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Abstract

Wepresentcompilertechnologyfor synthesizingsparsema-
trix codefrom (i) densematrix code,and(ii) a description
of the index structureof a sparsematrix. Our approachis
to embedstatementinstancesinto a Cartesianproduct of
statementiterationanddataspaces,andto produceefficient
sparsecodeby identifying commonenumerationsfor mul-
tiple referencesto sparsematrices.Theapproachworksfor
imperfectly-nestedcodeswith dependences,and produces
sparsecodecompetitive with hand-writtenlibrary codefor
theBasicLinearAlgebraSubroutines(BLAS).

1 Introduction

Many applicationsthatrequirehigh-performancecomputing
performcomputationson sparsematrices.For example,the
finite-elementmethodfor solving partial differentialequa-
tionsapproximatelyrequiresthesolutionof largelinearsys-
temsof theform Ax = b whereA is a largesparsematrix.
Someweb-searchenginesanddata-miningcodescompute
eigenvectorsof largesparsematricesthatrepresenthow of-
tencertainwordsoccurin documentsof interest.

Sparsematricesareusuallystoredin compressedformats
in which zerosarenot storedexplicitly [18]. This reduces
storagerequirements,andin many codes,alsoeliminatesthe
needto computewith zeros.Figure1 shows a sparsematrix
anda numberof commonlyusedcompressedformatsthat
wewill useasrunningexamplesin this paper.

The simplestformat is Co-ordinate storage (COO) in
which threearraysareusedto storenon-zeroelementsand
their row andcolumnpositions. Thenon-zerosmay beor-
deredarbitrarily. CompressedSparseRowstorage(CSR)is
acommonlyusedformatthatpermitsindexedaccessto rows
but not columns. Array values is usedto storethe non-
zerosof thematrixrow by row, while anotherarraycolind
of thesamesizeis usedtostorethecolumnpositionsof these
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Figure1: SparseStorageFormats

entries.A third arrayrowptr hasoneentryfor eachrow of
thematrix, andit storesthepositionin values of thefirst
non-zeroelementof eachrow of the matrix. Compressed
SparseColumnstorage(CSC,notshown) is thetransposeof
CSRin which the non-zerosarestoredcolumn-by-column,
andit offersindexedaccessto columns.

A more complex format is the JaggedDiagonal(JAD)
format.1 An instanceof a JAD matrix is constructedby (i)
“compressing”therows of thematrix so thatzeroelements
are eliminated (introducing an auxiliary array, colind ,
to maintain the original column indices); (ii) sorting the
compressedrows by the numberof non-zeroswithin each
row in decreasingorder(introducinga permutationvector,
iperm ); and (iii) storing the columnsof the compressed
andsortedmatrix, which arecalledthe“diagonals”,in two
vectors,colind andvalues . Finally, Figure2 illustrates
theDiagonal(DIA) storageformatwhich is appropriatefor
bandedmatrices. Only the diagonalscontainingnon-zero
elementsarestored,andelementsareaddressedby diagonal
andoffset.

In thispaper, wewill focusonlanguageandsystemssup-

1SeetheAppendixfor adetaileddescriptionof theJAD format.
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Matrix-Vector Multiplication (MVM)

Matrix-Matrix Multiplication (MMM)

for i = 1, m

         for k = 1, n
             C[i][j] = C[i][j] + A[i][k]*B[k][j]

Triangular Solve (TS)

y[i] = 0
  for j = 1, n

for i = 1, m

m

m

m

n

     y[i] = y[i] + A[i][j]*x[j]

n

m

C[i][j] = 0
     for j = 1,  t

t

x[i] = b[i]
for i = 1, m

   for j = 1, m
x[j] = x[j]/L[j][j]
for i = j+1, m
     x[i] = x[i] - L[i][j]*x[j]

Figure3: BasicLinearAlgebraSubroutines

port for iterativesparsematrixalgorithms.Thereareat least
forty or fifty formatsthat are widely used,and it is com-
monto useapplication-specificformats. Sinceeachformat
requiresits own carefully tunedcode,the problemof de-
signinglibrariesof iterativealgorithmswhichcansupportall
thesecompressedformatsandwhichcanbeeasilyextended
to new formatsis a formidableone.

The approachtakenby the numericalanalysiscommu-
nity (for example,in thePETSclibrary from Argonne[2]) is
to encapsulatetheformat-dependentcodeinto asetof Basic
Linear Algebra Subroutines(BLAS), themostimportantof
which areshown in Figure 3. Theseroutinesare invoked
by format-independentimplementationsof iterative meth-
ods.Therefore,thehigh-level iterativecodeshavetobewrit-
ten just once,but they mustbe linked with format-specific
BLAS. For densematrices,highly tunedimplementationsof
BLAS areroutinelyprovidedby computervendors[7]. For
sparsematrices,the softwareproblemis muchmorediffi-
cult becauseof theneedto supportsucha largenumberof
formats.Althougha numberof sparseBLAS librarieshave
beenwritten [8, 10, 20], they have hadlimited successbe-
cause(i) they supportonly a small numberof formats,and
(ii) they provide no leveragefor peopledesigningnew for-
mats.

Onesolution,first proposedby Bik andWijshoff [4, 5], is

to userestructuringcompilertechnologyto synthesizesparse
matrix programsfrom densematrix programs.Their com-
piler restructuredinputcodesto matchaCompressedHyper-
planeStorage(CHS)format(CSRandCSCarespecialcases
of this format)whenever possible.More recently, Pughand
Shpeisman[19] proposedanintermediateprogramrepresen-
tation for sparsecodesthat allows themto predictasymp-
totic programefficiency andmakedecisionsaboutchoosing
sparsematrix formats.

In our previous work [14], we argued that (i) sparse
matricesshouldbe viewedassequential-accessdatastruc-
tures[22], and(ii) efficientsparsecodesshouldbeorganized
if possibleasdata-centriccomputationsthatenumeratenon-
zeroelementsof sparsematricesandperformcomputations
with theseelementsas they areenumerated.This view is
in contrastto the conventionalview of arraysas random-
accessdatastructures,a view that is usefulonly when the
arrayis dense.An importantrefinementto the sequential-
accessview is that somesparseformatssuchas CSRand
CSC have an indexing structure,and should thereforebe
viewedasindexed-sequential-accessstructures[22]. For ex-
ample,theCSRformatpermitsindexing to rows (but not to
columns),andthis indexing structuremustbe exploited in
somecodessuchasmatrixmultiplication.

