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Abstract:  Belief functions are mathematical objects defined to satisfy three axioms
that look somewhat similar to the Kolmogorov axioms defining probability functions.
We argue that there are (at least) two useful and quite different ways of understanding
belief functions. The first is as a generalized probability function (which technically
corresponds to the inner measure induced by a probability function). The second is as a
way of representing evidence. Evidence, in turn, can be understood as a mapping from
probability functions to probability functions. It makes sense to think of updating a
belief if we think of it as a generalized probability. On the other hand, it makes sense
to combine two beliefs (using, say, Dempster’s rule of combination) only if we think
of the belief functions as representing evidence. Many previous papers have pointed out
problems with the belief function approach; the claim of this paper is that these problems
can be explained as a consequence of confounding these two views of belief functions.



1 Introduction

A belief function is a function that assigns to every subset of a given set S a number
between 0 and 1. Intuitively, the belief in a set (or event) A is meant to describe a lower
bound on the degree of belief of an agent that A is actually the case. The corresponding
upper bound is provided by a plausibility function. The idea of a belief function was
introduced by Dempster [Dem67, Dem68] (he uses the terms lower probability for belief
and upper probability for plausibility), and then put forth as a framework for reasoning
about uncertainty in Shafer’s seminal work A Mathematical Theory of Evidence [Sha76a].
Since then belief functions have become a standard tool in expert systems applications

(see, for example, [Abe88, Fal88, 1.U8S, .G83]).

While belief functions have an attractive mathematical theory and many intuitively
appealing properties, there has been a constant barrage of criticism directed against them,
going back to when they were first introduced by Dempster (see the discussion papers that
appear after [Dem68], particularly the comments of Smith, Aitchison, and Thompson).
The fundamental concern seems to be how we should interpret belief functions. This point
is made in a particularly sharp way by Diaconis and Zabell [Dia78, DZ86]. They consider
the three prisoners problem, and show that applying the belief function approach to this
problem, particularly Dempster’s rule of combination (which is a rule for combining
two belief functions to produce a new belief functions) leads to counterintuitive results.
Other authors have shown that the belief function approach leads to counterintuitive or
incorrect answers in a number of other situations (see, for example, [Ait68, Bla87, Hun87,

Lem86, Pea88, Pea89, Zad84]).

In this paper, we argue that essentially all these problems stem from a confounding
of two different views of belief functions: the first is as a generalized probability function,
while the second is as a representation of evidence. In the remainder of this introduction,
we briefly sketch these two views.

Formally, a belief function can be defined as a function satisfying three axioms (just
as a group is a mathematical object satisfying a certain set of axioms). These axioms
can be viewed as a weakening of the Kolmogorov axioms that characterize probability
functions. From that point of view, it seems reasonable to try to understand a belief
function as a generalized probability function. A number of authors have in fact tried to
find characterizations of belief functions in terms of probability functions (e.g., [Dem67,
Dem68, FH91b, FHI91a, Kyb87, Rus87, Sha79]). We focus here on the approach of
[FH91b, FHI1a].

A probability function is a function that assigns a number between 0 and 1 to some
(but not necessarily all) of the subsets of a set. The sets to which a probability is
assigned are called measurable sets. Note the contrast here with belief functions, which
do assign a number to all subsets of a set. There are two standard ways of extending
a probability function Pr so that it is defined on all subsets: namely, by considering
the inner measure Pr, and outer measure Pr* induced by Pr. Intuitively, the inner
measure of a set A is the best approximation we can make to its probability from below,



while the upper measure is the best approximation from above. Thus, the inner and
outer measure of a set A define an interval, just as do the belief and plausibility of A.
This analogy is more than a superficial one. It is straightforward to show if we are
given a probability function Pr, then Pr, is a belief function (in that it satisfies the
three axioms characterizing belief functions) and Pr* is the corresponding plausibility
function. Moreover, the converse essentially holds; every belief function can essentially
be viewed as being the inner measure induced by some probability function [FH91b].

Thus, we have a natural way of viewing a belief function as a generalized probability
function: it is just an inner measure induced by a probability function.

This view of a belief function as a generalized probability function is quite different
from the view taken by Shafer in [ShaT6a]. Here, belief is viewed as a representation of
evidence. The more evidence we have to support a particular proposition, the greater
our belief in that proposition.

Now the question arises as to what exactly evidence is, and how it relates to prob-
ability (if at all). Notice that if we start with a probability function and then we get
some evidence, then we can update our original probability function to take this evidence
into account. If the evidence comes in the form of an observation of some event B,
then this updating is typically done by moving to the conditional probability. Starting
with a probability function Pr, we update it to get the (conditional) probability function
Pr(-|B). This suggests that evidence can be represented by a function that takes as an
argument a probability function and returns an updated probability function. By using
ideas that already appear in [Sha76a], it can be shown that a belief function can in fact
be viewed as representing evidence in this sense.

