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Abstract

Modern compilersperformwholesalerestructuringof pro-
gramsto improve their efficieng.. Dependencanalysisis
the mostwidely usedtechniquefor proving the correctness
of suchtransformationgyutit suffersfrom thelimitationthat
it consider®nly thememorylocationsreadandwrittenby a
statementvithoutassumingary particularinterpretatiorfor
theoperationsn thatstatementExploiting the semanticof
theseoperationgermitsmoretransformationso be proved
correct,andis critical for automaticrestructuringof codes
suchasLU with partial pivoting.

Oneapproacho exploiting the semantic®f programop-
erationsis symbolicanalysisand comparisorof programs.
In principle,this techniquds very powerful, but in practice,
it is intractablefor all but the simplestprograms.

In this paper we proposea new form of symbolicanal-
ysisandcomparisorof programsappropriatdor usein re-
structuringcompilers. Fractal symbolicanalysiscompares
a programand its transformedversionby repeatedlysim-
plifying theseprogramsuntil symbolic analysisbecomes
tractablewhile ensuringthat equality of the simplified pro-
gramsis sufficient to guaranteequality of the original pro-
grams.

Fractalsymbolicanalysiscombinesomeof thepower of
symbolicanalysiswith thetractabilityof dependencanaly-
sis. We discussa prototypeimplementatiorof fractal sym-
bolic analysisandshow how it canbeusedo solvethelong-
openproblemof verifying thecorrectnessf transformations
requiredto improve the cacheperformancef LU factoriza-
tion with partial pivoting.

1 Introduction

Moderncompilersperform source-lgel transformation®of
programgo enhancdocality andparallelism.Beforea pro-
gramis transformedijt mustbe analyzedto ensurethatthe
proposedtransformationdoesnot changethe meaningof

0Thiswork wassupportecby NSFgrantsCCR-9720211EIA-9726388
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that program. Dependencanalysis,the most commonly-
usedanalysistechnique computesa partial orderbetween
executioninstancef statementsa dependencés saidto

exist from onestatemeninstanceto anotherif oneof these
instancesvritesto amemorylocationthatis reador written

by the otherone[23]. Any reorderingof statementzon-

sistentwith this partial orderis permittedsinceit is guaran-
teedto leave the input-outputbehaior of the programun-

changed.

Dependenceanalysishas beenthe focus of much re-
searchin the pasttwo decades. In early work, program
transformationwas carried out manually by the program-
mer, and dependencanalysiswas usedonly to verify the
legality of the transformation.More recently the research
community hasinventedpowerful algorithmsfor automat-
ically synthesizingperformance-enhancirtgansformations
for a programfrom representationsf its dependencesuch
as dependencenatrices,cones,and polyhedra[3, 12,14].
Thesetechniquesre sufficiently well-understoodhatthey
have beenincorporatednto productioncompilerssuchas
the SGIMIPSPro.

In spiteof thesesuccesseslependencanalysishasits
shortcomingsasis shavn by the contrived programin Fig-
urel1(a). In this program therearedependencesom state-
mentS1 to S2, andfrom S1 to S3. Thereare only two
statementeorderingsonsisteniith this partialorder: the
original program,and the programobtainedby reordering
S2 andS3. In particulay the statemenbrdershavn in Fig-
ure 1(b) is not consistentwith this partial order soa com-
piler thatrelieson dependencanalysiswill declarethatthis
transformations illegal. However, it is notdifficult to verify
thatthetwo programsn Figurel areequivalent. If z;,, and
¥in arethevaluesof x andy atthestart,thefinal valuesin x
andy are2x z;, for bothprogramsThereforethestatement
reorderingof Figurel is legal.

Intuitively, dependencanalysisprovides sufiicient but
not necessaryconditionsfor the legality of restructuring
transformations sincethis analysisconsidersonly the sets

1A moreprecisevariationof dependencanalysiss value-basedlepen-
denceanalysis[8, 16,18]. It is easyto verify that this alternatve analysis



Sl: 'y =X S3: x = 2*X
S2: y = 2%y = S2: y = 2%y
S3: X = 2*Xx S1: 'y =X
(a) Original program (b) Transformed program

Figurel: SimpleReorderingpf Statements

of locationsreadand written by statementsand doesnot
assumary particularinterpretationlmeaning)or the oper
ationsin theright-handsidesof thesestatementsExploiting
the semanticof theseoperationanleadto a richerspace
of programtransformationsisis shovn by our simpleexam-
ple,andis critical for restructuringmportantcodedike LU
with partial pivoting.

Symbolicanalysisis the usualway of exploiting the se-
manticsof operationsTo comparewo programdgor equal-
ity2, we derive expressiongor the outputsof theseprograms
asfunctionsof theirinputs,andattemptto prove thatthese
expressionsareequal.lf analgebraicaxiomsuchasthedis-
tributive, associatepr commutatve law of arithmeticcan
be assumedy the compiler it may be usedwhen proving
equality

In principle, symbolic analysisand comparisornof pro-
gramsis anextremelypowerful techniquéor proving equal-
ity of programs;not only can be it usedto verify the le-
gality of programrestructuring,but it canalso be usedto
prove equalityof programghatimplementvery differental-
gorithms,suchassortingprogramghatimplementguicksort
andmegesort. However, for all but the simplestprograms,
symbolicexecutionandcomparisornis intractable.

In this paper we describefractal symbolic analysis
which is a novel way of performingsymbolicanalysisand
comparisorof a programandits restructuredrersion. Fig-
ure2illustratesthehigh-levelidea.We assumeve aregiven
asymbolicanalyzethatcansymbolicallyanalyzeprograms
thatare“simpleenough”.Dependingnthepowerof thean-
alyzer thesemay be programswith only straight-linecode,
or programswith only straight-linecodeandDO-ALL loops,
etc. Let S be a programthatis to be restructuredo a pro-
gramT. If theseprogramsare simple enough,we invoke
the symbolicanalyzeron theseprogramsand either prove
or disprove their equality On the other hand,if the pro-
gramsaretoo comple to beanalyzedy the symbolicana-
lyzer, we generatéwo simplifiedprogramsS; andT,; which
have avery speciabroperty:if thesesimplifiedprogramsare
equal,we canconcludethat the original programsS and T
are equalaswell®. Analysisof the simplified programsis
performedn amannersimilarto the analysisof the original
programsiif the programsaresimpleenoughthey areana-
lyzed by the symbolicanalyzer;otherwise they in turn are

makesnodifferencein our problem.

