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As AI technologies improve, people are increasingly willing to delegate tasks to AI agents. In many cases,
the human decision-maker chooses whether to delegate to an AI agent based on properties of the specific
instance of the decision-making problem they are facing. Since humans typically lack full awareness of all the
factors relevant to this choice for a given decision-making instance, they perform a kind of categorization
by treating indistinguishable instances – those that have the same observable features – as the same. In this
paper, we define the problem of designing the optimal algorithmic delegate in the presence of categories. This
is an important dimension in the design of algorithms to work with humans, since we show that the optimal
delegate can be an arbitrarily better teammate than the optimal standalone algorithmic agent. The solution to
this optimal delegation problem is not obvious: we discover that this problem is fundamentally combinatorial,
and illustrate the complex relationship between the optimal design and the properties of the decision-making
task even in simple settings. Indeed, we show that finding the optimal delegate is computationally hard
in general. However, we are able to find efficient algorithms for producing the optimal delegate in several
broad cases of the problem, including when the optimal action may be decomposed into functions of features
observed by the human and the algorithm. Finally, we run computational experiments to simulate a designer
updating an algorithmic delegate over time to be optimized for when it is actually adopted by users, and show
that while this process does not recover the optimal delegate in general, the resulting delegate often performs
quite well.
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1 Introduction
Algorithmic agents – such as robots, AI assistants, and chatbots – are increasingly effective tools.
These agents play an important role in recent optimism about the potential for autonomous entities
on the Internet who can perform tasks on behalf of a user [Deng et al., 2023, Drouin et al., 2024, Yao
et al., 2022, Zhou et al., 2023]. In many cases, a human user works with the algorithmic agent to
complete a task, and the quality of the algorithmic agent must be measured by the performance of
the combined human-algorithm system, or the team performance [Bansal et al., 2021, 2019a]. Recent
work has demonstrated that the algorithmic agent with the highest standalone accuracy does not
necessarily achieve the optimal team performance [Bansal et al., 2021, Hamade et al., 2024]. Thus,
it is important and natural to ask: How can one design the optimal algorithmic teammate?
The answer to this depends on the structure of the team. There are many ways a human may

partner with an algorithmic agent; we focus on teams where the machine is a delegate to which
the human may hand off the choice of action entirely [Lai et al., 2022, Milewski and Lewis, 1997,
Stout et al., 2014]. That is, a delegate is an AI agent the human employs to take an action without
reviewing its choice. In cases where it is impossible or prohibitively time-consuming for the human
and algorithm to communicate before selecting each action, the algorithm must be a delegate.
Moreover, as AI technology improves, users may prefer to delegate decisions to increase efficiency.
Examples of algorithmic delegates include AI assistants that may be dispatched to complete tasks
on the Internet, such as shopping, answering emails, scheduling meetings, and booking tickets
[Booked AI, 2024, Wing Assistant, 2024]. Another set of examples are semi-autonomous vehicles,
where a driver must decide whether to drive herself or to delegate to an AI system [General Motors,
2024, Tesla, 2024]. In medicine, supervised autonomous surgical robots have been prototyped
[Shademan et al., 2016].
A key factor in evaluating a delegate’s team performance is determining in a given scenario

whether a human user will hand off the choice of action to the delegate, and if not, which action she
will take. Both of these decisions are subject to a fundamental limitation: the human will not have
complete information about the specific instance of the decision-making problem in front of her, and
as a result cannot make either decision perfectly [Bansal et al., 2019a]. For example, the user of an
AI shopping agent on the Internet may not have details about past trends in the online market, and a
driver may not know about rough road conditions ahead or a nearby hidden driveway that tends to
cause accidents. The human must then make the best decision possible given what she can observe
about the decision-making instance. We refer to these sets of human-indistinguishable instances
as categories, evoking the body of work in cognitive science that studies humans treating distinct
objects or circumstances in the same manner [Ashby and Maddox, 2005, Mervis and Rosch, 1981,
Smith, 2014]. The algorithmic agent – hereafter, themachine – similarly has incomplete information
[Alur et al., 2024]. The AI shopping agent may not have full knowledge of the user’s preferences,
and the autonomous vehicle may not know about a large sports event in the neighborhood and
other social context that might affect the vehicle’s capacity to drive safely. Thus the machine also
only observes its own categories of states. We illustrate human and machine categories in Figure 1.

We are interested in the optimal design of a machine in human-AI collaboration settings of the
following nature, which we formalize in Section 2. Given a decision-making instance, a human
observes the human category the decision-making instance falls in, and compares the machine’s
expected performance across all instances falling in that category to her own performance. If the
human has better expected performance, she will act herself. Otherwise, she will hand off1 the
decision to the machine. The machine will then observe the machine category the instance falls
in, and will take some action. The machine’s designer – a third party – must specify a choice of

1We use the verbs “delegate”, “adopt”, “use”, and “hand off” interchangeably.
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Fig. 1. Visualization of human and machine categories. A decision-making instance corresponds to a cell
in the grid. The human observes some information about the instance, and based on that information can
identify a set HC𝑖 (𝑖 ∈ {1, 2, 3, 4} in this example) of possible instances, or human category, corresponding
to a row in the grid. When encountering a scenario in HC𝑖 , the human must make decisions – whether to
delegate, and if not, which action to take – to achieve the best expected performance across the possible
instances in HC𝑖 . The machine likewise observes some other information about the decision-making instance,
which enables it to identify a set MC𝑗 ( 𝑗 ∈ {1, 2, 3, 4} in this example) of possible instances it might be in,
or machine category, corresponding to a column in the grid. The machine selects actions that perform best
across this set. For example, consider instance A laying at the intersection of HC1 and MC2. The human
cannot distinguish this instance from B, C, and D, and the machine cannot distinguish it from E, F, and G.
Note that this figure is a simplification: in general, there might be zero or many instances in the intersection
of HC𝑖 and MC𝑗 for each 𝑖, 𝑗 .

action for the machine to take in each machine category. We take the perspective of this designer,
and ask what this choice of action should be: how should we design the machine so that the team
performance is as good as possible?
To establish intuition about this optimal design problem, we consider the perspective of the

designer of an AI agent for booking flights. An initial design choice would be an agent which
maximizes team performance across all settings. However, the designer might discover that users
never use this agent when booking business travel (for example, because the optimal decision
depends heavily on the user’s business travel guidelines and itinerary and is relatively independent
of market data). It is then best for users if the designer removes business travel use cases from the
training data, and re-optimizes the machine to perform well in human categories where the human
actually adopts the AI agent (here, the category of “personal travel”), potentially sacrificing the
performance of the agent in booking business travel. This process need not stop here: this new
machine may be used in a different set of categories, so that further re-optimizing the machine
leads to further improvements to the team’s performance. This suggests an interplay between
the delegation choices made by the human user and the design choices made by the creator of the
machine; we show in Section 5 that these dynamics converge to a machine with locally optimal
team performance. Our interest is in the optimization problem where the designer of the machine
anticipates this interplay between delegation choices and design choices without actually running
the dynamics, and instead tries to directly design a machine whose use in a delegation scenario
results in globally optimal team performance.
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1.1 Overview of results
In this work, we investigate how to design the optimal algorithmic delegate in the presence of
non-identical human vs. machine categories. We have four main contributions.

• We develop amodel of human-AI delegation which captures categories, and find a surprisingly
clean characterization of the optimal design problem as a search problem for the optimal
subset of categories to perform well on. Thich reveals a fundamental combinatorial structure
of this problem, and leverages the principle of designing AI tools to perform well in categories
where they are actually used [Bansal et al., 2021, Vafa et al., 2024].

• To build intuition, we consider special cases where the optimal design problem can be fully
and tractably characterized; we do this for the case where the human and machine each
observe a single feature. We show that the optimization landscape is surprisingly rich even in
this basic case.

• We use our characterization result to examine the computational tractability of designing
the optimal delegate. We discover an efficient algorithm for finding the optimal delegate
when the optimal actions and category distributions are each decomposable in a sense we
make precise. This includes settings where the human and machine features of the decision-
making instance are realized independently and the optimal action is a linear function of
these features. We also find an efficient algorithm for delegation settings in which the human
or machine only observes a small number of features. However, we show that it is NP-hard
to find an optimal delegate in general.

• Finally, we run computational experiments to simulate the process of iteratively developing a
machine based on observing where it is used, and show that this does not find an optimal
delegate in general, but may perform quite well.

Our model of human delegation to an algorithmic agent is intentionally parsimonious: we only
need to specify which features of the decision-making instance the human and machine observe,
and for each instance, the probability of observing that instance, and the optimal action to take.
We show that this simple model captures a range of insights about optimal delegation and the
role of categories. Moreover, this model is easy to extend in several directions: in Section 6.2, we
show how to adapt our model to incorporate other human behavioral biases that affect delegation
[Bobadilla-Suarez et al., 2017, Candrian and Scherer, 2022], such as algorithm aversion [Dietvorst
et al., 2014] and control premiums [Owens et al., 2014].

The remainder of the paper follows the organization above: in Section 2 we introduce our model,
set up the problem of finding the optimal algorithmic delegate, and show a characterization theorem
for the optimal delegate. We then examine optimal delegation in the simple case in which the
human and machine each access a single binary feature in Section 3. We consider the tractability of
finding an optimal delegate in Section 4, and compare the optimal delegate to delegates learned over
time in Section 5. Finally, in Section 6 we discuss extensions of our model, and general relationships
in performance between different teams.

1.2 Related work
This paper extends a long line of work addressing how to design algorithmic agents to improve
performance in human-AI teams [Bansal et al., 2021, 2019b, De Toni et al., 2024, Grgić-Hlača et al.,
2022, Milewski and Lewis, 1997]. In particular, we focus on cases in which the human must choose
to either delegate to the machine [Lai et al., 2022, Lubars and Tan, 2019] or take action by herself; to
our knowledge, we are the first to study the design of optimal delegates that account for categories.
Bansal et al. [2021] propose that a machine’s performance should be optimized for the categories
where it is used, but do not study delegation. Other work studies machine design in other team



Sophie Greenwood, Karen Levy, Solon Barocas, Hoda Heidari, and Jon Kleinberg 4

structures, such as settings where the machine delegates to the human [Lykouris and Weng, 2024,
Raghu et al., 2018], settings where the human may observe the machine’s output before deciding
[Bansal et al., 2021, 2019b], and settings where a human chooses between accepting a machine’s
prediction and delegating to another human [Xu, 2024].
The existence of categories is a known aspect of human decision-making [Anderson, 1991,

Mullainathan, 2002, Townsend et al., 2000, Zheng et al., 2023]. This act of agents grouping decision-
making scenarios has been modeled both as a behavioral phenomenon [Mullainathan, 2002,
Townsend et al., 2000] and as a consequence of limited information [Alur et al., 2024, Bansal
et al., 2019a, Vafa et al., 2024]. We focus on categories arising from limited information, but in
Appendix C we show that our results apply to any partitions of the set of decision-making instances
– including those arising as a behavioral convenience. Our focus on information-driven categories
is consistent with contemporary human-algorithm collaboration work: “mental models” [Bansal
et al., 2019a] and “indistinguishable” inputs [Alur et al., 2024] are analogous to our human and
machine categories respectively. Moreover, our human categories are captured by “generalization
functions” in Vafa et al. [2024] when the human maintains equivalent beliefs about all states with
the same human-accessible features. Iakovlev and Liang [2024] also study a model where a human
and machine have access to different information in the form of binary features, but focus on the
problem of a third party selecting an evaluator. Some of these prior works study delegation in the
presence of categories [Lai et al., 2022, Vafa et al., 2024], but do not investigate the question of
optimal delegate design.

This work also interfaces with a variety of other disciplines. Our model can represent a type of
interpretability [Carvalho et al., 2019] by the number of shared features between the human and
machine: in our model, more shared features corresponds to more similar categories and actions
taken. Categories can cause over-reliance [Passi and Vorvoreanu, 2022]: the need to make the same
delegation decision across a category can result in over- or under-delegation within categories. In
human factors analysis, function allocation prescribes a qualitative process by which a designer
determines which tasks in a system should be automated [Marsden and Kirby, 2005, Price, 1985]; we
take a quantitative approach which is more suited to modern AI design. There is also an extensive
literature in management on human to human delegation [Akinola et al., 2017, Leana, 1986]; while
human delegates can be hired to perform specialized tasks, or trained to perform these tasks, the
natural models for such a human-to-human interaction would not lead to the type of optimization
design problem we study here because human decision-makers cannot be ‘designed’ to perform
well as teammates in the same fine-grained way as algorithmic agents can in our setup.

Finally, agentic AI systems, which complete complex, long-term, or underspecified goals with
a high degree of agency, are an increasingly popular topic of study in research and industry
[Adler et al., 2023, Chan et al., 2023, Purdy, 2024]. Our work studies AI systems in arguably the
simplest agentic setting, where the agent must act autonomously in clearly defined scenarios
involving a single decision. We find that even in this simple setting, designing an optimal agent is a
fundamentally hard task. This suggests that in more general settings it may also be challenging to
design agentic systems which will be optimally relied on by humans.

2 Model
Let the world of all decision-making instances be described by 𝑑 binary features 𝑥1, ..., 𝑥𝑑 ∈ {0, 1}.
There are then 𝑛 = 2𝑑 possible instances or states of the world x = (𝑥1, ..., 𝑥𝑑 ) ∈ {0, 1}𝑑 . Let 𝑃 (x)
denote the probability of observing state x. In state x, there is some ground truth correct action
𝑓 ∗ (x) ∈ R that should be taken. If an agent takes action 𝑎 ∈ R in state x, the team will receive
a loss of (𝑎 − 𝑓 ∗ (x))2. There are two agents, a human and a machine. The human can observe
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features 𝐼𝐻 ⊆ {1, ..., 𝑑} =: [𝑑]; the machine can observe features 𝐼𝑀 ⊆ [𝑑]. A delegation setting is
determined by 𝐼𝐻 , 𝐼𝑀 , 𝑃, and 𝑓 ∗.
To situate how this formalism works through a brief example, suppose that the machine is an

AI shopping agent as in the introduction, which can traverse the Internet to purchase items on
a user’s behalf. In this case, x represents the features of an item on a given day, and the ground
truth optimal action 𝑓 ∗ (x) ∈ R is the highest price a user should pay for that item on that day. The
human-observable features 𝐼𝐻 could be the users’ preferences and level of urgency for purchasing
the item, and 𝐼𝑀 could be information on how the item’s current price compares to market trends
for that item on the Internet. The human and machine might share some features – the human
could communicate some preferences to the machine – but the human cannot fully articulate all
the subtleties of her preferences and the machine cannot fully summarize all the complex market
trends involved in a way that’s legible to the human.

A human category𝐶 is a set of states that are indistinguishable to a human because they all share
the same human-observable feature values. Let x𝐻 and x𝑀 denote the restrictions of x to human and
machine-observable features. Formally, states x and z are in the same human category if and only if
x𝐻 = z𝐻 . Similarly, a machine category 𝐾 is a set of states indistinguishable to the machine, so that
states x and z are in the same machine category if and only if x𝑀 = z𝑀 . Let H and M denote the
set of all human and machine categories respectively; H and M are each a partition of the states.
There are ℎ = 2 |𝐼𝐻 | and𝑚 = 2 |𝐼𝑀 | human and machine categories respectively; we enumerate the
human categories 𝐶1,𝐶2, ...,𝐶ℎ ∈ H and the machine categories 𝐾1, 𝐾2, ..., 𝐾𝑚 ∈ M. We illustrate
the categories induced by human- and machine-accessible features through an example in Figure 2.
For a state x, let 𝐶 (x) and 𝐾 (x) be the human and machine categories containing x. Moreover, for
a set 𝑆 let 𝑃 (𝑆) :=

∑
x∈𝑆 𝑃 (x).

Fig. 2. Categories emerge from limited access to information. Here there are 𝑑 = 4 features, resulting in
𝑛 = 2𝑑 = 16 states shown in the first panel. The human has access to features 𝐼𝐻 = {1, 2}. The middle panel
visualizes the human categories in different shades of yellow: each collection of states with the same values
of 𝑥1 and 𝑥2 corresponds to a category. The machine has access to features 𝐼𝑀 = {3, 4}. The right panel
visualizes the machine categories in shades of blue: each collection of states with the same values of 𝑥3 and
𝑥4 corresponds to a category.
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Since each agent can’t distinguish between states within a category, the human and machine
choose actions as a function of the category they observe: let 𝑓𝐻 : H → R and 𝑓𝑀 : M → R denote
the human and machine’s choices, or action functions. The human’s action function 𝑓𝐻 specifies
the action she will take if she does not delegate to the machine; as we will see, this is simply the
action she takes in the machine’s absence. The machine’s action function is a policy specified by
the machine’s designer before the machine’s deployment.

The delegation process works as follows.

