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Abstract

We presentompilertechnologyfor synthesizingparsena-

trix codefrom (i) densematrix code,and (i) a description
of the index structureof a sparsematrix. Our approachs

to embedstatementinstancesinto a Cartesianproduct of

statemeniterationanddataspacesandto produceefficient

sparsecodeby identifying commonenumerationgor mul-

tiple referenceso sparsematrices.The approachworksfor

imperfectly-nesteccodeswith dependencesand produces
sparsecodecompetitive with hand-writtenlibrary codefor

theBasicLinearAlgebraSubroutine¢BLAS).

1 Introduction

Mary applicationghatrequirehigh-performanceomputing
performcomputation®n sparsematrices.For example,the
finite-elementmethodfor solving partial differentialequa-
tionsapproximatelyrequireghe solutionof largelinearsys-
temsof theform Ax = b whereA is alarge sparsematrix.
Someweb-searchenginesand data-miningcodescompute
eigervectorsof large sparsematricesthatrepresenhow of-
tencertainwordsoccurin document®f interest.

Sparsematricesareusuallystoredin compessedormats
in which zerosare not storedexplicitly [18]. This reduces
storageequirementsandin mary codesalsoeliminateghe
needto computewith zeros.Figurel shavs a sparsematrix
and a numberof commonlyusedcompressedormatsthat
we will useasrunningexamplesin this paper

The simplestformat is Co-odinate storage (COO) in
which threearraysare usedto storenon-zeroelementsand
their row and columnpositions. The non-zerosnay be or-
deredarbitrarily. CompessedSparseRowstorage(CSR)is
acommonlyusedformatthatpermitsindexedaccess$o rows
but not columns. Array values is usedto storethe non-
zerosof thematrixrow by row, while anothelarraycolind
of thesamesizeis usedto storethecolumnpositionsof these
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Figurel: SparseStorageFormats
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entries.A third arrayrowptr hasoneentryfor eachrow of
the matrix, andit storesthe positionin values of thefirst
non-zeroelementof eachrow of the matrix. Compessed
SparseColumnstorage(CSC,notshavn) is thetransposef
CSRin which the non-zerosare storedcolumn-by-column,
andit offersindexed accesgo columns.

A more comple formatis the JaggedDiagonal (JAD)
format! An instanceof a JAD matrix is constructedy (i)
“compressing’the rows of the matrix sothatzeroelements
are eliminated (introducing an auxiliary array colind
to maintainthe original column indices); (ii) sorting the
compressedows by the numberof non-zeroswithin each
row in deceasingorder (introducinga permutationvectos
iperm ); and (iii) storingthe columnsof the compressed
andsortedmatrix, which are calledthe “diagonals”,in two
vectors,colind andvalues . Finally, Figure2 illustrates
the Diagonal(DIA) storageformatwhich is appropriatefor
bandedmatrices. Only the diagonalscontainingnon-zero
elementsarestored andelementsareaddressedly diagonal
andoffset.

In this paperwewill focusonlanguageandsystemsup-

1seethe Appendixfor a detaileddescriptiorof the JAD format.
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Figure3: BasicLinearAlgebraSubroutines

portfor iterative sparsematrix algorithms.Thereareat least
forty or fifty formatsthat are widely used,andit is com-
monto useapplication-specififormats. Sinceeachformat
requiresits own carefully tuned code, the problemof de-
signinglibrariesof iterative algorithmswhich cansupporall
thesecompressetbrmatsandwhich canbe easilyextended
to new formatsis aformidableone.

The approachtakenby the numericalanalysiscommu-
nity (for example,in thePETSdibrary from Argonne[2]) is
to encapsulattheformat-dependerdodeinto a setof Basic
Linear Algebia Suboutines(BLAS), the mostimportantof
which are shawvn in Figure 3. Theseroutinesare invoked
by format-independenimplementationsof iterative meth-
ods.Thereforethehigh-leveliterative codeshave to bewrit-
ten just once,but they mustbe linked with format-specific
BLAS. For densematriceshighly tunedimplementationsf
BLAS areroutinely providedby computervendorg7]. For
sparsematrices,the softwareproblemis much more diffi-
cult becausef the needto supportsucha large numberof
formats. Althougha numberof sparseBLAS librarieshave
beenwritten [8, 10, 2], they have hadlimited succesde-
cause(i) they supportonly a small numberof formats,and
(ii) they provide no leveragefor peopledesigningnew for-
mats.

Onesolution,first proposedy Bik andWijshoff [4, 5], is

to userestructuringcompilertechnologyto synthesizeparse
matrix programsfrom densematrix programs. Their com-
piler restructurednputcodego matcha Compessedyper
planeStorage(CHS)format(CSRandCSCarespecialkcases
of this format) whene&er possible.More recently Pughand
Shpeismaifl9] proposednintermediat@rogranrepresen-
tation for sparsecodesthat allows themto predictasymp-
totic programefficieng/ andmakedecisionsaboutchoosing
sparsematrix formats.

In our previous work [14], we argued that (i) sparse
matricesshouldbe viewed as sequential-accesdatastruc-
tures[22], and(ii) efficientsparsecodesshouldbeorganized
if possibleasdata-centriccomputationshatenumerat@on-
zeroelementf sparsanatricesandperformcomputations
with theseelementsasthey are enumerated.This view is
in contrastto the corventionalview of arraysas random-
accesgdatastructuresa view thatis usefulonly whenthe
arrayis dense. An importantrefinemento the sequential-
accessview is that somesparseformatssuchas CSRand
CSC have an indexing structure,and shouldthereforebe
viewedasindexed-sequential-accessuctureg22]. For ex-
ample the CSRformatpermitsindexing to rows (but notto
columns),andthis indexing structuremustbe exploited in
somecodessuchasmatrix multiplication.

To avoid having to write differentdata-centriggrograms
for eachsparseormat, we exploit the idea of genericpro-
gramming[16]. Theideabehindgenericprogrammings to
programthe algorithmabstractlyin a data-structure-neutral
fashionjustonce,obtainingconcretedata-structure-specific
programsby instantiatingthe abstractcode with different
datastructureimplementations.The mostwell-known ex-
ample of this approachis the StandardTemplateLibrary
(STL) in C++. Genericprogrammingis also exploited in
the MTL matrix library [21].

