, we mustcompareeachpair of affine guardsof
thetwo guardedsymbolicexpressions.Second,for any two
guardsthatpotentiallyintersect,we mustcomparethe cor-
respondingsymbolicexpressions.If all suchsymbolicex-
pressionmatch,thenthe guardedsymbolicexpressionsare
declaredto beequal.Thevalidity of this conclusionfollows
from the following argument. Eachguardspecifiessome
region of the index spaceof the array in question,and the
union of theseregionsin a guardedsymbolicexpressionis



equalto the entire index spaceof that array. If the values
in the two guardedsymbolicexpressionsareidenticalwhen-
evertheirguardsintersect,thetwoarrayvaluesareobviously
equal.

For comparisonof affine guards,we mayemployanin-
tegerprogrammingtool suchastheOmegaLibrary [17]. If
the tool provesthata pair of affine guardsdo not intersect,
no comparisonof the correspondingarithmeticexpressions
needsto be performed. On the other hand, if the guards
sointersect,theexpressionsmustbecomparedfor equality.
In our currentimplementation,we just checkfor syntactic
equality. This is sufficientbothfor our simpleexampleand,
aswe shallseein Section5, for LU factorization.It would
be easyto useMaple or someothersymbolicalgebratool
for this test if we wishedto exploit algebraicpropertiesof
numbers.

5 LU with Pivoting

Fractalsymbolicanalysiswasdevelopedfor usein an on-
goingprojectonoptimizingthecachebehavior of densenu-
mericallinearalgebraprograms.LU factorizationwith par-
tial pivoting is a key routine in this applicationareasince
it is usedto solve systemsof linear equationsof the form
Ax = b. Figure14showsthecanonicalversionof LU fac-
torizationwith pivoting thatappearsin theliterature[9]. In
iterationj of theouterloop,computationsareperformedon
columnj of thematrixA, anda portionof thematrix to the
right of thiscolumnis updated.

LU factorizationwith pivoting posesa numberof chal-
lengesfor compilerwriters.

1. Cache-optimizedversionsof LU factorizationcan be
foundin theLAPACK library [2]. Theseblockedcodes
are too complex to be reproducedhere,but they per-
form muchbetterthanthepoint versionshown in Fig-
ure14.
Givenpoint-wiseLU factorizationwith pivoting,cana
compilerautomaticallygenerateacache-optimizedver-
sionby blockingthecode?If so,how doestheperfor-
manceof the compiler-optimizedcodecomparewith
thatof hand-blockedcode?

2. Right-looking (eagerupdates)and left-looking (lazy
updates)versionsof LU factorizationcanbeobtained
by interchangingthetwo loopsof theupdatestep.Can
a compiler transformright-looking LU to left-looking
LU andvice versa?

Fractalsymbolicanalysisis crucialto addressboththese
challenges.For lack of space,we discussonly theproblem
of blocking.

do j = 1, N
// Pick the pivot
p(j) = j
do i = j+1, N

if abs(A(i,j)) > abs(A(p(j),j))
p(j) = i

// Swap rows
do k = 1, N

tmp = A(j,k)
A(j,k) = A(p(j),k)
A(p(j),k) = tmp

// Scale current column
do i = j+1, N

A(i,j) = A(i,j) / A(j,j)
// Update portion of matrix to right of column j
do k = j+1, N

do i = j+1, N
A(i,k) = A(i,k) - A(i,j)*A(j,k)

Figure14: LU Factorizationwith Pivoting

5.1 Automatic Bloc king of LU Factorization

To obtaincodecompetitive with LAPACK code,Carr and
Lehoucqsuggestcarryingout thefollowing sequenceof re-
structuringtransformations[4].

1. Stripminetheouterloopto formulateblock-columnop-
erations.

2. Index-set-splitthe expensive updateoperationto sep-
arate computationoutside the current block-column
from computationinsidethecurrentblock-column.

3. Distribute the inner of the stripminedloops to isolate
theout-of-columnupdate.

4. Tile theout-of-columnupdate.

The first two steps,stripminingand index-set-splitting,
are trivially legal as they do not reorderany computation.
The next step, loop distribution, is not necessarilylegal.
If legality is checkedusingdependenceanalysis,the com-
piler will declarethe distribution illegal if there is a de-
pendencefrom an iterationB2(m) to an iterationB1(l)
wherel � m. In fact, sucha dependenceexists in our pro-
gram; for example, both B2(j) andB1(j+1) readand
write toA(m+1,jB+B..N). Therefore,a compilerthatre-
lies on dependenceanalysiscannotblock LU with pivoting
usingthetransformationstrategyof Carr andLehoucq.Carr
andLehoucqsuggestthata compilermaybeendowedwith
application-specificinformation to recognizethe swapand
updateoperationsin LU factorization,and to realize that
they canbelegally interchanged.