(1) Given state x, the human observes the category 𝐶 (x).
(2) The human decides whether or not to delegate based on which agent has better expected

performance in 𝐶 (x).
(3) If the human does not delegate, she takes action 𝑓𝐻 (𝐶 (x)).
(4) If the human delegates, the machine observes the category 𝐾 (x), and takes action 𝑓𝑀 (𝐾 (x)).

We illustrate this in Figure 3. Returning to the shopping agent example, the human can observe her
preferences but not the market trends, resulting in a set of indistinguishable states that corresponds
to a human category 𝐶 . Based on 𝐶 , she decides whether to delegate to the machine, or take action
𝑓𝐻 (𝐶). If she delegates to the machine, the machine observes the market trends but not all aspects
of the user’s preferences, resulting in a set of indistinguishable states that corresponds to a machine
category 𝐾 , and takes action 𝑓𝑀 (𝐾).

Fig. 3. Flow of decision-making control in delegation.

Note that we assume the human knows whether her expected loss is better or worse than the
machine’s loss in each category; for example she may learn this over time from past experiences
delegating to the machine, or from other users who have observed the machine’s performance.
Besides the human and machine, there is a third actor: the machine’s designer. We aim to

characterize the optimal machine action function 𝑓𝑀 , and determine whether the machine’s designer
is able to tractably discover this optimal policy. We will consider two regimes: for the main portion
of the paper, we will assume the machine’s designer has full knowledge of the delegation setting
𝐼𝐻 , 𝐼𝑀 , 𝑃 and 𝑓 ∗. In Section 5, we relax this assumption. The assumption of full knowledge provides
a lower bound on the difficulty of the problem: if the designer cannot efficiently construct the
optimal machine with full information, the designer has no hope of achieving optimality with less
information. Moreover, while stylized, the assumption reflects a genuine property of the problem
domain, which is that the designer of the machine has more information than the human user
or the machine itself have individually: the designer has some understanding of the categories a
human user will have access to (but of course they don’t not know which category any instance
belongs to at the future time of usage), and the designer also has insight into the features that
the machine will use. For example, a company developing a shopping agent might have a user
experience team which aims to understand customer use cases, and an engineering team which
assembles the machine’s inputs and sensors.
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2.1 An illustrative example
Before we finish formalizing the optimal design problem, we will work through an example, shown
in Figure 4. Here, the human and machine each have four categories, as would arise when each
has access to two underlying Boolean features. If the human and machine features partition a set
of four total features, there will be one state x𝑖 𝑗 in the intersection of 𝐶𝑖 ∩ 𝐾 𝑗 for each 𝑖, 𝑗 . Figure
4a visualizes these categories in a grid, where the rows are human categories and the columns
are machine categories. The value of entry (𝑖, 𝑗) in the grid is the ground truth correct action
𝑓 ∗ (x𝑖 𝑗 ), and the entry is shaded by the magnitude of 𝑓 ∗. We let each state have equal probability
𝑃 (x𝑖 𝑗 ) = 1/𝑛.

(a) We arrange decision-making instances in a grid as in Figure 1, where rows are human categories and
columns are machine categories. The value in entry (𝑖, 𝑗) is the optimal action 𝑓 ∗ (x𝑖 𝑗 ) in the state x𝑖 𝑗 ∈ 𝐶𝑖∩𝐾𝑗 .

(b) In category 𝐶𝑖 , the human selects the loss-
minimizing action 𝑓 ∗

𝐻
, the average action in row 𝑖 . The

expected loss of 𝑓 ∗
𝐻
in human category 𝐶𝑖 is ℓ𝐻 (𝐶𝑖 ).

(c) In category 𝐾𝑗 , the machine selects some action
𝑓𝑀 . The expected loss of 𝑓𝑀 in human category 𝐶𝑖 is
ℓ𝑀 (𝐶𝑖 ). Here we display 𝑓𝑀 = 𝑓 obliv

𝑀
, corresponding

to selecting the average action in column 𝑗 .

(d) Team with 𝑓 ∗
𝐻
and 𝑓 obliv

𝑀
; team loss ℓ (𝐶) is the minimum of ℓ𝐻 (𝐶) and ℓ𝑀 (𝐶).

(e) Team with 𝑓 ∗
𝐻

and 𝑓 ∗
𝑀
; in category 𝐾𝑗 , 𝑓 ∗𝑀 averages over {𝐶1,𝐶2,𝐶4} and achieves a much lower team loss.

Fig. 4. Example delegation problem.

In a given state x𝑖 𝑗 , the human can observe which row 𝑖 the state is in, and will either delegate
to the machine, or take action 𝑓𝐻 (𝐶𝑖 ). When the human does not delegate, her choice of 𝑓𝐻 (𝐶𝑖 ) is
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simple: the only information the human has is the row 𝑖 , so to minimize the squared loss of her
decision she can do no better than to choose the average action in row 𝑖 , which we show in Figure
4b as 𝑓 ∗

𝐻
. This yields an average loss of ℓ𝐻 (𝐶𝑖 ) in each human category 𝐶𝑖 , which corresponds to

the variance of the optimal action across𝐶𝑖 . When the human does delegate to the machine in state
x𝑖 𝑗 , the machine can observe the column 𝑗 and take some action 𝑓𝑀 (𝐾 𝑗 ). In Figure 4c we show a
machine 𝑓 obliv

𝑀
, which upon observing category 𝐾 𝑗 takes the average action in column 𝑗 . This yields

an average loss of ℓ𝑀 (𝐶𝑖 ) in each human category 𝐶𝑖 .
In Figures 4d and 4e we contrast the team performance of different delegates. In state x𝑖 𝑗 , the

human makes her delegation decision by comparing the losses ℓ𝐻 and ℓ𝑀 in row 𝑖 , and choosing
the agent with the lower loss ℓ . The overall team loss is the average of the column ℓ .
In Figure 4d we show the team consisting of 𝑓 ∗

𝐻
from Figure 4b and 𝑓 obliv

𝑀
from Figure 4c. In

this case, the human will delegate in categories 𝐶1,𝐶2, and 𝐶4. If the machine can only observe
the machine category 𝐾 𝑗 , this delegate 𝑓 obliv𝑀

that takes the average action in column 𝑗 is the best
choice to minimize the squared loss.
However, the machine will only be used in decision-making instances where the human chose

to delegate to it. Can we use this information to improve the team loss? In this example, states in
the human category 𝐶3 are difficult for the machine to handle: the optimal action 40 is often very
different than in other states in the machine’s categories. However,𝐶3 is very easy for the human to
take action in: the human can take action 40 with no loss. Without𝐶3, the remaining values in each
machine category have very low variance, and the machine achieves very good performance even
if the human adopts the machine in all other human categories. Figure 4e shows a machine design
that averages only over the human categories excluding 𝐶3; this machine achieves a significantly
lower loss in categories 𝐶1,𝐶2 and 𝐶4, and is again adopted in these categories. This is in fact the
optimal delegate.

The example above suggests two high-level insights. First, themachine’s designer should partition
the human categories into “retained” categories where the machine will be responsible (𝐶1, 𝐶2, and
𝐶4) and categories that are “yielded” to the human’s responsibility (𝐶3), and optimize the machine
to be perform well in the retained categories. We generalize this in Proposition 1, which shows
that finding an optimal machine amounts to finding the best set of retained categories, and that the
human will adopt the optimal machine in exactly these categories. Second, to find this partition,
the machine’s designer should take the yielded human categories to be those with low variance in
the optimal action among states in the category, and the retained human categories to be those
that make the machine categories have low variance. The optimal delegate is then designed to
only be used in the latter set of categories. In Proposition 2 we show this is exactly the problem of
designing the optimal delegate.

One natural approach to finding this partition of human and machine categories is to start with
a delegate that is designed to perform well in all states, and then to observe which categories
human adopts the machine in. The designer could then re-optimize the machine to perform well in
only those categories and observe which categories this new machine is adopted in. The designer
then reoptimize the machine to perform well in these categories, and thus iteratively improve the
machine’s design. Unfortunately, we show in Section 5 that this is not guaranteed to converge to
an optimal delegate, but reaches a local optimum. As a result, in the next few sections we focus on
finding a global optimum.

2.2 Team loss minimization
We now finish formalizing the problem of finding an optimal delegate. Let

ℓ𝐻 (𝑓𝐻 ,𝐶) := E[(𝑓𝐻 (𝐶) − 𝑓 ∗ (x))2 |x ∈ 𝐶],
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ℓ𝑀 (𝑓𝑀 ,𝐶) := E[(𝑓𝑀 (𝐾 (x)) − 𝑓 ∗ (x))2 |x ∈ 𝐶]
denote the expected loss of the human function 𝑓𝐻 and machine function 𝑓𝑀 respectively in category
𝐶 . When the human is delegating optimally, she will delegate to the machine in category 𝐶 if and
only if the machine’s loss is lower than the human’s in that category.2 The loss associated with the
team in which the human with function 𝑓𝐻 optimally delegates tasks to the machine with function
𝑓𝑀 is denoted by ℓ (𝑓𝐻 , 𝑓𝑀 ). For simplicity, we refer to this as the team loss. Formally, the expected
team loss is

ℓ (𝑓𝐻 , 𝑓𝑀 ) :=
∑︁
𝐶∈H

𝑃 (𝐶) · min {ℓ𝐻 (𝑓𝐻 ,𝐶), ℓ𝑀 (𝑓𝑀 ,𝐶)} .

In a given category 𝐶 , the human will observe 𝐶 , and either delegate to the machine, or will
take an action. If the human chooses to take an action, given that the human can only observe 𝐶 ,
the loss-minimizing action in category 𝐶 is the expected value of 𝑓 ∗ in 𝐶; we denote the human
function that takes this optimal action in each 𝐶 by 𝑓 ∗

𝐻
, that is,

𝑓 ∗𝐻 (𝐶) := E[𝑓 ∗ |𝐶] .
This will be the optimal human function regardless of the machine’s function 𝑓𝑀 , so we will restrict
our consideration to 𝑓𝐻 = 𝑓 ∗

𝐻
.

The optimal machine action is less clear: in machine category 𝐾 , the machine’s designer can
make this choice depend not only on the features corresponding to 𝐾 , but also on the information
that the human chose to delegate to it (by nature of having to choose an action at all). The machine’s
design could be oblivious, relying only on the machine-interpretable features and ignoring the fact
that it has been delegated to, as in a traditional machine learning approach. The loss-minimizing
action 𝑓 obliv

𝑀
in machine category 𝐾 that ignores delegation information would be the expected

value of 𝑓 ∗ across states in 𝐾 ,
𝑓 obliv𝑀 (𝐾) := E[𝑓 ∗ |𝐾] .

Alternatively, an optimal delegate 𝑓 ∗
𝑀
makes use of all the information available and attains the

optimal team loss,
𝑓 ∗𝑀 ∈ arg min

𝑓𝑀

ℓ (𝑓 ∗𝐻 , 𝑓𝑀 ).

We show this in Section 3.1 that there exist families of delegation settings such that the oblivious
machine 𝑓 obliv

𝑀
has unbounded team loss, but the team loss of the optimal machine 𝑓 ∗

𝑀
is constant.

This implies that the oblivious delegate can have arbitrarily worse performance than the optimal
delegate. This observation motivates the need to design optimal delegates that account for human
adoption.

2.3 Reformulating the problem
Our goal is now to find optimal delegates 𝑓 ∗

𝑀
. We now state two results (Propositions 1 and 2) that

give general versions of the principles from our example above; in Section 4 we will use these
results to examine the tractability of finding optimal delegates.
First, we transform our problem into a discrete optimization problem. Let 𝑓 R

𝑀
be the machine

that in machine category 𝐾 takes the average action only over states also in “retained” human
categories 𝐶 ∈ R:

𝑓 R𝑀 (𝐾) := E[𝑓 ∗ |𝑋 (R) ∩ 𝐾],
where 𝑋 (R) :=

⋃
𝐶∈R 𝐶 . In contrast, the oblivious machine takes the expected optimal action over

all states in the machine category. Note that the functions 𝑓𝑀 we computed in the example above
were examples of 𝑓 R

𝑀
for different sets of retained categories R.

2We assume, without loss of generality, that the human will not delegate when the two agents have equal expected losses.
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The categories in which a human with function 𝑓𝐻 will delegate to a machine with function 𝑓𝑀
are those where the machine’s expected loss is lower than the human’s; we denote this by

D(𝑓𝐻 , 𝑓𝑀 ) := {𝐶 ⊆ H : ℓ𝑀 (𝑓𝑀 ,𝐶) < ℓ𝐻 (𝑓𝐻 ,𝐶)}.
We may rewrite the problem of finding an optimal delegate 𝑓 ∗

𝑀
as

min
𝑓𝑀

ℓ (𝑓 ∗𝐻 , 𝑓𝑀 ) ≡ min
𝑓𝑀

∑︁
𝐶∈H\D(𝑓 ∗

𝐻
,𝑓𝑀 )

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁

𝐶∈D(𝑓 ∗
𝐻
,𝑓𝑀 )

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶). (1)

The following result shows that to find an optimal delegate 𝑓 ∗
𝑀
, it is sufficient and necessary to find

a set of human categories R∗ that attains the minimum team loss when the human delegates to
𝑓 R

∗

𝑀
in precisely the categories in R∗. We defer the proof of this result to Appendix D.

Proposition 1. Consider the combinatorial optimization problem

min
R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓 R𝑀 ,𝐶) (2)

In any delegation setting, if R∗ is a solution to Problem 2, 𝑓 R
∗

𝑀
is a solution to Problem 1.

Likewise, if 𝑓 ∗
𝑀
is a solution to Problem 1, then D(𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) is a solution to Problem 2.

Since we measure team performance using the squared loss, the objective function in Problem 2
depends fundamentally on the variance – the variance across each non-retained human category,
and the variance across all retained states in each machine category. To formalize this, we use
conditional variance [Spanos, 1999],

𝜎2 (𝑓 ∗ |𝑆) := E[(𝑓 ∗ − E[𝑓 ∗ |𝑆])2 |𝑆] .
Define Δ2 (·|𝑆) := 𝑃 (𝑆)𝜎2 (·|𝑆).

Proposition 2. To find an optimal delegate 𝑓 ∗
𝑀
, it is sufficient to find a set R∗ that solves

min
R

∑︁
𝐶∈H\R

Δ2 (𝑓 ∗ |𝐶) +
∑︁
𝐾

Δ2 (𝑓 ∗ |𝐾 ∩ 𝑋 (R))

and take 𝑓 ∗
𝑀

= 𝑓 R
∗

𝑀
.

This follows from properties of the squared loss; we provide a formal proof in Appendix D.
We first use this reformulation to characterize optimal delegates in the simple setting where the

human and machine each access a single feature in Section 3, and again in Section 4 to investigate
the tractability of finding an optimal delegate.

While our results in Section 4 will apply for arbitrary human- and machine-observable features,
we note that this problem has an especially clean combinatorial formulation when the human and
machine partition the set of features [𝑑].

Corollary 3. In the case that 𝐼𝐻 ∩ 𝐼𝑀 = ∅ and 𝐼𝐻 ∪ 𝐼𝑀 = [𝑑], the problem of finding an optimal
delegate is as follows. There is a single x𝑖 𝑗 ∈ 𝐶𝑖 ∩ 𝐾 𝑗 for each 𝑖, 𝑗 . Define a matrix 𝑉 ∈ Rℎ × R𝑚 with
entries 𝑣𝑖 𝑗 = 𝑓 ∗ (x𝑖 𝑗 ). In this notation, we use Δ2 (𝑣𝑖 𝑗 |𝑖) to denote Δ2 (𝑓 ∗ |𝐶𝑖 ), and likewise Δ2 (𝑣𝑖 𝑗 | 𝑗) to
denote Δ2 (𝑓 ∗ |𝐾 𝑗 ).

VarianceAssignment. Fix a set of rows 𝑅 ⊆ [ℎ]. For each row 𝑖 ∉ 𝑅, pay a cost of
Δ2 (𝑣𝑖 𝑗 |𝑖). For each column 𝑗 , pay a cost of Δ2 (𝑣𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) (indicating that we take
the conditional variance for the given 𝑗 only over the rows in 𝑅). Find the set 𝑅∗ that
minimizes the total cost.

Then for R∗ = {𝐶𝑖 : 𝑖 ∈ 𝑅∗}, 𝑓 R∗

𝑀
will be an optimal delegate.
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3 Delegation in two-feature settings
Before introducing our general results, we will consider this model in the special case where the
world only has two relevant features – the first feature being accessible only to the human and the
second accessible only to the machine – and where each state occurs with equal probability. We
will first show two extreme examples of delegation settings in which the optimal machine design is
intuitive. We will then fully characterize the relationship between the ground truth function 𝑓 ∗ and
the optimal machine design. This exercise will demonstrate that this relationship follows simple
principles but may itself be complex.
Formally, let there be 𝑑 = 2 features 𝑥1 and 𝑥2. Let the human access 𝑥1 only, and the machine

access 𝑥2 only (𝐼𝐻 = {1}, 𝐼𝑀 = {2}). In this case, each agent has two categories, and there are four
states x – one state x𝑖 𝑗 ∈ 𝐶𝑖 ∩ 𝐾 𝑗 for each pair of human and machine categories 𝐶𝑖 , 𝐾𝑗 . Thus,
any 𝑓 ∗ can be specified by four values: the optimal action in each state. It is easy to show that
the optimal set of retained categories R∗ is invariant to scaling and shifting of the ground truth
function 𝑓 ∗, so we may without loss of generality fix two of the values of 𝑓 ∗: let 𝑓 ∗ (x11) = 0 and
𝑓 ∗ (x12) = 1. We denote the remaining two values 𝑎 := 𝑓 ∗ (x21), 𝑏 := 𝑓 ∗ (x22), and write 𝑓 ∗ = 𝑓 ∗

𝑎,𝑏
.3

We visualize 𝑓 ∗
𝑎,𝑏

in Figure 5.