Corventional generic programmingusesa single API
which is (i) usedby the algorithm designersand (ii) sup-
portedby all datastructureimplementors. To obtain effi-
cient code,we found that our systemneededwo API's: a
high-level oneusedby the algorithmdesignersanda low-
level one supportedby data structureimplementors. The
high-level API is the API of densematrix programswhile
the low-level API permits sparsematrix format designers
to specify detailssuch as the indexing structureof matri-
ces.Theinstantiation of genericprogramsinto concetepro-
gramsrequitesrestructuringcompilertedinologyto trans-
late fromthehigh-level APIto thelow-level API. Thistrans-
lationrequiregestructuringf thedensecodeatadeepevel
to makeit data-centridor thedesiredsparsdormat,soit is
considerablynorecomplex thanthe C++templatenstantia-
tion mechanismFor example,generictriangularsolve (TS)
canbe codedin our systemasshavn in Figure4.? Thepro-
grammewrites codeasthoughall matricesveredenseput

2To keepthe examplesimpler we assumehatthe resultis to bestored
in theright-handsidevectorb.



#pragma instantia te with Bernoull i
template <class T, class BASE>
void ts(T L, BASE b[])

{

for (int j=0; j<L.colum ns(); j++) {
/~81* b[il = bfJ/L[] ]I
for (int isj+1; i<L.colum ns(); i++)
182 bl = bl - LG  *b[ ] ;
}
}
/I Will be instantia te d with the Bernoulli compiler.

template void ts(Jad<d ouble > L, double b[]);

Figure4: GenericTriangularSolve with Instantiation

specifieswhich classesnust be usedto implementsparse
matrices Pragmasndicatewhichtemplatedefinitionsareto
be instantiatedby the sparsecompiler; the restof the tem-
plate definitionsare handledby the underlying C++ com-
piler.

Previously, we shaved how this restructuringcould be
donein the simpler casewhenthe programis a perfectly-
nestedoop nestin which iterationscanbe executedin ary
order[11]. However, mary codesof interestsuchasthetri-
angularsolve in Figure4 are not perfectly-nesteénddata
dependencedo not allow executingstatementsn arbitrary
order This paperdevelopsthe sparsecodesynthesigech-
nologyfor ageneratlassof codesconsistingpf imperfectly-
nestedoopswith dependences.

The restof the paperis organizedasfollows. In Sec-
tion 2, we describehow the usercan specify sparsematrix
formatsin our genericprogrammingsystem. In Section3,
we describea generakestructuringcompilertechnologyfor
restructuringmperfectly-nestetbops.In Sectiord, we dis-
cusshow this technologycan be usedto synthesizesparse
matrix codefrom densematrix codeandsparseormat de-
scriptions. Although our approachcanbe usedto handle
codesn which sparsematricessuffer fill, we focuson codes
withoutfill in this papersincethisis adequatdor the BLAS
codes.In Sectionb, we presenexperimentaresultsdemon-
stratingthatour approactproducesodecompetitive with a
hand-optimizedsparseBLAS library. Finally, we summa-
rize the paperin Section6.

2 Generic Programming and Matrix Abstraction

For the purposeof this paperthe mostimportantaspecbf a
sparsdormatis its index structure.

To appreciatethe importanceof exploiting the index
structurein coderestructuringconsiderthe triangularsolve
codeof Figure4. Vectorb is denseandthe lower triangular
matrix L is sparse.The codeis imperfectly-nestedecause
statementS1 is not nestedin thei loop. Sincematrix L
is traversedby columnsand CSC permitsrandomaccesso
columns,it is relatively straight-forwardto generatedata-
centric sparsecodefor CSC,shavn in Figure 5, that enu-
merateghe non-zeroelementsof the matrix and performs

for col = enumerat e cols of L in increasi ng order
for row = enumerat e L[*][col] in increasi ng order
val = L[row][c ol];

if (row == col) /ldiagona | element
bfrow] = b[row]/v al;

else if (row > col) /Nlower  triangle
b[row] = bfrow] - val*b[co 1] ;

else ; /lupper triangle

Figure5: Data-centrid®seudocodér TriangularSolve
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Figure6: Sparseéviatrix Abstraction

computationsvith eachof theseelements.

For CSR storagehowever, it is necessaryo restructure
thecodefirst sothatit walksoverrowsof L, sinceCSRstor
ageprovidesrandomacces®nly to rows of amatrixandnot
to its columns. Thereforewe needa way of describingthe
index structureof sparseformats,andwe needtechnology
to restructurecodeto matchthis index structure.

The grammarin Figure 6 is usedto describethe index
structureof asparsenatrixto our systenf14]. Themostim-
portantrule for specifyingindex structureis thelndex — £
(nesting productionrule. For example,a CSRmatrixis de-
scribedasr — ¢ — v, indicating that rows mustbe ac-
cessedirst, andwithin eachrow, elementswithin columns
can be enumerated. The map{F(in) — out : E} and
perm{ P(in) — out : E} rulesareusedto describelinear
andpermutationtransformation®n the matrix indices. For
example,a matrix in DIA storageformat canbe described
asmap{d + o — r,o — ¢ : d = o — v}, while the
permoperatoiis usefulfor describingformatslike JAD. The
E'UE" (aggregation) ruleis usedo describeamatrix thatis
acollectionof two formats,suchasaformatin whichthedi-
agonalelementsarestoredseparatelyfrom the off-diagonal
ones.Enumeratinghe element®f suchmatrixrequiresenu-
meratingooth E' andE"”'. Finally, the E’ & E"' (perspective
rule meanghatthematrixcanbeaccesseth differentways,
using either of the index structuresE’ or E”. As we will
see JAD is anexampleof suchaformat.

The(attribute, . . ., attributé notationdescribegnindex



obtainedfrom multiple co-ordinatesenumeratedogether
asin the COO format ({(r,¢) — v). On the other hand,
(attributex - - - x attribute) denotesndependenindices,as
in adensematrix((r x c¢) — v).