2In this paper we areonly interestedn extensionagquality: two pro-
gramsareequalif theirinput-outputbehavior is equal.

3A minortechnicaldetailis thata simplificationstepmay actuallypro-
ducea numberof simplified programsfrom eachof the original programs,
in which caselt is necessaryo establishequalityof thatnumberof pairsof
simplifiedprograms.

Programs
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Figure2: Overview of FractalSymbolicAnalysis

simplified to producenew programsandso on (this is why
we call our approacHhractal symbolicanalysis).

It is guaranteedhat at somepoint, we will endup with
programsS, andT, thataresimpleenoughto be analyzed
even by a symbolicanalyzerthat canonly handlestraight-
line code.If we canprove thattheseprogramsareequal,we
canconcludethatS andT areequal;otherwise we conser
vatively assumehatS andT arenot equal,anddisallowr the
transformation.

Therearetwo importantcaveats.First, therulesfor sim-
plifying programsarederived from the transformatiorthat
relateghetwo programsvhoseequalityis to beestablished.
Therefore pur approacktannotbe usedto prove thatquick-
sortand meigesortare equal,for example,sincethesepro-
gramsarenotrelatedby arestructuringransformationSec-
ond,equalityof simplifiedprogramss a sufficientbut notin
generahecessargonditionfor equalityof the original pro-
grams. Therefore,successie simplification stepsproduce
programghatarelessandlesslikely to be equalevenif the
original programsareequal.lt is desirablahereforethatthe
coresymbolicanalyzetbepowerful sothatrecursve simpli-
ficationcanbeappliedsparingly

The restof this paperis organizedasfollows. In Sec-
tion 2, we introducethe highlightsof ourtechnologyby dis-
cussingtransformationof a small program. In Section3,
we discussthe simplificationrulesfor key transformations
in the literature. In Section4, we describethe basesym-
bolic analyzemwe usein our implementation\We applythis
technologyto automaticblocking of LU factorizationwith
pivotingin Section5 andshaw thatwe achiese performance
comparablavith thatof the LAPACK library [2] onthe SGI
Octane Finally, in Section6, we discussongoingwork.



2 A Small Example

In this sectionwe discussa smallexamplewhichis a distil-
lation of LU with partialpivoting andwhich illustratesvari-
ousaspect®f fractalsymbolicanalysis.

2.1 Source and Transformed Programs

The sourceprogramof Figure 3(a) traversesan arrayA; at

thej t* iteration,it swapselement#\(j ) andA(j +1),and
updatesll theelementdgrom A(j +1) throughA( N) using
thenew valuein A(j ) . Thisis amuchsimplifiedversionof

LU factorizationwith partial pivoting in which entire rows

of amatrix areswappedindentiresub-matricegreupdated
at eachstep. In our discussionmeta-ariablesB1 and B2

will beusedto referto theswapandupdatestatemenblocks
respectiely.

Loop distribution transformsthis programinto the one
shavnin Figure3(b). In thisprogramall theswapsaredone
first, andthenall the updatesaredonetogether This trans-
formationis usefulbecaus¢hesecondoop nestis perfectly-
nestecandcanbetiled to getgoodlocality of referenceAre
theseprogramsequal?

j): //Z\(A@ Bl(j):A/([fwap
tmp = A(J); tnp = A(]);
A1) = A +1); A1) = A(j+1);
A(] +1) = tnp; A(] +1) = tnp;
BZ(]):_//_update oj =1,N1
doi =J+1,N ) B2(j): //update
A(i) = A(i)TA()) do | —j+lN

A() = A(T)TA()) S

(a) Original Program (b) Transformed Program

B1(1) B1(1) BL(N)
B1 o o o o ... °
B2 o Y o @ . °
B2(1) B2(j2) B2(N)

(c) Incremental Loop Distribution

B1(j1): //swap BZ(jZ)://update
tnp = A(j 1); do 1 =j2+
A(]1) = A(j 1+1); A(i) :A(|)/A(12)
A()1+1) = tnp; B1(j1)://s
BZ(j2): //update tnp :A(jlgj
do 1 =j2+1 A(] L) = A(1+1)
A(|) —A(|)/A(12) A(]1+1) =t

(d) S1(j1) before S2(j2) (e) S2(j2) befor;e S1(j 1)

Figure3: Loop Distributionin RunningExample

Dependencanalysisrequiresthattherenot be a depen-
dencefrom aninstanceB2(j2) to aninstanceB1(j1) where
i1 > j2. Unfortunately this conditionis violated: for ary
jo betweenl and (N — 2), instanceB2(j,) writesto loca-
tion A(jo+1), andinstanceB1(j,+1) readsromit. Symbolic
analysisof theseprogram=on the otherhandis too difficult.

2.2 Fractal Symbolic Analysis of Example

Thekey to fractalsymbolicanalysigs to considetthetrans-
formationof the programin Figure 3(a) to the onein Fig-

ure 3(b) not as a one-steptransformatiorbut asan incre-
mentalprocesdn which instancef B1 are schedulede-

fore successkly earlierinstancesf B2 as showvn in Fig-

ure 3(c). At eachstepof theincrementaprocessyve locate
aninstanceof block B2 (sayB2(j2)) which is executedjust

befoe aninstanceof block B1 (sayB1(j1) wherejl > j2),

andreschedulé sothatit is executedustafterthatinstance.
It is obviousthatat theendof this processloop distribution

is complete andthatthis distributionis legal if eachstepof

theprocesss legal.

To verify thelegality of eachstepof theincrementapro-
cesswemustverify thattheprogramshaownin Figures3(d)
and(e) areequal;in otherwords,thatB1(j1)andB2(j2) com-
mute(assuminghatN > j1 > j2 > 1). Noticethat(i) these
programsare simplerthanthe onesin Figures3(a) and(b)
sinceeachonehasonelessloop, and(ii) their equalityim-
plies equalityof the original programsasrequiredby Fig-
ure2.