Fig. 5. General two-feature setting

First, consider the case where 𝑎 = 0, 𝑏 = 1, as shown in Figure 6a. In this case, the optimal
action is entirely determined by the machine’s feature 𝑥2: the machine has perfect information. The
optimal machine therefore retains all human categories, and attains perfect team performance. In
general the expected team loss from R = {𝐶1,𝐶2} increases radially as away from (0, 1): we show
in Appendix A that it is proportional to 𝑎2 + (𝑏 − 1)2.

(a) 𝑎 = 0, 𝑏 = 1. (b) 𝑎 = 𝑏.

Fig. 6. Optimal delegation for different settings of 𝑎, 𝑏. A dash (-) denotes an irrelevant value.

If 𝑎 = 𝑏, the human-machine team operates with zero loss when the machine retains only
R = {𝐶1}. We illustrate this in Figure 6b: the human has perfect performance in𝐶2, and delegates to
the machine in 𝐶1 where the machine has perfect performance. In general, the loss from R = {𝐶1}
increases quadratically away from the line 𝑎 = 𝑏: it is proportional to (𝑎 − 𝑏)2.
Note that similarly, if the machine retains only the second human category, R = {𝐶2}, the

machine will predict 𝑓𝑀 (𝐾1) = 𝑎, 𝑓𝑀 (𝐾2) = 𝑏 and attain perfect performance in 𝐶2. Thus, when
3All functions 𝑓 ∗ can be scaled and shifted to equal 𝑓 ∗

𝑎,𝑏
for some 𝑎,𝑏 as long as 𝑓 ∗ (x11 ) ≠ 𝑓 ∗ (x12 ) . If 𝑓 ∗ (x11 ) = 𝑓 ∗ (x12 ) ,

the human achieves zero loss in 𝐶1, the optimal delegate takes R = {𝐶2} and achieves zero loss there, so that the team
achieves zero loss.
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R = {𝐶2}, the expected team loss is determined by the human’s loss in 𝐶1, which is constant.
Moreover, for all (𝑎, 𝑏), this is strictly better than the human acting alone, so R = ∅ is never
optimal.4
By Proposition 1, the expected team loss of an optimal delegate 𝑓 ∗

𝑀
is the minimum attainable

loss amongst different choices of R, which we show in Appendix A is

ℓ (𝑓 ∗𝐻 , 𝑓 ∗𝑀 ) =
1
8
· min

{
1, (𝑎 − 𝑏)2, 𝑎2 + (𝑏 − 1)2} .

The optimal set of retained categories R∗ is the one that produces the minimal value above. In
Figure 7 we plot ℓ (𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) and R∗ of 𝑓 ∗

𝑎,𝑏
for each 𝑎, 𝑏.

(a) ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) (b) R∗

Fig. 7. For each pair (𝑎, 𝑏), we compute the optimal delegate 𝑓 ∗
𝑀

for ground truth function 𝑓 ∗
𝑎,𝑏

. In (a) we plot
the expected loss of the human-machine team where the human delegates to 𝑓 ∗

𝑀
, ℓ (𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
). In (b) we plot

the categories R∗ that are retained by 𝑓 ∗
𝑀
. By Proposition 1 this corresponds exactly to the categories where

𝑓 ∗
𝑀

will be adopted; (b) can also be considered a plot of D(𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
).

Each region of Figure 7b corresponds to a qualitatively different delegate. In the two solid
regions, the optimal delegate specializes to one category and lets the human handle the other one
(in the lighter, inner strip the delegate specializes to 𝐶1; in the darker, outer region the delegate
specializes to 𝐶2). In the striped “teardrop”, the optimal delegate is a general-purpose machine
designed to handle all categories. Despite the extremely simple setting in which each agent observes
a single binary feature, the three regions have very unusual structures. The region corresponding
to R∗ = {𝐶1} is non-convex, and the region corresponding to R∗ = {𝐶2} is not even connected.
Proposition 1 showed that to find the optimal delegate for ground truth function 𝑓 ∗ it is necessary
to find the optimal set of retained categories: Figure 7b gives intuition that the relationship between
the optimal set of retained categories and the ground truth function is complex even in the simplest
of settings, so that finding the optimal delegate is a difficult endeavor. In the following section we
formalize this intuition, showing that in general finding the optimal delegate is NP-hard.

4In general, one can always design a delegate that the human should use in at least one category, as long as the machine
has at least one feature. This is because anytime the machine only retains a single human category𝐶 , the corresponding
machine function 𝑓 {𝐶}

𝑀
(𝐾 ) can effectively observe use both𝐶 and 𝐾 to select an action, which is strictly more information

than the human.
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We pause to compare the optimal machine to other potential machine designs in the context of
the two-feature setting.

3.1 Oblivious and optimal delegation

(a) Oblivious delegate (b) Optimal delegate

Fig. 8. A family of delegation settings when the human and machine each observe a single distinct feature, in
which the oblivious machine’s team performance becomes arbitrarily worse than the optimal machine’s team
performance as 𝑁 grows large.

We first give an example of a family of delegation settings where the team performance of the
oblivious machine 𝑓 obliv

𝑀
can be arbitrarily worse than the performance of the optimal machine 𝑓 ∗

𝑀
.

Consider the family of delegation settings shown in Figure 8. This corresponds to (𝑎, 𝑏) = (0, 𝑁 );
inspecting Figure 7, (0, 𝑁 ) is in the region where R∗ = {𝐶2}, and 𝑓 ∗𝑀 achieves an expected team loss
of 1/8. Both the human and the oblivious machine struggle to select an action in state x22, since
the optimal action 𝑓 ∗ (x22) is very different from the other values in the same row and column. The
human observes category 𝐶2, and averages between 𝑓 ∗ (x21) = 0 and 𝑓 ∗ (x22) = 𝑁 , which has a loss
on the order of 𝑁 2 in state x22. The oblivious machine observes category 𝐾2 and averages between
𝑓 ∗ (x12) = 1 and 𝑓 ∗ (x22) = 𝑁 , which also has a loss on the order of 𝑁 2 in x22. Thus regardless
of whether human delegates to the oblivious machine or not in category 𝐶2, the expected team
loss of the human and the oblivious machine will be on the order of 𝑁 2. As 𝑁 grows large, this
is arbitrarily worse than the expected team loss of the human and the optimal machine, which is
constant in 𝑁 .

3.2 Maximally adopted delegates
We now extend our analysis of the two-feature setting to compare the optimal delegate to the
delegate that maximizes the likelihood of delegation, as might be implemented by a self-interested
firm. In the two-feature setting, the designer will always be able to design a machine that is adopted
in at least one human category: he could simply design the optimal delegate. For which ground truth
functions 𝑓 ∗

𝑎,𝑏
is it possible to design a delegate 𝑓𝑀 that is adopted in both categories, regardless of

whether this has optimal team performance?
In Appendix A.1, we derive the set of 𝑓 ∗

𝑎,𝑏
such that it is possible to design a machine that will

be adopted in both 𝐶1 and 𝐶2; we plot the corresponding (𝑎, 𝑏) in Figure 9. Figure 9b compares
this region to the regions where the optimal delegate will be adopted from Figure 7b; we see
that – necessarily – it contains the striped region where it is optimal to design a machine that
will be adopted in both categories. However, it also slices through both regions where only the
optimal delegate is only adopted in a single category: here, maximizing adoption comes at a cost
to team performance. This indicates that delegates which maximize adoption are suboptimal for
an unbounded set of delegation settings. In Appendix A.1 we give intuition for the shape of this
region. Moreover, we show that the delegate with maximal adoption can be arbitrarily worse than
the optimal delegate, and that for most settings the maximally adopted machine has worse team
performance than even the oblivious machine acting alone.
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(a) (b)

Fig. 9. The grey shaded region of Figure 9a is the set of delegation settings 𝑓 ∗
𝑎,𝑏

where a firm can design a
machine which is adopted in all categories. In Figure 9b, we highlight this region in Figure 7b, which showed
the regions where the optimal delegate will be adopted by the human user. The solid yellow regions within
the highlighted set correspond to delegation settings where a firm seeking to maximize adoption will design
a sub-optimal machine.

4 Tractability
We have established that it is desirable to design optimal delegates. In this section, we investigate
whether it is tractable. We discover two large families of delegation settings in which it is possible
to efficiently find an optimal delegate. However, we show that this is intractable in general. We
provide proofs in Appendix E.

We first pause to define efficiency. In general, in order to describe a delegation setting 𝐼𝐻 , 𝐼𝑀 , 𝑃, 𝑓 ∗,
one must specify 𝑃 (x) and 𝑓 ∗ (x) for each state x, so that the size of a delegation setting is the
number of states 𝑛. An efficient algorithm is then one in which an optimal delegate may be found
in time polynomial in 𝑛.

4.1 Efficient algorithms
We first show that if the delegation setting is separable, that is, 𝑓 ∗ can be decomposed additively
into functions of the human and machine features respectively, and the probabilities 𝑃 satisfy
independence and regularity conditions, we can efficiently find an optimal delegate.
To formalize separability, we first need to define the consistency of a human category 𝐶 and a

machine category 𝐾 : suppose there are some shared features observed by both the human and
machine, that is, 𝐼𝑆 = 𝐼𝐻 ∩ 𝐼𝑀 ≠ ∅. Since a human can’t distinguish between states in 𝐶 , each state
x ∈ 𝐶 will have the same shared features x𝑆 . Likewise, all states in z ∈ 𝐾 will have the same z𝑆 .
Then 𝐶 and 𝐾 are inconsistent if the shared features are different the two categories – in this case,
it would be impossible for the human to be in category 𝐶 and the machine to be in category 𝐾 at
the same time. Formally, 𝐶 and 𝐾 are inconsistent if for x ∈ 𝐶 , z ∈ 𝐾 , we have x𝑆 ≠ z𝑆 .
Now, a function 𝑓 ∗ is separable with respect to observable feature sets 𝐼𝐻 and 𝐼𝑀 if there are

some functions 𝑢,𝑤 such that 𝑓 ∗ (x) = 𝑢 (𝐶 (x)) + 𝑤 (𝐾 (x)). A distribution 𝑃 is separable if all
consistent human and machine categories are independent, that is, there exist rationals 𝑝𝑖 , 𝑞 𝑗 such
that 𝑃 (𝐶𝑖 ∩ 𝐾 𝑗 ) = 𝑝𝑖 · 𝑞 𝑗 for all consistent 𝐶𝑖 , 𝐾𝑗 . A delegation setting 𝐼𝐻 , 𝐼𝑀 , 𝑃, 𝑓 ∗ is separable if 𝑓 ∗
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is separable with respect to 𝐼𝐻 , 𝐼𝑀 and 𝑃 is separable. Notably, if 𝑓 ∗ is linear in x, it is separable for
all 𝐼𝐻 , 𝐼𝑀 . Moreover, if the features take values independently, 𝑃 will be separable.
We will also assume that the probabilities 𝑝𝑖 have polynomial precision, that is, 𝑝𝑖 = 𝑡𝑖/𝑇 for

𝑡𝑖 ,𝑇 ∈ N and 𝑇 ∈ 𝑂 (poly(𝑛)).

Theorem 4. If the delegation setting is separable with polynomial precision probabilities, we can
find an optimal delegate 𝑓 ∗

𝑀
in time polynomial in 𝑛.

Proof sketch. The simplest case of this problem is when the human and machine partition the
set of all features, and when each state occurs with equal probability. In this case, we can write
𝑣𝑖 𝑗 = 𝑓

∗ (x𝑖 𝑗 ) = 𝑢𝑖 +𝑤 𝑗 for each 𝑖, 𝑗 , for some 𝑢𝑖 ,𝑤 𝑗 ∈ R. By Corollary 3, we need to find some set 𝑅
solving

min
𝑅

∑︁
𝑖∉𝑅

Δ2 (𝑣𝑖 𝑗 |𝑖) +
∑︁
𝑗

Δ2 (𝑣𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) .

In the separable case, we may simplify this to

min
𝑘

[(
1 − 𝑘

|H |

)
𝜎2 (𝑤 𝑗 |𝑖) +

𝑘

|H | min
𝑅: |𝑅 |=𝑘

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅, 𝑗)
]
.

The problem is now simply to find the minimum variance subset of {𝑢𝑖 } of size 𝑘 for each 1 ≤ 𝑘 ≤
|H |, where |H | = 𝑂 (𝑛). We can do this efficiently by sorting the values of 𝑢𝑖 and examining the
variance of contiguous subsets of size 𝑘 [YXD, 2013]. We may reduce more complicated versions of
the problem with arbitrary human- and machine-observable features and arbitrary polynomial-
precision probabilities 𝑝, 𝑞 to this setting. □

We also find that if the human or machine has access to a limited number of features, the problem
is again tractable.

Theorem 5. Suppose that |𝐼𝐻 \ 𝐼𝑀 | = 𝑂 (1) or |𝐼𝑀 \ 𝐼𝐻 | = 𝑂 (1). Then we may find an optimal
delegate in time polynomial in 𝑛.

Finally, in any given delegation setting we may efficiently determine whether it is possible to
design a machine so that the human-machine team has zero loss.

Proposition 6. For any delegation setting, we may determine whether there exists a function 𝑓 ∗
𝑀
such

that ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) = 0 in time linear in 𝑛.

4.2 Intractability
The problem of finding an optimal delegate is NP-hard in general.

Theorem 7. Unless P = NP, there is no algorithm to find an optimal delegate 𝑓 ∗
𝑀
in time polynomial

in 𝑛 for all delegation settings.

Proof sketch. We first consider the problem NegRegularDSD of finding a maximum density
subgraph of a graph with weighted edges, where the weights may be negative but satisfy some
regularity conditions. We reduce the NP-hard problem of finding a maximal clique in a regular
graph to NegRegularDSD. We then reduce NegRegularDSD to VarianceAssignment. □

This result motivates why the optimal delegate has not previously been characterized: the
problem has a fundamentally combinatorial nature that makes it intractable to solve.
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5 Computational experiments with iterative design
In this section, we explore the implications of an alternative design pipeline: instead of designing
the optimal delegate, the designer might iteratively update the delegate depending on when it is
adopted. Concretely, this process is as follows.
(1) The designer designs and deploys an oblivious delegate.
(2) The designer observes the categories where the human delegates to this machine.
(3) The designer deploys a new machine that is optimized for these categories.
(4) The designer repeats steps (2) and (3) until convergence.

If we think back to our earlier example of an online shopping agent, this would correspond to
a designer initially deploying a general-purpose agent, which seeks to assist with purchases of
all kinds, but then observing that the agent turns out to only be used by people for a particular
kind of purchases — say for travel-related purchases. The designer then re-optimizes the agent for
travel purchasing, and continues this cycle until the machine is designed for the settings where it’s
actually used.
Formally, suppose the designer initially designs the oblivious machine 𝑓 obliv

𝑀
. The human then

delegates to 𝑓 obliv
𝑀

in categoriesD(𝑓 ∗
𝐻
, 𝑓 obliv
𝑀

). The designer can improve the team performance with

𝑓
(1)
𝑀

= 𝑓
D(𝑓 ∗

𝐻
,𝑓 obliv
𝑀

)
𝑀

.

The human adopts 𝑓 (1)
𝑀

in categories D(𝑓 ∗
𝐻
, 𝑓

(1)
𝑀

), achieving even better team performance. The
designer iteratively takes

𝑓
(𝑡+1)
𝑀

= 𝑓
D(𝑓 ∗

𝐻
,𝑓

(𝑡 )
𝑀

)
𝑀

.

Since there are a finite number of subsets of human categories D, and the performance improves
after each iteration, this process will eventually converge to some fixed point 𝑓 iter

𝑀
.5 In this regime,

rather than the designer knowing the full delegation setting 𝐼𝐻 , 𝐼𝑀 , 𝑃, 𝑓 ∗, the designer need only
know E[𝑓 ∗ |𝑋 (D(𝑓 ∗

𝐻
, 𝑓

(𝑡 )
𝑀

)) ∩ 𝐾] for each machine category 𝐾 , that is, the loss-minimizing action
within each machine category, restricting to states where 𝑓 (𝑡 )

𝑀
is adopted.