To avoid having to write differentdata-centricprograms
for eachsparseformat,we exploit the ideaof genericpro-
gramming[16]. Theideabehindgenericprogrammingis to
programthealgorithmabstractlyin a data-structure-neutral
fashionjustonce,obtainingconcrete,data-structure-specific
programsby instantiatingthe abstractcodewith different
datastructureimplementations.The mostwell-known ex-
ampleof this approachis the StandardTemplateLibrary
(STL) in C++. Genericprogrammingis alsoexploited in
theMTL matrix library [21].

Conventional genericprogrammingusesa single API
which is (i) usedby the algorithm designersand (ii) sup-
portedby all datastructureimplementors. To obtaineffi-
cient code,we found that our systemneededtwo API’s: a
high-level oneusedby the algorithmdesigners,anda low-
level one supportedby datastructureimplementors. The
high-level API is the API of densematrix programs,while
the low-level API permitssparsematrix format designers
to specify detailssuchas the indexing structureof matri-
ces.Theinstantiationof genericprogramsinto concretepro-
gramsrequiresrestructuringcompilertechnologyto trans-
late fromthehigh-levelAPI to thelow-levelAPI. This trans-
lationrequiresrestructuringof thedensecodeatadeeplevel
to makeit data-centricfor thedesiredsparseformat,soit is
considerablymorecomplex thantheC++templateinstantia-
tion mechanism.For example,generictriangularsolve(TS)
canbecodedin oursystemasshown in Figure4.2 Thepro-
grammerwritescodeasthoughall matricesweredense,but

2To keeptheexamplessimpler, weassumethattheresultis to bestored
in theright-handsidevectorb.



#pragma instantia te with Bernoull i
template <class T, class BASE>
void ts(T L, BASE b[])
{

for (int j=0; j<L.colum ns () ; j++) {
/*S1*/ b[j] = b[j]/L[j] [j] ;

for (int i=j+1; i<L.colum ns( ); i++)
/*S2*/ b[i] = b[i] - L[i][j] *b[ j] ;

}
}

// Will be instantia te d with the Bernoulli compiler.
template void ts(Jad<d ouble > L, double b[]);

Figure4: GenericTriangularSolvewith Instantiation

specifieswhich classesmust be usedto implementsparse
matrices.Pragmasindicatewhichtemplatedefinitionsareto
be instantiatedby the sparsecompiler; the restof the tem-
plate definitionsarehandledby the underlyingC++ com-
piler.

Previously, we showed how this restructuringcould be
donein the simpler casewhenthe programis a perfectly-
nestedloop nestin which iterationscanbeexecutedin any
order[11]. However, many codesof interestsuchasthetri-
angularsolve in Figure4 arenot perfectly-nestedanddata
dependencesdo not allow executingstatementsin arbitrary
order. This paperdevelopsthe sparsecodesynthesistech-
nologyfor ageneralclassof codesconsistingof imperfectly-
nestedloopswith dependences.

The restof the paperis organizedas follows. In Sec-
tion 2, we describehow the usercanspecifysparsematrix
formatsin our genericprogrammingsystem.In Section3,
wedescribea generalrestructuringcompilertechnologyfor
restructuringimperfectly-nestedloops.In Section4, wedis-
cusshow this technologycanbe usedto synthesizesparse
matrix codefrom densematrix codeandsparseformat de-
scriptions. Although our approachcan be usedto handle
codesin whichsparsematricessuffer fill, wefocusoncodes
withoutfill in this papersincethis is adequatefor theBLAS
codes.In Section5, wepresentexperimentalresultsdemon-
stratingthatourapproachproducescodecompetitivewith a
hand-optimizedsparseBLAS library. Finally, we summa-
rize thepaperin Section6.

2 Generic Programming and Matrix Abstraction

For thepurposeof thispaper, themostimportantaspectof a
sparseformatis its index structure.

To appreciatethe importanceof exploiting the index
structurein coderestructuring,considerthetriangularsolve
codeof Figure4. Vectorb is denseandthelower triangular
matrix L is sparse.Thecodeis imperfectly-nestedbecause
statementS1 is not nestedin the i loop. Sincematrix L
is traversedby columnsandCSCpermitsrandomaccessto
columns,it is relatively straight-forwardto generatedata-
centricsparsecodefor CSC,shown in Figure 5, that enu-
meratesthe non-zeroelementsof the matrix andperforms

for col = enumerat e cols of L in increasi ng order
for row = enumerat e L[*][col] in increasi ng order

val = L[row][c ol ];
if (row == col) //diagona l element

b[row] = b[row]/v al ;
else if (row > col) //lower triangle

b[row] = b[row] - val*b[co l] ;
else ; //upper triangle

Figure5: Data-centricPseudocodefor TriangularSolve
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Figure6: SparseMatrix Abstraction

computationswith eachof theseelements.
For CSRstoragehowever, it is necessaryto restructure

thecodefirst sothatit walksover rowsof L, sinceCSRstor-
ageprovidesrandomaccessonly to rowsof amatrixandnot
to its columns.Therefore,we needa way of describingthe
index structureof sparseformats,andwe needtechnology
to restructurecodeto matchthis index structure.

The grammarin Figure6 is usedto describethe index
structureof asparsematrixto oursystem[14]. Themostim-
portantrule for specifyingindex structureis the Index � �
(nesting) productionrule. For example,a CSRmatrix is de-
scribedas %��'&(� �

, indicating that rows mustbe ac-
cessedfirst, andwithin eachrow, elementswithin columns
can be enumerated. The map�)��� in 	*
� out

����

and

perm����� in 	�
� out
����


rulesareusedto describelinear
andpermutationtransformationson thematrix indices.For
example,a matrix in DIA storageformat canbe described
as map�)+�,.-*
� %)�/-�
� & � +0� -*� � 


, while the
permoperatoris usefulfor describingformatslike JAD. The�213�4�2151

(aggregation) ruleis usedto describeamatrixthatis
acollectionof two formats,suchasaformatin whichthedi-
agonalelementsarestoredseparatelyfrom theoff-diagonal
ones.Enumeratingtheelementsof suchmatrixrequiresenu-
meratingboth

�21
and

�2151
. Finally, the

�216�7�2151
(perspective)

rulemeansthatthematrixcanbeaccessedin differentways,
usingeitherof the index structures

�21
or

�2151
. As we will

see,JAD is anexampleof sucha format.
The

�
attribute�������/� attribute! notationdescribesanindex



obtainedfrom multiple co-ordinatesenumeratedtogether,
as in8 the COO format (

� %)�/&9!:� �
). On the other hand,� attribute ";#�#�#)" attribute	 denotesindependentindices,as

in a densematrix( �<%=":&9	�� �
).