This point i1s perhaps best understood in terms of an example. Imagine we toss a coin
that 1s either a fair coin or a double-headed coin. We see k heads in a row. Intuitively,
that should provide strong evidence in favor of the coin being a double-headed coin.
And, indeed, if we encode this evidence as a belief function following the methodology
suggested in [ShaT6al, we find that the larger k is, the stronger our belief that the coin is
double-headed. On the other hand, we cannot compute the probability that the coin is
double-headed if our only information is that we have seen k heads in a row. The actual
probability depends on the prior. For example, if we knew that a priori, the probability
of the coin being fair is .9999 and k& = 8, then it is still quite probable that the coin is
fair. Once we are given a prior probability on the coin being fair then, using conditional
probability, we can compute the probability that the coin is fair given that we have
observed k heads. If we use Shafer’s method, then it can be shown that the conditional
probability is exactly the result of using the rule of combination to combine the prior
probability with the belief function that encodes our evidence (the fact that we have
seen k heads). Thus, the belief function provides us a way of updating the probability
function, that is, with a way of going from a prior probability to a posterior (conditional)
probability.

Once we decide to view belief functions as representations of evidence, we must tackle



the question of how to go about representing evidence using belief functions. A number
of different representations have been suggested in the literature. We have already men-
tioned the one due to Shafer; still others have been suggested by Dempster and Smets
[Dem68, Sha82]. Walley [Wal87] compares a number of representations of evidence in a
general framework. We review his framework here, and present a slight strengthening of
one of his results, showing that perhaps the best representation is given by a certain belief
function that is also a probability function, in that it is the only representation satisfying
certain reasonable properties that acts correctly under the combination of evidence.

Both of the viewpoints discussed here give us a way of understanding belief in terms of
well-understood ideas of probability theory. (Indeed, it is one of the goals of this paper to
explain as large a part as possible of the theory of belief functions in terms of probability
theory, in the hope of getting a better understanding of belief functions.) However, as
we show by example, these two viewpoints result in very different ways of modelling
situations (although, if we do things right, we expect to reach the same conclusions no
matter which viewpoint we take!). The major difference between the viewpoints is how
they treat new evidence. If we view belief as a generalized probability, then it makes
sense to update beliefs but not combine them. On the other hand, if we view beliefs
as a representation of evidence, then it makes sense to combine them, but not update
them. This suggests that the rule of combination is appropriate only when we view
beliefs as representations of evidence. A way of updating beliefs, appropriate when we
view beliefs as generalized probabilities, is described in [FH91a]. It seems that all the
examples showing the counterintuitive nature of the rule of combination arise from an
attempt to combine two beliefs that are really being viewed as generalized probabilities.

It is interesting to note that the claim that there is more than one interpretation
of belief functions is not new. In fact, it goes back to the early work of Shafer. In
commenting on Dempster’s work in [Sha76b, p. 432], Shafer says “...instead of thinking
of his lower probabilities as degrees of belief or degrees of support, [Dempster| preferred,
at least originally, to think of his lower and upper probabilities as bounds for some
true but somehow unknowable probabilities, thus retaining the identification of degrees
of belief with additive probabilities.” A few paragraphs later, Shafer continues “It is
the new understanding of the meaning of Dempster’s upper probabilities [essentially,
as representations of evidence] that I offer as the primary contribution of this essay.”
Our results give a precise sense in which Dempster’s interpretation is correct. If we
view belief and plausibility as representing the inner and outer measures induced by
some probability function Pr, they are indeed bounds for all the possible extensions
of Pr (see Theorem 2.1 in the next section). The alternate way of viewing a belief
function, namely, as a representation of evidence, can also be given a precise probabilistic

interpretation.’ Indeed, the distinction between the approaches essentially is closely

'We do not mean to suggest that Shafer would necessarily subscribe to our interpretation. In fact,
he would almost certainly dispute the primacy given to probability theory in this paper, as well as some
of our conclusions. Shafer is also quite explicit about rejecting the view of belief functions as lower
envelopes (see [Sha90, p. 16] for perhaps the clearest statement of his views on this issue).



related to the well-known distinction in probability theory between absolute beliefs and
belief updates (see [HH86] for discussion and further references). Viewing a belief function
as a representation of evidence essentially amounts to viewing it as a likelthood function;
we return to this point later in the text.