Eachterm £ is optionally annotatedvith the following
enumeation properties

e Enumeation order. adescriptiorof theorderin which
coordinatevaluescan be enumeratecefficiently. For
the CSRformatabore, r is random-accessndwithin
eachrow, ¢ canbeenumerateefficiently in increasing
order

e Enumeation bounds a descriptionof the coordinate
valuesthatactuallyoccurin theenumerationA lower
triangularmatrix, for example,couldbeannotated <
ce<r<N

In additionto specifyingthis index structure the sparse
formatdesignemustwrite theactualcodeto performthese
enumerationsEachproductionin the view grammargiven
in Figure 6 hasan associatedhterface,which we have im-
plementedn C++asasmallnumberof abstractlasse$14].
The programmercorveys views of a storageformatto the
sparsecompilerby writing a setof classeghatinherit from
the appropriateinterfaces. Enumerationorderis incorpo-
ratedinto the classhierarchyby specifyingdifferentclasses

for enumerationghat are unordered/increasing/decreasing

etc. The boundson the storedindicesare conveyed to the
compilerusinga pragma.

In the running example of Figure 4, we will assume
that the sparselower triangularmatrix L is storedin JAD
format. Even thoughJAD is designedfor fast enumera-
tion alongthe long “diagonals”, it is also possibleto ac-
cessthe matrix rows throughthe indirectioniperm . In our
notation, this structurecan be describedby the expression
perm{iperm [r'] — r : (' = ¢ = v) ® ((v',¢) = v)}.
Enumerationpropertiesare usedto tell the compiler that
r,7’ > c andthatwhenther’ — ¢ — v perspectieis used,
r’ is random-accesandc canbe enumeratedn increasing
order As shavnin the Appendix,the JAD formatcanbeim-
plementedy thefollowing classeseachimplementingone
fragmentof theindex structureexpression.

e Jad: perm{iperm [r'] —7:...}
e JadPers : ... @ ...

e JadFlat : (r',c) = v

¢ JadHier 7' — ...

o JadRow: ¢ — v

SinceL canbe efficiently accesseeitherby “diagonal”
or by row, andthe codein Figure4 accesseg by column,
it is necessaryo restructurehis codeto makeit matchJAD
storage.The technologydescribedn the restof this paper
accomplishethis.

3 Framework for Data-centric Restructuring

In this section,we sketcha data-centricframeavork for re-
structuringimperfectly-nestediensematrix codeswith de-
pendenceslit extendsthe framevork we developedin [1]
for locality enhancemendf densematrix codes.For lack of
spacewe only sketchtheideashere;full detailsareavailable
in [12].

Our framavork makesthe usualassumptionsiboutpro-
grams: (i) programsare sequence®f statementmested
within loops, (ii) all memory accessesre through array
referencesandthereis no arrayaliasing,and (iii) all loop
boundsandarrayindicesareaffine functionsof surrounding
loop indicesandsymbolicconstants.

Wewill useS1, S2, ..., Snto namethestatements the
programin syntacticorder An instances, of astatemengk
is the executionof statementSk at iterationz;, of the sur
roundingloops. Flow-, anti-, andoutput-dependencédgom
statemeninstanceg; to statementnstances,; canbe ex-
pressedismatrix inequalitiesof theform D : D(3;,74)7 +
d > 0 whichwe call dependencelassegl].

For our runningexamplein Figure4, it is easyto shav
thattherearetwo relevantdependencelasses. Thefirst de-
pendencelassD; = {1 <j; <N 1<js <iy <Nj =
J2} arisesbecausestatemenS1 writesto a locationb[j]
which is thenreadby statemen$S2; similarly, the second
dependencelassD; = {1 < j1 < N1 < js < iy <
N, j1 = 12} ariseshecausestatemenS2 writesto location
b[i] which is thenreadby referenceb[j] in statement
SL.

3.1 Modeling Program Transformations

We modelprogramtransformationssfollows. We mapdy-
namicinstance®f statementso pointsin a Cartesiarspace
P. We thenenumeratehe pointsin P in lexicographicor-
der, andexecuteall statementsnappedo a point whenwe
enumeratehat point. If thereare morethanonestatement
instancesmappedto a point, we execute thesestatement
instancedn original programorder Intuitively, the Carte-
sianspaceP modelsa perfectly-nestedoop, andthe maps
modeltransformationshatembedndividual statementsto
this perfectlynestedoop. It shouldbe understoodhatthis
perfectly-nestedoop is merely a logical device—thecode
generatiorphaseproducesanimperfectly-nestedbop from
thespaceandthemaps.

For example,if we choseP = j x ¢, we canembedthe
codein Figure4 into P usingthemapsF; = (j, j) for state-
mentS1, andF; = (4, ) for statemen§2. Thisembedding
preserestheoriginal programordet

Clearly, not all spacesand maps correspondto legal
transformations. However, if the execution order of the
transformegrogramrespectall dependences.e. for each

SThereareotherdependencesut theyareredundant.



dependencethe sourcestatementinstanceis enumerated
andexecutedbeforethedestinatiorstatemeninstance)then
theresultingprogramis semanticallyequivalentto the orig-
inal program.We mustthereforeaddresshreeproblems.

1. Whatis theCartesianspacepP for thetransformedgro-
gram?

Eachstatemenhasaniteration spaceandadataspace
The iterationspaces a Cartesiarspacewvhosedimen-
sion is equalto the numberof loops surroundingthat
statement.The dataspaces a Cartesiarspacewhose
dimensionsarethe dimensionsof all referencedo ar-
rays on which we might want to be data-centric. In
our context, thesearethe referencesn the statement
to sparsarrays.The statemenspaceof a statements
the productof its iteration spaceand dataspace. We
denotethe statemenspaceof statementk by Si. If
we needto distinguishbetweerthe iterationspaceand
dataspacedimensionsof a statemeninstance,, we
will denotethe iterationspacecoordinateiby z:ik, and
the datacoordinatesvy diy, i.e. i = (itg,dtg). A
productspaceP for a programis the Cartesiarprod-
uct of its individual statementterationspacesFor the
purpose®f thispapeytheorderin whichindividualdi-
mensionsappeain this productis left unspecifiedand
eachordercorrespondso a differentproductspace.