The symbolic analyzerwe usein our implementation
cananalyzeprogramsawith straight-linecodeand DO-ALL
loops,soit canperformanalysisandcomparisorof the pro-
gramsin Figure 3(d) and (e) without ary further simplifi-
cation. Let A;, and A,,: bethe valuesin array A before
andafter the executionof the programin Figure3(d). It is
easyto seethat 4,,; canbe expressedn termsof A;, as
a guarded symbolicexpression(GSE for short), shavn in
Figure4, consistingof a sequenc®f guardsdefiningarray
regionsandsymbolicexpressiondor thevaluesin thearray
in thoseregions.

1<k<j2 — Ain (k)
Aout(k): k=31 — Am(jl-l—l)/Am(j?)
E=j14+41 — Am(jl)/Am(j?)
else — Ain(k)/Ain(52)

Figure4: GuardedSymbolicExpressiorfor A,,:

An identical GSE expresseghe result of executingthe
programof Figure3(e). If A is assumedo betheonly live
variableafter executionof the two programs,we can con-
cludethatthatthe programsof Figure3(d) and(e) areequal,
sotheprogramsf Figure3(a) and(b) areequaltoo.

2.3 Discussion

It is usefulto understandvhathappensf we apply another
stepof simplificationto the programsof Figure3(d) and(e).
The reorderingof block B1(j1) over the iterationsof loop
B2(j2) can be viewed incrementallyas a processn which
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5 11) : ]1+1) Bl(]l) //swap
1+1) =tnp enp = 1);
B2(j2,i)://u pdate body A(j 1) = A(] 1+1)
A(I) = A1) IA( 2); Aj1¥1) = tmp;
(a) BL(j1); B2(j2,1i) (b) B2(j2,i); BL(j1)

Figure5: AnotherStepof Simplification

block B1(j1) is moved over theiterationsof loop B2(j2) one
iterationatatime. If eachmove is legal, the entirereorder
ing is clearly legal. The simplified programsare shavn in
Figure5(a) and(b); we mustverify thatB1(j1) andB2(j2,i)
commute,assumingthat N > j1 > j2 > 1 andthat
N >i> j2.

However, it is easyto verify thattheseprogramsarenot
equal. For example,for k = i = j1, thefinal valuesin
Aot (k) aredifferent. Thisillustratesthe caveatdiscussedh
Sectionl. Equalityof thesimplifiedprogramsds a sufficient
but not in generalnecessaryondition for equality of the
original programssothe simplificationprocesghatis atthe
heartof fractalsymbolicanalysismustbe appliedsparingly
In particular had our basesymbolic analyzerbeenableto
analyzeonly straight-linecode,we would have concluded
conseratively that the loop distribution of Figure3(a,b)is
notlegal.

To formalizetheintuitive ideaspresentedhn this section,
we needfo answeltwo questions.

1. Whatarethesimplificationrules?

2. Whatcoresymbolicanalyzeis bothpowerfulandprac-
tical?

We answertheseguestionsext.

3 Simplification Rules

To determineequalityof a programandits restructuredrer
sion,thecompilerusesatablesimilarto theoneshovnin Ta-
ble 1(a). To verify legality of atransformatiorshavn in the
first column,the Commutefunctionis invokedonappropriate
instantiation®f programstatementasshowvn in thesecond
columnof thistable. Theintuition behindthesdegality con-
ditionshasbeendescribedn Section2— thetransformation
is viewedincrementallyasreorderingpairsof instancesat a
time. For lack of spacewe have shavn the legality condi-
tionsfor only afew commontransformations.

The Commutefunctionis shavn in Figure®6. It is passed
two programfragmentspgm; and pgms, some optional
bindingswhich areconstrainton free variablesin the pro-
gram fragments,and a list of variablesthat arelive at the
end of executionof the programfragments. It returnstrue
if pgm, andpgms commute— thatis, if the resultof exe-
cuting pgm; followedby pgm- is the sameasthe resultof
executingthemin the oppositeorder assuminghatwe are

only interestedn the valuesof live variablesat the end of
execution.

The Commutefunctioninvokesthe symbolicanalysisand
comparisorenginedirectly by calling the Comparemethodif
the programfragmentgpgm; andpgm, aresimpleenough.
Ourimplementatiorof thismethods discussedéh Sectiord.
Ontheotherhand,if theseprogramfragmentsarenotsimple
enough,t appliesthe rulesshovn in Table1(b) to simplify
theprogramgecursvely till theprogramsaresimpleenough
to beanalyzedsymbolically As with therulesshavnin Ta-
ble 1(a),therulesin Table1(b) areeasyto understandf the
restructurings viewedincrementally Notethatexactly one
of therulesin Table 1(b) canbe appliedat eachsimplifica-
tion step,resultingin a deterministicsimplification proce-
dure.

3.1 Proof of Correctness of Simplification Rules

The validity of the legality conditionsin Table 1 follows
from thefollowing result,mary variationsof which have ap-
pearedn theliterature[11].

Lemmal Let S = {Sy;5:;Ss;...;S,} be a sequence
of program fragments,and let p be any permutationon
S. DefineR(p) = {(S;,S;) ' 1 < i < j < nA
p(7) > p(j)} asthe setof pairs of statementseodered
by p. Then,the program S is equivalentto the program
p(S) = {Sp(l) Sp(z); Sp(g); oS, n)} if {SZ'; Sj} isequiv-
alentto {S;; S;} whee (S;, S;) € R(p).

Proof: The Lemmafollows from inductionon the cardinality
of R(p). If |R(p)|| = 0 thenclearly S = p(S). Otherwise,
theremust@qst ans SUChthatp(z + 1) < p(z), whichim-
plies that (Sp(it1), Sp(iy) € R(p). SinceSy) and Sy (i+1)
commuteand are adjacentln p(S), transposmgthem gives
us an equivalent programp’(.S) where R(p') C R(p) and
IR(")I| = |[R(p)|| - 1. By induction,S = p(S). o

Intuitively, Lemmal allows usto reformulatethe prob-
lem of checkinglegality of a transformatioras a problem
of verifying commutatvity of statemeninstancegshat are
reorderedby thattransformation.The validity of the rules
givenin Tablel followsdirectly from this result.