More recently, Smets, in a sequence of unpublished papers such as [SK89], has been a
strong proponent of the fact that there are two views of belief. One view for him is what
we are calling belief as generalized probability. He identifies the second view with what
he calls the transferable belief model (TBM). Smets specifically rejects an interpretation
of the TBM in terms of probability theory, and offers it as an alternative to probability
theory. It is definitely not meant to be viewed as a representation of evidence; rather,
it measures degree of belief. Smets attempts to justify Dempster’s rule of combination
in this framework by viewing it as a way of reassigning or transferring beliefs from one
proposition to another in light of new evidence. It seems to us that this interpretation
leads to the same counterintuitive results we have already mentioned.?

The rest of this paper is organized as follows. In Section 2 we review the viewpoint of
belief as generalized probability; in Section 3 we consider how to best update beliefs given
this viewpoint. The material in these two sections is largely drawn from [FH91b, FH91a],
so is not discussed here in great detail. We include it here mainly to contrast this
viewpoint with the viewpoint of belief as evidence, which is discussed in Section 4. In
this section we also consider what is the best way of representing evidence as a belief
function, and argue that a probability function gives the best representation. In Section 5
we consider what happens when we combine the two viewpoints, in that we try to view
belief as evidence when our information as represented in terms of nonmeasurable sets.
In Section 6 we illustrate our points by considering a number of examples, including
a lottery example from [Hun87] and the puzzle of Mr. Jones’ murderer, taken from
[SK89]. We conclude in Section 7 with further discussion on the appropriateness of belief
functions as a representation of uncertainty.

2 Belief as generalized probability

This section summarizes the work of [FH91b]; portions of the material in this section
also appear in [FH91a].

We begin by reviewing basic definitions from probability theory. The presentation
follows that of [FH91b]; the reader should consult a basic probability text such as [Fel57,
Hal50] for more details.

A probability space (S, X, Pr) consists of a set S (called the sample space), a o-
algebra X of subsets of S (i.e., a set of subsets of S containing S and closed under
complementation and countable union, but not necessarily consisting of all subsets of

2Smets, of course, disagrees. We refer the reader to his papers for more details.



S) whose elements are called measurable sets, and a probability measure Pr: X — [0, 1]
satisfying the following properties (known as the Kolmogorov axioms for probability):

P1. Pr(X)>0forall X € X
P2. Pr(S)=1
P3. Pr(UZ, X;) =X, Pr(X,), if the X,’s are pairwise disjoint members of X'.

Property P3 is called countable additivity. Of course, the fact that X is closed under
countable union guarantees that if each X; € X', then so is U2, X;. If we restrict to finite
sample spaces, the we can replace countable additivity by finite additivity, namely, the

property
P3'. Pr(UL,X;) = X%, Pr(X,), if the X;’s are pairwise disjoint members of X.

A subset Y of X is said to be a basis (of X') if the members of } are nonempty and
disjoint, and if X' consists precisely of countable unions of members of Y. It is easy to
see that if X' is finite then it has a basis. Moreover, whenever X’ has a basis, it is unique:
it consists precisely of the minimal elements of X' (the nonempty sets in X’ none of whose
proper nonempty subsets are in &x'). Note that if A’ has a basis, once we know the
probability of every set in the basis, we can compute the probability of every measurable
set by using countable additivity.

In a probability space (S, X', Pr), the probability measure Pr is not necessarily defined
on 2% (the set of all subset of S), but only on X. We can extend Pr to 2° in two standard
ways, by defining functions Pr, and Pr*, traditionally called the inner measure and outer
measure induced by Pr [Hal50]. For an arbitrary subset A C S, we define

Pr.A) =sup{Pr(X)| X C Aand X € X'},
Pr*(A) =inf{Pr(X)| X D Aand X € X'}.

If there are only finitely many measurable sets (in particular, if S is finite), then it is
easy to see that the inner measure of A is the measure of the largest measurable set
contained in A, while the outer measure of A is the measure of the smallest measurable
set containing A.

It is easy to check that, for any set A, we have Pr.(A) < Pr*(A); if A is measurable,
then Pr.(A) = Pr*(A) = Pr(A). The inner and outer measures of a set A can be viewed
as our best estimate of the “true” measure of A, given our lack of knowledge. To make
this precise, we say a probability space (S, X', Pr') is an extension of the probability
space (S, X, Pr) if X' O &, and Pr'(A) = Pr(A) for all A € X (so that Pr and Pr’/
agree on X, their common domain). The following result is well known (a proof can be

found in [Rus87]).

Theorem 2.1: If (S, X', Pr') is an extension of (S, X, Pr) and A € X', then Pr.(A) <
Pr'(A) < Pr*(A). Moreover, there exist extensions (S, X1, Prq), (S, Xa, Pra) of (S, X, Pr)
such that A € X1, A € Xy, Pri(A) = Pr.(A), and Pry(A) = Pr*(A).