We give an example in Figure 10 where the iterative solution 𝑓 iter
𝑀

is significantly different from
the optimal delegate 𝑓 ∗

𝑀
: 𝑓 iter
𝑀

= (0.3, 0.85) takes a small action in 𝐾1 and a large action in 𝐾2, while
𝑓 ∗
𝑀

= (0.9, 0.1) has the opposite design: it takes a large action in 𝐾1 and a small action in 𝐾2.
We may now compare the performance of 𝑓 iter

𝑀
and 𝑓 ∗

𝑀
. In Figure 12 of Appendix B we show the

result of computational experiments that investigate how far from optimal the iterative solution’s
performance is in the case of linear functions with independent features. As the number of features
increases, the iterative solutions achieve near-optimal performance.
We run an additional experiment in the same setting as Figure 12 to determine the proportion

of times the iterative process finds the optimal solution for several different numbers of observed
features |𝐼𝐻 | and |𝐼𝑀 |. We show the results of this in Table 1 in Appendix B. We find that the
proportion decreases monotonically in the number of features the human observes – which makes
sense, as this corresponds to strictly more complex options for the retained categories R – and
increases monotonically in the number of features the machine observes. As expected from Figure
12, the proportion of optimal delegates find goes up along the diagonal |𝐼𝐻 | = |𝐼𝑀 |, but this increase
is very mild, indicating that many of the iterative solutions that have near-optimal performance
are simply very good alternatives to the optimal delegate.
5To be precise: when the human chooses to delegate to 𝑓 (𝑡+1)

𝑀
in categories D(𝑓 ∗

𝐻
, 𝑓

(𝑡+1)
𝑀

) rather than D(𝑓 ∗
𝐻
, 𝑓

(𝑡 )
𝑀

) , by
definition of D this must either strictly improve the loss, or satisfy D(𝑓 ∗

𝐻
, 𝑓

(𝑡+1)
𝑀

) ⊆ D(𝑓 ∗
𝐻
, 𝑓

(𝑡 )
𝑀

) . The re-optimization
step also weakly improves the loss. Thus, it is impossible to visit the same D more than once in non-consecutive iterations.
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Fig. 10. Illustration of iterative vs. optimal machine design. In the delegation setting shown, the human
observes two binary features (inducing four human categories 𝐶1 to 𝐶4), the machine observes one distinct
binary feature (inducing two machine categories 𝐾1, 𝐾2), and each feature takes value 0 or 1 with equal
probability. There is then a single state x𝑖 𝑗 in𝐶𝑖 ∩𝐾𝑗 , and the value in grid entry (𝑖, 𝑗) is 𝑓 ∗ (x𝑖 𝑗 ). The sequence
of machines 𝑓𝑀 on the left shows the process of iteration: a designer first builds a machine 𝑓 obliv

𝑀
to be

used in all human categories. This machine is only used in category 𝐶3, so the machine is updated to 𝑓 (1)
𝑀

,

which performs optimally in𝐶3. Now, 𝑓
(1)
𝑀

is used in {𝐶1,𝐶3}, so the machine is updated to retain only those

categories, yielding 𝑓 (2)
𝑀

. Finally, 𝑓 (2)
𝑀

is actually used in {𝐶1,𝐶3}, so the process ends with 𝑓 iter𝑀
= 𝑓

(2)
𝑀

. By
contrast, the optimal machine 𝑓 ∗

𝑀
retains only 𝐶4, and takes nearly opposite actions as 𝑓 iter

𝑀
.

Note how this iterative design process can arise naturally through training: roughly, if themachine
is iteratively retrained on data from past interactions at long enough intervals, the distribution of
past interactions will shift to categories in which the machine is adopted.

6 Discussion
In this paper, we developed a formal model for settings where a human decides whether to delegate
to a machine, and where categories arise from incomplete information. We studied the problem of
designing an optimal machine for delegation in the presence of categories. We showed that this
induces surprisingly clean algorithmic formulations and derived tractability results.

6.1 General relationships between teams
Our motivation for studying the design of optimal delegates is that the optimal delegate 𝑓 ∗

𝑀
is

always weakly better than the oblivious machine 𝑓 obliv
𝑀

, and may be arbitrarily better. Additional
general relationships exist between different human-algorithm teams.
Define ℓ (𝑓𝐴) as the loss of agent 𝐴 acting individually. Any team with the human optimally

delegating between 𝑓𝐻 and somemachine 𝑓𝑀 will always be better than 𝑓𝐻 and 𝑓𝑀 acting individually,
because the human could choose to always delegate (thus emulating 𝑓𝑀 ), or never delegate (thus
emulating 𝑓𝐻 ), but will actually choose the better agent in each category. Formally, ℓ (𝑓𝐻 , 𝑓𝑀 ) ≤ ℓ (𝑓𝐻 )
and ℓ (𝑓𝐻 , 𝑓𝑀 ) ≤ ℓ (𝑓𝑀 ).

Moreover, ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) ≤ ℓ (𝑓 ∗

𝐻
, 𝑓𝑀 ) for any machine 𝑓𝑀 ; in particular, delegating to the oblivious ma-

chine will have worse loss than delegating to the optimal delegate 𝑓 ∗
𝑀
, i.e., ℓ (𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) ≤ ℓ (𝑓 ∗

𝐻
, 𝑓 obliv
𝑀

).
However, without delegation, the oblivious machine will perform better than the optimal delegate,
ℓ (𝑓 obliv

𝑀
) ≤ ℓ (𝑓 ∗

𝑀
): the oblivious machine is defined to be the best machine without delegation.

We illustrate these relationships in Figure 11. Of particular note is that not only is ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) ≤

ℓ (𝑓 ∗
𝐻
, 𝑓 obliv
𝑀

), but it is also always true that ℓ (𝑓 obliv
𝑀

) ≤ ℓ (𝑓 ∗
𝑀
), where ℓ (𝑓𝑀 ) is the loss of the machine

acting individually. These two relationships echo the results of Bansal et al. [2021] and Hamade
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et al. [2024], who show in other human-algorithm collaboration settings that the optimal individual
algorithmic agent is a worse collaborator than an algorithmic agent designed for collaboration.

𝑓 obliv
𝑀

𝑓 ∗
𝐻

𝑓 ∗
𝑀

𝑓 ∗
𝐻
∧ 𝑓 obliv

𝑀

𝑓 ∗
𝐻
∧ 𝑓 ∗

𝑀

Fig. 11. Relationships between the losses of different possible human and machine teams. 𝑓𝐻 ∧ 𝑓𝑀 denotes a
human with function 𝑓𝐻 optimally delegating to the machine 𝑓𝑀 ; an arrow from team A to team B indicates
that the loss of team B will always be (weakly) lower than team A.

6.2 Extensions
We now show that our model and results extend to cases where categories are arbitrary partitions of
states, including those that arise behaviorally. We also show how our results extend to cases where
the machine’s designer can choose the best fixed-size subset of features. We then demonstrate how
our model may be simply extended to describe other aspects of decision-making such as human
behavior, but leave extending our results to future work. Finally, we discuss the limitations of our
results for providing insights into machine-to-human delegation.

Extending our results. While our model showed categories arising from agents perceiving incom-
plete information, all of our theoretical results extend to the case where categories are arbitrary
partitions of the world; we provide details in Appendix C.
Another natural extension of our model is where instead of a fixed set of features the machine

can observe or interpret, the machine’s designer can select the best subset of features from a set
of features available to the machine, where the subset has some size constraint. In this case, our
efficient algorithms may be extended, as there are at most 𝑂 (2𝑑 ) = 𝑂 (𝑛) such subsets of features,
so adding an outer loop of brute-force feature selection only adds an multiplicative factor of 𝑛. The
optimal design problem with feature selection is still hard: if maximum number of features the
machine can use is the number of features available to it, we arrive at our original problem.

Modeling other aspects of decision-making. While we model the human’s decision to delegate
as a rational comparison between the machine’s performance and her own in a given category in
order to isolate the effect of categories, in reality it has been well-established that humans prefer
to retain control of decisions [Owens et al., 2014], may be biased toward or against algorithmic
agents [Dietvorst et al., 2014, Logg et al., 2019], or exhibit other behavioral biases. These behavioral
biases may be modeled by changing the human’s decision to delegate from simply delegating if
and only if the machine is better, to some behavioral policy that depends on the machine’s average
action or loss in each category. For example, to model a desire for control, one could model the
human as only adopting the machine if the machine’s average loss exceeds the human’s by some
factor. If the human is averse to unexpected outputs, one could add a penalty to the machine’s loss
that is a function of the average difference between the machine’s action and the human’s action
within each human category, and so on. It is also reasonable that the human and machine might
have different levels of skill at different tasks, which we could model with additive or multiplicative
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factors on the machine and human losses. While all of these aspects are easy to include in the
model, our results do not necessarily extend in these more general settings.

Other delegation settings. In some cases, rather than the human delegating to the algorithmic
agent, the algorithmic agent has default control over the choice of action but may sometimes
delegate to the human. This has been studied in the literature on learning to defer [Lykouris and
Weng, 2024, Madras et al., 2018]. In our model there is no intrinsic requirement that the delegator
be a human and the delegate be an algorithm. However, our results still speak to the optimal
design of the delegate, and therefore when the roles of human and algorithm are swapped, our
results address how a human should be trained to work with a machine. Similarly, our model could
describe humans delegating to other humans in cases where communication is impossible, such as
an emergency room physician referring a patient to a specialist where the two doctors share the
patient’s medical history but cannot necessarily share intuition that might inform a diagnosis.

6.3 Further directions
An interesting direction for future work is determining other delegation settings in which finding an
optimal delegate is tractable. Moreover, generalizing our analysis in Section 3 to investigate which
ground truth optimal action functions 𝑓 ∗ lead to qualitatively different optimal delegates could
yield heuristics for intractable instances. It would also be interesting to extend our computational
experiments on iterative design to non-linear functions and prove bounds on the performance
of the iterative solution. It is also important to investigate designing optimal delegates when our
model is extended to include behavioral factors beyond categories or different levels of skill as
described above, or when the team performance is measured with a different loss.
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𝐶1 and 𝐶2 based on the value of the first feature 𝑥1, and the machine has two categories 𝐾1 and
𝐾2 based on the second feature 𝑥2. Let x𝑖 𝑗 be the state in 𝐶𝑖 ∩ 𝐾 𝑗 . We restricted our consideration
to settings where each state occurs with equal probability, and the ground truth optimal action
function 𝑓 ∗ is of the form

𝑓 ∗ (x) =


0, x = x11

1, x = x12

𝑎, x = x21

𝑏, x = x22

for 𝑎, 𝑏 ∈ R.
In this section, we compute the loss of the human delegating to 𝑓 R

𝑀
in the categories in R for

each R ⊆ {𝐶1,𝐶2}, which we denote ℓ (R).
First, notice that

𝑓 ∗𝐻 (𝐶1) =
1
2
, 𝑓 ∗𝐻 (𝐶2) =

𝑎 + 𝑏
2

,

so

ℓ𝐻 (𝑓 ∗𝐻 ,𝐶1) =
1
2
(1/2)2 + 1

2
(1/2)2 = 1/4

and

ℓ𝐻 (𝑓 ∗𝐻 ,𝐶2) =
1
2
((𝑎 − 𝑏)/2)2 + 1

2
((𝑎 − 𝑏)/2)2 = (𝑎 − 𝑏)2/4.

We consider each value of R in turn. If R = {𝐶1,𝐶2},

𝑓 R𝑀 (𝐾1) =
𝑓 ∗ (x11) + 𝑓 ∗ (x21)

2
=
𝑎

2
,

𝑓 R𝑀 (𝐾1) =
𝑓 ∗ (x12) + 𝑓 ∗ (x22)

2
=
𝑏 + 1

2
.

Then

ℓ𝑀 (𝑓 R𝑀 ,𝐶1) =
1
2
(𝑓 ∗ (x11) − 𝑓 R𝑀 (𝐾1))2 + 1

2
(𝑓 ∗ (x12) − 𝑓 R𝑀 (𝐾2))2

=
1
2
(𝑎/2)2 + 1

2
((𝑏 − 1)/2)2

=
1
8
(𝑎2 + (𝑏 − 1)2)

Similarly,

ℓ𝑀 (𝑓 R𝑀 ,𝐶2) =
1
2
(𝑓 ∗ (x21) − 𝑓 R𝑀 (𝐾1))2 + 1

2
(𝑓 ∗ (x22) − 𝑓 R𝑀 (𝐾2))2

=
1
2
(𝑎/2)2 + 1

2
((𝑏 − 1)/2)2

=
1
8
(𝑎2 + (𝑏 − 1)2).

Thus
ℓ ({𝐶1,𝐶2}) =

1
2
ℓ𝑀 (𝑓 R𝑀 ,𝐶1) +

1
2
ℓ𝑀 (𝑓 R𝑀 ,𝐶2) =

1
8
(𝑎2 + (𝑏 − 1)2).

Next, if R = {𝐶1},
𝑓 R𝑀 (𝐾1) = 0, 𝑓 R𝑀 (𝐾1) = 1,

and
ℓ𝑀 (𝑓 R𝑀 ,𝐶1) = 0.
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So

ℓ ({𝐶1}) =
1
2
ℓ𝑀 (𝑓 R𝑀 ,𝐶1) +

1
2
ℓ𝐻 (𝑓 ∗𝐻 ,𝐶2) =

1
2
· (𝑎 − 𝑏)

2

4
= (𝑎 − 𝑏)2/8.

If R = {𝐶2},
𝑓 R𝑀 (𝐾1) = 𝑎, 𝑓 R𝑀 (𝐾1) = 𝑏,

and
ℓ𝑀 (𝑓 R𝑀 ,𝐶2) = 0.

So
ℓ ({𝐶2}) =

1
2
ℓ𝐻 (𝑓 ∗𝐻 ,𝐶1) +

1
2
ℓ𝑀 (𝑓 R𝑀 ,𝐶2) =

1
2
· 1

4
= 1/8.

Finally, if R = {}, then

ℓ (R) = 1
2
ℓ𝐻 (𝑓 ∗𝐻 ,𝐶1) +

1
2
ℓ𝐻 (𝑓 ∗𝐻 ,𝐶2) = 1/8 + (𝑎 − 𝑏)2/8.

Clearly, ℓ (∅) ≥ ℓ ({𝐶1}), ℓ ({𝐶2}) as we claimed in Section 3.
Thus by Proposition 1, the loss of the optimal machine is

ℓ (𝑓 ∗𝐻 , 𝑓 ∗𝑀 ) = min
R
ℓ (R) = 1

8
· min{1, (𝑎 − 𝑏)2, 𝑎2 + (𝑏 − 1)2}.

A.1 Maximally adopted delegates in two-feature settings
We now prove that in the two-feature setting, the settings with optimal action function 𝑓 ∗

𝑎,𝑏
in

which it is possible to design a machine that the human will always delegate to corresponds exactly
to the set of (𝑎, 𝑏) shown in Figure 9.

Still in the two-feature setting, consider some machine 𝑓𝑀 , and denote 𝑦1 = 𝑓𝑀 (𝐾1), 𝑦2 = 𝑓𝑀 (𝐾2).
This machine is adopted in both 𝐶1 and 𝐶2 if both

ℓ𝑀 (𝑓𝑀 ,𝐶1) < ℓ𝐻 (𝑓 ∗𝐻 ,𝐶1) and ℓ𝑀 (𝑓𝑀 ,𝐶2) < ℓ𝐻 (𝑓 ∗𝐻 ,𝐶2)
which corresponds to

(𝑦1 − 0)2 + (𝑦2 − 1)2 < (1/
√

2)2 and (𝑦1 − 𝑎)2 + (𝑦2 − 𝑏)2 < ((𝑎 − 𝑏)/
√

2)2

That is, such a 𝑓𝑀 exists there is some intersection between the circle centered at (0, 1) with radius
1/
√

2, and the circle centered at (𝑎, 𝑏) with radius |𝑎 − 𝑏 |/
√

2. This is the case if and only if the
distance between the two circles is less than the sum of radii, that is,√︁

(𝑎 − 0)2 + (𝑏 − 1)2 <
1
√

2
+ |𝑎 − 𝑏 |

√
2

.

Figure 9 shows the set of (𝑎, 𝑏) that satisfy this condition.
This set roughly covers the region 𝑎 < 0, 𝑏 > 1. In this region, the human’s loss in 𝐶2 suffers

from her inability to distinguish between 𝐾1 and 𝐾2 where the optimal actions 𝑎 and 𝑏 are very
different. The machine can’t distinguish between𝐶1 and𝐶2, but the difference between the optimal
actions (between 𝑎 and 0 in 𝐶1 and between 𝑏 and 1 in 𝐶2) is not as large as the difference between
𝑎 and 𝑏. The machine can stay close to (0, 1) to capture 𝐶1 while automatically doing better than
the human on 𝐶2. Moreover, {(𝑎, 𝑏) : 𝑎 < 0 and 𝑏 = 1 − 𝑎} is contained in this set. For such (𝑎, 𝑏),
the delegate (0, 1) will be adopted in both human categories but will have a loss of 𝑎2 in the second
human category, which becomes unbounded as the magnitude of 𝑎 grows. By contrast, the optimal
delegate in the two-feature setting always has bounded loss. Therefore, a firm maximizing adoption
rates rather than team performance could design an arbitrarily worse machine.