3.2 Reduction Example

An interestingexampleof the useof therulesin Tablel is
provided by the reductionexampleshavn in Figure7. The
loop interchangeshawvn in Figures7(a,b)is legal if we as-
sumethatadditionis commutatve andassociatie, but every
iterationof the loop nestreadsandwritesvariablek, sode-
pendencesire violated by the restructuring. This program
is simpleenoughthat symbolicanalysisis tractablein prin-
ciple althoughit requiresreasoningaboutsummations.In



Transformation

Legality Condition

StatemenReordering
S1; S2; <-> S2: S1; Commute({S1, S2))
Loop Distribution/Jamming
doi =1,n doi =1,n
E%E: g <> o SHD Commute({S1(i1), S2(i2)) : 1 <= iy < i1 <= n)
S2(i)
Loop Interchange
doi =1,n doj =1, m L LAY
doj =1, m <> doi =1,n Oommme“s(“’]l)"5(22"]2»' ) .
S(i,j); S(i,j); 1<=14 <ip <=nAl<=js <j1 <=m)
LinearLoop Transformation
do (il1,i2,..., ik do (il ,i2,..., ik’ C ¢ S(7
S(i(1,|2 ..... ik )?<> (S( 1,020 |)k') ommute( (:)#
where (il .i2 ..., ik) =T(iliz2.... i k) z<JAT%)>T )

(a) SimplificationRulesfor CommonLoop Transformations

CommuteCondition

Recursive Condition

el se’
S2;

StatemenSequence
Commute({S1, B2) : cond) A
Commute(( SL; S2;...: SN, B2) : cond) Commute((52, B2) : cond) A
Commute({SN, B2) : cond)
Loop _
C'Ommuie(( dosll( IZ)I » u , BZ> : COnd) Commute({S1(i), B2) : cond Al <=1 <= u)
ConditionalStatement
if (pred) then .
Commute(( SS' ' BZ> : cond) Commute({S1, B2) : cond A pred) A

Commute({S2, B2) : cond A —pred)

(b) Recursve SimplificationRules

Tablel: SimplificationRules

practicemost compilersusepatternmatchingto detectre-
ductionsandtreatthemspecially but patternrmatchings no-
toriously fragile (for example,introducinga temporaryinto
thereductionwill causemostpatternmatchergo fail).

Fractalsymbolic analysissolvesthe problemelegantly.
UsingTablel, we generat¢hesimplifiedprogramshowvnin
Figure7(c,d).A symbolicanalyzethatcananalyzestraight-
line codecandeduceeasilythattheseprogramsequalif it is
allowedto assumehatadditionis commutatve andassocia-
tive; if additioncannotbe assumedo have theseproperties,
the symbolicanalysisand comparisorenginededucesor
rectly thatthe programtransformatioris notlegal.

3.3 Discussion

As mentionedn Section2, the precisionof fractalsymbolic
analysisdepend=n the power of the core symboliccom-
parisonengine.Notice thatthe proceduren Figure6 stops
simplifying assoonasthe statementbeingcomparedanbe
handledby the Compareprocedure.A more powerful Com-
pare procedurewill resultin fewer levels of simplification
andpotentiallymoreaccuratesymbolicanalysis.

4 Symbolic Analysis and Comparison Engine

We now describethe core symboliccomparisormprocedure
that is invoked after simplification. As mentionedearlier
it is importantfor this procedureto be as powerful asis
tractableso that simplificationcanbe appliedsparingly In
our work, we have foundthatit is sufficientif the symbolic
comparisorprocedureanhandlethefollowing classof pro-
grams.

e Programsconsistof assignmenstatementsfor-loops
and conditionals. No unstructurectontrol flow is al-
lowed.

¢ Loopsdo not have loop-carrieddependences.

¢ Arrayindicesandloopboundsarerestrictedo beaffine
functionsof enclosindoopvariablesandsymboliccon-
stants,andpredicatesarerestrictedto be conjunctions
anddisjunctionsof affine inequalities.

4t isimportantto remembethattheserestrictionsareonly for programs
thatcanbeanalyzedlirectly by thesymbolicanalyzertheyarenotrequired
for input programso fractalsymbolicanalysissincecomplexprogramsare
simplified recursvely till they meetthe restrictionsfor the core symbolic
engine.



Commutepgmi,pgma bindings,livewvars){
if Simplepgm ) then
if Simplepgm?2)
returnCompare{pgmi;pgmz}, {pgmazipgmi},
bindings,livevars)
else
returnCommutepgma,pgmi bindingslivevars)
else
case(pgm) {
(pgmiipgmy’) —
returnCommutepgm} ,pgmoa,
bindingslivewvars) A Commutepgm pgma,
bindings,livewvars)

(i f predthenpgm) /el sepgm}') —
returnCommutepgm’ ,pgma,
bindings||predlivevars) A Commutepgmy,
pgma bindings||-predlivewvars)

(doi=1,upgmi(i)) -
returnCommutepgm (i),pgma,
bindings||Vi.l < ¢ < ulivewars)

}
Figure6: The Commutdunction
doi =1, M doj =1,N
doj =1,N doi =1, M
B(i,j)://update on k B(i,j)://update on k
k =k + A(i,j) k =k + A(i,j)
(a) Original Program (b) Transformed Program
B(il,j1): B(i2,j2):
(k:{(er(il,jl) (k:Jk)+A(i2,j2)
B(i2,j2): B(il,j1):
k =k + A(i2,j2) = k+A1j1)
i

k
(c) B(i1,j1); B(i2,j2) (d) B(i2,j2); B(il1l,j1)

Figure7: Loop Interchangef ReductionCode

guards ( —  expression) (1;)
E

F)
F) )

guards( —  expressions (

A(R) =
guardn(g) — ezpressionn(g)

Figure8: GuardedsymbolicExpressions

The importantconstraintis the secondone. Althougha
loop maywrite to asectionof anarraythatis potentiallyun-
boundedat compile-time,at mostone iteration may affect
thevalueof ary givenlocationin anarray This ensureshat
the symbolic value of a given elementof the array canbe
expressedinitely. Techniquesuchasscalarexpansion23]
shouldbeusedto aggressiely eliminateloop-carrieddepen-
dences.