We now discusshow our implementationof fractalsym-
bolic analysis,a general-purposetechnique,canverify the
legality of thesetransformations.

To verify the legality of the loop distribution step,our
compiler consultsTable 1(a) and determinesthat it must
checkif B1(l) commuteswith B2(m) whereS"!V{ c¬}# {�S$!&%'! � � , as shown in Figure 16. The compiler
invokestheCommutemethodin Figure6 with theseparam-
eters,asshown in Figure17. However, thesesimplerpro-
gramsarenot “simple enough”;the loop thatcomputesthe
pivot in B1.b(l) is a recurrencethat cannotbe handled
by our core symboliccomparisonengine,aswe discussed



do jB = 1, N, B
do j = jB, jB+B-1

B1(j):
// Pick the pivot
p(j) = j
do i = j+1, N

if abs(A(i,j)) > abs(A(p(j),j))
p(j) = i

// Swap rows
do k = 1, N

tmp = A(j,k)
A(j,k) = A(p(j),k)
A(p(j),k) = tmp

// Scale column
do i = j+1, N

A(i,j) = A(i,j) / A(j,j)
// In-Column Update
do k = j+1, jB+B-1

do i = j+1, N
A(i,k) = A(i,k) - A(i,j)*A(j,k)

B2(j):
// Right-Looking Update
do k = jB+B, N

do i = j+1, N
A(i,k) = A(i,k) - A(i,j)*A(j,k)

do jB = 1, N, B
do j = jB, jB+B-1

B1(j):
// Pick the pivot
p(j) = j
do i = j+1, N

if abs(A(i,j)) > abs(A(p(j),j))
p(j) = i

// Swap rows
do k = 1, N
tmp = A(j,k)
A(j,k) = A(p(j),k)
A(p(j),k) = tmp

// Scale column
do i = j+1, N

A(i,j) = A(i,j) / A(j,j)
// In-Column Update
do k = j+1, jB+B-1

do i = j+1, N
A(i,k) = A(i,k) - A(i,j)*A(j,k)

// Distributed Loop
do j = jB, jB+B-1

B2(j):
// Right-Looking Update
do k = jB+B-1, N
do i = j+1, N

A(i,k) = A(i,k) - A(i,j)*A(j,k)

(a)BeforeLoopDistribution (b) After LoopDistribution
Figure15: LU Factorization:DistributionStep

B1.a(l): p(l) = l
B1.b(l): do i = l+1, N

if abs(A(i,l)) > abs(A(p(l),l))
p(l) = i

B1.c(l): do k = 1, N
tmp = A(l,k)
A(l,k) = A(p(l),k)
A(p(l),k) = tmp

B1.d(l): do i = l+1, N
A(i,l) = A(i,l) / A(l,l)

B1.e(l): do k = l+1, jB+B-1
do i = l+1, N

A(i,k) = A(i,k) - A(i,l)*A(l,k)
B2(m): do k = jB+B, N

do i = m+1, N
A(i,k) = A(i,m) - A(i,m)*A(m,k)

B2(m): do k = jB+B, N
do i = m+1, N
A(i,k) = A(i,m) - A(i,m)*A(m,k)

B1.a(l): p(l) = l
B1.b(l): do i = l+1, N

if abs(A(i,l)) > abs(A(p(l),l))
p(l) = i

B1.c(l): do k = 1, N
tmp = A(l,k)
A(l,k) = A(p(l),k)
A(p(l),k) = tmp

B1.d(l): do i = l+1, N
A(i,l) = A(i,l) / A(l,l)

B1.e(l): do k = l+1, jB+B-1
do i = l+1, N
A(i,k) = A(i,k) - A(i,l)*A(l,k)

(a)B1(l); B2(m) (b) B2(m); B1(l)
Figure16: SimplifiedComparison#1

in Section4. Therefore,theseprogramsaresimplifiedagain
usingtherulefor statementsequencesin Table1(b). Thisre-
quiresthecompilerto testwhetherB2(m) commuteswith
thefivesubblocksin B1(l). OtherthanB1.c(l), thesub-
blocks of B1(l) touch datathat is disjoint from the data
touchedby B2(m). Therefore,our compilerdeducesthat
thesesubblockscommutewith B2(m) (asmalldetailis that
the analysisof whetherB1.b(l) commuteswith B2(m)
requiresanadditionalstepof simplificationto eliminatethe
recurrencein B1.b(l)).