Eachterm
�

is optionallyannotatedwith the following
enumeration properties.> Enumeration order: a descriptionof theorderin which

coordinatevaluescan be enumeratedefficiently. For
theCSRformatabove, % is random-access,andwithin
eachrow, & canbeenumeratedefficiently in increasing
order.> Enumeration bounds: a descriptionof the coordinate
valuesthatactuallyoccurin theenumeration.A lower
triangularmatrix, for example,couldbeannotated?2@&A@�%B@ N.

In additionto specifyingthis index structure,the sparse
formatdesignermustwrite theactualcodeto performthese
enumerations.Eachproductionin the view grammargiven
in Figure6 hasanassociatedinterface,which we have im-
plementedin C++asasmallnumberof abstractclasses[14].
The programmerconveys views of a storageformat to the
sparsecompilerby writing a setof classesthat inherit from
the appropriateinterfaces. Enumerationorder is incorpo-
ratedinto theclasshierarchyby specifyingdifferentclasses
for enumerationsthat are unordered/increasing/decreasing
etc. The boundson the storedindicesareconveyed to the
compilerusinga pragma.

In the running example of Figure 4, we will assume
that the sparselower triangularmatrix L is storedin JAD
format. Even thoughJAD is designedfor fast enumera-
tion along the long “diagonals”, it is also possibleto ac-
cessthematrix rowsthroughtheindirectioniperm . In our
notation,this structurecan be describedby the expression
perm� iperm C5% 15D 
�E% � �F% 1 �G&�� � 	 � � � % 1 �/&9!=� � 	 
 .
Enumerationpropertiesare usedto tell the compiler that%)� % 1IH & andthatwhenthe % 1 �J&4� �

perspective is used,% 1 is random-accessand & canbeenumeratedin increasing
order. As shown in theAppendix,theJAD formatcanbeim-
plementedby thefollowing classes,eachimplementingone
fragmentof theindex structureexpression.K Jad : perm� iperm C5% 1 D 
�L% � ����� 
K JadPers : ����� � �����K JadFlat :

� % 1 � &9!�� �K JadHier : % 1 �M�����K JadRow: &4� �
SinceL canbeefficiently accessedeitherby “diagonal”

or by row, andthe codein Figure4 accessesit by column,
it is necessaryto restructurethiscodeto makeit matchJAD
storage.The technologydescribedin the restof this paper
accomplishesthis.

3 Framework for Data-centric Restructuring

In this section,we sketcha data-centricframework for re-
structuringimperfectly-nesteddensematrix codeswith de-
pendences.It extendsthe framework we developedin [1]
for locality enhancementof densematrix codes.For lack of
space,weonlysketchtheideashere;full detailsareavailable
in [12].

Our framework makestheusualassumptionsaboutpro-
grams: (i) programsare sequencesof statementsnested
within loops, (ii) all memory accessesare through array
references,andthereis no arrayaliasing,and(iii) all loop
boundsandarrayindicesareaffine functionsof surrounding
loop indicesandsymbolicconstants.

Wewill useS1, S2, . . . , Sn to namethestatementsin the
programin syntacticorder. An instanceNOQP of astatementSk
is the executionof statementSk at iteration NOQP of the sur-
roundingloops. Flow-, anti-, andoutput-dependencesfrom
statementinstancesNOSR to statementinstancesNOST canbe ex-
pressedasmatrix inequalitiesof theform U �WV �<NOSR)�/NOST)	<X:,+ H*Y

whichwecall dependenceclasses[1].
For our runningexamplein Figure4, it is easyto show

thattherearetwo relevantdependenceclasses.3 Thefirst de-
pendenceclassU�Z\[��]?B@_^�Z2@ N��?=@_^�`Bacb<`=@ N�3^)Z4[^�` 
 arisesbecausestatementS1 writes to a locationb[j]
which is thenreadby statementS2; similarly, the second
dependenceclass Ud`$[e�f?g@h^)Z$@ N��?g@i^j`�aLb<`�@
N�k^�Zd[lb<` 
 arisesbecausestatementS2 writes to location
b[i] which is thenreadby referenceb[j] in statement
S1.

3.1 Modeling Program Transformations

We modelprogramtransformationsasfollows.We mapdy-
namicinstancesof statementsto pointsin a Cartesianspacem

. We thenenumeratethepointsin
m

in lexicographicor-
der, andexecuteall statementsmappedto a point whenwe
enumeratethat point. If therearemorethanonestatement
instancesmappedto a point, we execute thesestatement
instancesin original programorder. Intuitively, the Carte-
sianspace

m
modelsa perfectly-nestedloop, andthe maps

modeltransformationsthatembedindividualstatementsinto
this perfectlynestedloop. It shouldbeunderstoodthat this
perfectly-nestedloop is merelya logical device—thecode
generationphaseproducesanimperfectly-nestedloop from
thespaceandthemaps.

For example,if we chose
m [n^o"(b , we canembedthe

codein Figure4 into
m

usingthemaps�pZq[��Q^��k^r	 for state-
mentS1, and �s`4[��Q^��/bF	 for statementS2. Thisembedding
preservestheoriginalprogramorder.

Clearly, not all spacesand maps correspondto legal
transformations. However, if the execution order of the
transformedprogramrespectsall dependences(i.e. for each

3Thereareotherdependences,but theyareredundant.



dependence,the sourcestatementinstanceis enumerated
andet xecutedbeforethedestinationstatementinstance),then
theresultingprogramis semanticallyequivalentto theorig-
inal program.Wemustthereforeaddressthreeproblems.

1. Whatis theCartesianspace
m

for thetransformedpro-
gram?

Eachstatementhasaniterationspaceandadataspace.
The iterationspaceis a Cartesianspacewhosedimen-
sion is equalto the numberof loopssurroundingthat
statement.The dataspaceis a Cartesianspacewhose
dimensionsarethe dimensionsof all referencesto ar-
rays on which we might want to be data-centric. In
our context, theseare the referencesin the statement
to sparsearrays.Thestatementspaceof a statementis
the productof its iterationspaceanddataspace. We
denotethe statementspaceof statementSk by uvP . If
we needto distinguishbetweentheiterationspaceand
dataspacedimensionsof a statementinstanceNOQP , we
will denotethe iterationspacecoordinatesby NbQw P , and
the datacoordinatesby N+rw P , i.e. NO P [x� Nbyw P � N+)w P 	 . A
productspace

m
for a programis the Cartesianprod-

uct of its individualstatementiterationspaces.For the
purposesof thispaper, theorderin whichindividualdi-
mensionsappearin thisproductis left unspecified,and
eachordercorrespondsto a differentproductspace.