5



Intuitively, the first part of Theorem 2.1 tells us that if we acquire extra information
enabling us to compute the probability of A, then it is bound to lie somewhere between
the inner measure and outer measure of A. The second part of the theorem tells us that
the inner measure and outer measure are the best estimates we can get.

Now let us consider belief functions. Like a probability function, a belief function
is a function mapping subsets of a set S to the interval [0, 1] satisfying certain axioms.
Unlike a probability function, it is defined on all subsets of S. Formally, a belief function
Bel on S is a function Bel : 2° — [0, 1] satisfying:

BO. Bel() =0

(

B1. Bel(A)> 0

B2. Bel(S)=1
(

B3. Bel Al Uu...u Ak) 2 ng{l,...,k},I;ﬁ@(_l)uH_lBel(ﬂiEI Az)

We can also define the plausibility of a set A, written PI(A), as 1 — Bel(A), where
A is the complement of A. Clearly Pl is also a function that associates with each
subset of S a number in the range [0,1]. Using B2 and B3, we can easily see that
1 = Bel(S) = Bel(AU A) > Bel(A) + Bel(A), from which it immediately follows that
Bel(A) < 1— Bel(A= PI(A). As we shall see, the interval defined by Bel(A) and PI(A)
can be viewed as defining the range in which the “true” probability of A lies. Of course,
the bigger the interval, the greater our uncertainty of the true probability of A.

Other than B3, the axioms for belief functions look like what we would expect from
a probability function. Properties Bl and B2 are analogues of P1 and P2. (There is also
a probabilistic analogue PO of B0, but the fact that the probability of the empty set is 0
already follows from P2 and P3.) While B3 looks quite different from P3, the differences
are not as significant as they might appear at first. For one thing, probability functions
satisfy B3 with the inequality replaced by an equality, at least if we restrict attention to
measurable sets Ay, ..., Ag. (This is the well-known inclusion-exclusion rule, and can be
proved for probability functions by induction on k; see [Fel57].) Moreover, if we replace
P3 by B3 (with the inequality replaced by equality, and the sets Ay, ..., Ay restricted to
measurable sets), then we get an axiom equivalent to finite additivity. (This is easy to
see: if the sets A; in B3 are disjoint, from B3 we immediately get Bel(A; U ... A) >
¥ | Bel(A;).) Thus, we get another characterization of probability functions in finite
spaces.?

It seems clear that in many ways Bel and PI act like inner and outer measure. For one

thing, the relationship between them is analogous: PI(A) =1 — Bel(A) and Pr*(A) =

3When considering belief functions on infinite spaces, another continuity axiom, which says that
lim;_. o Bel(A;) = Bel(N;A;) if A1 D As D ..., is occasionally added [Sha79]. This axiom is easily
shown to be redundant in finite spaces. If we replace the inequality in B3 by an equality and restrict
to measurable sets, then, together with the continuity axiom, we get an alternative characterization of
probability functions in arbitrary spaces.



1—Pr.(A). Moreover, inner and outer measure, like belief and plausibility, are defined on
all subsets of S. It is not hard to show that every inner measure induced by a probability
function is indeed a belief function [FH91b]. That is, if (S, X', Pr) is a probability space,
then Pr, is a belief function on S and Pr* is the corresponding plausibility function. The
converse essentially holds as well; given a belief function Bel defined on a set of formulas
(rather than on sets), we can find a probability space (S, X', Pr) and associate with each
formula ¢ a subset S, of states of S (intuitively, S, is the subset of states where ¢ is
true) such that Bel(p) = Pr.(S,). These results are discussed and proved in [FH91b].
Thus, in a precise sense, a belief function is no more and no less than an inner measure;
the plausibility function is the corresponding outer measure.

There is another formulation of belief functions that is perhaps more intuitive, and
will be useful in our later discussion. A mass function is simply a function m: 2% — [0, 1]
such that

M1. m(0) =0
M2. ZAQS m(A) =1.

Intuitively, m(A) is the weight of evidence for A that has not already been assigned
to some proper subset of A. With this interpretation of mass, we would expect that
an agent’s belief in A is the sum of the masses he has assigned to all the subsets of A;
i.e., Bel(A) = Y gcam(B). Indeed, this intuition is correct.

Proposition 2.2: ([Sha76a, p. 39])

1. Ifm is a mass function on S, then the function Bel:2° — [0, 1] defined by Bel(A) =
> Bcam(B) is a belief function.

2. If Bel is a belief function on 2° and S is finite, then there is a unique mass function

m on 2° such that Bel(A) = Spcam(B) for every subset A of S.