Data-centriccodecan be obtainedby enumeating the
datadimensiondirst.

For the exampleof Figure4, L is sparse sothe data
spacefor S2 will have two dimensionscorresponding
to therow andcolumnof L. The statemenspacedor

the two statementsireS; = j; x I x [f andS; =

Ja X 19 x [§ x [5, wherethenameof eachdimensiorhas
beenchoserto reflectits pedigree A productspacehas
7 dimensionsandthereareatotal of 7! productspaces.

Embeddinghecodein theproductspaceP = I} x I, x

I$ x 1§ x j1 X ja2 x iz wouldresultin data-centricode,
asthedatadimensionsvould beenumeratetheforethe
iterationspacedimensions.

2. How do we determinemapsF}, to obtaina legal pro-
gram?

We embedstatemenspacesnto a productspaceusing
affine embeddindunctionsFy, : S — P. For eachde-
pendencevith sourcer; anddestinatioriy, the source
of the dependences mappedo F;(7;), andthe desti-
nationis mappedto Fy(74). If Fy(74) is enumerated
after F, (%), the restructuredprogram preseres the
execution order betweenthe dependenstatemenin-
stanceg; andz;. To guaranteghatlexicographicenu-
merationof the pointsin the productspacepreseres
the original programexecutionorder we requirethat
Fa(7q) — Fs(3) = 0 for all dependenceairs (7;, 74)

in all dependencelasse : D(7;, %)% +d > 0. As
dependencelassesare describedoy systemsof linear
inequalitieswe canuseFarkas’Lemmal9] to compute
the set of all legal embeddingfunctions, aswe have
demonstrateth [1].

For ourexample,onepossiblepair of embeddindgunc-
tionsis Fy(j1,05,18) = ({7,05,1¢,(¢, 41,51, 51)T and
Fg(jg, iz, lg, lg) = (lg, lg, 1(2:, 1(2:, j2, jg, iQ)T, whichem-
bed statementsS1 and S2 into productspaceP =
I x5 xI§ x 1§ x j1 X ja x iy, For all depen-
dencepairs (7, 7y) in dependencelassD;, we have
Fy(74) — F1(%) = (+,+,0,0,0,0,4+)T. Thisvectoris
lexicographicallypositive,therefordexicographicenu-
merationof the pointsin the productspacewill enu-
meratethe sourcef dependencelseforethe destina-
tions of dependencegnd programsemanticswill be
presered. Similarly, for all dependenceairs (7;, 7;)
in dependencelassD;, we have Fy(7y) — Fa(7s) =
(0,0, 4, +,+,+,0)T > 0, thereforeall dependences
arepresered.

3. Howdo weevaluatethe efficiencyof eat transformed
program?
In the contet of sparsamatrix codegenerationyve an-
swerthis questionin Sectior4.2.

4 Accounting for Sparse Matrices

Data-centriccode for sparsematricesmustenumeratehe
co-ordinatesappropriateto the sparsematrix format (e.g.,
the diagonald and offset o for the DIA storageformatin
Figure?2) ratherthanthedimension®f theervelopingdense
matrix. Thereforewe definethesparsedataspaceof astate-
ment,andusethatinsteadf the (dense}lataspacealescribed
in Section3 to definestatemenandproductspaces.

Thesparsalataspaceof astatemenis definedby starting
with its densedataspaceandrecursingover theindex struc-
ture of sparsematricesreferencedn thatstatementWhen-
ever a productionrule map{ F'(in) — out: E} is encoun-
tered, we remove the dimensionsout from the dataspace
andadddimensionsn to it. For example,for theDIA com-
pressedormat,thatmeangeplacingther ande dimensions
with thed ando dimensions.Theperm{ P(in) — out: E}
rule doesnotchangehedimension®f thedataspace' If no
sparseamatrixin theprogramcontainsaproductionE’ & E”
or E' U E”, this definesthe statementsparsedata space
uniquely

The aggreation and perspectie structuresmodify the
productspacesf a program. Intuitively, if statementSk
references matrix describecoy E’ U E” rule, we split Sk

4Permutationhowever changethe orderof enumeratiorof a dimen-
sion, that ordermay be importantfor legality andis handledby the code
generatiorphase.
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Figure7: RedundanDimensions

for row = enumerate rows of L in increasing order

for col = enumerat e L[row][*] in increasi ng order
val = L[row][col ];
if (row == col)
b[col] = b[colljva |;
if (col < row)
b[row] = bfrow] - val*b[col ];

Figure8: Row Data-centrid®seudocodéor TS

into two copies: Sk’ accessinghe matrix throughstruc-
tures E’, and Sk" accessingt through E”. The aggre-
gationrule requiresthe statemento be executedfor both
structuresE’ and E”, sothe resultingproductspacehave
dimensionsP = S x - x 8, x 8"y x - x S,. On
the other hand, the perspectie rule E’ & E” presentsa
choiceof accessstructure,which givesrise to two groups
of productspacesthe first group with dimensionsp’ =
Sy x - x 8 x -+ x 8, andthe secondgroupwith di-
mensionsP”’ = 8§; x - x 8", x - x S,.

In ourrunningexample theperspectie E' ¢ E’ produc-
tion rulein thestructureof thesparsamatrixL tellsthecom-
piler thatL canbeaccesseditherby row, usingt’ = (' —
¢ — v), or along“diagonals”,using E” = ({r',¢) — v).
Sincebothstatement$1 andS2 referencd., andthereare
two choicedor eachreferencethecodein Figure4 hasfour
groups(of 7! each)of productspaces.All productspaces
have the samesetof dimensions{ji, 7,15, j2,12,15,15} al-
thoughthe orderof dimensionsandenumeratiorproperties
aredifferentfor differentproductspaces.

4.1 Generating Data-centric Code

We canthink of a productspaceand embeddingasrepre-
sentinga perfectly-nestetbop nestwith guardedstatements
wherewe enumeratéhe valuesof all dimensionsandexe-
cutestatemensk whenthevaluesbeingenumeratednatch
the embeddingFy, (7). However, this codewill have very
poor performanceTo improve performanceit is necessary
to (i) identify andeliminateredundantlimensions(ii) allow
differentdirectionsof enumerationand (iii) usecommon
enumeration$or relateddimensions.