Data-centriccodecanbeobtainedby enumerating the
datadimensionsfirst.

For the exampleof Figure4, L is sparse,so the data
spacefor S2 will have two dimensionscorresponding
to therow andcolumnof L. The statementspacesfor
the two statementsare u Z [l^ Z "$zS{ Z "$zS|Z and u ` [^ ` "=b ` "2zS{` "2zS|` , wherethenameof eachdimensionhas
beenchosento reflectits pedigree.A productspacehas}

dimensions,andthereareatotalof
}�~

productspaces.

Embeddingthecodein theproductspace
m [_zS{ Z "AzS{` "zS| Z "�zS|` "B^)Zq"B^j`�"�b<` wouldresultin data-centriccode,

asthedatadimensionswouldbeenumeratedbeforethe
iterationspacedimensions.

2. How do we determinemaps � P to obtaina legal pro-
gram?

We embedstatementspacesinto a productspaceusing
affineembeddingfunctions��P � uvP=� m

. For eachde-
pendencewith sourceNO R anddestinationNO T , thesource
of the dependenceis mappedto �sR��<NOSR�	 , andthe desti-
nation is mappedto �sT��<NO�T)	 . If ��T��<NOST)	 is enumerated
after ��R)�<NOSR9	 , the restructuredprogram preserves the
executionorder betweenthe dependentstatementin-
stancesN OSR and NOST . To guaranteethatlexicographicenu-
merationof the points in the productspacepreserves
the original programexecutionorder, we requirethat��T��<NOST)	��*�sR��<NOSR�	�� NY for all dependencepairs �<NOSR)�/NOST�	

in all dependenceclassesU ��V �<NO R �/NO T 	�X�,�+ HnY
. As

dependenceclassesaredescribedby systemsof linear
inequalities,wecanuseFarkas’Lemma[9] to compute
the set of all legal embeddingfunctions,as we have
demonstratedin [1].

For ourexample,onepossiblepairof embeddingfunc-
tions is � Z �y^ Z ��zS{ Z ��zS| Z 	$[G��zS{ Z ��zS{ Z ��zS| Z ��zS| Z �k^ Z �3^ Z �k^ Z 	<X and� ` �y^ ` �/b ` �6z�{` �6z�|` 	p[.��zS{` ��zS{` ��zS|` ��zS|` �3^ ` �k^ ` �/b ` 	<X , whichem-
bed statementsS1 and S2 into product space

m [zS{ Z "�zS{` "�zS|Z "�zS|` "�^ Z "�^ ` "cb ` . For all depen-
dencepairs �<NOSRr�/NOST�	 in dependenceclass U�Z , we have��`)�<NOST)	����pZ��<NOSRj	�[.�<,�� ,�� Y � Y � Y � Y �6,2	<X . Thisvectoris
lexicographicallypositive,thereforelexicographicenu-
merationof the points in the productspacewill enu-
meratethe sourcesof dependencesbeforethe destina-
tions of dependences,andprogramsemanticswill be
preserved. Similarly, for all dependencepairs �<NOSRr�/NOST�	
in dependenceclassUd` , we have �pZ��<NOST)	4�c��`)�<NOSR9	7[� Y � Y �/,d�/,�� ,��/,�� Y 	<X�� NY , thereforeall dependences
arepreserved.

3. Howdo weevaluatetheefficiencyof each transformed
program?

In thecontext of sparsematrixcodegeneration,wean-
swerthisquestionin Section4.2.

4 Accounting for Sparse Matrices

Data-centriccodefor sparsematricesmust enumeratethe
co-ordinatesappropriateto the sparsematrix format (e.g.,
the diagonal + and offset - for the DIA storageformat in
Figure2) ratherthanthedimensionsof theenvelopingdense
matrix. Therefore,wedefinethesparsedataspaceof astate-
ment,andusethatinsteadof the(dense)dataspacedescribed
in Section3 to definestatementandproductspaces.

Thesparsedataspaceof astatementis definedby starting
with its densedataspaceandrecursingover theindex struc-
tureof sparsematricesreferencedin thatstatement.When-
ever a productionrule map����� in 	�
� out

����

is encoun-

tered,we remove the dimensionsout from the dataspace
andadddimensionsin to it. For example,for theDIA com-
pressedformat,thatmeansreplacingthe % and & dimensions
with the + and - dimensions.Theperm�)��� in 	4
� out

�W��

ruledoesnotchangethedimensionsof thedataspace.4 If no
sparsematrix in theprogramcontainsaproduction

��1��;�2151
or

�21��_�2151
, this definesthe statementsparsedata space

uniquely.
The aggregation and perspective structuresmodify the

productspacesof a program. Intuitively, if statementSk
referencesa matrix describedby

�21��:�2151
rule, we split Sk

4Permutationshowever changethe orderof enumerationof a dimen-
sion, that ordermay be importantfor legality andis handledby the code
generationphase.
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Figure7: RedundantDimensions

for row = enumerate rows of L in increasing order
for col = enumerat e L[row][*] in increasi ng order

val = L[row][col ];
if (row == col)

b[col] = b[col]/va l;
if (col < row)

b[row] = b[row] - val*b[col ];

Figure8: Row Data-centricPseudocodefor TS

into two copies: Sk’ accessingthe matrix throughstruc-
tures

�21
, and Sk" accessingit through

�2151
. The aggre-

gation rule requiresthe statementto be executedfor both
structures

�21
and

�2151
, so the resultingproductspaceshave

dimensions
m [¦u�Z�"*#�#�#�"$u 1 P ";u 151 P "*#�#�#v"(uv§ . On

the other hand, the perspective rule
�21��¨�2151

presentsa
choiceof accessstructure,which givesrise to two groups
of productspaces,the first group with dimensions

m=1 [u Z "g#�#�#�":u 1 Po"_#�#�#�":u § , andthesecondgroupwith di-
mensions

m=151 [�u Z "$#�#�#�"�u 151 P�"$#�#�#�"�u § .
In ourrunningexample,theperspective

�21 �7�2151
produc-

tion rule in thestructureof thesparsematrixL tellsthecom-
piler thatL canbeaccessedeitherby row, using

�21 [��F% 1 �&�� � 	 , or along“diagonals”,using
�2151 [�� � % 1 � &9!2� � 	 .

SincebothstatementsS1 andS2 referenceL, andthereare
two choicesfor eachreference,thecodein Figure4 hasfour
groups(of

}�~
each)of productspaces.All productspaces

have thesamesetof dimensions�9^)Z)�6zS{ Z �6zS| Z �k^�`)� b<`��6zS{` �6zS|` 
 al-
thoughtheorderof dimensionsandenumerationproperties
aredifferentfor differentproductspaces.