Using mass functions, we can easily connect probability, belief, and inner measure
in finite spaces (or, in fact, in a probability space with a basis). If Pr is a probability
function defined on a set X' of measurable subsets of a finite set S, and Y is a basis of
X, let m be the mass function such that

| Pr(A) ifAe)
m(A) = { 0 otherwise,

and let Bel be the belief function corresponding to m. Then it is easy to show that
Bel(A) = Pr.(A) for all A C S. Thus, Bel agrees with Pr on the measurable sets and,
more generally, is equal to the inner measure on arbitrary subsets. We refer to Bel as the
belief function corresponding to Pr. Notice that the mass function m has the property
that its focal elements—those sets to which it assigns positive mass—are disjoint. It is
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easy to check that if we are given a belief function Bel’ whose corresponding mass function
m' has disjoint focal elements, then there is some probability function Pr’ such that Bel’
corresponds to Pr’. We say that a belief function is a discrete probability function if not
only are its focal elements disjoint, but they are singletons. Thus, a belief function is a
discrete probability function if it is a probability function with respect to which every
element in the sample space is measurable. Notice that if we restrict attention to finite
or countable sets (as we do in this paper), this means that every subset is measurable.

There is another way of looking at belief functions as generalized probabilities, closely
associated with the one we have just discussed. Given a set P of probability functions all
defined on a sample space S, define the lower envelope of P to be the function f such that
foreach A C S, we have f(A) = inf{Pr(A): Pr € P and A is measurable with respect to Pr}.
We have the corresponding definition of upper envelope of P. Theorem 2.1 says that
the inner measure induced by a probability function Pr is the lower envelope of the
family of probability functions extending Pr; the outer measure is the corresponding
upper envelope. Since a belief function is essentially an inner measure, this suggests
that a belief function is also a lower envelope. This is true, and was already known
to Dempster [Dem67]. Let Bel be a belief function defined on S, and let (S, X, Pr)
be a probability space with sample space S. We say that Pr is consistent with Bel if
Bel(A) < Pr(A) < PI(A) for each A € X. Intuitively, Pr is consistent with Bel if the
probabilities assigned by Pr are consistent with the intervals [Bel(A), PI(A)] given by
the belief function Bel. It is easy to see that Pr is consistent with Belif Bel(A) < Pr(A)
for each A € X (that is, it follows automatically that Pr(A) < PI(A) for each A € X).

This is because PI(A) = 1 — Bel(A) > 1 — Pr(A) = Pr(A). Then Bel is the lower
envelope of P and Pl is the upper envelope of P.

Although every belief function i1s a lower envelope, the converse does not hold. It
is well known that not every lower envelope is a belief function (see [Kyb87, Pea89] for
counterexamples). For further discussion on lower envelopes and their relationship to

belief functions, the reader is referred to [FH91a, Sha81, WF82, Wil78].

3 Updating probabilities and beliefs

Quite often we start with a probability distribution or a belief function defined on a set of
events and then want to update it in the light of new evidence. Define a probability update
function to be a partial function from probability functions to probability functions;
intuitively, if 7 1s a probability update function and Pr is a probability function, then
7(Pr) is the probability function that arises as a result of updating Pr in the light of the
new information encoded by 7. We can similarly define a belief update function to be a
partial function from belief functions to belief functions.

The type of evidence we are most used to dealing with is an observation showing that
an event B has occurred. The standard way to update a probability function Pr in this
case is to move to the conditional probability function Pr(:|B), where Pr(A|B) is defined



to be Pr(AN B)/Pr(B). The reason we consider partial functions can already be seen
when we consider conditional probability functions. For the remainder of this section,
fix a set S and a o-algebra X of subsets of S. For B € X', we can define condg to be
the probability update function such that condg(Pr) = Pr(-|B) if Pr is a probability
function on X with Pr(B) > 0, and undefined otherwise. The partiality of the update
function allows it to be undefined if the evidence that it encodes is incompatible with
the probability to be updated. For example, the fact that B has been observed, which
is encoded in the update function condg, is incompatible with a probability function Pr

such that Pr(B) =0.

We can combine a sequence of probability updates by composition. Thus, the result of
updating by 7, then 75, and then 75 is given by the update function 750715 07. Although
the composition operation is associative, it is not in general commutative; the order of
updating matters. However, if we update probability functions by conditioning, then the
order is irrelevant. Although the following result is well known, we prove it again here
both for the sake of completeness and because we know of no reference to it.

Proposition 3.1: Let B,C € X. Then

condg o condg = condgnc = condp o condc.