Redundant dimensions To give oursehesmore flex-
ibility to restructurethe code, we introduced mary di-
mensionsin the product space. Now, after we have

determinedthe embeddings,we can identify the dimen-
sions we do not need and eliminate them. For our
example, consider the (ordered) product space’ ? =
I x 15 x If x 1§ x j1 x ja X iy, and the embed-
ding functionsF (j1, 17, 1¢) = (15, 15,15,15, j1, 71, 71)T and
Fy(ja, i, 15,15) = (15,15, 15,15, ja, 52, i) T Asl] = 1§ =
J1, 15 = ix andl§ = j,, thevaluesof dimensionds, I5, j1,
is andj, of the productspacearedeterminedy thevalues
of the precedingdimensiond] andl{. More generally we
identify redundantimensionsasfollows.

Embeddingfunctionsare affine, andfor eachstatement
instance), = (ﬁk, cftk), thedatacoordinate&ftk areaffine
functionsof theloopindicesii;. We canthereforerepresent
theembeddindunctionsas Fj (i) = Grity + gx, Wherethe
matrix G, defineghelinearpartof Fy, andthe vector g is
theaffine part. We canusethematrixG = [G1G5 .. .G,] to
identify redundantimensionsn the productspace We use
G* toreferto thek!* row of thematrix G. For ourexample,
this matrixis shavnin Figure?.

If arow of theG matrixis alinearcombinatiorof preced-
ing rows, the correspondinglimensionof the productspace
is saidto be redundantIn our example,only dimensiong’
and!{ arenotredundantlt is notnecessarjo enumeratee-
dundandimensionsincecodeis executedonly for asingle
valuein thatdimensionandthatvalueis determinedy val-
uesof precedingdimensionssowe generateodeto search
for thisvalue.

Enumeration Directions In Section3 we saidthatthe

pointsin the productspaceareenumeratedh lexicographic
order That requirementis reasonablefor densematrix

codeswherewe have randomaccesgo thematrixelements.
Sparsematrices,however, may not supportefficient enu-
merationalong particulardatadimensionin increasingor-

der. For example,enumeratinga COO matrixin orderof in-

creasingow numberwould requirea linear searchfor each
element. As lexicographicenumeratiorof sparsedatadi-

mensionganbe prohibitively expensie, we requireit only

whenit is necessaryor preservingdependences.

In our example,in orderto notviolate dependencelass
D1, the enumeratiornof dimension!] mustbe in increas-
ing order However, the orderin which we enumerateghe
remainingdimensionsof the productspaceis irrelevantto
thedependencdn classD, —thesalependencearealready
satisfiedbecausef thelexicographicenumeratiomf dimen-
sion!]. Similarly, dimension/{ mustbe enumeratedn in-
creasingorderin orderto satisfydependencelassD,. All
otherdimension®f the productspacecanbe enumerateth
arbitraryorder

In general,only someof the dimensionsof the product
spaceneedto be enumeratedh a particulardirectionin or-
derto ensurdegality. If thek*” dimensiorof thedifference
F4(74) — Fs(75) for somedependencelassD is thefirst di-
mensionwith non-zero(i.e. positive) value,thendimension



template <>
void ts(Jad<d oubl e> &L, double b[])
{
int  m = L.column s();
JadPers<d oubl e> LPers
JadHier<d oubl e> LHier

L.subter m();
LPers.su bt er m2();

for (int r=0; r<m; r++){
JadHier<d ouble >::it erator _ty pe it_rr =
search(LHi er.b egi n(), LHier.en d() , L.unmap(r ));
JadRow<doubl e> Lrow = LHier.su bterm(i t_rr) ;
for (JadRow<double> :: it erato r_ty pe
it c = Lrow.begi n() ;
it c 1= Lrowend () ; itct+) {
int ¢ = *it_c;
double v = Lrow.sub te rm(it _c);
if (r >c) {
b[r] -= blc] * v
} else {
b[r] =0b[rl [/ v

Figure9: CompilerinstantiatedCodefor TS

k of theproductspacemustbe enumerateth increasingor-
derto satisfydependencelassD.

Common enumerations An importantoptimizationis
recognizinggroupsof dimensionghat couldbe enumerated
together In previous work [11], we developedtechnology
for commonenumeratiorof dimensionswhich arerelated
througha single parametricvariable(we calledthesejoin-
abledimensions)We usecommonenumerationfor groups
of dimensiongonsistingf a non-redundarmdimensionand
redundantdimensionghatimmediatelyfollow it andarelin-
earlydependenbnit. Thereareanumberof waysof per
forming commonenumerationsvhich arecloselyrelatedto
join stratgjiesin databasesystemssuchas mege-join and
hash-join[11].

In the example,dimensiong’ and!; areenumeratedo-
getherasaredimensiong{ and/$. Thesecommonenumera-
tionsaretrivial becaus¢hey enumerat¢he samedimension
of the samematrix. All iteration spacedimensionsarere-
dundantinddo notevenneedsearchesstheirvaluescould
beaccessedirectly.

The resultingdata-centrigpseudocodés shovn in Fig-
ure 8. The importanttransformatiorthat hashappeneds
thatmatrix L is accessetby row to matchthe JAD format,
while the original codein Figure4 accessed by column.
This pseudocodés instantiatednto the C++ codein Fig-
ure9in astraight-forwardvay.

4.2 Search Space and Cost Estimation

In theory we can enumerateall legal enumeration-based
codesasillustratedin Figure 10, then estimatethe cost of
eachcode,andselectthe bestone. For the running exam-
ple, that would involve (i) selectingoneof the four groups
of productspacesrisingfrom the differentwaysto access

@ Code

I S o
N N

Implementation

Order of
Dimensions

Perspective
Choices

Embeddings
Choices

Figure10: SearchSpace

L; (i) selectingl of the possible7! ordersof the dimen-
sionsof the productspace(iii) chosingone setof embed-
ding functionsamongthe legal ones;and(iv) decidinghow
to combinetheenumerationsf L for thetwo accesse® it.