4.1 Generating Data-centric Code

We canthink of a productspaceandembeddingsasrepre-
sentingaperfectly-nestedloopnestwith guardedstatements
wherewe enumeratethevaluesof all dimensions,andexe-
cutestatementSk whenthevaluesbeingenumeratedmatch
the embedding� P �<NO P 	 . However, this codewill have very
poorperformance.To improve performance,it is necessary
to (i) identify andeliminateredundantdimensions,(ii) allow
differentdirectionsof enumeration,and (iii) usecommon
enumerationsfor relateddimensions.

Redundant dimensions To give ourselvesmore flex-
ibility to restructurethe code, we introducedmany di-
mensionsin the product space. Now, after we have

determinedthe embeddings,we can identify the dimen-
sions we do not need and eliminate them. For our
example, consider the (ordered) product space

m [zS{ Z "¨zS{` "¨zS| Z "�zS|` "�^�Z_"�^�`�"©bF` , and the embed-
ding functions �pZ)�Q^)Z���zS{ Z ��zS| Z 	4[���zS{ Z ��zS{ Z ��zS| Z ��zS| Z �k^�Z��3^)Z��k^)Zª	�X and��`)�Q^�`�� b<`��6zS{` �6zS|` 	=[h�Sz�{` ��zS{` ��zS|` �6z�|` �k^�`��k^�`)�/bF`9	�X . As zS{ Z [¨z�|Z [^)Z , z {` [.b<` and z |` [�^�` , thevaluesof dimensionsz {` , z |` , ^)Z ,b<` and ^�` of theproductspacearedeterminedby thevalues
of theprecedingdimensionszS{ Z and zS| Z . More generally, we
identify redundantdimensionsasfollows.

Embeddingfunctionsareaffine, andfor eachstatement
instanceNO P [¨� NbQw P � N+rw P 	 , thedatacoordinates N+rw P areaffine
functionsof theloop indices Nbyw P . Wecanthereforerepresent
theembeddingfunctionsas ��P��<NOQP]	�[�«2P Nbyw6Ps,�N¬ P , wherethe
matrix «2P definesthelinearpartof ��P , andthevector N¬ P is
theaffinepart.Wecanusethematrix «c[�C5« Z « ` �����3« § D to
identify redundantdimensionsin theproductspace.We use« P to referto the ­f®F¯ row of thematrix « . For ourexample,
thismatrix is shown in Figure7.

If arow of the « matrixisalinearcombinationof preced-
ing rows, thecorrespondingdimensionof theproductspace
is saidto be redundant. In our example,only dimensionszS{ Z
and z | Z arenotredundant.It is notnecessaryto enumeratere-
dundantdimensionssincecodeis executedonly for a single
valuein thatdimension,andthatvalueis determinedby val-
uesof precedingdimensions,sowe generatecodeto search
for thisvalue.

Enumeration Directions In Section3 we saidthat the
pointsin theproductspaceareenumeratedin lexicographic
order. That requirementis reasonablefor densematrix
codes,wherewehaverandomaccessto thematrixelements.
Sparsematrices,however, may not supportefficient enu-
merationalongparticulardatadimensionin increasingor-
der. For example,enumeratingaCOOmatrix in orderof in-
creasingrow numberwould requirea linearsearchfor each
element. As lexicographicenumerationof sparsedatadi-
mensionscanbeprohibitively expensive, we requireit only
whenit is necessaryfor preservingdependences.

In our example,in orderto not violatedependenceclassU�Z , the enumerationof dimension zS{ Z must be in increas-
ing order. However, the order in which we enumeratethe
remainingdimensionsof the productspaceis irrelevant to
thedependencesin classU�Z —thesedependencesarealready
satisfiedbecauseof thelexicographicenumerationof dimen-
sion zS{ Z . Similarly, dimensionzS| Z mustbeenumeratedin in-
creasingorderin orderto satisfydependenceclassU ` . All
otherdimensionsof theproductspacecanbeenumeratedin
arbitraryorder.

In general,only someof the dimensionsof the product
spaceneedto beenumeratedin a particulardirectionin or-
derto ensurelegality. If the ­°®F¯ dimensionof thedifference��T��<NOST)	��±��R)�<NOSR9	 for somedependenceclassU is thefirst di-
mensionwith non-zero(i.e. positive)value,thendimension



template <>
void ts(Jad<d oubl e> &L, double b[])
{

int m = L.column s( );
JadPers<d oubl e> LPers = L.subter m();
JadHier<d oubl e> LHier = LPers.su bt er m2();

for (int r=0; r<m; r++){
JadHier<d ouble >: :it er at or _ty pe it_rr =

search(LHi er .b egi n( ), LHier.en d() , L.unmap(r ));
JadRow<doubl e> Lrow = LHier.su bt erm(i t_ rr) ;
for (JadRow< double> :: it er ato r_ ty pe

it_c = Lrow.begi n() ;
it_c != Lrow.end () ; it_c++) {

int c = *it_c;
double v = Lrow.sub te rm( it _c );
if (r > c) {

b[r] -= b[c] * v;
} else {

b[r] = b[r] / v;
}

}
}

}

Figure9: Compiler-instantiatedCodefor TS

­ of theproductspacemustbeenumeratedin increasingor-
derto satisfydependenceclassU .

Common enumerations An importantoptimizationis
recognizinggroupsof dimensionsthatcouldbeenumerated
together. In previous work [11], we developedtechnology
for commonenumerationof dimensionswhich arerelated
througha singleparametricvariable(we calledthesejoin-
abledimensions).We usecommonenumerationsfor groups
of dimensionsconsistingof anon-redundantdimension,and
redundantdimensionsthatimmediatelyfollow it andarelin-
earlydependenton it. Therearea numberof waysof per-
forming commonenumerationswhicharecloselyrelatedto
join strategies in databasesystemssuchasmerge-join and
hash-join[11].

In theexample,dimensionszS{ Z and zS{` areenumeratedto-
gether, asaredimensionszS| Z andzS|` . Thesecommonenumera-
tionsaretrivial becausethey enumeratethesamedimension
of the samematrix. All iterationspacedimensionsarere-
dundantanddonotevenneedsearches,astheirvaluescould
beaccesseddirectly.

The resultingdata-centricpseudocodeis shown in Fig-
ure 8. The importanttransformationthat hashappenedis
thatmatrix L is accessedby row to matchthe JAD format,
while the original codein Figure4 accessedit by column.
This pseudocodeis instantiatedinto the C++ codein Fig-
ure9 in a straight-forwardway.