Notably, the machine (0, 1) is not the oblivious machine, despite the oblivious machine being the
machine achieving the best expected performance across both 𝐶1 and 𝐶2! In order to guarantee
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adoption in𝐶1, the firm sacrifices performance in𝐶2 rather than treating the two categories equally
as in the oblivious delegate (even though the two categories have equal probability). In general, if
𝑎2 + (𝑏 − 1)2 > 2, the oblivious machine is not adopted in 𝐶1, so the maximally-adopted machine
cannot be the oblivious machine. This means that in this region, the maximally-adopted machine
has worse performance than even the oblivious machine acting alone, which in turn has worse
team performance than the human using the oblivious machine as a delegate.

B Additional iterative design experiments
In Figure 12, we show the results computational simulations to compare the performance of the
iterative solution to both the optimal solution and the oblivious solution; we provide details in the
caption.

Fig. 12. Relative performance between the iterative solution and the optimal solution. We consider delegation
settings where the ground truth optimal action is a linear function 𝑓 ∗ (x) = v𝑇 x where v ∼ Normal(0, 𝐼 ),
and each state has uniform probability. We vary the number of features the agents observe, so that |𝐼𝐻 | =
|𝐼𝑀 | ranges from 1 to 6, and 𝑑 = |𝐼𝐻 | + |𝐼𝑀 |. For each |𝐼𝐻 | we sample 100 ground truth functions 𝑓 ∗,
and plot the relative difference in loss between the iterative solution 𝑓 iter

𝑀
and the optimal solution 𝑓 ∗

𝑀
,

[ℓ (𝑓 ∗
𝐻
, 𝑓 iter
𝑀

) − ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
)]/ℓ (𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) . We also plot the median relative difference in loss for the oblivious

machine in the same 100 samples as a baseline.

In Table 1, we extend the simulations of Figure 12 to cases where the human and machine have a
different number of features, and determine the empirical proportion of sampled settings where
the iterative approach arrives at an optimal solution.

C Extension to arbitrary categories
To see this, first note that the proofs of our characterization results Proposition 1 and Proposition 2
(found in Appendix D) hold when 𝐶,𝐾 are arbitrary partitions ofH ,M.

An analogue of Lemma 1 defines 𝑓 (𝐶 ∩𝐾) = ∑
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶∩𝐾 ) 𝑓

∗ (x) for each pair𝐶,𝐾 , so we may
treat each intersection 𝐶 ∩ 𝐾 as containing a single instance with probability 𝑃 (𝐶 ∩ 𝐾).
Our tractability result when the human or machine observes a constant number of features

(Theorem 5) likewise holds for arbitrary partitions,6 as does the result on efficiently determining
the existence of a perfect team (Proposition 6). Since these arbitrary categories are a generalization

6If any intersection𝐶 ∩𝐾 = ∅, create a dummy state x and set 𝑃 (x) = 0. Combining this with the analogue of Lemma 1,
we may assume as before that there is exactly one state x in𝐶 ∩𝐾 for each𝐶,𝐾 .
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Table 1. We again let 𝐼𝐻 and 𝐼𝑀 partition [𝑑], but vary each of |𝐼𝐻 | and |𝐼𝑀 | between 1 and 6. We examine
𝑓 ∗ (x) = v𝑇 x for 1000 samples of v ∼ Normal(0, 𝐼 ), and compute the sample proportion of settings 𝑓 ∗ in
which the iterative solution is optimal (specifically, if the loss of the iterative solution is within a tolerance of
10−8 of the optimal loss.)

# of machine-observable features, |𝐼𝑀 |
1 2 3 4 5 6

# of human-
observable
features, |𝐼𝐻 |

1 0.39 0.57 0.69 0.76 0.82 0.86
2 0.34 0.48 0.56 0.66 0.68 0.74
3 0.31 0.43 0.49 0.56 0.60 0.62
4 0.31 0.42 0.45 0.52 0.52 0.59
5 0.28 0.37 0.40 0.44 0.50 0.54
6 0.26 0.32 0.39 0.42 0.44 0.52

of categories arising from limited information, our hardness result in Theorem 7 still holds. The
only result that truly relies on the existence of binary features is Theorem 4. This can be shown to
extend when we extend the definition of consistency and consequently of separable distributions.
We say that two categories 𝐶 and 𝐾 are inconsistent if 𝐶 ∩ 𝐾 = ∅. We say that 𝑆1, ..., 𝑆𝑠 is a set of
mutually inconsistent subproblems if 𝑆1, ..., 𝑆𝑠 is a partition of the human and machine categories,
and if 𝐶 ∈ 𝑆𝑡 and 𝐾 ∈ 𝑆 ′𝑡 , then 𝐶 and 𝐾 are inconsistent. We say that 𝑃 is separable if for all 𝑡 , and
for all𝐶𝑖 , 𝐾 𝑗 ∈ 𝑆𝑡 , 𝑃 (𝐶𝑖 ∩𝐾 𝑗 ) = 𝑝𝑖 · 𝑞 𝑗 for some 𝑝𝑖 , 𝑞 𝑗 . With this assumption, the proofs of Lemma 2
and Theorem 4 easily extend.

D Characterization proofs (Propositions 1 and 2)
First, recall Proposition 1.

Proposition 1. Consider the combinatorial optimization problem

min
R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓 R𝑀 ,𝐶) (2)

In any delegation setting, if R∗ is a solution to Problem 2, 𝑓 R
∗

𝑀
is a solution to Problem 1.

Likewise, if 𝑓 ∗
𝑀
is a solution to Problem 1, then D(𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) is a solution to Problem 2.

Proof. We first define an intermediate problem,

min
𝑓𝑀 ,R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶) (3)

If 𝑃 (𝐶) = 0 for some category 𝐶 , then 𝐶 does not affect the expected team loss regardless of
which agent takes action. In the remainder of this proof, we ignore these categories without loss of
generality, and assume that 𝑃 (𝐶) > 0 for all 𝐶 .

Part 1. Problem 2 can be written as

min
𝑓𝑀 ,R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶) (2′)

s.t. 𝑓𝑀 = 𝑓 R𝑀 .

Clearly Problem 2′ is a constrained version of Problem 3, and thus if every solution R, 𝑓𝑀 to
Problem 3 satisfies 𝑓 R

𝑀
= 𝑓𝑀 , then Problem 2′ and Problem 3 have the same set of solutions.
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This is indeed the case. We know that

Problem 3 ≡ min
R

min
𝑓𝑀

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶)

≡ min
R

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) + min
𝑓𝑀

∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶).

Moreover,

arg min
𝑓𝑀

∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶) = arg min
𝑓𝑀

∑︁
𝐾

∑︁
x∈𝑋 (R)∩𝐾

𝑃 (x) (𝑓𝑀 (x) − 𝑓 ∗ (x))2 := 𝑓 R𝑀 ,

since squared loss is uniquely minimized by the expected value, so any optimal solution R, 𝑓𝑀 to
Problem 3 must satisfy 𝑓 R

𝑀
= 𝑓𝑀 . Thus Problem 3 is equivalent to Problem 2′.

Part 2. Problem 1 can be expressed as

min
𝑓𝑀 ,R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶) (1′)

s.t. 𝐶 ∈ R ⇐⇒ 𝐶 ∈ D(𝑓 ∗𝐻 , 𝑓𝑀 ) for all 𝐶 where ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) ≠ ℓ𝑀 (𝑓𝑀 ,𝐶).

This is again a constrained version of Problem 3, and thus if every solution 𝑓𝑀 ,R to Problem 3
satisfies the constraint, then Problems 3 and 1′ have the same set of solutions.

Suppose for the sake of contradiction that 𝑓𝑀 ,R is an optimal solution to Problem 3 but is not a
feasible solution to Problem 1′. This means that for some 𝐶 where ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) ≠ ℓ𝑀 (𝑓𝑀 ,𝐶), either
𝐶 ∈ H \ R and ℓ𝑀 (𝑓𝑀 ,𝐶) < ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) or 𝐶 ∈ R and ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) < ℓ𝑀 (𝑓𝑀 ,𝐶).

If for some 𝐶 ∈ H \ R, ℓ𝑀 (𝑓𝑀 ,𝐶) < ℓ𝐻 (𝑓 ∗𝐻 ,𝐶), let R′ = R ∪ {𝐶}. Then

©­«
∑︁

𝐶∈H\R′

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R′

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶)
ª®¬ − ©­«

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶)
ª®¬

= 𝑃 (𝐶)
(
ℓ𝑀 (𝑓𝑀 ,𝐶) − ℓ𝐻 (𝑓 ∗𝐻 ,𝐶)

)
< 0

and 𝑓𝑀 ,R is not an optimal solution to Problem 3. If instead there is some 𝐶 ∈ R, and ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) <
ℓ𝑀 (𝑓𝑀 ,𝐶) we can similarly let R′ = R \ {𝐶}, and

©­«
∑︁

𝐶∈H\R′

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R′

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶)ª®¬ − ©­«
∑︁

𝐶∈H\R
𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +

∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓𝑀 ,𝐶)ª®¬
= 𝑃 (𝐶)

(
ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) − ℓ𝑀 (𝑓𝑀 ,𝐶)

)
< 0

so 𝑓𝑀 ,R is not an optimal solution to Problem 3 and we have a contradiction. Thus 𝑓𝑀 ,R must be a
feasible solution to Problem 1′, and Problems 1′ and 3 must have the same set of solutions.

We have established that Problems 1′, 2′, and 3 all have the same set of solutions 𝑓𝑀 ,R. Then if
R∗ is a solution to Problem 2, then R∗, 𝑓 R

∗

𝑀
is a solution to Problem 2′, and thus to Problem 1′. This

in turn means that 𝑓 R∗

𝑀
is a solution to Problem 1.

On the other hand, if 𝑓 ∗
𝑀
is a solution to Problem 1, then 𝑓 ∗

𝑀
,D(𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) is a solution to Problem

1′ and thus to Problem 2′. This in turn means that D(𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) is a solution to Problem 2. □

Now, recall Proposition 2, where 𝑋 (R) = ⋃
𝐶∈R 𝐶 and 𝑓 R

𝑀
(𝐾) = E[𝑓 ∗ |𝑋 (R) ∩ 𝐾].
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Proposition 2. To find an optimal delegate 𝑓 ∗
𝑀
, it is sufficient to find a set R∗ that solves

min
R

∑︁
𝐶∈H\R

Δ2 (𝑓 ∗ |𝐶) +
∑︁
𝐾

Δ2 (𝑓 ∗ |𝐾 ∩ 𝑋 (R))

and take 𝑓 ∗
𝑀

= 𝑓 R
∗

𝑀
.

Proof. Recall from Proposition 1 that to find an optimal delegate 𝑓 ∗
𝑀
, it is sufficient to find R

that solves
arg min
R⊆H

∑︁
𝐶∈H\R

𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +
∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓 R𝑀 ,𝐶).

and take 𝑓 ∗
𝑀

= 𝑓 R
𝑀
. Thus for the remainder of this proof, we will focus on solving the problem above.

Substituting in the expressions for ℓ𝐻 and ℓ𝑀 , we have the objective

©­«
∑︁

𝐶∈H\R
𝑃 (𝐶)

∑︁
x∈𝐶

𝑃 (x)
𝑃 (𝐶) (𝑓

∗
𝐻 (𝐶) − 𝑓 ∗ (x))2ª®¬ +

(∑︁
𝐶∈R

𝑃 (𝐶)
∑︁
x∈𝐶

𝑃 (x)
𝑃 (𝐶) (𝑓

R
𝑀 (𝐾 (x)) − 𝑓 ∗ (x))2

)
=

∑︁
𝐶∈H\R

𝑃 (𝐶)𝜎2 (𝑓 ∗ |𝐶) +
(∑︁
𝐶∈R

∑︁
x∈𝐶

𝑃 (x) (𝑓 R𝑀 (𝐾 (x)) − 𝑓 ∗ (x))2

)
(by defn of 𝑓 ∗

𝐻
)

=
∑︁

𝐶∈H\R
Δ2 (𝑓 ∗ |𝐶) + ©­«

∑︁
𝐾

∑︁
x∈𝐾∩𝑋 (R)

𝑃 (x) (𝑓 R𝑀 (𝐾) − 𝑓 ∗ (x))2ª®¬
=

∑︁
𝐶∈H\R

Δ2 (𝑓 ∗ |𝐶) +
∑︁
𝐾

𝑃 (𝐾 ∩ 𝑋 (R))
∑︁

x∈𝐾∩𝑋 (R)

𝑃 (x)
𝑃 (𝐾 ∩ 𝑋 (R)) (𝑓

R
𝑀 (𝐾) − 𝑓 ∗ (x))2

=
∑︁

𝐶∈H\R
Δ2 (𝑓 ∗ |𝐶) +

∑︁
𝐾

𝑃 (𝐾 ∩ 𝑋 (R))𝜎2 (𝑓 ∗ |𝐾 ∩ 𝑋 (R)) (by defn of 𝑓 R
𝑀
)

=
∑︁

𝐶∈H\R
Δ2 (𝑓 ∗ |𝐶) +

∑︁
𝐾

Δ2 (𝑓 ∗ |𝐾 ∩ 𝑋 (R))

and we are done. □

E Tractability proofs
In this section, we provide proofs for the theoretical results in Section 4.

First, we show that any efficient algorithm for finding an optimal delegate when all features are
observed by either the human or the machine can be used to find an optimal delegate in general
settings. Thus in all subsequent results, we will assume that 𝐼𝐻 ∪ 𝐼𝑀 = [𝑑].

Lemma 1. Let x𝐻∪𝑀 denote x restricted to the features in 𝐼𝐻 ∪ 𝐼𝑀 . Given a ground truth optimal
action function 𝑓 ∗, for x ∈ 𝐶 ∩ 𝐾 define

𝑓 (x𝐻∪𝑀 ) =
∑︁

z∈𝐶∩𝐾

𝑃 (z)
𝑃 (𝐶 ∩ 𝐾) 𝑓

∗ (z).

Then a machine function 𝑓 ∗
𝑀
is an optimal delegate for ground truth function 𝑓 ∗ if and only if 𝑓 ∗

𝑀
is an

optimal delegate for ground truth function 𝑓 .

Intuitively, if neither agent can observe some features, this results in an additional loss penalty
which is the same
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Proof. A human or machine agent 𝐴 with action function 𝑓𝐴 and categories {𝑆} ({𝐶} if 𝐴 is the
human or {𝐾} if 𝐴 is the machine) will have expected loss in human category 𝐶 in a delegation
setting with ground truth optimal action function 𝑓 ∗ of∑︁

𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓𝐴 (𝑆 (x)) − 𝑓

∗ (x))2

=
∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 ) + 𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))2

=
∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 ))2

−
∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) 2(𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 )) (𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))

+
∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))2

= (T1) − (T2) + (T3)

Term (T2) can be simplified, since 𝑓𝐴 and 𝑓 are constant in 𝐶 ∩ 𝐾 :∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) 2(𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 )) (𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))

= 2
∑︁
𝐾

(𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 ))
∑︁

x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))

= 2
∑︁
𝐾

(𝑓𝐴 (𝑆 (x)) − 𝑓 (x𝐻∪𝑀 )) · 0 (definition of 𝑓 )

= 0

Term (T1) is the expected loss in category 𝐶 of using function 𝑓𝐴 in category 𝐶 when the ground
truth action function is 𝑓 , and term (T3) is a constant independent of 𝑓𝐴. Thus the team loss with
ground truth function 𝑓 ∗ will be different from the team loss with ground truth function 𝑓 by a
constant factor of ∑︁

𝐶

𝑃 (𝐶)
∑︁
𝐾

∑︁
x∈𝐶∩𝐾

𝑃 (x)
𝑃 (𝐶) (𝑓 (x𝐻∪𝑀 ) − 𝑓 ∗ (x))2,

and the minimization problems have the same set of solutions. □

To prove Theorems 4 and 5, we will need the following useful Lemma. Given a delegation setting
𝐼𝐻 , 𝐼𝑀 , 𝑃, 𝑓

∗, if 𝐼𝑆 = 𝐼𝐻 ∩ 𝐼𝑀 , let x𝑆 be value of x restricted to the features in 𝐼𝑆 . There are 𝑠 ≤ ℎ

values that x𝑆 may take: label these x(𝑡 )
𝑆

for 1 ≤ 𝑡 ≤ 𝑠 . Let 𝐼𝑁 = [𝑑] \ 𝐼𝑆 be the set of features that
are not shared by the human and machine, and let x𝑁 be the value of x restricted to these features.