Figure 11 describeshow we evaluate the cost of
enumeration-basguseudocodes Eachsyntaxrule is anno-
tatedwith its associatedost. EnumCostlepend®nwhether
we areenumeratinghe dimensionin a directionsupported
by the format, or whetherdependencef®rce usto enumer
atein a differentdirection. SeachCostdependn thetype
of enumeratiormethodavailable for that dimension(e.g.,
whetherit is aninterval, or whetherthe valuesare sorted).
CommonEnumCosiependon whatcommonenumeration
implementationsireavailablefor the correspondinglatadi-
mensions.

4.3 Heuristics to Limit the Search Space

Searchinghe full spaceof enumeration-basetbdesis im-
practical ,but thefollowing heuristicamakethesearctspace
manageable.

Data-centricExecutionOrder: We only considerdata-
centricordersof dimensionsof the productspace(i.e., or-
dersin which all datadimensioncomebeforeary iteration
spacedimensions)In therunningexamplefor instancewe
considetheproductspaceP = {f x I x I x 1§ x ji X ja x i3
becausall datadimensionareorderedbeforeary iteration
spaceadimensionsbut we do not considerthe productspace
P =17 x 1§ xIf x j1 xI§x js x iy becausaniteration
spacedimension(j; in this case)is orderedbeforea data
spacedimension((5 in this case).

Theindexing structureof sparsematricesputsfurtherre-
strictionson the dimensionorderingswe needto consider
For example,if L is accessethroughthe abstracstructure
r" — ¢ — vin statemen8§1, ourcompilerdoesnotconsider
productspacesn which!/ is enumeratetheforel;.

CommonEnumeations: Efficient sparsecodeenumer
atesthe dataas few times as possible,so our goal is to
useasingleenumeratiorof a sparsematrix, andexecuteall
statementsvhich referencethat matrix. That restrictsour
choiceof embeddindunctionsto justthreeperdimension:a
commonenumerationvith amatchingdimensiorof another
statementpr, if thatis not legal, embeddinghe statement

5Theguard conditionalsarisebecausef loop bounds.



S ¢ for i€ enum(iterator) do S

| for i€ enum(itry,itry) do S

| if (i €search (iterator)) then S
| if (guad) then z=y

| S1; .53

EnumCodiiterator) * CostS)
CommonEnumCdstr , itry) * Cos{.5)
SeachCostiterator) + Cost5)

1

Cost(S1) + Cost S»)

Figurell: CostEstimation
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Figurel12: TSon SGIR12K

\D NIST C mNIST Fortran # Our Code\

MFLOPS

CSR csc JAD

Figure13: TSonIntel Pl

befoe or after the enumeratiorof the matchingdimension.

5 Experimental Results

We areimplementingthe algorithm presentedn this paper
in theBernoulliSparseCompiler Thegenerigorogramming
systemthat we have implementeddoesnot usevirtual
methodsasdo the examplesin this paper Insteadwe use
theapproactof BartonandNackman23] to ensurehatall
methodinvocationscanberesohedto methoddefinitionsat
compiletime. See[13] for amoredetaileddiscussiorof the
performancessuednvolvedin implementingour system.
Herewe presenperformanceneasurement®r therun-
ning example(TS) for the CSR,CSC,andJAD formats,on

anSGI Octané andanintel Pentiumll ” machinesWe com-
paredthe NIST SparseBLAS [10] library with code pro-
ducedaccordingto our algorithmwith no further optimiza-
tions. The library providesFortranand C implementations
andsupportsl3compressetbrmats. Themorecomplicated
formatssuchas JAD are not supportedin the betteropti-
mizedC implementation.

Ourcodeis structurallyequivalentto theonein theNIST
C library. Thereareonly minor syntacticdifferenceswhich
resultin smalldifferencesn performancéetweerour code
andtheNIST C codeonthe SGI Octane.The NIST Fortran
codesarelessspecializede.g,thereis singlecodefor a sin-
gle or multiple right-handsides) sothey performworsethan
bothour codeandthe NIST C code.

Figuresl2 and13presenthe performancen the matrix
can 1072 from the Harwell-Boeingcollection[15]. The
relative differencesetweenthe NIST codesand our code
arerepresentagie for otherinputsand benchmarks.These
resultsindicatethatthe genericprogrammingapproacican
successfullcompetewith hand-writterlibrary code.

6 Conclusions

We have presente@ generaframevork thatcanbe usedfor
synthesizingsparsematrix codesfrom imperfectly-nested
densematrix codesand specificationsof compressedor-
mats. The compressedormats specificationlanguageis
generalenoughto captureall sparseformatsthat we are
aware of, andit also permitsusersto definenew formats.
Our code synthesisalgorithm is able to exploit the index
structureof sparsematrix formatsand generatecodecom-
petitive with hand-writtenlibrary codesfor the BLAS rou-
tines.

Automatic selectionof sparsformats[3] for particular
applicationss aninterestingextensionto thework described
here. One possibility is to makethe compilerresponsible
for makingthis selectionusingcostestimatiorruleslike the
onesdescribedn Section4. Another possibility is to use
an empirical optimizationapproachsimilar to that usedin
the ATLAS system[24] — the systemgeneratesodefor a
varietyof promisingformats,anddeterminegxperimentally

6300MHz R12K processar2MB L2 cache,MIPSprov.7.2 compile
flags:-O3-n32-mips4.

7300MHz, 512KB L2 cache,256MB RAM, egcs-2.91.6&ompile
flags:-O3-funroll-loops.



which one givesthe bestperformanceor the datasetsof
interest.