4.2 Search Space and Cost Estimation

In theory, we can enumerateall legal enumeration-based
codesas illustratedin Figure10, thenestimatethe costof
eachcode,andselectthe bestone. For the runningexam-
ple, that would involve (i) selectingoneof the four groups
of productspacesarisingfrom thedifferentwaysto access

Perspective Order of
Dimensions

Embeddings

Code

Implementation
Common Enumeration

Choices Choices

Figure10: SearchSpace

L; (ii) selecting1 of the possible7! ordersof the dimen-
sionsof the productspace;(iii) chosingonesetof embed-
ding functionsamongthelegal ones;and(iv) decidinghow
to combinetheenumerationsof L for thetwo accessesto it.

Figure 11 describeshow we evaluate the cost of
enumeration-basedpseudocodes.5 Eachsyntaxrule is anno-
tatedwith its associatedcost.EnumCostdependsonwhether
we areenumeratingthedimensionin a directionsupported
by the format,or whetherdependencesforceus to enumer-
atein a differentdirection.SearchCostdependson thetype
of enumerationmethodavailable for that dimension(e.g.,
whetherit is an interval, or whetherthe valuesaresorted).
CommonEnumCostdependson whatcommonenumeration
implementationsareavailablefor thecorrespondingdatadi-
mensions.

4.3 Heuristics to Limit the Search Space

Searchingthe full spaceof enumeration-basedcodesis im-
practical,but thefollowing heuristicsmakethesearchspace
manageable.

Data-centricExecutionOrder: We only considerdata-
centricordersof dimensionsof the productspace(i.e., or-
dersin whichall datadimensionscomebeforeany iteration
spacedimensions).In therunningexamplefor instance,we
considertheproductspace

m [*zS{ Z "4zS{` "4zS| Z "4zS|` "�^)Z²"�^�`�"\b<`
becauseall datadimensionsareorderedbeforeany iteration
spacedimensions,but wedo not considertheproductspacem [�z�{Z ";zS{` ":zS| Z "�^)Z=":zS|` "�^�`�"(bF` becausean iteration
spacedimension( ^)Z in this case)is orderedbeforea data
spacedimension( zS|` in thiscase).

Theindexing structureof sparsematricesputsfurtherre-
strictionson thedimensionsorderingswe needto consider.
For example,if L is accessedthroughtheabstractstructure% 1 �L&4� �

in statementS1, ourcompilerdoesnotconsider
productspacesin which z | Z is enumeratedbeforez { Z .

CommonEnumerations: Efficient sparsecodeenumer-
atesthe data as few times as possible,so our goal is to
usea singleenumerationof a sparsematrix, andexecuteall
statementswhich referencethat matrix. That restrictsour
choiceof embeddingfunctionsto just threeperdimension:a
commonenumerationwith amatchingdimensionof another
statement,or, if that is not legal, embeddingthe statement

5Theguardconditionalsarisebecauseof loop bounds.



³ �
for b�´ enum� iterator	 do

³�
for b�´ enum� itr Z)� itr `9	 do

³�
if �Fbµ´ search � iterator	�	 then

³�
if � guard	 then ¶�[�·� ³ Z)¸ ³ `

�
EnumCost� iterator	�¹ Cost� ³ 	�
CommonEnumCost� itr Z�� itr `�	�¹ Cost� ³ 	�
SearchCost� iterator	², Cost� ³ 	� ?�
Cost� ³ Z 	v, Cost� ³ ` 	

Figure11: CostEstimation
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Figure13: TSonIntel PII

before or after theenumerationof thematchingdimension.

5 Experimental Results

We areimplementingthe algorithmpresentedin this paper
in theBernoulliSparseCompiler. Thegenericprogramming
systemthat we have implementeddoesnot usevirtual
methods,asdo the examplesin this paper. Instead,we use
theapproachof BartonandNackman[23] to ensurethatall
methodinvocationscanberesolvedto methoddefinitionsat
compiletime. See[13] for a moredetaileddiscussionof the
performanceissuesinvolvedin implementingoursystem.

Herewepresentperformancemeasurementsfor therun-
ning example(TS) for theCSR,CSC,andJAD formats,on

anSGIOctane6 andanIntel PentiumII7 machines.Wecom-
paredthe NIST SparseBLAS [10] library with codepro-
ducedaccordingto our algorithmwith no furtheroptimiza-
tions. The library providesFortranandC implementations
andsupports13compressedformats.Themorecomplicated
formatssuchas JAD are not supportedin the betteropti-
mizedC implementation.

Ourcodeis structurallyequivalentto theonein theNIST
C library. Thereareonly minorsyntacticdifferences,which
resultin smalldifferencesin performancebetweenourcode
andtheNIST C codeon theSGIOctane.TheNIST Fortran
codesarelessspecialized(e.g,thereis singlecodefor a sin-
gleor multipleright-handsides),sothey performworsethan
bothourcodeandtheNIST C code.

Figures12and13presenttheperformanceon thematrix
can 1072 from the Harwell-Boeingcollection [15]. The
relative differencesbetweenthe NIST codesandour code
arerepresentative for other inputsandbenchmarks.These
resultsindicatethat thegenericprogrammingapproachcan
successfullycompetewith hand-writtenlibrary code.

6 Conclusions

Wehave presentedageneralframework thatcanbeusedfor
synthesizingsparsematrix codesfrom imperfectly-nested
densematrix codesand specificationsof compressedfor-
mats. The compressedformats specificationlanguageis
generalenoughto captureall sparseformats that we are
awareof, and it alsopermitsusersto definenew formats.
Our codesynthesisalgorithm is able to exploit the index
structureof sparsematrix formatsandgeneratecodecom-
petitive with hand-writtenlibrary codesfor the BLAS rou-
tines.

Automaticselectionof sparseformats[3] for particular
applicationsis aninterestingextensionto theworkdescribed
here. Onepossibility is to makethe compiler responsible
for makingthisselectionusingcostestimationruleslike the
onesdescribedin Section4. Anotherpossibility is to use
an empiricaloptimizationapproachsimilar to that usedin
theATLAS system[24] — thesystemgeneratescodefor a
varietyof promisingformats,anddeterminesexperimentally

6300MHz R12K processor, 2MB L2 cache,MIPSprov.7.2 compiler,
flags:-O3-n32-mips4.