For 1 ≤ 𝑡 ≤ 𝑠 , define

𝑔∗𝑡 (x𝑁 ) = 𝑓 ∗ ((x𝑁 , x
(𝑡 )
𝑆

)) and 𝑄𝑡 (x) = 𝑃 (x|x𝑆 = x(𝑡 )
𝑆

) = 𝑃 (x)
𝑃 (C𝑡 )

.

Lemma 2. Suppose we have a delegation setting 𝐼𝐻 , 𝐼𝑀 , 𝑃, 𝑓 ∗ where 𝐼𝐻 ∩ 𝐼𝑀 = 𝐼𝑆 ≠ ∅, and an efficient
algorithm to find an optimal delegate for delegation settings 𝐼 ′

𝐻
, 𝐼 ′
𝑀
, 𝑄, 𝑔∗ where the optimal action

𝑔∗ ∈ F and the distribution 𝑄 ∈ Π for some family of functions F and distributions Π, and 𝐼 ′
𝐻
⊆ 𝐼𝐻 ,

𝐼 ′
𝑀

⊆ 𝐼𝑀 satisfy 𝐼 ′
𝐻
∩ 𝐼 ′

𝑀
= ∅. If 𝑔∗𝑡 ∈ F , 𝑄𝑡 ∈ Π for all 𝑡 , then there is an efficient algorithm for finding

the optimal delegate.
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In other words, if we have a tractable set of instances when the human and machine share
no features, then when the human and machine do share features we may break up 𝑓 ∗ into 𝑠
independent sub-problems based on the value of the shared features x𝑆 . If the subproblems are also
in the tractable set, we can apply the efficient algorithm on each subproblem, and glue together
the resulting optimal delegates to obtain the optimal delegate. For Theorem 4, F will be the set of
separable functions and Π will be distributions where 𝑃 (x𝑖 𝑗 ) = 𝑝𝑖𝑞 𝑗 for some 𝑝𝑖 , 𝑞 𝑗 . For Theorem 5,
F will be the set of all functions and Π will be the set of all distributions over x.

Proof. First, note that all x in a human category have the same value for the human features x𝐻 ,
and thus the same value for the shared features x𝑆 . We may partition the set of human categories
based on the value of x𝑆 for x ∈ 𝐶: if x ∈ 𝐶 has x𝑆 = x(𝑡 )

𝑆
, then 𝐶 ∈ C𝑡 .

Since the machine can see the features x𝑆 , the machine can choose a different action function
𝑓𝑀 [𝑡] for each x(𝑡 )

𝑆
. The optimal delegate design problem is

arg min
𝑓𝑀

∑︁
𝐶⊆H

𝑃 (𝐶) min{ℓ𝐻 (𝑓 ∗𝐻 ,𝐶), ℓ𝑀 (𝑓𝑀 ,𝐶)}

= arg min
𝑓𝑀 [1],...𝑓𝑀 [𝑠 ]

𝑠∑︁
𝑡=1

∑︁
𝐶⊆H∩C𝑡

𝑃 (𝐶) min{ℓ𝐻 (𝑓 ∗𝐻 ,𝐶), ℓ𝑀 (𝑓𝑀 [𝑡],𝐶)}

= arg min
𝑓𝑀 [1],...𝑓𝑀 [𝑠 ]

𝑠∑︁
𝑡=1

∑︁
𝐶⊆H∩C𝑡

min

{∑︁
x∈𝐶

𝑃 (x) (𝑓 ∗𝐻 (𝐶) − 𝑓 ∗ (x))2,
∑︁
x∈𝐶

𝑃 (x) (𝑓𝑀 [𝑡] (𝐾 (x)) − 𝑓 ∗ (x))2

}
= arg min
𝑓𝑀 [1],...𝑓𝑀 [𝑠 ]

𝑠∑︁
𝑡=1

∑︁
𝐶⊆H∩C𝑡

min

{∑︁
x∈𝐶

𝑄𝑡 (x)𝑃 (C𝑡 ) (𝑓 ∗𝐻 (𝐶) − 𝑓 ∗ (x))2,
∑︁
x∈𝐶

𝑄𝑡 (x)𝑃 (C𝑡 ) (𝑓𝑀 [𝑡] (𝐾 (x)) − 𝑓 ∗ (x))2

}
= arg min
𝑓𝑀 [1],...𝑓𝑀 [𝑠 ]

𝑠∑︁
𝑡=1

𝑃 (C𝑡 )
∑︁

𝐶⊆H∩C𝑡

min

{∑︁
x∈𝐶

𝑄𝑡 (x) (𝑓 ∗𝐻 (𝐶) − 𝑓 ∗ (x))2,
∑︁
x∈𝐶

𝑄𝑡 (x) (𝑓𝑀 [𝑡] (𝐾 (x)) − 𝑓 ∗ (x))2

}
Then

𝑓 ∗𝑀 [𝑡] = arg min
𝑓𝑀 [𝑡 ]

∑︁
𝐶⊆H∩C𝑡

𝑄𝑡 (x) min{ℓ𝐻 (𝑓 ∗𝐻 ,𝐶), ℓ𝑀 (𝑓𝑀 [𝑡],𝐶)}

Furthermore, for 𝐶 ∈ C𝑡 , 𝑓 ∗𝐻 (𝐶) is the same for 𝑓 ∗ and 𝑔∗𝑡 . This means that computing 𝑓 ∗
𝑀
[𝑡] is

exactly the problem for finding the optimal delegate on sub-problem
(𝐼𝐻 \ 𝐼𝑀 ), (𝐼𝑀 \ 𝐼𝐻 ), 𝑄𝑡 , 𝑔∗𝑡

for which we have an efficient algorithm by assumption. Furthermore, there are only 𝑠 ≤ ℎ ≤ 𝑛
sub-problems. □

E.1 Proof of Theorem 4
Recall Theorem 4, which showed that for functions that are separable into functions of the human
features and machine features respectively, we may find an optimal delegate in polynomial time in
the size of 𝑓 ∗, which is 𝑛.
Theorem 4. If the delegation setting is separable with polynomial precision probabilities, we can

find an optimal delegate 𝑓 ∗
𝑀
in time polynomial in 𝑛.

Proof. We divide this proof into two parts: first, we prove this result under the assumption
that each state occurs with uniform probability. Then, we reduce the case of general independent
probabilities to the first case.

Define 𝑢𝑖 := 𝑢 (𝐶𝑖 ),𝑤 𝑗 := 𝑤 (𝐾 𝑗 ).
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Part 1. We first assume that 𝑃 (x) = 1/𝑛 for each x. Since by Lemma 1 and Lemma 2 we may
assume without loss of generality that the human and machine partition the set of all features, so,
𝑛 = ℎ𝑚. In this case, 𝑃 (𝐶) = 1/ℎ for each category 𝐶 , and 𝑃 (𝐾 ∩ 𝑋 (R)) = |R |/𝑛.

Moreover, in this case, we can write 𝑣𝑖 𝑗 := 𝑓 ∗ (x𝑖 𝑗 ) = 𝑢𝑖 +𝑤 𝑗 . We previously did not specify how
we indexed the human categories H ; we may now index H so that 𝑢1 ≤ 𝑢2 ≤ ... ≤ 𝑢ℎ ; performing
this indexing has polynomial time complexity 𝑂 (ℎ logℎ) = 𝑂 (𝑛 log𝑛) since ℎ = 𝑂 (𝑛) in the worst
case.

By Proposition 2, we need to find some set 𝑅 solving

min
𝑅

∑︁
𝑖∉𝑅

Δ2 (𝑣𝑖 𝑗 |𝑖) +
∑︁
𝑗

Δ2 (𝑣𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗)

= min
𝑅

1
ℎ

∑︁
𝑖∉𝑅

𝜎2 (𝑢𝑖 +𝑤 𝑗 | 𝑗 ∈ [𝑚], 𝑖) + |𝑅 |
𝑛

∑︁
𝑗

𝜎2 (𝑢𝑖 +𝑤 𝑗 |𝑖 ∈ 𝑅, 𝑗) (by definition of Δ2)

= min
𝑅

1
ℎ

∑︁
𝑖∉𝑅

𝜎2 (𝑤 𝑗 | 𝑗 ∈ [𝑚], 𝑖) + |𝑅 |
𝑛

∑︁
𝑗

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅, 𝑗)

since variance is does not depend on additive constants. In turn, this is equivalent to

min
𝑅

ℎ − |𝑅 |
ℎ

𝜎2 (𝑤 𝑗 | 𝑗 ∈ [𝑚]) + |𝑅 |
𝑛
𝑚𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅)

= min
𝑅

(
1 − |𝑅 |

ℎ

)
𝜎2 (𝑤) + |𝑅 |

𝑛

𝑛

ℎ
𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅) (𝜎2 (𝑤) := 𝜎2 (𝑤 𝑗 | 𝑗 ∈ [𝑚]))

= min
𝑘

min
𝑅: |𝑅 |=𝑘

(
1 − 𝑘

ℎ

)
𝜎2 (𝑤) + 𝑘

ℎ
𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅)

= min
𝑘

(
1 − 𝑘

ℎ

)
𝜎2 (𝑤) + 𝑘

ℎ
min
𝑅: |𝑅 |=𝑘

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅)

where the last step was suggested by YXD [2013]. Let

𝑅𝑘 ∈ arg min
𝑅⊆[ℎ]: |𝑅 |=𝑘

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅).

Then our objective is

min
𝑘

[(
1 − 𝑘

ℎ

)
· 𝜎2 (𝑤) +

(
𝑘

ℎ

)
· 𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅𝑘 )

]
.

Wemay now outline an algorithm to compute the optimal retained rows 𝑅∗. First, compute 𝑅𝑘 for
each𝑘 . Iterate over each 1 ≤ 𝑘 ≤ ℎ, and find the𝑘∗ that minimizes

(
1 − 𝑘

ℎ

)
𝜎2 (𝑤)+

(
𝑘
ℎ

)
𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅𝑘 ).

Then 𝑅𝑘∗ minimizes the objective. Take R = {𝐶𝑖 : 𝑖 ∈ 𝑅𝑘∗ }. By Proposition 2, 𝑓 R
𝑀

is an optimal
machine design. It remains for us to show that each of these steps may be performed efficiently.
Given {𝑅𝑘 }ℎ𝑘=1, finding 𝑘

∗ simply requires computing the objective for each 1 ≤ 𝑘 ≤ ℎ, which
has total time complexity 𝑂 (ℎ). It therefore only remains to find a polynomial-time algorithm to
compute 𝑅𝑘 . This problem is equivalent to finding the minimum variance subset of 𝑢 of size 𝑘 , and
setting 𝑅𝑘 to be the indices corresponding to that subset. This can be done by observing that the
minimum variance subset must be contiguous. This was previously conjectured [YXD, 2013]; we
prove this formally in Lemma 3 using a proof technique similar that suggested by YXD [2013]. We
can then compute the variance of each of the ℎ − 𝑘 + 1 contiguous subsets of {𝑢𝑖 } in time 𝑂 (ℎ2),
for a total time of 𝑂 (ℎ3) = 𝑂 (𝑛3).
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Part 2. Now, we consider the case of general separable probabilities.
By definition of consistency, if the human and machine share any features, the independent

sub-problems from Lemma 2 satisfy 𝑃 (x𝑖 𝑗 ) = 𝑝𝑖 · 𝑞 𝑗 for each 𝑖, 𝑗 , so for the remainder of the proof
we will assume that the human and machine partition the set of features and that 𝑃 (x𝑖 𝑗 ) = 𝑝𝑖 · 𝑞 𝑗 .
By Corollary 3, we must solve

min
𝑅

∑︁
𝑖∉𝑅

Δ2 (𝑣𝑖 𝑗 |𝑖) +
∑︁
𝑗

Δ2 (𝑣𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) .

Expanding the definition of Δ2, we see that∑︁
𝑖∉𝑅

Δ2
𝑝×𝑞 (𝑣𝑖 𝑗 |𝑖) +

∑︁
𝑗

Δ2
𝑝×𝑞 (𝑣𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗)

=
∑︁
𝑖∉𝑅

𝑝𝑖𝜎
2
𝑝×𝑞 (𝑢𝑖 +𝑤 𝑗 |𝑖) +

∑︁
𝑗

(∑︁
𝑖′∈𝑅

𝑝𝑖′𝑞 𝑗

)
𝜎2
𝑝×𝑞 (𝑢𝑖 +𝑤 𝑗 |𝑖 ∈ 𝑅, 𝑗)

=
∑︁
𝑖∉𝑅

𝑝𝑖𝜎
2
𝑝×𝑞 (𝑤 𝑗 |𝑖) +

∑︁
𝑗

(∑︁
𝑖′∈𝑅

𝑝𝑖′𝑞 𝑗

)
𝜎2
𝑝×𝑞 (𝑢𝑖 |𝑖 ∈ 𝑅, 𝑗)

=
∑︁
𝑖∉𝑅

𝑝𝑖𝜎
2
𝑞 (𝑤) +

(∑︁
𝑖∈𝑅

𝑝𝑖

) ∑︁
𝑗

𝑞 𝑗𝜎
2
𝑝 (𝑢𝑖 |𝑖 ∈ 𝑅)

=

(∑︁
𝑖∉𝑅

𝑝𝑖

)
𝜎2
𝑞 (𝑤) +

(∑︁
𝑖∈𝑅

𝑝𝑖

)
𝜎2
𝑝 (𝑢𝑖 |𝑖 ∈ 𝑅)

=

(∑︁
𝑖∉𝑅

𝑝𝑖

)
𝜎2
𝑞 (𝑤) +

(∑︁
𝑖∈𝑅

𝑝𝑖

)
𝜎2
𝑝 (𝑢𝑖 |𝑖 ∈ 𝑅). (4)

Recall that since the probabilities 𝑝𝑖 have polynomial precision, there is some 𝑇 ∈ N such that for
all 𝑖 , 𝑝𝑖 = 𝑡𝑖

𝑇
for some 𝑡𝑖 ∈ N, and that 𝑇 ∈ 𝑂 (poly(𝑛)).

Let 𝑆 be a multiset of values {𝑠𝑟 }𝑇𝑟=1, which is the set induced when each 𝑢𝑖 is repeated 𝑡𝑖 times.
Suppose each 𝑠𝑟 occurs with equal probability. Consider the problem

min
𝑅⊆[𝑇 ]

(
1 − |𝑅 |

𝑇

)
𝜎2 (𝑤) + |𝑅 |

𝑇
𝜎2 (𝑠𝑟 |𝑟 ∈ 𝑅) . (5)

This problem produces a set 𝑅∗ in polynomial time, by the proof as in Part 1.
In Lemma 4, we find that for any solution 𝑅∗ of Problem 5, if some 𝑠𝑟 ∈ 𝑅∗ has value 𝑢𝑖 , then

all 𝑠𝑟 ′ with value 𝑢𝑖 are also in 𝑅∗. This means that in Problem 5 we may actually minimize over
𝑅 ⊆ [𝑇 ] in which values 𝑢𝑖 that are included in the solution appear 𝑡𝑖 times. In this case, it is easy
to see that the objective in Problem 5 is precisely the objective from the original problem expressed
in Equation 4. □

To prove Lemmas 3 and 4, we will rely heavily on a result relating the variance of a set to that of
its subsets, shown by O’Neill [2014].7

Result 1 (Corollary of Result 1 of O’Neill [2014]). For 𝑆 ⊂ R, define 𝜇 (𝑆) = 1
|𝑆 |

∑
𝑥∈𝑆 𝑥, and 𝜎2 (𝑆) =

1
|𝑆 |

∑
𝑥∈𝑆 (𝑥−𝜇 (𝑆))2 . Let 𝑆1, 𝑆2 partition 𝑆 : 𝑆1∩𝑆2 = ∅, 𝑆1∪𝑆2 = 𝑆 . Define𝐷2 =

|𝑆1 | |𝑆2 |
|𝑆 | (𝜇 (𝑆1)−𝜇 (𝑆2))2.

7O’Neill [2014] shows this result in the case of sample variance, but it is easy to extend to true (“population”) variance as
we show here.
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Then
|𝑆 |𝜇 (𝑆) = |𝑆1 |𝜇 (𝑆1) + |𝑆2 |𝜇 (𝑆2)

and
|𝑆 |𝜎2 (𝑆) = |𝑆1 |𝜎2 (𝑆1) + |𝑆2 |𝜎2 (𝑆2) + 𝐷2.

Lemma 3. For each 𝑘 , there is some 1 ≤ 𝑡 ≤ ℎ − 𝑘 + 1 such that

{𝑡, 𝑡 + 1, ..., 𝑡 + 𝑘 − 1} ∈ arg min
𝑅⊆[ℎ]: |𝑅 |=𝑘

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅).

Proof of Lemma 3. Fix 𝑘 , and suppose that there is no contiguous minimum variance subset of
size 𝑘 . Let

𝑅𝑘 ∈ arg min
𝑅⊆[ℎ]: |𝑅 |=𝑘

𝜎2 (𝑢𝑖 |𝑖 ∈ 𝑅).