Synthesizinggodecompetitve with handwrittercodefor
matrix factorizationssuchasCholesly or LU with pivoting
remainsanopenproblem.Handwrittencodesfor theserou-
tines[17, 6] usemary special-purposeptimizations andit
is not clearhow or evenwhethersuchoptimizationsshould
be incorporatednto a general-purposeestructuringcom-
piler systemsuchasthe onedescribedn this paper
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Figurel14: Building JAD Storage

A Jagged Diagonal Compressed Format

In this appendixwe presentdetailsof the Jaggediagonal
(JAD) formatthatwasusedasanexamplein this paper

An instanceof a JAD matrix may be constructedasfol-
lows. First, the rows of the matrix, asin Figure14(a),are
“compressedsothatzeroelementsareeliminated.Thisre-
quiresintroducingan auxiliary array colind , to maintain
the original columnindices. This is shavn in Figure14(b).
Next, the rows of the compressednatrix are sortedby the
numberof non-zeroswithin eachrow in deceasingordet
This requiresintroducinga permutatiorvector iperm , as
shawvn in Figure 14(c). Finally, the columnsof the com-
pressedand sorted matrix, which are called the “diago-
nals”, arestoredcontiguouslyin two vectors,colind and
values . Thevectordptr is usedto recordthefirstindex
of theentriesof eachdiagonabithin colind  andvalues
Thefinal storagds shavn in Figure14(d).

The non-zeroentriesof a matrix in JAD format canbe
enumeratedjuickly and efficiently by enumeratinghe val-
uesof colind andvalues . In addition,if the program
canbe restructuredo work with the permutedrow indices
insteadof therow indices,thenefficientrow-orientedaccess
canbeprovide aswell. Thisis necessarjor suchcomputa-
tions astriangularsolve, which placecertainconstrainton
theorderin which elementsnaybe enumerated.

A.1 High-level API for JAD

The high-level APl presentsa dense-matrixview of the
sparsanatrix andis usedby the algorithmdesigner

The structureJadStorage is usedto hold all of the
component®f the JAD storagewithin a singleobject. For
eachmatrixin the JAD formattherewill beasingleinstance
of this classwhich maintainghe storagefor thatmatrix. All
otherclassesn the JAD implementatiorkeepa referenceo
thisinstance.

1 ]
n JadStorag e n
1 /A ]

template <cl ass BASE>
struct  JadStora ge {
public:
vector<in t> *iperm;
vector<in t> *dptr;
vector<in t> *colind;
vector<BA SE> *values;
const int n;
const int nd;
const int nz;

JadStorag e(vecto r<int > *_iperm,
vector<int > *_colind,
vector<BAS E> * values )

: iperm(_i perm), dptrCdpt r), colind(_co i nd),
values(_ valu es), n(iperm-> si ze()) ,
nd(dptr- >siz e() -1), nz(colin d->si ze()) {

vector<in t> *_dptr,



The JadRandom classinherits from the matrix — ab-
stractclassandimplementghe randomaccessnterfacefor
thematrixby implementingheget andset abstractmeth-
ods. The methodref within this classis responsibleor
findingaparticular(r, ¢) entrywithin thematrix. It doesthis
by first finding the correspondingow within the permuted
index space andthenperforminga linear searchwithin the
row for the given columnindex. A binary searchcould be
used,if it wereassumedhat entrieswithin a row were al-
wayssortedby columnindex.

T 000

/A JadRandom /A
M R )

template <class BASE>
class JadRandom : public
protecte d:

JadStorag e<BASE> *A;

matrix<xB ASE> {

public:
JadRandom(i nt m, int n, JadStora ge<BASE> *A)
matrix<BAS E>(m,n) , A(A) { }

virtual “JadRand om() { }

BASE *ref (int r, int c¢) {
int = -1;
for (rr=0; r<A->n; rr++)
if (*A->ipe  rm)[r ] ==71) break;
assert(rr 1= A->n);

for (int d=0; d<A->nd; d++) {

int jji_lo = (*A->dptr )[d I;
int jj_hi = (*A->dptr )[d +1];
int jj = j_lo + 1

if (i >= ji_hi) break;
if (*A->col ind)[jj ] == c¢)
return  &(*A->va lues) [ |] ;

}

return 0;

}

virtual BASE get(int r, int c) {
BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0; }

}

virtual void set(int r, int c, BASEVvV) {
BASE *p = ref(r,c);
assert(p)
o=y

A.2 Low-level APl for JAD

Thelow-level API presentsheindex structureof theformat
to therestructuringcompilet

Usingthe grammaipresentedh Section2, thefollowing
view canbe usedto describetheindex structureof the JAD
format.

map{iperm [rr] = r: (< rr,e>— v)D(rr = ¢ = v))}

The following classesmplementthe differentpiecesof
theview.

e Jad: map{iperm [rr]—r:...}

e JadPers : ... @ ...

e JadFlat : < rr,e>—w

e JadHier :rr — ...
e JadRow: ¢ — v

We presentheclassesinside-out”.

TheclassedadFlat andJadFlatlterator imple-
mentthe view of the JAD formatthatis appropriatdor fast
enumeration.As its view suggeststhis implementations
very similar to the implementationof co-ordinatestorage
presenteckarlierin the paper The differenceis that, with
the JAD format,the row index is not storedwith eachentry,
and mustbe computedon the fly. This is donein method
JadFlatlterator::operator *,

M /A ]
i JadFlat i
M /]
template <cl ass BASE> class JadFlatlt erator;
template <cl ass BASE>
class JadFlat

public  term_nest ing < JadFlatlt er ato r< BASE>,

term_scal ar <BASE> >

protecte d:
JadStorag e<BAZE> *A;
public:
JadFlat(J adSto ra ge<BASE> *A) AA) { }
virtual iterator _t ype begin()
{ return JadFlatl te rato r<BASE>(A, 0); }
virtual iterator _t ype end()
{ return JadFlatl te rato r<BASE>(A, A->nz); }
virtual subterm_ ty pe subterm(i terator _type it) {
return  (*A->value s)[i t jj] ; }
b

i /A e )
n JadFlatl te rat or /A
I /A A R )

template <cl ass BASE>
class JadFlatlt erator
public increasin g_ite rator<pair<inti nt> > {
friend class JadFlat< BASE>;
protecte d:
JadStorag e<BASE> *A; int jj; int d;
void  frob_d() {if ( == (*A->dpt r)[ d+1]) d++ 1}
public:
JadFlatlt er ato r( JadStor age<BASE> *A, int Jj)
AA), G, d@© {}
virtual void operator  ++(int) { ji++;
virtual key_type operator *() {
return
make_pai r( jj- (* A->dptr )[ d] ,(* A->coli nd)[ jj 1);

frob d() ; }

virtual bool equal(
const proto_it erator<pair< int, int > > &y) const
{ return jj ==
dynamic_ cast< const JadFlatlte rator &>(y). |}