7300MHz, 512KB L2 cache,256MB RAM, egcs-2.91.66compiler,
flags:-O3-funroll-loops.



which one gives the bestperformancefor the datasetsof
interest.º

Synthesizingcodecompetitivewith handwrittencodefor
matrix factorizationssuchasCholesky or LU with pivoting
remainsanopenproblem.Handwrittencodesfor theserou-
tines[17, 6] usemany special-purposeoptimizations,andit
is not clearhow or evenwhethersuchoptimizationsshould
be incorporatedinto a general-purposerestructuringcom-
piler systemsuchastheonedescribedin this paper.
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Figure14: Building JAD Storage

A Jagged Diagonal Compressed Format

In this appendix,we presentdetailsof theJaggedDiagonal
(JAD) formatthatwasusedasanexamplein thispaper.

An instanceof a JAD matrix maybeconstructedasfol-
lows. First, the rows of the matrix, as in Figure14(a),are
“compressed”sothatzeroelementsareeliminated.This re-
quiresintroducinganauxiliary array, colind , to maintain
theoriginal columnindices.This is shown in Figure14(b).
Next, the rows of the compressedmatrix aresortedby the
numberof non-zeroswithin eachrow in decreasingorder.
This requiresintroducinga permutationvector, iperm , as
shown in Figure 14(c). Finally, the columnsof the com-
pressedand sorted matrix, which are called the “diago-
nals”, arestoredcontiguouslyin two vectors,colind and
values . Thevectordptr is usedto recordthefirst index
of theentriesof eachdiagonalwithin colind andvalues .
Thefinal storageis shown in Figure14(d).

The non-zeroentriesof a matrix in JAD format canbe
enumeratedquickly andefficiently by enumeratingtheval-
uesof colind andvalues . In addition, if the program
canbe restructuredto work with the permutedrow indices
insteadof therow indices,thenefficientrow-orientedaccess
canbeprovideaswell. This is necessaryfor suchcomputa-
tionsastriangularsolve, which placecertainconstraintson
theorderin whichelementsmaybeenumerated.

A.1 High-level API for JAD

The high-level API presentsa dense-matrixview of the
sparsematrixandis usedby thealgorithmdesigner.

The structureJadStorage is usedto hold all of the
componentsof the JAD storagewithin a singleobject. For
eachmatrixin theJAD formattherewill beasingleinstance
of thisclasswhichmaintainsthestoragefor thatmatrix. All
otherclassesin theJAD implementationkeepa referenceto
this instance.

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// JadStorag e //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

template <cl as s BASE>
struct JadStora ge {
public:

vector<in t> *iperm;
vector<in t> *dptr;
vector<in t> *colind;
vector<BA SE> *values;
const int n;
const int nd;
const int nz;

JadStorag e( vec to r< int > *_iperm, vector<in t> *_dptr,
vector<int > *_colind,
vector<BAS E> *_values )

: iperm(_i perm), dptr(_dpt r) , colind(_co li nd),
values(_ va lu es) , n(iperm-> si ze( )) ,
nd(dptr- >s iz e() -1 ), nz(colin d-> si ze ()) {

}
};



The JadRandom classinherits from the matrix ab-
stract» classandimplementstherandomaccessinterfacefor
thematrixby implementingtheget andset abstractmeth-
ods. The methodref within this classis responsiblefor
findingaparticular �<%)�/&9	 entrywithin thematrix. It doesthis
by first finding the correspondingrow within the permuted
index space,andthenperforminga linearsearchwithin the
row for the givencolumnindex. A binarysearchcouldbe
used,if it wereassumedthat entrieswithin a row wereal-
wayssortedby columnindex.

//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///
// JadRandom //
//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///

template <class BASE>
class JadRandom : public matrix<B ASE> {
protecte d:

JadStorag e<BASE> *A;

public:
JadRandom(i nt m, int n, JadStora ge<BASE> *A)

: matrix<BAS E>(m,n) , A(A) { }

virtual ˜JadRand om() { }

BASE *ref (int r, int c) {
int rr = -1;
for (rr=0; rr<A->n; rr++)

if ((*A->ipe rm) [r r] == r) break;
assert(rr != A->n);

for (int d=0; d<A->nd; d++) {
int jj_lo = (*A->dptr )[d ];
int jj_hi = (*A->dptr )[d +1];
int jj = jj_lo + rr;
if (jj >= jj_hi) break;
if ((*A->col ind )[ jj ] == c)

return &(*A->va lu es) [j j] ;
}
return 0;

}
virtual BASE get(int r, int c) {

BASE *p = ref(r,c);
if (p) { return *p; }
else { return 0; }

}
virtual void set(int r, int c, BASE v) {

BASE *p = ref(r,c);
assert(p) ;
*p = v;

}
};

A.2 Low-level API for JAD

Thelow-level API presentstheindex structureof theformat
to therestructuringcompiler.

Usingthegrammarpresentedin Section2, thefollowing
view canbeusedto describethe index structureof theJAD
format.

map� iperm C5%)% D 
�L% � ���3a*%)%)� &½¼�� � 	 � �<%)%\�L&4� � 	6	 

The following classesimplementthe differentpiecesof

theview.> Jad : map� iperm C5%)% D 
�L% � ����� 
> JadPers : ����� � �����

> JadFlat : a�%)%r� &�¼\� �
> JadHier : %)%\�M�����> JadRow: &q� �
We presenttheclasses“inside-out”.
TheclassesJadFlat andJadFlatIterator imple-

menttheview of theJAD formatthat is appropriatefor fast
enumeration.As its view suggests,this implementationis
very similar to the implementationof co-ordinatestorage
presentedearlier in the paper. The differenceis that, with
theJAD format,therow index is not storedwith eachentry,
andmustbe computedon the fly. This is donein method
JadFlatIterator::operator * .

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// JadFlat //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

template <cl as s BASE> class JadFlatIt er ato r;

template <cl as s BASE>
class JadFlat

: public term_nest ing < JadFlatIt er ato r< BASE>,
term_scal ar <BASE> >

{
protecte d:

JadStorag e<BASE> *A;
public:

JadFlat(J adSto ra ge<BASE> *A) : A(A) { }
virtual iterator _t ype begin()

{ return JadFlatI te ra to r<B ASE>(A, 0) ; }
virtual iterator _t ype end()

{ return JadFlatI te ra to r<B ASE>(A, A- >nz); }
virtual subterm_ ty pe subterm(i te ra tor _t yp e it) {

return (*A->value s) [i t. jj] ; }
};

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// JadFlatI te rat or //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

template <cl as s BASE>
class JadFlatIt era to r :

public increasin g_ite ra to r< pai r< in t,i nt > > {
friend class JadFlat< BASE>;

protecte d:
JadStorag e<BASE> *A; int jj; int d;
void frob_d() { if (jj == (*A->dpt r)[ d+1] ) d++; }

public:
JadFlatIt er ato r( Ja dSt or age<BASE> *A, int jj)

: A(A), jj(jj), d(0) { }
virtual void operator ++(int) { jj++; frob_d() ; }
virtual key_type operator *() {

return
make_pai r( jj- (* A- >dptr )[ d] ,(* A- >coli nd)[ jj ]);

}
virtual bool equal(

const proto_it era to r< pair< in t, int > > &y) const
{ return jj ==

dynamic_ ca st< co ns t JadFlatIte ra to r &>(y).j j;}
};

The JadHier , JadRow and JadRowIterator
classesprovide row-oriented accessto the JAD format.
The JadHier classprovides accessto the rows within
the permuted row index space. The JadRow and
JadRowIterator classesprovide accessto thenon-zero
elementswithin eachrow accessedvia JadHier .