We canthensummarizéheunboundedetof expressions
for thevaluesn anentirearraywith afinite expressiorcalled
aguardedsymbolicexpression(or GSEfor short)whichcon-
tainssymbolicexpressionghathold for affinely constrained
portionsof the arrayasshawn in Figure8. Figure4 shavs
anexampleof aGSE.

Compareftmty,stmtabindingslivewvars) {
live, = setof live alteredvariablesn stmt,
liveo = setof live alteredvariablesn stmt o
if(live, # lives)

returnfalse

for eacha (k) in lives {
tree; = Build_Expr_Tree(stmtl,a(E),(D)
treeg = Build_Expr_Tree(stth,a(E),(D)

gse1 =NormalizeGSE¢ree,bindings)
gsez = NormalizeGSE¢rees,bindings)

if(- CompareGSEs@se;,gse2)
returnfalse

returntrue

}

Figure9: Comparisiorof SimplePrograms

Build_Expr_Tree@stmt,treebindings){
case(tree) {
Op(op,trees,...treey,) =
returnOp(op,
Build_Expr_Tree@stmt, treeq,bindings),...,
Build_Expr_Tree@stmt, treeq,bindings))

Condpredtreestreey) —
returnCondpred,
Build_Expr_Tree@stmt, treebindings),
Build_Expr_Tree@tmt, tree;bindings))

A(R) =
case(stmt) {
{A(T - i+c) :treel(f)) —

if (A = A) then

returnCondpindings||k =T -7 + ¢,
tree  (T™1 - (E — c)),A(E))

else

returnA(k)

{stmty;stmta) —
returnBuild_Expr_Tree(stmtq,
Build_Expr_Treestmts treebindings),
bindings)

(i f predthen stmt; el se stmtz) —
returnCondgindings||pred,
Build_Expr_Treestmti treebindings),
Build_Expr_Tree@stmta treebindings))

{do ix =1k, ur stmti) —

returnBuild_Expr_Tree(stmt tree,
bindings||Jix.lrx < ik < uk)

Figurel10: ExpressionTreeGeneration

Figure9 providesa high-level overviewn of our symbolic
comparisoralgorithm. We considereachalteredscalaror
array variablein the two programsbeing compared. Note
thatwe only needto considetlive variableq1]. If theGSES
correspondingp eachlivealteredvariableareequal thetwo
programsare declaredto be equal. We now describehow
GSEsareconstructedndcompared.



AK) = N2k 2j2+1 Al = k=j1+1
T F /\
/ ALK / k=j1
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k=j1+1 A 2) A A / N>k > j2+1
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A, (1+1) A k)
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(a) Treefor Figure3(d) (b) Treefor Figure3(e)

Figure 11: ConditionalExpressionTreesfor Running Ex-
ample

4.1 Generation of Conditional Expression Trees

A guardedsymbolicexpressionis essentiallya description
of the effect of a programon anarray As anintermediate
steptowardsthe constructiorof this descriptionwe build a
symbolicrepresentationf the programthatwe call a condi-
tional expressiontree A conditionalexpressiortreemaybe
viewed as a functionalexpressionthat describeghe output
of the programasa function of its inputs. Figure 11 showvs
the conditional expressiontreesfor the programsof Fig-
ure 3(d,e). Theinterior nodesof the treearepredicateand
operatorswhile the leaves of the tree are scalarsand array
references. Since simplified programshave only straight-
line codeandDO-ALL loops,theconstructiorof thesetrees
is straight-forward.Figure 10 shaovs analgorithmto gener
atesuchtrees.This algorithmprocessethe statementsf a
programin reverseordet determiningat eachstepthe tree
correspondingdo relevantoutputdatain termsof input data
andlinking thesetogetherto producethefinal result.

4.2 Normalization
sions

to Guarded Symbolic Expres-

In generalthe conditionalexpressiortreesgenerateébove
containa mix of conditionspredicatedy affine constraints
on one handand arithmeticexpressionon the other (Fig-
urell(a)is anexampleof suchamixture).To corvertthese
to guardedsymbolic expressionswe needto separatehe
two (Figurel1(b)is anexamplewherethe affine constraints
are separatdrom the arithmeticexpressions).We accom-
plish this by factoringthe affine constraintsoutsideof the
symbolicoperationshy repeatedapplicationof the follow-
ing transformation.

Op(op,treel ,...,Condﬁred,tree_ti,tree_f,'),...;‘reen)
U
Cond@red,op(op,treel ,e.free_t; ,...;‘reen),
Op(op,treel yeefree_f; ,...;‘reen))

At this point, the guardsaregeneratedy combiningthe
predicatest thetop of the factoredexpressiortree,andthe
correspondingrithmeticexpressionsaresimply takenfrom
the subtreesheneaththesepredicatesasis shovn in Fig-

Factorg¢ree) {
case(tree) {
Op(op,trees,...,Condpred,treet;tree_f;),...tree,) =
returnFactor(Condgred,
Op(op,treey,...treety,...kreey),
Op(op,trees,...tree_fi,...treey)))

Op(op,trees,...tree,) —
returnOp(op,Factorgree,),...,,Factor{ree ,,))

Condpredtree;strees) —
returnCondfpred,Factorree;),Factorfree ;)

A(E) =
returnA(E)

Build_GSE¢ree,guard)
if (guard) then
case(tree) {
Condpredtreestrees) —
returnBuild_GSE¢ree;,guard A pred) |J
Build_GSE¢rees,guard A —~pred)

Op(op,trees,...tree,) —
A(k) —
return{(guard, expr)}

else
return®

NormalizeGSE¢ree bindings) {
returnBuild_GSE(Factor{ree),bindings)

}
Figure12: FromExpressiorireesto GSES

CompareGSEsgse,gsez) {
for each(guard, expri)in gseq {
for each(guards,exprsa)in gses {
if (guardy A guards # false)
if (expr1 # expra)
returnfalse
}
}

returntrue

}
Figure13: Comparisiorof GSES

urel?2.