Proof: Fix a probability function Pr. First assume that Pr(B N C) > 0, and let
Pr" = Pr(-|B). Then for all sets A € X', we have

conde o condg(Pr)(A) = condc(Pr')(A)

Pr'(A|C)

Pr'(ANC)/Pr'(C)

Pr(AnC|B)/Pr(C|B)
(Pr(ANCNB)/Pr(B))/(Pr(CnNB)/Pr(B))
Pr(AnCnB)/Pr(CNB)

Pr(A|BNC)

= condgnc(Pr)(A).

Thus, conde o condg(Pr) = condpnc(Pr) if Pr(BNC) > 0. If Pr(BNC) = 0, then
condpnc(Pr) is undefined; we must show that condcocondg(Pr) is undefined. If Pr(B) =
0, then this is immediate. Otherwise, it is easy to check that Pr(C|B) = 0, so that
condc(condp(Pr)) is undefined. This shows that conde o condp = condpnc in general. A
similar argument shows that condg o conds = condgnc, and hence that condg o conde =
condc o condg. 1

Notice that the conditional probability function Pr(:|B) is well defined only if B,
the observation, is a measurable set. In [FH91a], this definition is extended to allow

nonmeasurable sets, by providing a notion of inner and outer conditional probability. The
definition is inspired by Theorem 2.1. Let (S, X, Pr) be a probability space. Define the



inner conditional probability Pr.(A|B) and the outer conditional probability Pr*(A|B)
of A given B as follows:

Pr.(A|B) = inf{Pr'(A|B)|(S, X', Pr') extends (S, X, Pr) and A, B € X'}
Pr*(A|B) = sup{Pr'(A|B)|(S,X’, Pr') extends (S, X, Pr) and A, B € X'}.

Since the infimum and supremum above are not well-defined unless Pr.(B) > 0, we
define Pr.(A|B) and Pr*(A|B) only if Pr.(B) > 0.

The next theorem (from [FH91a]) gives elegant closed-form expressions for the inner
and outer conditional probabilities. This formula appears also in [Wal81], [SK89] and

[dCLM90]. Indeed, this formula even appears (lost in a welter of notation) as Equation 4.8
in [Dem67]!

Theorem 3.2: For any probability function Pr on S and subsets A, B C S such that
Pr.(B) >0, we have

Pr.(AN B)

br(AIB) = 5 A7 B) + Pre(A 0 B)
. Pr*(AnN B)

Pr*(A|B) = (AN B) + Pr.(AN B)

As we discussed earlier, every belief function is a lower envelope. Let Bel be a belief
function defined on S, and let (S, X', Pr) be a probability space with sample space S.
Recall that Pr is consistent with Bel if Bel(A) < Pr(A) < PI(A) for each A € X'. Let
P be the set of all probability functions consistent with Bel, such that every subset
of S is measurable. The next theorem tells us that the belief function Bel is the lower
envelope of Ppg., and Pl is the upper envelope.

Theorem 3.3: ([FH91a]) Let Bel be a belief function on S. Then for all A C S, we

have
Bel(A) = infpep,,, Pr(A)
PI(A) = supp,ep,,, Pr(A).

Theorem 3.3 suggest how we might update a belief function to a conditional belief
function, and a plausibility function to a conditional plausibility function, by using the
following definitions as given in [FH91a]:

Bel(A|B) = b inf  Pr(A|B)

€PBel
PI(A|B) = sup Pr(A|B).

r€EPBel

It is not hard to see that the infimum and supremum above are not well-defined un-

less Bel(B) > 0; therefore, we define Bel(A|B) and PI(A|B) only if Bel(B) > 0. It
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is straightforward to check that if Pr is a probability function, Bel is the belief func-
tion corresponding to Pr, and A and B are measurable sets with respect to Pr, then

Bel(A|B) = Pr(A|B). Thus, this definition of conditional belief generalizes that of
conditional probability.

Because of the close analogy between the definitions of conditional inner measures
and conditional belief functions, and the fact that inner measures and belief functions
are essentially the same, we might suspect that a closed-form formula for the conditional
belief function can be obtained by replacing inner measures in Theorem 3.2 by belief
functions and outer measures by plausibility functions. The next theorem says that this
is indeed the case.