The only problem remaining is to demonstratethat
B1.c(l) and B2(m) commuteas shown in Figure 18.
At this point, theseprogramsare“simple enough”,andthe
Comparemethodin Figure9 is invokedto establishequality
of the simplified programs. In fact, they arequite similar
to therunningexampleof Section2. Theonly live,altered
variablein eitherprogramis the arrayA, and the Compare

methodgeneratesguardedsymbolicexpressionsfor A from
eachprogram. Both GSE’s generatedfrom Figure18 con-
tain six guardedregions,shown pictorially in Figure19. To
prove that theGSE’s areactuallyequivalent,CompareGSEs
is invokedto generatethe36 pairwiseintersections,andthe
Omegalibrary [17] is usedto testnon-emptinessof thesere-
gions.Only six intersectionsarenon-empty(thesix regions
shown in Figure 19), and the correspondingsymbolic ex-
pressionsaresyntacticallyidenticalin eachcase.Thus,the
compiler is able to demonstratethe equalityof the simpli-
fiedprogramsand,therefore,theequalityof theprogramsin
Figure15. Sincethesymbolicexpressionsaresyntactically
equal,it follows that the restructuringdoesnot changethe
outputof theprogramevenif arithmeticis finite-precision.

Oneimportantnoteis thattheprogramsof Figure18are
equalonly if a��?S[� �~S . Techniquessuchasvaluepropaga-
tion [7,15] havebeendevelopedto performthistypeof anal-



Independently True

Symbolically True

Independently True

Independently True

Commute(<B1.a(l),B2(m)>:

Commute(<B1.b(l),B2(m)>:

Commute(<B1.c(l),B2(m)>:

Commute(<B1.d(l),B2(m)>:

   given j<p(j) ^ m<l)

   given j<p(j) ^ m<l)

   given j<p(j) ^ m<l)

   given j<p(j) ^ m<l)

Independently TrueCommute(<B1.e(l),B2(m)>:
   given j<p(j) ^ m<l)

Commute(<B1(l),B2(m)>: 
   given j<=p(j) ^ m<l)           given j<=p(j)

Program 15(a)  =  Program 15(b)

Figure17: CommuteCallsfor LU

B1.c(l): do k = 1, N
tmp = A(l,k)
A(l,k) = A(p(l),k)
A(p(l),k) = tmp

B2(m): do k = jB+B, N
do i = m+1, N

A(i,k) = A(i,m) - A(i,m)*A(m,k)

B2(m): do k = jB+B, N
do i = m+1, N
A(i,k) = A(i,m) - A(i,m)*A(m,k)

B1.c(l): do k = 1, N
tmp = A(l,k)
A(l,k) = A(p(l),k)
A(p(l),k) = tmp

(a)B1.c(l); B2(m) (b) B2(m); B1.c(l)
Figure18: SimplifiedComparison#2
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Figure19: RegionsandExpressionsfor SimplifiedLU

ysis for indirectarrayaccessesto moreaccuratelycompute
dependences.It is clearthat this informationmayeasilybe
inferredfrom thepivot computationin B1.a andB1.b. In
our implementation,this informationis passedby thecom-
piler asbindingsto themethodCommutealongwith the le-
gality conditionsin Table1.

With this information, our implementationof fractal
symbolicanalysisis able to automaticallyestablishthe le-
gality of the loop distribution transformationin Figure15.
For this example,our implementation,prototypedin Caml-
Light [13], took slightly lessthanonesecond.Most of the
analysistime is spenton the constructionandcomparison
of guardedsymbolicexpressionssincewehave notyetopti-
mizedthecode.

5.2 Experimental Results

To studytheeffectsof automaticblocking,we ran theSGI
compilerontheLU codein Figure15,afterloopdistribution
is performed.Givenjust this slightly transformedcode,the
SGIcompileris now ableto producesignificantlyfastercode
thatdoesnotdegradeasmatricesexceedthecache.Oncethe
loop is distributed,thecompileris ableto automaticallytile
theright-lookingupdate(B2) andessentiallyaccomplishthe
lastCarr/Lehoucqsteplistedabove.

Oncewe have isolatedthe update,dependenceanalysis
will allow us to distribute the portion of the swapcompu-
tation to left andright of the currentblock columnoutside
the block columncomputationto obtaina blocking struc-
turealmostidenticalto thatin theNetlib LAPACK. TheSGI
compilerdoesnotdothis itself; whenweapplythistransfor-
mationby hand,weseea modestincreasein performance.

Nevertheless,this code, at 200 MFlops, is still a fac-
tor of two slower than the LAPACK codes. Furtherex-
perimentationfoundtheremainingperformancegapduethe
compiler’ssuboptimaltreatmentof theright-lookingupdate
computation. Although, the SGI compiler is able to now
blocktheupdate,wesurmisethatit mayhavebeenconfused
by thepartially triangularloop boundsof theupdate.When
we index-setsplit thei loopby handto separatethetriangu-
lar andrectangularportionsof theupdate,thecompilergen-
eratedsubstantiallyfastercodeachieving over 300MFlops.
Finally, wenotethatif we replacethetriangularandrectan-
gularportionsof theupdatewith thecorrespondingBLAS-3
calls (DTRSM andDGEMM) usedin LAPACK, theresult-
ing codeachievesnearly400MFlopsandis within 10%of
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Netlib LAPACK and20%of thebesthand-optimizedcode.
Thus,with the ability to isolatethe update,we believe that
compilersshouldbe able to nearlymatchthe LAPACK as
theirability to matchtheperformanceof BLAS onperfectly
nestedcodesimproves.