4.3 Comparison
sions

of Guarded Symbolic Expres-

Finally, Figure13illustratesthe comparisorof two guarded
symbolicexpressions.Therearetwo stepsto this compar
ison. First, we mustcompareeachpair of affine guardsof
thetwo guardedsymbolicexpressionsSecondfor ary two
guardsthat potentiallyintersect,we mustcomparethe cor
respondingsymbolicexpressions.If all suchsymbolicex-
pressionmatch,thenthe guardedsymbolicexpressionsare
declaredo beequal.Thevalidity of this conclusiorfollows
from the following argument. Eachguard specifiessome
region of the index spaceof the arrayin question,andthe
union of theseregionsin a guardedsymbolicexpressionis



equalto the entireindex spaceof thatarray If the values
in thetwo guardedsymbolicexpressiongreidenticalwhen-
evertheirguardgntersectthetwo arrayvaluesareobviously
equal.

For comparisorof affine guardswe mayemployanin-
teger programmingool suchasthe Omega Library [17]. If
thetool provesthata pair of affine guardsdo not intersect,
no comparisorof the correspondingrithmeticexpressions
needsto be performed. On the other hand, if the guards
sointersectthe expressiongnustbe comparedor equality
In our currentimplementationwe just checkfor syntactic
equality Thisis sufficientbothfor our simpleexampleand,
aswe shallseein Section5, for LU factorization.It would
be easyto useMaple or someother symbolicalgebratool
for this testif we wishedto exploit algebraicpropertiesof
numbers.

5 LU with Pivoting

Fractalsymbolic analysiswas developedfor usein an on-
goingprojecton optimizingthe cachebehaior of densenu-
mericallinearalgebragprograms.LU factorizationwith par
tial pivoting is a key routinein this applicationareasince
it is usedto solve systemsof linear equationsof the form
Ax = b. Figurel4 shovsthecanonicalersionof LU fac-
torizationwith pivoting thatappearsn theliterature[9]. In
iterationj of theouterloop,computationgreperformedon
columnj of thematrix A, anda portionof the matrix to the
right of this columnis updated.

LU factorizationwith pivoting posesa numberof chal-
lengesfor compilerwriters.

1. Cache-optimizedrersionsof LU factorizationcanbe

foundin the LAPACK library [2]. Theseblockedcodes
aretoo complex to be reproducechere,but they per
form muchbetterthanthe point versionshavn in Fig-
ureld.
Givenpoint-wiseLU factorizationwith pivoting,cana
compilerautomaticallygenerat@ cache-optimizeder
sion by blockingthe code?If so,how doesthe perfor
manceof the compileroptimized code comparewith
thatof hand-blockeatode?

2. Right-looking (eagerupdates)and left-looking (lazy
updates)ersionsof LU factorizationcan be obtained
by interchanginghetwo loopsof the updatestep.Can
a compilertransformright-looking LU to left-looking
LU andvice versa?

Fractalsymbolicanalysigs crucialto addresdoththese
challenges For lack of spacewe discussonly the problem
of blocking.

k

AL K) = AGK) - A ) A K)

Figure14: LU Factorizationwith Pivoting

5.1 Automatic Blocking of LU Factorization

To obtain code competitive with LAPACK code, Carr and
Lehoucgsuggestarryingout the following sequencef re-
structuringtransformation$4].

1. Stripminethe outerloopto formulateblock-columnop-
erations.

2. Index-set-splitthe expensve updateoperationto sep-
arate computationoutside the current block-column
from computatiorinsidethe currentblock-column.

3. Distribute the inner of the stripminedloopsto isolate
the out-of-columnupdate.

4. Tile the out-of-columnupdate.

The first two steps,stripmining and index-set-splitting,
aretrivially legal asthey do not reorderary computation.
The next step, loop distribution, is not necessarilylegal.
If legality is checkedusingdependencanalysis,the com-
piler will declarethe distribution illegal if thereis a de-
pendencdrom an iterationB2( n) to aniterationB1( 1)
wherel > m In fact, sucha dependencexistsin our pro-
gram; for example,both B2(j ) andB1(j +1) readand
writeto A(mt1, j B+B. . N) . Theefore,a compilerthatre-
lies on dependencanalysiscannotblodk LU with pivoting
usingthetransformatiorstrategy of Carr andLehoucq.Carr
andLehoucgsuggesthata compilermay be endaved with
application-specifiénformationto recognizethe swapand
updateoperationsin LU factorization,and to realize that
they canbelegally interchanged.

We now discusshow our implementatiorof fractalsym-
bolic analysis,a general-purpose&chnique canverify the
legality of thesetransformations.

To verify the legality of the loop distribution step, our
compiler consultsTable 1(a) and determinesthat it must
checkif B1(1) commuteswith B2(m) wherejB < m <
! < jB 4+ B — 1, asshavn in Figure 16. The compiler
invokesthe Commutemethodin Figure6 with theseparam-
eters,asshavn in Figure 17. However, thesesimplerpro-
gramsarenot “simple enough”;the loop that computeghe
pivot in B1. b(1) is a recurrencehat cannotbe handled
by our core symboliccomparisorengine,aswe discussed



dOjB—l N, B

oj =jB, jB+B-1
Bl()

/1 Pick the pivot

p(j) =
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N
if abS(A(l 1)) > abs(A(p(i).i))
p(i)

/1 Swap rows
do k = N

A(j k)
A(J,_k) =A(|0(J'),k)
A(p(j). k) =tnp
/1 Scal e colurm

do i —£+1
ACiyj) = A ) 1 OAGT)
/1 1n-Col um Update
do k = j+1, jB+B-1
doi =j+1, N
A(i,kg ="AGL k) - AL )AL K)
B2(j):
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do k = j B+B,
doi =j+

A, kﬂ }A(i,k) - A ) RA(] LK)

(a) BeforeLoop Distribution

dojB=1, N B
do j —jB jB+B-1
B1(j):
/1 Pick the pivot
p(i) :J
doi =)+1, N
|fp?Jb)S(A(l i) > abs(A(p(j),j))

/] Swap rows

dotk —_1A(JN K
?}D k; = A(p(J) k)
A(P(j ). K)

/] Scale col urm

do i —S+1

AL g) = ALY AT
Il In- CqurmUpate
dodk—1+1 jB+B-1

oi =

+1, N
ALK = ALK - AL AL K
/1 Dstrlbuted Loop

,doj =jB jB+B-1
B2(j):
/'l Ri ght - Looki ng Updat e
do k = jB+B-1,
do i = j+1, N
AL = AG LK) - AL ) *AG LK)