Theorem 3.4: ([FH91a]) If Bel is a belief function on S such that Bel(B) > 0, we have

B Bel(AN B)
Bel(AlB) = Bel(AN B) 4+ PI(AN B)
PI(AIB) PI(AN B)

" PI(ANB)+ Bel(An B)’

It is well known that the conditional probability function is a probability function.
That is, if we start with a probability function Pr defined on a o-algebra X of subsets of S
and if B € X, then the function Pr(:|B) defined on X is a probability function. We might
hope that the same situation holds with belief functions, so that the conditional belief and
plausibility functions are indeed belief and plausibility functions. Given the definitions of
conditional belief and plausibility as lower and upper envelopes, it is not clear that this
should be so, since lower and upper envelopes of arbitrary sets of probability functions do
not in general result in belief and plausibility functions. Fortunately, as the next result
shows, in this case they do. Thus, we have a way of updating belief and plausibility
functions to give us new belief and plausibility functions in the light of new information.

Theorem 3.5: ([FH91a]) Let Bel be a belief function defined on S, and Pl the corre-
sponding plausibility function. Let B C S be such that Bel(B) > 0. Then Bel(-|B) is a
belief function, and PIl(-|B) is the corresponding plausibility function.

Using these definitions, we can extend the updating function condp so that it is defined
on belief functions as well as probability functions, by taking condg(Bel) = Bel(-|B) if
Bel(B) > 0, and undefined otherwise. Unfortunately, when we extend condgp to belief
functions, Proposition 3.1 no longer holds. (See [FH91a] for further discussion of this
point.)

Dempster [Dem67] defines another notion of conditional belief. He defines

Bel(AU B) — Bel(B)

Bl(AlB) = =503
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Bel(+||B) is indeed a belief function, and the corresponding plausibility function satisfies

PI(AN B)

PI(ANIB) = =g

For the remainder of this paper, we call this the DS notion of conditioning.

As shown in [FH91a], there is a sense in which the two notions of conditioning that
we have been considering both correspond to conditional probability. Suppose that we
have a probability space (S, X, Pr) with basis ), and let Bel be the belief function
corresponding to Pr. Then we can consider two processes. In the first process, an agent
chooses a set X € Y with probability Pr(X) and then chooses an element z € X. We are
not given the probability with which a particular + € X is chosen. Thus, given A C 5,
we cannot compute a precise probability that @ € A is chosen; Pr.(A) and Pr*(A) give
us the best possible lower and upper bounds. Similarly, if we fix a set B C S, then
we cannot compute a precise probability that x € A is chosen given that z is in B. In
this case, the best possible lower and upper bounds are given by Bel(A|B) and PI(A|B)
(i.e., Pr.(A|B) and Pr*(A|B)). In the second process, we slightly change the rules so
that when choosing an element x € X, the agent chooses x in B whenever possible.
There is a difference between the two processes only if both X N B # ) and X N B # 0
for some basis set X € Y. Since X is an element of a basis, this in turn can happen
only if B is a nonmeasurable set (since every measurable set is the union of basis sets).
In this case, the agent definitely chooses an element in X N B (although again, we don’t
know the probability that a particular element will be chosen). We can then ask for the
probability that an element in A will be chosen by the second process, given that an
element in B is chosen. It can be shown that the bounds are provided by Bel(A||B)
and PI(A||B). (See [FH91a] for more details.) These observations show that the DS
conditioning notion corresponds to a somewhat unusual updating process, where before
we condition on B, we try to choose an element in B if possible.

Although the focus here has been on updates that arise from a conditioning process,
there are clearly other ways of updating beliefs and probabilities. In general, when we
make an observation, we do not observe that B is the case. More likely, the best we can
say 1s that our observation leads us to believe that B occurred with some probability.
Methods such as Jeffrey’s rule [Jef83] have been proposed for updating probability func-
tions given such an observation. The details are beyond the scope of this paper. The key
point is that they again lead to an update function, which maps one probability function
to another, and that they can be extended to provide an update function on beliefs in
an appropriate way. (See [FH91a] for further discussion of this point.)

4 Belief as evidence

Up to now we have viewed belief as a generalized probability. This does not seem to
be the view of belief that Shafer espouses in [Sha76a]. He talks of belief as being a
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representation of a body of evidence. To say that Bel(A) = p is to say that, as a result
of the evidence encoded by Bel, the agent has a degree of belief p in the proposition
represented by the set A.

From this point of view, it makes sense to combine two belief functions Bel; and Bels.
The resulting belief function Belis meant to represent the combined evidence encoded by
each of Bel; and Bel, separately. On the other hand, it is not clear what it should mean to
combine two probability functions. The theory of probability provides no straightforward
answer to the problem of how to combine two probability functions. For example, if one
person examines a coin and says that it is fair (so that the probability of heads is 1/2),
while another says that it is slightly biased and the probability of heads is .4, there
seems to be no obvious way to combine these two probability distributions. Intuitively,
one ought to put more weight on the person that is judged to be more reliable, but
this a question of subjective judgment, not of mathematics. (The subject of combining

probability distributions has inspired a great deal of research; we refer the reader to
[GZ86] for an overview.)