6 Related and Future Work

A simple kind of symbolic analysiscalled value number-
ing [1] and a generalizationcalled global value number-
ing [20] areusedin someoptimizingcompilersto identify
opportunitiesfor commonsubexpressionelimination and
constantpropagation,but thesetechniquesarenotusefulfor
comparingdifferentprograms.

Sophisticatedsymbolic analysistechniquesfor finding
generalized induction variables have been developed by
HaghighatandPolychronopoulos[10] andby Rauchwerger
andPadua[19], but theirgoalis to performstrengthincreas-
ing to eliminateloop-carrieddependencesfor automaticpar-
allelization. Sincethis may produceDO-ALL loops from
loops with loop-carrieddependences,it may be advanta-
geousto preprocessprogramsin this way beforeapplying
fractal symbolicanalysissincethis eliminatesthe needfor
recursive simplificationin suchprograms.

Thework thatis closestto ourown is Rinard’scommuta-
tivity analysis[21] which is a programparallelizationtech-
niquethatusessymbolicanalysisto determineif methodin-
vocationscan be executedconcurrently. This approachis
basedon the insight that a sequenceof atomicoperations
canbeexecutedin parallelif eachpair of operationscanbe
shown to commute.Weareinterestedin proving thecorrect-
nessof programtransformations,not in parallelizingpro-
grams,and requiringall operationsto commutewith each
otheris too stronga conditionfor our application;thereis
alsono analogof recursive simplificationin commutativity
analysis.

The algorithmfor generatingguardedsymbolicexpres-
sionsin Section4 is reminiscentof backwardslicing [22]

which is a techniquethat isolatesthe portionof a program
thatmay affect the valueof a variableat somepoint in the
program.Ouralgorithmis simplerthantheusualalgorithms
for backwardslicing sincethe programsit mustdeal with
have beensimplifiedbeforehandby recursivesimplification,
anoperationthathasno analogin backwardslicing. A sim-
ilar statementcan be madeaboutthe computationof last-
write information[6].

The work describedin this papercan be extendedin
many wayssuchasthefollowing.

Ú The symbolicanalysisenginecanbe extendedto rec-
ognizeandsummarizereductionsinvolving associative
arithmeticoperationslike additionandmultiplication,
andthesymboliccomparisonenginecaninvokeasym-
bolic algebratool like Maple [5] to comparesuchex-
pressionsusingtheusuallaws of arithmetic.Theseen-
hancementsmighteliminatetheneedfor recursivesim-
plification in someprograms,but we do not yet have
any applicationswherethisadditionalpoweris needed.Ú Theintuitionbehindfractalsymbolicanalysisis to view
a programtransformationas a processwhich trans-
formstheinitial programincrementallyto thefinal pro-
gram.In general,therearemany incrementalprocesses
that achieve the effect of a given transformation,and
Table 1 shows just one suchway for the transforma-
tionslistedthere.
Given a programand its transformation,fractal sym-
bolic analysismay succeedin proving the correctness
of someof theseprocesses,but it may fail conserva-
tively for others.A usefulanalogyis inductionwhich
canbeviewedasanincrementalway of proving predi-
cates:givenapredicate,wecanusuallyformulatemany
inductive strategies for proving it, but only someof
themwill actuallysucceed.
Is it useful to explore an entire spaceof incremental
processesfor convertingoneprogramto another?If so,
how dowemanagethesearchto keepit tractable?Ú The proof of correctnessof the transformationfor LU
with pivotingdiscussedin Section5 requiredknowing
that a��?S[���VS . This constraintis easyto deduce,but
how doesacompilerknow in generalthatthis informa-
tion is useful? Oneapproachis to have the compiler
gatheras many constraintson variablesas it can de-
duce,andpassthemto the fractal symbolicanalyzer.
An alternative lazy strategy is to gatheronly factsthat
arerequiredfor proving thevalidity of transformations,
but it is not clearhow suchfactscanbeidentified.Ú Finally, wenotethatdependenceinformationfor loops
canberepresentedabstractlyusingdependencevectors,
cones,polyhedraetc. Theserepresentationshave been
exploitedto synthesizetransformationsequences[3,12,
14]. At present,we do not know suitablerepresenta-
tionsfor theresultsof fractalsymbolicanalysis,nordo



we know how to synthesizetransformationsequences
from suchinformation.
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