The JadHier , JadRow and JadRowlterator
classesprovide row-oriented accessto the JAD format.
The JadHier classprovides accessto the rows within
the permuted row index space. The JadRow and
JadRowlterator classegrovide accesgo the non-zero
elementsvithin eachrow accessettia JadHier



i R )
n JadHier n
I A )

template <clas s BASE> class JadRow;
template <clas s BASE> class JadRowlte rator;

template <clas s BASE>
class JadHier
public  term_nest in g< interval_ it erato r<in t>,
JadRow<BASE> >

protecte d:
JadStorag e<BASE> *A;
public:
JadHier(J adStora ge<BASE> *A) AA) { }
virtual iterator _t ype begin()
{ return interval_i terator<i nt>(0); }
virtual iterator _type end()
{ return interval_i terator<i nt>(A->n); }
virtual subterm_ ty pe subterm( ite rator_t ype it) {
return  JadROw<BASEXA ,* it ); }
b
M /A ]
1 JadRow 1

M /e

template <clas s BASE>
class JadRow
public  term_nest in g< JadRowlte rato r<B ASE>,
term_scal ar <BASE> >

{
protecte d:
JadStorag e<BASE> *A; int r; int dmax;
public:
JadRow(Ja dSto rag e<BASE> *A, int 1) : A(A), r(r) {
for (dmax = 0;
dmax < A->nd-1 &&
r < (*A->dpt r) [d max+1]- (*A ->dptr) [d ma];
dmax++)
virtual iterator _type begin() {
return  JadRowlte rat or <BASE>(A,r, 0); }
virtual iterator _type end() {
return  JadRowlte rat or <BASE>(A,r, dmax); }
virtual subterm_ ty pe subterm( ite rator_t ype it) {
return  (*A->valu es) [( *A->dptr) [i td J+r]; }
b
M /A A ]
1 JadRowlte ra tor 1

M /e

template <clas s BASE>
class JadRowlte ra tor
public increasin g_it erator<int> {
friend class JadRow<BAE>;
protecte d:
JadStorag e<BASE> *A; int r; int d;
public:
JadRowlte rato r(J adStora ge<BASE> *A, int r, int d)
AA), ), dd) {}
virtual void operator  ++(int)
virtual key_type operator *() {
return  (*A->coli nd) [( *A->dptr) [d]+r ]} }
virtual bool equal(cons t
proto_ite rator<i nt> &y) const

{ d++ 1}

{ return
r == dynamic_ cast <const
JadRowlt erato r &>(y).r
&& d == dynamic_c ast<c onst

JadRowl ter at or &>(y).d; }

The classJadPers simply wrapsthe JadFlat and
JadHier classesogethemwith @, theperspectie operator

i /e )
/A JadPers /A
M /e )

template <cl ass BASE>
class JadPers
public  term_pers pecti ve2< JadFlat<B ASE>,
JadHier<B ASE> >

protecte d:
JadStorag e<BAZE> *A;
public:

JadPers(J adSto ra ge<BASE> *A) AA) { }
virtual subterml _t ype subterml () {
return  JadFlat<BA SE>(A); }
virtual subterm2 _t ype subterm2 () {

return  JadHier<BA SE>(A); }

The top-mostlevel of the JAD’s view is the map op-
eratorthat describeghe permutation. The interfaceclass
term_perm2 refinesghegeneraterm_map class.It takes
two templateparametersPr andPc, which arethe permu-
tationsusedontherow andcolumnindices, respectiely.

M /A ]
/A term_pe rm2 /A
M /A ]

template <cl ass Pr, class Pc, class E>
class term_perm 2
public term_map< pair<int ,n t>, E >

{
public:
Pr pr; Pc pc;
term_perm 2() { }
term_perm 2(const Pr &pr, const Pc &pc)
pr(pr),  pc(pe)  { }
virtual pair<int i nt> map(pair <int,in t> x) {
return  make_pair( pr.a pply( x. fi rst ),
pc.apply( x. second));

}
virtual pair<int ,i nt> unmap(pair <int, int> x) {
return  make_pair( pr.u nappl y( x. fir st),
pc.unappl y( x. second));
}

Theclasseterm_perm_ident  (representingdentity
permutationpndterm_perm_vector  (permutatiorvec-
tor) areusedasthePr andPc agumentdo term_perm2

M /A ]
n term_per m_ide nt /A
M A ]

class term_perm _id ent {

public:
term_perm _ident( ) { }
int  apply(int x) { retun x; }
int  unapply(in t x) { return x; }

b
1 /A ]
/A term_per m_vector n

M /A ]
class term_perm _vect or {
public:

vector<in t> *perm;

term_perm _vect or () perm(0) { }

term_perm _vect or (v ect or <i nt > *perm) perm(per m) { }

int  apply(int iy { return (*perm)[i  ];
int unapply(in t i) {
for (int i=0; i<(*perm) .si ze() ; i++)

if (Cperm)i ] ==ii) return i
assert(fal  se);



Thetop classof the JAD formatis Jad , andit provides
the implementationof the row permutation. This is indi-
catedby inheriting from theterm_perm2 interfaceclass,
instantiatedor therow index with term_perm_vector
and with term_perm_ident for the column index.
The vector iperm is usedto initialize the instance of
term_perm_vector

M /]
l Jad l
M /e

template <clas s BASE>
class Jad
public  JadRandom<BASE>,
public  term_perm 2< term_per m_vector,
term_per m_ident,
JadPers< BASE> >
{
public:
Jad(int m,int n, JadStora ge<BASE> *A)
JadRandom<BASE>(m,n ,A),
term_perm2 < term_perm _vect or, term_perm_ id ent,
JadPers<B ASE> >(
term_pe rm_vect or( A->i per m),
term_pe rm_id ent() ) {}
virtual subterm_ ty pe subterm( ) {
return  JadPers<B ASE>(A); }