(b) After Loop Distribution

Figurel5: LU Factorization:Distribution Step

Bl.a(l): p(l) =1
Bl.b(l): do i =1+1,
if ?Ib)s(A(l I)) > abs(A(p(l).,1))
p =1
Bl.c(l): do k =1, N
tA ;A(I'Al(()(l) k)
) = p )
A_Ep(lg,k) = tnp
Bl.d(l): doi =1+1, N
A(i,I? = A(iL, L) 1AL
Bl.e(l): do k =1+1, jB+B-1
doi =1+1, N
ACiLK) = AGELK) - AGEL DY *ACL, K)
B2(m: do k = jB+B, N
doi = ml, N
A(i, k) = A(i,m - A(i, mM*A(m k)
(@)B1(1); B2(m

B2(m: do k = jB+B, N
doi = ml, N
AL k) = A(,m - A(T, M) *A(m k)
Bl.a(l): p(l) =1
BL.b(l1): do i = |+1
if alb)s(A(l 1)) > abs(A(p(1),1))
=i
Bl.c(l): do kp(: 1, N
tA ;A(:I'Ak%(l) k)
A_Ep'(lg,k) = tnp’
Bl.d(l): doAli:||+E,A(|\|i ) 1AL
Bl.e(l): do (e ?+I, j B+B- 1
doi =141, N
ACiLK) = A K) - AL L) *A(L, K)
(b)B2(m); BL(I)

Figure16: Simplified Comparisor#l

in Sectiond. Thereforetheseprogramsaresimplifiedagain
usingtherulefor statemensequenceis Table1(b). Thisre-
quiresthe compilerto testwhetherB2( n) commuteswith
thefivesubblocksn B1( 1) . OtherthanBl1. c( 1) ,thesub-
blocksof B1( 1) touchdatathatis disjoint from the data
touchedby B2( m) . Therefore,our compiler deduceghat
thesesubblockcommutewith B2( m) (asmalldetailis that
the analysisof whetherB1. b(1) commuteswith B2( m)
requiresan additionalstepof simplificationto eliminatethe
recurrencen B1. b(1)).

The only problem remainingis to demonstratethat
Bl.c(l) and B2(m commuteas shovn in Figure 18.
At this point, theseprogramsare “simple enough”,andthe
Comparemethodin Figure9 is invokedto establishequality
of the simplified programs. In fact, they are quite similar
to the runningexampleof Section2. The only live, altered
variablein either programis the array A, and the Compare

methodgenerateguardedsymbolicexpressiongor A from
eachprogram. Both GSE’s generatedrom Figure 18 con-
tain six guardedegions,shavn pictorially in Figure19. To
prove thatthe GSES areactuallyequivalent,CompareGSEs
is invokedto generateéhe 36 pairwiseintersectionsandthe
Omajalibrary [17] is usedto testnon-emptinessf thesere-
gions.Only six intersectiongrenon-empty(the six regions
shavn in Figure 19), and the correspondingsymbolic ex-
pressionsare syntacticallyidenticalin eachcase.Thus,the
compileris ableto demonstratéhe equality of the simpli-
fied programsand,thereforetheequalityof the programsn
Figure15. Sincethe symbolicexpressionsaresyntactically
equal,it follows thatthe restructuringdoesnot changethe
outputof the programevenif arithmeticis finite-precision.
Oneimportantnoteis thatthe programsf Figure18 are
equalonly if p(j) > j. Techniquesuchasvaluepropaga-
tion[7, 15] have beendevelopedto performthistypeof anal-



Program 15(a) = Program 15(b)
given j<=p(j) — given j<=p()) " m<l)

Commute(<B1(l),B2(m)>:

Commute(<B1.a(l),B2(m)>:— Independently True
given j<p(j) » m<I)

Commute(<B1.b(l),B2(m)>:—= Independently True
given j<p(j) » m<l)

/ Commute(<B1.c(l),B2(m)>:—= Symbolically True

given j<p(j) * m<l)

Commute(<B1.d(l),B2(m)>:— Independently True
given j<p(j) » m<I)

Commute(<B1l.e(l),B2(m)>:—= Independently True
given j<p(j) » m<l)

Figure17: CommuteCallsfor LU

Bl.c(l): do k =1, N
A ;A(:I'Al(()(l) k)
Aol 10 "y
B2(m: do k = jB+B, N
doi = ml, N
A(iL k) = A(L,m - A(P, m*A(m k)
(@Bl.c(l); B2(m

B2(m: do k = jB+B, N
doi = ml, N
AL k) = A(E,m - AL, M *A(m k)
Bl.c(l): dotI;TF::LA(INk)
AT ) = A(p(1), k)
A€p(lgyk) = tnp
(b)B2(m; Bl.c(l)

Figure18: Simplified Comparisor#2

Aout(s’t) =
/ m+1
Ain(S,t)
Ain(p(1),) Aip(P(1),0- Ajn(p(),m)*Ajn(m,t
|
Ain(10)- Am(sm)*Ain(%
T T p()
Ain(LY) | Ajin(L)- Ajp(m)* Ajp(m,t) l
jB+B N

Figure19: RggionsandExpressiongor Simplified LU

ysisfor indirectarrayaccesseto moreaccuratelycompute
dependencedt is clearthatthis informationmay easilybe
inferredfrom the pivot computatiorin B1. a andB1. b. In

our implementationthis informationis passedy the com-
piler asbindingsto the methodCommutealongwith the le-

gality conditionsin Tablel.

With this information, our implementationof fractal
symbolic analysisis able to automaticallyestablishthe le-
gality of the loop distribution transformationin Figure 15.
For this example,our implementationprototypedin Caml-
Light [13], took slightly lessthanone second.Most of the
analysistime is spenton the constructionand comparison
of guardedsymbolicexpressionsincewe have notyet opti-
mizedthecode.