Let 𝑖 = min𝑅𝑘 , 𝑖′ = max𝑅𝑘 . We may assume without loss of generality that there is no 𝑢 𝑗 = 𝑢𝑖 for
𝑗 > 𝑖 and 𝑗 ∉ 𝑅𝑘 ; otherwise replace 𝑅𝑘 with 𝑅𝑘 ∪ { 𝑗} \ {𝑖}, which will also be a minimum variance
subset. Similarly we may assume that there is no 𝑢 𝑗 = 𝑢𝑖′ for 𝑗 < 𝑖′ and 𝑗 ∉ 𝑅𝑘 .
We use the shorthand 𝜇 (𝑅) = 𝜇 (𝑢𝑟 |𝑟 ∈ 𝑅), 𝜎2 (𝑅) = 𝜎2 (𝑢𝑟 |𝑟 ∈ 𝑅).
By assumption, 𝑅𝑘 is not contiguous, that is, there is some 𝑖 < 𝑗 < 𝑖′ such that 𝑗 ∉ 𝑅𝑘 and

𝑢𝑖 < 𝑢 𝑗 < 𝑢𝑖′ . Suppose that𝑢 𝑗 ≤ 𝜇 (𝑅𝑘 ). Let 𝑅0
𝑘

:= 𝑅𝑘 \{𝑖}. Since𝑢𝑖 ≤ 𝑢𝑠 for all 𝑠 ∈ 𝐼𝑘 , 𝜇 (𝑅0
𝑘
) ≥ 𝜇 (𝑅𝑘 ).

Now, let 𝑅′
𝑘

:= 𝑅0
𝑘
∪ 𝑗 ; essentially 𝑅′

𝑘
is the result of replacing 𝐶𝑖 with 𝐶 𝑗 in 𝑅𝑘 . Now by Result 1

[O’Neill, 2014] for the true variance rather than the sample variance, we see that

𝑘𝜎2 (𝑅𝑘 ) = 1 + (𝑘 − 1)𝜎2 (𝑅0
𝑘
) + 𝑘 − 1

𝑘

(
𝑢𝑖 − 𝜇 (𝑅0

𝑘
)
)2

and

𝑘𝜎2 (𝑅′
𝑘
) = 1 + (𝑘 − 1)𝜎2 (𝑅0

𝑘
) + 𝑘 − 1

𝑘

(
𝑢 𝑗 − 𝜇 (𝑅0

𝑘
)
)2

Thus

𝜎2 (𝑅′
𝑘
) − 𝜎2 (𝑅𝑘 ) =

𝑘 − 1
𝑘2

( (
𝑢 𝑗 − 𝜇 (𝑅0

𝑘
)
)2 −

(
𝑢𝑖 − 𝜇 (𝑅0

𝑘
)
)2

)
=
𝑘 − 1
𝑘2

( (
𝑢 𝑗 − 𝜇 (𝑅0

𝑘
)
)
+

(
𝑢𝑖 − 𝜇 (𝑅0

𝑘
)
) ) ( (

𝑢 𝑗 − 𝜇 (𝑅0
𝑘
)
)
−

(
𝑢𝑖 − 𝜇 (𝑅0

𝑘
)
) )

=
𝑘 − 1
𝑘2

(
𝑢 𝑗 − 𝜇 (𝑅0

𝑘
) + 𝑢𝑖 − 𝜇 (𝑅0

𝑘
)
) (
𝑢 𝑗 − 𝑢𝑖

)
Since 𝑢 𝑗 < 𝑢𝑖 and 𝑢𝑖 , 𝑢 𝑗 ≤ 𝜇 (𝑅𝑘 ) ≤ 𝜇 (𝑅0

𝑘
), 𝜎2 (𝑅′

𝑘
) − 𝜎2 (𝑅𝑘 ) < 0. Thus 𝑅𝑘 is not the minimum

variance subset, and we have a contradiction.
If 𝑢 𝑗 > 𝜇 (𝑅𝑘 ), we can let 𝑅0

𝑘
:= 𝑅𝑘 \ {𝐶𝑖′ } and 𝑅′𝑘 := 𝑅0

𝑘
∪ {𝐶 𝑗 }, which by a symmetric argument

again yields 𝜎2 (𝑅′
𝑘
) − 𝜎2 (𝑅𝑘 ) < 0. □

Lemma 4. Let 𝑅∗ be a solution to Problem 5. If for some 𝑖 , there are two values 𝑠𝑟 , 𝑠𝑟 ′ such that
𝑠𝑟 = 𝑠𝑟 ′ = 𝑢𝑖 , then 𝑠𝑟 ∈ 𝑅∗ =⇒ 𝑠𝑟 ′ ∈ 𝑅∗.

Proof. Suppose not, that is, there are two values 𝑠𝑟 , 𝑠𝑟 ′ such that 𝑠𝑟 = 𝑠𝑟 ′ = 𝑢𝑖 , but 𝑠𝑟 ∈ 𝑅∗,
𝑠𝑟 ′ ∉ 𝑅

∗. We again use the shorthand 𝜇 (𝑅) = 𝜇 (𝑠𝑟 |𝑟 ∈ 𝑅), 𝜎2 (𝑅) = 𝜎2 (𝑠𝑟 |𝑟 ∈ 𝑅).
Let 𝑅+ = 𝑅∗ ∪ {𝑠𝑟 ′ }, 𝑅− = 𝑅∗ \ {𝑠𝑟 ′ }. Since 𝑅∗ is an optimal solution, it must be the case that(

1 − |𝑅∗ |
𝑇

)
𝜎2 (𝑤) + |𝑅∗ |

𝑇
𝜎2 (𝑠𝑟 |𝑟 ∈ 𝑅∗) ≤

(
1 − |𝑅+ |

𝑇

)
𝜎2 (𝑤) + |𝑅+ |

𝑇
𝜎2 (𝑅+)



Sophie Greenwood, Karen Levy, Solon Barocas, Hoda Heidari, and Jon Kleinberg 33

and (
1 − |𝑅∗ |

𝑇

)
𝜎2 (𝑤) + |𝑅∗ |

𝑇
𝜎2 (𝑅∗) ≤

(
1 − |𝑅− |

𝑇

)
𝜎2 (𝑤) + |𝑅− |

𝑇
𝜎2 (𝑅−)

Since |𝑅∗ | = |𝑅− | + 1 = |𝑅+ | − 1, rearranging we see that

𝜎2 (𝑤) ≤ |𝑅+ |𝜎2 (𝑅+) − |𝑅∗ |𝜎2 (𝑅∗)

and

|𝑅∗ |𝜎2 (𝑅∗) − |𝑅− |𝜎2 (𝑅−) ≤ 𝜎2 (𝑤)

so that

|𝑅∗ |𝜎2 (𝑅∗) − |𝑅− |𝜎2 (𝑅−) ≤ |𝑅+ |𝜎2 (𝑠 |𝑅+) − |𝑅∗ |𝜎2 (𝑅∗)

Then

𝜇 (𝑅+) − 𝜇 (𝑅∗) ≜ 1
|𝑅∗ | + 1

(∑︁
𝑟 ∈𝑅∗

𝑠𝑟 + 𝑠𝑟 ′
)
− 1

|𝑅∗ |

(∑︁
𝑟 ∈𝑅∗

𝑠𝑟

)
=

1
|𝑅∗ | ( |𝑅∗ | + 1)

(
|𝑅∗ |

∑︁
𝑟 ∈𝑅∗

𝑠𝑟 + |𝑅∗ |𝑠𝑟 ′ − (|𝑅∗ | + 1)
∑︁
𝑟 ∈𝑅∗

𝑠𝑟

)
=

1
|𝑅∗ | ( |𝑅∗ | + 1)

(
|𝑅∗ |𝑠𝑟 ′ −

∑︁
𝑟 ∈𝑅∗

𝑠𝑟

)
and by an analogous argument,

𝜇 (𝑅∗) − 𝜇 (𝑅−) = 1
|𝑅∗ | ( |𝑅∗ | − 1)

(
|𝑅∗ |𝑠𝑟 ′ −

∑︁
𝑟 ∈𝑅∗

𝑠𝑟

)
Thus the ratio

(𝜇 (𝑅+) − 𝜇 (𝑅∗))2

(𝜇 (𝑅∗) − 𝜇 (𝑅−))2 =

(
|𝑅∗ | − 1
|𝑅∗ | + 1

)2
.

Again applying Result 1 [O’Neill, 2014], we see that

|𝑅+ |𝜎2 (𝑅+) − |𝑅∗ |𝜎2 (𝑅∗) = (𝐷2)+ and |𝑅∗ |𝜎2 (𝑅∗) − |𝑅− |𝜎2 (𝑅−) = (𝐷2)−,

where

(𝐷2)+ :=
|𝑅∗ |

|𝑅∗ | + 1
(
𝜇 (𝑅+) − 𝜇 (𝑅∗)

)2 and (𝐷2)− :=
|𝑅∗ | − 1
|𝑅∗ | (𝜇 (𝑅∗) − 𝜇 (𝑅−))2

.

Then the inequality above can be written as (𝐷2)− ≤ (𝐷2)+. This means that

1 ≤ (𝐷2)+
(𝐷2)− =

(
|𝑅∗ | − 1
|𝑅∗ | + 1

)
(𝜇 (𝑅+) − 𝜇 (𝑅∗))2

(𝜇 (𝑅∗) − 𝜇 (𝑅−))2 =

(
|𝑅∗ | − 1
|𝑅∗ | + 1

)3
< 1,

since |𝑅∗ | ≥ 1, and we have a contradiction. □
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E.2 Proof of Theorem 5
We now show that when the human or the machine can observe only a constant number of features,
it is possible to efficiently find an optimal delegate; recall Theorem 5.

Theorem 5. Suppose that |𝐼𝐻 \ 𝐼𝑀 | = 𝑂 (1) or |𝐼𝑀 \ 𝐼𝐻 | = 𝑂 (1). Then we may find an optimal
delegate in time polynomial in 𝑛.

Proof. We again assume that the human and machine partition the set of all features, so that
|𝐼𝐻 \ 𝐼𝑀 | = |𝐼𝐻 | and |𝐼𝑀 \ 𝐼𝐻 | = |𝐼𝑀 |. If not, we can apply Lemmas 1 and 2 to find an efficient
algorithm, since the independent subproblems in Lemma 2 will satisfy |𝐼𝐻 | = 𝑂 (1) or |𝐼𝑀 | = 𝑂 (1)
respectively.
We first prove that that when |𝐼𝐻 | = 𝑂 (1) we may efficiently find an optimal delegate through a

brute-force search over sets of retained human categories, and then prove that when |𝐼𝑀 | = 𝑂 (1)
we may find an optimal delegate by restricting the possible sets of retained categories through
finding arrangements of hyperspheres.

Part 1. Suppose that |𝐼𝐻 | = 𝑂 (1). By Proposition 1, it is sufficient to find R ⊆ H that minimizes
ℓ (𝑓 ∗

𝐻
, 𝑓 R
𝑀
). If |𝐼𝐻 | = 𝑂 (1), then |H | = 2 |𝐼𝐻 | = 𝑂 (1), and there are 2𝑂 (1) = 𝑂 (1) subsets of H .

Moreover, we may compute 𝑓 R
𝑀

and then ℓ (𝑓 ∗
𝐻
, 𝑓 R
𝑀
) in 𝑂 (𝑛) for each R. Thus, we may compare the

loss of 𝑓 R
𝑀

for each R ⊆ H in time 𝑂 (𝑛2) and select R with the minimum loss.

Part 2. Suppose that |𝐼𝑀 | = 𝑂 (1). As before, we assume 𝑃 (𝐶) > 0 for all 𝐶; these categories do
not affect the loss and we can arbitrarily assign them to the human.
Since we assume that 𝐼𝐻 and 𝐼𝑀 partition the set of all features, there is a single state x𝑖 𝑗 in

𝐶𝑖 ∩ 𝐾 𝑗 for each human category 𝐶𝑖 and machine category 𝐾 𝑗 . For any machine function 𝑓𝑀 , we
may define the vector y ∈ R𝑚 by setting y𝑗 = 𝑓𝑀 (𝐾 𝑗 ). Define

𝑐𝑖 𝑗 := 𝑓 ∗ (x𝑖 𝑗 ), 𝑟 2
𝑖 :=

∑︁
𝑗

(𝑓 ∗𝐻 (𝐶𝑖 ) − 𝑓 ∗ (x𝑖 𝑗 ))2, 𝑎2
𝑖 𝑗 :=

𝑃 (x𝑖 𝑗 )
𝑃 (𝐶𝑖 )

.

We know that a human with action function 𝑓 ∗
𝐻
will delegate to a machine with action function

𝑓𝑀 in category 𝐶𝑖 if and only if
𝑚∑︁
𝑗=1

𝑃 (x𝑖 𝑗 )
𝑃 (𝐶𝑖 )

(𝑓𝑀 (𝐾 𝑗 ) − 𝑓 ∗ (x𝑖 𝑗 )2 <

𝑚∑︁
𝑗=1

(𝑓 ∗𝐻 (𝐶𝑖 ) − 𝑓 ∗ (x𝑖 𝑗 ))2,

assuming that the human breaks ties by not delegating. We can rewrite this condition as
𝑚∑︁
𝑗=1

𝑎2
𝑖 𝑗 (y𝑗 − 𝑐𝑖 𝑗 )2 < 𝑟 2

𝑖 ,

which is the equation for the interior of an ellipsoid where y ∈ R𝑚 . This means that for any machine
𝑓𝑀 , 𝑓𝑀 is in the region formed by the intersection of the ellipsoids corresponding to the categories
where 𝑓𝑀 is adopted, D(𝑓 ∗

𝐻
, 𝑓𝑀 ).

If 𝑓 ∗ (x), 𝑃 (x) are rational for all x – which is a reasonable assumption if we hope to optimize
on a computer with floating point precision – then the ellipsoid 𝑔𝑖 (y) :=

∑𝑚
𝑗=1 𝑎

2
𝑖 𝑗 (y𝑗 − 𝑐2

𝑖 𝑗 ) − 𝑟 2
𝑖

is a polynomial with maximum degree 2𝑚 in R𝑚 , and 𝑔𝑖 (y) = 0 is the ellipsoid corresponding
to category 𝐶𝑖 . The regions of intersection of these ℎ ellipsoids are known as “arrangements” in
computational geometry. There are only 𝑂 (ℎ𝑚) such regions, and these regions may be found in
time 𝑂 (ℎ𝑚) [Chazelle et al., 1991]. The first step of this algorithm will be to find these regions,
which takes 𝑂 (ℎ𝑚).
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In Proposition 1, we showed that to find an optimal delegate, it is sufficient to find a set of
categories R∗ such that 𝑓 R

𝑀
minimizes the team loss, and R∗ satisfies R∗ = D(𝑓 ∗

𝐻
, 𝑓 ∗
𝑀
) for some

optimal delegate 𝑓 ∗
𝑀
. This means that 𝐶𝑖 ∈ R∗ if and only if 𝑓 ∗

𝑀
is in ellipsoid 𝑖 . This in turn implies

that in searching over different sets of retained categories R, we can consider only subsets of
categories whose corresponding set of ellipsoids has a non-empty intersection. Now, instead of 2ℎ
possible options for R, we are only searching over 𝑂 (ℎ𝑚) different subsets R.
We can also compute the loss 𝑓 R

𝑀
of a given R in 𝑂 (𝑛), so we may find an optimal delegate

in 𝑂 (𝑛ℎ𝑚). Since ℎ = 𝑂 (𝑛) and𝑚 = 𝑂 (1), this means we may find an optimal delegate in time
polynomial in 𝑛. □

E.3 Proof of Proposition 6
Recall Proposition 6, which states that it is always possible to efficiently determine whether a
delegate with perfect team performance exists; we prove this below.

Proposition 6. For any delegation setting, we may determine whether there exists a function 𝑓 ∗
𝑀
such

that ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) = 0 in time linear in 𝑛.

Proof. By Proposition 1, we can achieve zero expected hybrid loss if and only if there is some
set of human categories R ⊆ H such that

ℓ (𝑓 ∗𝐻 , 𝑓 R𝑀 ) =
∑︁

𝐶∈H\R
𝑃 (𝐶)ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) +

∑︁
𝐶∈R

𝑃 (𝐶)ℓ𝑀 (𝑓 R𝑀 ,𝐶) = 0.

Since ℓ𝐻 , ℓ𝑀 are always non-negative, this means that we can achieve zero hybrid loss if and only if
there is some set of categories R for the machine to retain such that for all𝐶 ∈ R with 𝑃 (𝐶) > 0, it
is the case that ℓ𝑀 (𝑓 R

𝑀
,𝐶) = 0 and for all yielded categories 𝐶 ∈ H \ R =: Y with 𝑃 (𝐶) > 0, it is

the case that ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) = 0.
For a human category 𝐶 ∈ H ,

ℓ𝐻 (𝑓 ∗𝐻 ,𝐶) = 0 ⇐⇒
∑︁
x∈𝐶

𝑃 (x)
𝑃 (𝐶) (𝑓

∗
𝐻 (x𝐻 ) − 𝑓 ∗ (x))2 = 0

⇐⇒
∑︁
x∈𝐶

𝑃 (x)
𝑃 (𝐶)

(∑︁
z∈𝐶

𝑃 (z)
𝑃 (𝐶) 𝑓

∗ (z) − 𝑓 ∗ (x)
)2

= 0

⇐⇒ 𝑓 ∗ (x) =
∑︁
z∈𝐶

𝑃 (z)
𝑃 (𝐶) 𝑓

∗ (z) for all x ∈ 𝐶, 𝑃 (x) > 0

⇐⇒ 𝑓 ∗ (x) = 𝑓 ∗ (z) for all x, z ∈ 𝐶, 𝑃 (x), 𝑃 (z) > 0.