//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///
// JadHier //
//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///

template <c las s BASE> class JadRow;
template <c las s BASE> class JadRowIte ra to r;

template <c las s BASE>
class JadHier

: public term_nest in g< interval_ it er ato r< in t>,
JadRow<BASE> >

{
protecte d:

JadStorag e<BASE> *A;
public:

JadHier(J adSt ora ge<BASE> *A) : A(A) { }
virtual iterator _t yp e begin()

{ return interval_i te ra to r<i nt >( 0); }
virtual iterator _t yp e end()

{ return interval_i te ra to r<i nt >( A-> n) ; }
virtual subterm_ ty pe subterm( ite ra to r_t yp e it) {

return JadRow<BASE>(A ,* it ); }
};

//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///
// JadRow //
//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///

template <c las s BASE>
class JadRow

: public term_nest in g< JadRowIte ra to r<B ASE>,
term_scal ar <BASE> >

{

protecte d:
JadStorag e<BASE> *A; int r; int dmax;

public:
JadRow(Ja dSto rag e<BASE> *A, int r) : A(A), r(r) {

for (dmax = 0;
dmax < A->nd-1 &&

r < (*A->dpt r) [d max+1]- (*A -> dptr) [d max];
dmax++)

;
}
virtual iterator _t yp e begin() {

return JadRowIte rat or <BASE>( A, r, 0); }
virtual iterator _t yp e end() {

return JadRowIte rat or <BASE>( A, r, dmax) ; }
virtual subterm_ ty pe subterm( ite ra to r_t yp e it) {

return (*A->valu es) [( *A -> dpt r) [i t.d ]+ r] ; }
};

//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///
// JadRowIte ra tor //
//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///

template <c las s BASE>
class JadRowIte ra tor :

public increasin g_it era to r< in t> {
friend class JadRow<BASE>;

protecte d:
JadStorag e<BASE> *A; int r; int d;

public:
JadRowIte ra to r(J adSt ora ge<BASE> *A, int r, int d)

: A(A), r(r), d(d) { }
virtual void operator ++(int) { d++; }
virtual key_type operator *( ) {

return (*A->coli nd) [( *A -> dpt r) [d ]+r ]; }
virtual bool equal(cons t

proto_ite ra to r<i nt > &y) const
{ return

r == dynamic_ ca st <cons t
JadRowIt er ato r &>(y).r

&& d == dynamic_c as t<c onst
JadRowI ter at or &>(y).d; }

};

The classJadPers simply wraps the JadFlat and
JadHier classestogetherwith

�
, theperspectiveoperator.

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// JadPers //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

template <cl as s BASE>
class JadPers

: public term_pers pec ti ve 2< JadFlat<B ASE>,
JadHier<B ASE> >

{
protecte d:

JadStorag e<BASE> *A;
public:

JadPers(J adSto ra ge<BASE> *A) : A(A) { }
virtual subterm1 _t ype subterm1 () {

return JadFlat<BA SE>( A) ; }
virtual subterm2 _t ype subterm2 () {

return JadHier<BA SE>( A) ; }
};

The top-mostlevel of the JAD’s view is the map op-
eratorthat describesthe permutation. The interfaceclass
term_perm2 refinesthegeneralterm_map class.It takes
two templateparameters,Pr andPc, which arethepermu-
tationsusedontherow andcolumnindices,respectively.

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// term_pe rm2 //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

template <cl as s Pr, class Pc, class E>
class term_perm 2

: public term_map< pair<int ,in t> , E >
{
public:

Pr pr; Pc pc;
term_perm 2( ) { }
term_perm 2( con st Pr &pr, const Pc &pc)

: pr(pr), pc(pc) { }
virtual pair<int ,i nt> map(pair <i nt ,in t> x) {

return make_pair( pr .a pply( x. fi rst ),
pc.apply( x. se con d) );

}
virtual pair<int ,i nt> unmap(pa ir <i nt, in t> x) {

return make_pair( pr .u nappl y( x. fir st ),
pc.unappl y( x. sec ond) );

}
};

Theclassesterm_perm_ident (representingidentity
permutation)andterm_perm_vector (permutationvec-
tor) areusedasthePr andPc argumentsto term_perm2 .

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// term_per m_ide nt //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///

class term_perm _id ent {
public:

term_perm _i dent( ) { }
int apply(int x) { return x; }
int unapply(in t x) { return x; }

};

//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
// term_per m_vec to r //
//////// /// // // /// // // /// // // // /// // // /// // // /// // // // ///
class term_perm _ve ct or {
public:

vector<in t> *perm;
term_perm _v ect or () : perm(0) { }
term_perm _v ect or (v ect or <i nt > *perm) : perm(per m) { }
int apply(int ii) { return (*perm)[ii ]; }
int unapply(in t ii) {

for (int i=0; i<(*perm) .si ze () ; i++)
if ((*perm)[i ] == ii) return i;

assert(fal se );
}

};



Thetop classof theJAD format is Jad , andit provides
the implementation

¾
of the row permutation. This is indi-

catedby inheriting from the term_perm2 interfaceclass,
instantiatedfor therow index with term_perm_vector ,
and with term_perm_ident for the column index.
The vector iperm is used to initialize the instanceof
term_perm_vector .

//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///
// Jad //
//////// // /// // // /// // // /// // // // /// // // /// // // /// // // ///

template <c las s BASE>
class Jad

: public JadRandom<BASE>,
public term_perm 2< term_per m_vec to r,

term_per m_i dent ,
JadPers< BASE> >

{
public:

Jad(int m,int n, JadStora ge<BASE> *A)
: JadRandom<BASE>(m,n ,A ),

term_perm2 < term_perm _v ect or , term_perm_ id ent,
JadPers<B ASE> >(

term_pe rm_ve ct or( A- >i per m),
term_pe rm_id ent() ) {}

virtual subterm_ ty pe subterm( ) {
return JadPers<B ASE>( A) ; }

};