5.2 Experimental Results

To studythe effects of automaticblocking, we ranthe SGI

compileronthelLU codein Figurel5, afterloop distribution
is performed.Givenjust this slightly transformedcode,the
SGlcompileris now ableto producesignificantlyfastercode
thatdoesnotdegradeasmatricesexceedthecache Oncethe
loopis distributed,the compileris ableto automaticallytile

theright-lookingupdatg(B2) andessentiallyaccomplistthe
lastCarr/Lehouccsteplistedabore.

Oncewe have isolatedthe update,dependencanalysis
will allow us to distribute the portion of the swapcompu-
tationto left andright of the currentblock columnoutside
the block column computationto obtaina blocking struc-
turealmostidenticalto thatin theNetlib LAPACK. The SGI
compilerdoesnotdothisitself; whenwe applythistransfor
mationby hand,we seea modesiincreasean performance.

Nevertheless this code, at 200 MFlops, is still a fac-
tor of two slower than the LAPACK codes. Furtherex-
perimentatiorfoundtheremainingperformancegapduethe
compilers suboptimatreatmenbf theright-lookingupdate
computation. Although, the SGI compileris ableto now
blocktheupdatewe surmisghatit mayhave beenconfused
by the partially triangularloop boundsof the update.When
we index-setsplit thei loop by handto separatehetriangu-
lar andrectangulaportionsof the updatethe compilergen-
eratedsubstantiallyfastercodeachieving over 300 MFlops.
Finally, we notethatif we replacethetriangularandrectan-
gularportionsof theupdatewith the correspondind®LAS-3
calls(DTRSM andDGEMM) usedin LAPACK, theresult-
ing codeachievesnearly400 MFlopsandis within 10% of



»— SGI Optimized LAPACK
-~ — Netlib LAPACK

—— Distributed update-BLAS
— - — - Distributed update-split
— = — Distributed update

- Rightlooking LU

Figure20: Transforming_U with Pivoting

Netlib LAPACK and20% of the besthand-optimizectode.
Thus,with the ability to isolatethe update we believe that
compilersshouldbe ableto nearly matchthe LAPACK as
theirability to matchthe performancef BLAS on perfectly
nesteccodesmproves.

6 Related and Future Work

A simple kind of symbolic analysiscalled value number
ing [1] and a generalizationcalled global value number
ing [20] areusedin someoptimizing compilersto identify
opportunitiesfor common sube&pressionelimination and
constanpropagationbut thesetechniquesrenot usefulfor
comparingdifferentprograms.

Sophisticatedsymbolic analysistechniquesfor finding
genealized induction variables have been developed by
HaghighatandPolychronopoulo§10] andby Rauchweger
andPadug[19], but theirgoalis to performstrengthincreas-
ing to eliminateloop-carrieddependenceer automatigar
allelization. Sincethis may produceDO-ALL loopsfrom
loops with loop-carrieddependencest may be adwanta-
geousto preprocesprogramsin this way beforeapplying
fractal symbolicanalysissincethis eliminatesthe needfor
recursve simplificationin suchprograms.

Thework thatis closesto ourown is Rinard'scommuta-
tivity analysis[21] which is a programparallelizationtech-
niguethatusessymbolicanalysigo determindf methodin-
vocationscan be executedconcurrently This approachis
basedon the insight that a sequencef atomic operations
canbe executedin parallelif eachpair of operationcanbe
shavn to commute We areinterestedn proving thecorrect-
nessof programtransformationsnot in parallelizingpro-
grams,andrequiringall operationgo commutewith each
otheris too stronga conditionfor our application;thereis
alsono analogof recursve simplificationin commutatvity
analysis.

The algorithmfor generatingguardedsymbolic expres-
sionsin Section4 is reminiscentof backwardslicing [22]

which is a techniquethatisolatesthe portion of a program
that may affect the value of a variableat somepointin the
program.Our algorithmis simplerthanthe usualalgorithms
for backwardslicing sincethe programsit mustdeal with
have beensimplifiedbeforehandby recursve simplification,
anoperationthathasno analogin backwardslicing. A sim-
ilar statementan be madeaboutthe computationof last-
write information[6].

The work describedin this papercan be extendedin
mary wayssuchasthefollowing.

¢ The symbolicanalysisenginecanbe extendedto rec-
ognizeandsummarizeeductionsnvolving associatie
arithmeticoperationdike additionand multiplication,
andthe symboliccomparisorenginecaninvokea sym-
bolic algebratool like Maple [5] to comparesuchex-
pressionaisingthe usuallaws of arithmetic.Theseen-
hancementmighteliminatethe needfor recursve sim-
plification in someprograms,but we do not yet have
ary applicationsvherethis additionalpoweris needed.

¢ Theintuition behindfractalsymbolicanalysigsto view
a programtransformationas a processwhich trans-
formstheinitial programincrementallyto thefinal pro-
gram.In generaltherearemary incrementaprocesses
that achieve the effect of a given transformationand
Table 1 shaws just one suchway for the transforma-
tionslistedthere.

Given a programand its transformation fractal sym-
bolic analysismay succeedn proving the correctness
of someof theseprocesseshut it may fail consera-
tively for others. A usefulanalogyis inductionwhich
canbeviewedasanincrementalvay of proving predi-
catesgivenapredicatewe canusuallyformulatemary
inductive stratgies for proving it, but only some of
themwill actuallysucceed.

Is it usefulto explore an entire spaceof incremental
processefor corvertingoneprogramto anotherdf so,
how dowe managehe searcho keepit tractable?

o The proof of correctnes®f the transformatiorfor LU
with pivoting discussedn Section5 requiredknowing
thatp(j) > j. This constraintis easyto deduce but
how doesa compilerknow in generathatthisinforma-
tion is useful? One approachs to have the compiler
gatheras mary constraintson variablesasit cande-
duce,and passthemto the fractal symbolicanalyzer
An alternatve lazy strat@y is to gatheronly factsthat
arerequiredfor proving thevalidity of transformations,
but it is not clearhow suchfactscanbeidentified.

¢ Finally, we notethatdependencmformationfor loops
canberepresentedbstractiyusingdependenceectors,
conespolyhedraetc. Theserepresentationsave been
exploitedto synthesizé&ransformatiorsequencef3, 12,
14]. At presentwe do not know suitablerepresenta-
tionsfor theresultsof fractalsymbolicanalysisnor do



we know how to synthesizdaransformatiorsequences
from suchinformation.
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