For each category, we can check this condition simply by iterating linearly over each state in the
category. We can then collect the categories for which this condition holds into

R0 := {𝐶 ∈ H : 𝑓 ∗ (x) ≠ 𝑓 ∗ (z) for some x, z ∈ 𝐶},

which is the minimal set of human categories that the machine must retain to achieve non-zero
loss. Then if R achieving zero hybrid loss exists, the optimal design must retain R ⊇ R0. We can
compute R0 by making a linear pass through all the states. This has time complexity 𝑂 (𝑛).
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For a human category 𝐶 ∈ H ,

ℓ𝑀 (𝑓 R𝑀 ,𝐶) = 0 ⇐⇒
∑︁
x∈𝐶

𝑃 (x)
𝑃 (𝐶)

(
𝑓 R𝑀 (𝐾 (x)) − 𝑓 ∗ (x)

)2
= 0

⇐⇒ 𝑓 R𝑀 (𝐾 (x)) = 𝑓 ∗ (x) for all x ∈ 𝐶, 𝑃 (x) > 0
⇐⇒ 𝑓 ∗ (x) = 𝑓 ∗ (z) for all x ∈ 𝐶, z ∈ 𝐶′

where 𝐶′ ∈ R, 𝐾 (z) = 𝐾 (x), and 𝑃 (x), 𝑃 (z) > 0

where the last equivalence follows by definition of 𝑓 R
𝑀
.

Suppose that retaining R0 does not lead to zero hybrid loss. Then it must be the case that for
some𝐶 ∈ R0, ℓ𝑀 (𝑓 R

𝑀
,𝐶) > 0 and thus 𝑓 ∗ (x) ≠ 𝑓 ∗ (z) for some x ∈ 𝐶 , z ∈ 𝐶′ ∈ R0 with𝐾 (x) = 𝐾 (z)

and 𝑃 (x), 𝑃 (z) > 0.
If instead we retain R′ ⊃ R0, we may use the same x, z show that ℓ𝑀 (𝑓 R′

𝑀
,𝐶) > 0. Thus there is

a machine with zero hybrid error if and only if retaining R0 results in zero hybrid error. We may
then simply check whether ℓ (𝑓 ∗

𝐻
, 𝑓 R

0

𝑀
) = 0, which takes time 𝑂 (𝑛).

We spend 𝑂 (𝑛) time to compute R0 and 𝑂 (𝑛) time to compute ℓ (𝑓 ∗
𝐻
, 𝑓 R

0

𝑀
), so the total time

needed to determine whether ℓ (𝑓 ∗
𝐻
, 𝑓 ∗
𝑀
) = 0 is 𝑂 (𝑛). □

E.4 Proof of Theorem 7
Finally, we prove that finding an optimal delegate is NP-hard in general. Recall Theorem 7.

Theorem 7. Unless P = NP, there is no algorithm to find an optimal delegate 𝑓 ∗
𝑀
in time polynomial

in 𝑛 for all delegation settings.

Proof. In Proposition 2, we showed that when the human and machine features partition the
set of all features it is necessary to solve the problem VarianceAssignment in order to find an
optimal delegate. We will show that VarianceAssignment is NP-hard. In particular, we restrict
our attention to the case where each state occurs with uniform probability, that is 𝑃 (x) = 1/𝑛 for
all x. Since the problem is hard in this special case, it is hard in general. First, consider the problem
MaxRegularCliqe.

MaxRegularCliqe. Let 𝐺 = (𝑉 , 𝐸) be a regular graph. A clique is a set of nodes
𝑆 ⊆ 𝑉 such that for each pair of nodes 𝑢, 𝑣 ∈ 𝑆 , (𝑢, 𝑣) ∈ 𝐸. Find a clique with maximum
size |𝑆 |.

[Brandes et al., 2016] define the problem RegularCliqe, which determines whether a regular
graph𝐺 contains a clique of size 𝑘 , show that it is NP-hard. We can solve RegularCliqe by solving
MaxRegularCliqe and checking whether the solution has size ≥ 𝑘 ; thus MaxRegularCliqe is
also NP-hard.
We now define the intermediate problem of densest subgraph discovery in the presence of

possibly negative weights and a regularity condition on each node.
NegRegularDSD. Let 𝐺 = (𝑉 , 𝐸,𝑤) be an undirected graph with weighted edges
𝑤 : 𝐸 → R. Suppose that for each node 𝑣 ,∑︁

(𝑢,𝑣) ∈𝐸
|𝑤 (𝑢, 𝑣) | = 1.

For a subset of nodes 𝑆 ⊆ 𝑉 , let 𝐸 (𝑆) be the edges in the induced subgraph, and define

𝑤 (𝑆) =
∑︁

(𝑢,𝑣) ∈𝐸 (𝑆 )
𝑤 (𝑢, 𝑣).
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Find the subset of nodes 𝑆 that maximizes the density of the induced subgraph

𝑑 (𝑆) = 𝑤 (𝑆)
|𝑆 | ,

where 𝑑 (𝑆) = 0 when 𝑆 = ∅.
Without the regularity condition that the absolute sum of a node’s edge weights is equal to 1, this

is the NP-hard problem NegDSD introduced in [Tsourakakis et al., 2019]. It is also folk knowledge
that NegDSD may be proved via a reduction from MaxCliqe.

We now show that NegRegularDSD is NP-hard via a reduction from MaxRegularCliqe. Let
the 𝑑-regular graph 𝐺 = (𝑉 , 𝐸) be an instance of MaxRegularCliqe, we construct a complete
graph 𝐺 ′ = (𝑉 ′, 𝐸′,𝑤) where 𝑉 ′ = 𝑉 and 𝐸′ is the set of all pairs of nodes. Let

𝑤 (𝑢, 𝑣) = 1
1 + (𝑛 − 𝑑) ·

{
1
𝑑
, (𝑢, 𝑣) ∈ 𝐸,

−1, (𝑢, 𝑣) ∉ 𝐸
.

Constructing 𝐺 ′ can be completed in polynomial time 𝑂 ( |𝑉 |2). Now∑︁
(𝑢,𝑣) ∈𝐸′

|𝑤 (𝑢, 𝑣) | = 𝑑 · 1
𝑑
· 1

1 + (𝑛 − 𝑑) + (𝑛 − 𝑑) · 1 · 1
1 + 𝑛 − 𝑑 = 1.

First note that the solution 𝑆 to NegRegularDSD will always have non-negative density, since
we could always pick the empty set. Now, suppose there is a solution 𝑆 to NegRegularDSD that is
not a clique in 𝐺 . Then there is some pair 𝑢, 𝑣 ∈ 𝑆 such that (𝑢, 𝑣) ∉ 𝐸. Let 𝐸 (𝑁 ) be the edges in𝐺 ′

induced by a set of nodes 𝑁 . Then,

𝑑 (𝑆) ≜
∑

(𝑠,𝑡 ) ∈𝐸 (𝑆 )
|𝑆 |

=

∑
(𝑠,𝑡 ) ∈𝐸 (𝑆 ),𝑡≠𝑣𝑤 (𝑠, 𝑡) + ∑

(𝑠,𝑣) ∈𝐸 (𝑆 ),𝑠≠𝑢 𝑤 (𝑠, 𝑣) +𝑤 (𝑢, 𝑣)
|𝑆 |

≤
∑

(𝑠,𝑡 ) ∈𝐸 (𝑆 ),𝑡≠𝑣𝑤 (𝑠, 𝑡) + ∑
(𝑠,𝑣) ∈𝐸 (𝑆 )𝑠≠𝑢 𝑤 (𝑠, 𝑣) − 1

1+𝑛−𝑑
|𝑆 | − 1

≤
∑

(𝑠,𝑡 ) ∈𝐸 (𝑆 )𝑡≠𝑣𝑤 (𝑠, 𝑡) + 𝑑 · 1
𝑑
· 1

1+(𝑛−𝑑 ) −
1

1+𝑛−𝑑
|𝑆 | − 1

=

∑
(𝑠,𝑡 ) ∈𝐸 (𝑆\{𝑣}) 𝑤 (𝑠, 𝑡)

|𝑆 | − 1
≜ 𝑑 (𝑆 \ {𝑣}),

so 𝑑 (𝑆) cannot have been a solution of NegRegularDSD. Thus NegRegularDSD will produce a
solution which is a clique in 𝐺 . For a subset 𝑆 ⊆ 𝑉 that is a clique in 𝐺 , the density is

𝑑 (𝑆) =
∑

(𝑢,𝑣) ∈𝐸 (𝑆 ) 𝑤 (𝑢, 𝑣)
|𝑆 | =

( |𝑆 |
2
) 1
𝑑
· 1

1+(𝑛−𝑑 )
|𝑆 | =

1
𝑑
· 1

1 + (𝑛 − 𝑑) ·
|𝑆 | − 1

2
∝ |𝑆 | − 1

Thus NegRegularDSD will select the clique of maximum size.
Finally, we reduce NegRegularDSD to VarianceAssignment. Let𝐺 = (𝑉 , 𝐸,𝑤) be an instance

of NegRegularDSD. Construct an instance 𝐴 of VarianceAssignment as follows.
• First, create a matrix 𝐴0: for each node 𝑣 ∈ 𝑉 create a row and for each edge 𝑒 ∈ 𝐸 create a
column.

• For each edge 𝑒 𝑗 = (𝑣𝑖 , 𝑣𝑘 ):
– If𝑤 (𝑣𝑖 , 𝑣𝑘 ) > 0, let 𝑎0

𝑖 𝑗 = 𝑎
0
𝑘 𝑗

=
√︁
|𝑤 (𝑣𝑖 , 𝑣𝑘 ) |/2.
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– If𝑤 (𝑣𝑖 , 𝑣𝑘 ) ≤ 0, let 𝑎0
𝑖 𝑗 = −𝑎0

𝑘 𝑗
=

√︁
|𝑤 (𝑣𝑖 , 𝑣𝑘 ) |/2.

• Set all other entries of 𝐴0 to zero.
• Now, create a matrix 𝐴 as follows: for each column 𝑎 𝑗 of 𝐴0, add both 𝑎 𝑗 and −𝑎 𝑗 to 𝐴.

Constructing 𝐴 takes time 𝑂 (2|𝐸 | |𝑉 |) = 𝑂 ( |𝑉 |3).
Now for each row 𝑖

E(𝑎𝑖 𝑗 |𝑖) =
1
𝑚

∑︁
𝑗

𝑎𝑖 𝑗 = 0 and ∥𝑎𝑖 ∥2
2 =

∑︁
𝑗

𝑎2
𝑖 𝑗 = 2

∑︁
𝑘 :(𝑣𝑖 ,𝑣𝑘 ) ∈𝐸

|𝑤 (𝑣𝑖 , 𝑣𝑘 ) |/2 = 1.

Let 𝑅 be a subset of rows. We have that 𝐴 ∈ Rℎ × R𝑚 for𝑚 := 2|𝐸 |, ℎ := |𝑉 |. Define 𝑛 := ℎ𝑚 as
before. Then the objective of VarianceAssignment is to minimize

1
ℎ

∑︁
𝑖∉𝑅

𝜎2 (𝑎𝑖 𝑗 |𝑖) +
|𝑅 |
𝑛

∑︁
𝑗

𝜎2 (𝑎𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗).

We may expand this to

1
ℎ

∑︁
𝑖∉𝑅

E(𝑎2
𝑖 𝑗 |𝑖) − E(𝑎𝑖 𝑗 |𝑖)2 + |𝑅 |

𝑛

∑︁
𝑗

E(𝑎2
𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) − E(𝑎𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗)2

=
1
ℎ

∑︁
𝑖∉𝑅

E(𝑎2
𝑖 𝑗 |𝑖) +

|𝑅 |
𝑛

∑︁
𝑗

E(𝑎2
𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) −

(
1
ℎ

∑︁
𝑖∉𝑅

E(𝑎𝑖 𝑗 |𝑖)2 + |𝑅 |
𝑛

∑︁
𝑗

E(𝑎𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗)2

)
The first two terms can be simplified as

1
ℎ

∑︁
𝑖∉𝑅

E(𝑎2
𝑖 𝑗 |𝑖) +

|𝑅 |
𝑛

∑︁
𝑗

E(𝑎2
𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗) =

1
ℎ

∑︁
𝑖∉𝑅

1
𝑚

∑︁
𝑗

𝑎2
𝑖 𝑗 +

|𝑅 |
𝑛

∑︁
𝑗

1
|𝑅 |

∑︁
𝑖∈𝑅

𝑎2
𝑖 𝑗

=
1
𝑛

∑︁
𝑖∉𝑅

∑︁
𝑗

𝑎2
𝑖 𝑗 +

1
𝑛

∑︁
𝑖∈𝑅

∑︁
𝑗

𝑎2
𝑖 𝑗

=
1
𝑛

∑︁
𝑖, 𝑗

𝑎2
𝑖 𝑗

This term is constant in 𝑅, so the problem of VarianceAssignment is merely the problem of
minimizing the second two terms, or maximizing

1
ℎ

∑︁
𝑖∉𝑅

E(𝑎𝑖 𝑗 |𝑖)2 + |𝑅 |
𝑛

∑︁
𝑗

E(𝑎𝑖 𝑗 |𝑖 ∈ 𝑅, 𝑗)2 =
|𝑅 |
𝑛

∑︁
𝑗

E(𝑎𝑖 𝑗 |𝑖 ∈ 𝑅)2 (E(𝑎𝑖 𝑗 |𝑖) = 0)

= |𝑅 |
∑︁
𝑗

(
1
|𝑅 |

∑︁
𝑖∈𝑅

𝑎𝑖 𝑗

)2

=
1
𝑛 |𝑅 |

∑︁
𝑗

∑︁
𝑖∈𝑅

𝑎2
𝑖 𝑗 +

2
𝑛 |𝑅 |

∑︁
𝑗

∑︁
𝑖<𝑘 :𝑖,𝑘∈𝑅

𝑎𝑖 𝑗𝑎𝑘 𝑗

=
1
𝑛 |𝑅 |

∑︁
𝑖∈𝑅

∥𝑎𝑖 ∥2 + 2
𝑛 |𝑅 |

∑︁
𝑖<𝑘 :𝑖,𝑘∈𝑅

∑︁
𝑗

𝑎𝑖 𝑗𝑎𝑘 𝑗

=
1
𝑛

(
1 + 2

|𝑅 |
∑︁

𝑖<𝑘 :𝑖,𝑘∈𝑅

∑︁
𝑗

𝑎𝑖 𝑗𝑎𝑘 𝑗

)
, (∥𝑎𝑖 ∥2 = 1)
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so to solve VarianceAssignment it is necessary to find 𝑅 maximizing 1
|𝑅 |

∑
𝑖<𝑘 :𝑖,𝑘∈𝑅

∑
𝑗 𝑎𝑖 𝑗𝑎𝑘 𝑗 . Let

𝑆 (𝑅) = {𝑣𝑖 : 𝑖 ∈ 𝑅}. Recalling the construction of 𝐴 and 𝐴0,

1
|𝑅 |

∑︁
𝑖<𝑘 :𝑖,𝑘∈𝑅

∑︁
𝑗

𝑎𝑖 𝑗𝑎𝑘 𝑗 =
1
|𝑅 |

∑︁
𝑖<𝑘 :𝑖,𝑘∈𝑅

|𝐸 |∑︁
𝑗=1

2𝑎0
𝑖 𝑗𝑎

0
𝑘 𝑗

=
1
|𝑅 |

∑︁
(𝑣𝑖 ,𝑣𝑘 ) ∈𝐸 (𝑆 (𝑅) )

2 ·
√︁
|𝑤 (𝑣𝑖 , 𝑣𝑘 ) |/2 · sgn(𝑤 (𝑣𝑖 , 𝑣𝑘 ))

√︁
|𝑤 (𝑣𝑖 , 𝑣𝑘 ) |/2

=

∑
(𝑣𝑖 ,𝑣𝑘 ) ∈𝐸 (𝑆 (𝑅) ) 𝑤 (𝑣𝑖 , 𝑣𝑘 )

|𝑅 |
≜ 𝑑 (𝑆 (𝑅)) .

Therefore, to maximize 𝑑 (𝑆) it is sufficient to minimize the VarianceAssignment objective, so
VarianceAssignment is NP-hard. □
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