Roughly speaking, it seems that updating makes sense for (generalized) probability,
while combining makes sense for evidence.

In order to combine two or more independent? pieces of evidence, Shafer suggests the
use of Dempster’s rule of combination. For the remainder of this section, let us restrict
attention to belief functions defined only on finite sets S. With this restriction, the rule
of combination can be easily described as follows.’

If m; and mg are mass functions with the same domain 2°, let mq & my be the mass
function m where m(A) = ¢3>(p, B, |BinB,=4} M1(B1)ma(B2) for each nonempty A C S,
and where ¢ is a normalizing constant chosen so that the sum of all of the m(A)’s is 1.
It is easy to check that ¢ = (3g, B, |BinBszay M1 (B1)ma(B2))~". Note that if there is
no pair By, By where By N By # ) and my(B;)mz(Bz) > 0, then we cannot find such a
normalizing constant ¢. In this case m; & my is undefined. If my & my is defined, then
the corresponding belief functions Bel; and Bel, are said to be combinable. If Bel; and
Bel, are combinable belief functions with mass functions m; and ms respectively, then
the belief function that is the result of combining Bel; and Bel,, denoted Bely & Bels,
is the belief function with mass function my & my (Bel; @ Bels is undefined if Bel; and

Bely are not combinable).

Shafer presents many examples of the intuitively appealing nature of the rule of
combination in [Sha76a]. He also shows that in some sense we can use the rule of
combination to capture the idea of updating a belief function as the result of learning
new evidence. The effect of learning B can be captured by the belief function Learn®

corresponding to the mass function m which puts all the mass on B;i.e., m(B) =1 and

*For now, like Shafer, we take independence to be an intuitive, primitive notion. The probabilistic
definition of independence—namely, that A and B are independent if Pr(A N B) = Pr(A) x Pr(B)—is
a consequence of our intuitive notion, but does not seem to us to completely capture it.

5These definitions can all be extended to the case where S is infinite. We restrict to finite S here for
ease of exposition and because it is the case most often considered in the literature.
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m(A) =0if A # B. Thus, we have

LearnB(A) =

1 fADB

0 otherwise.
It is this idea of learning that is used to define the DS notion of conditional belief. In
fact, it is easy to check that Bel(:||B) = Bel & Learn®?; i.e., Bel(:||B) is the result of

combining Bel with the belief function that corresponds to learning B.

While this definition seems very natural, the reader should recall our earlier discussion,
which showed that the DS notion of conditioning corresponds to a somewhat unusual
updating process. If we view Bel as a representation of evidence, then a case can be
made that Bel(-||B) represents that body of evidence that results from combining the
evidence encoded by Bel with the evidence that B is actually the case. On the other
hand, if we view Bel as a generalized probability distribution, we can no longer expect
that the rule of combination should correspond to a natural updating process. In fact,
as was shown above, it does not. The key point here is that updating and combining are
different processes; what makes sense in one context does not necessarily make sense in
the other.

The discussion above suggests that, whatever evidence is, evidence and probability
are different. They are related though. A probability function gets updated as a result of
evidence. This suggests that one way we can represent evidence is as an update function.
For the remainder of this paper, we consider this particular representation of evidence,
as a function that maps probability functions to probability functions. While we believe
this is the first paper that has explicitly suggested the representation of evidence as an
update function, the idea is implicit in many other papers. For example, the likelihood
function is often viewed as a way of representing evidence, and as an update function
(see, for example, [HH86, Hec86]). The key point for us is that, as we shall see, belief
functions can be viewed as representations of evidence, i.e., , as update functions. The
idea is that given a belief function Bel and a prior probability Pr, we transform this to
a posterior probability Pr’ by using the rule of combination. That is, we can consider
the mapping Pr — Pr’ = Pr @& Bel. A priori, it is not clear that this mapping does
anything interesting. Clearly, for this mapping to have the “right” properties, we need
to consider how to represent evidence as a belief function.

4.1 Representing evidence

In most of the examples given in [ShaT6a|, subjective degrees of belief are assigned to
various events in the light of evidence. Although Shafer shows that the degrees of belief
seem to have reasonable qualitative behavior when the evidence is combined, there is
no external notion of “reasonable” against which we can evaluate how reasonable these
numbers are. The one place where there is an external of reasonableness comes in the
area that Shafer terms statistical evidence. In this case, we have numbers provided by
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certain conditional probabilities. A prototypical example of this type of situation is given
by the following coin-tossing situation.

Imagine a coin is chosen from a collection of coins, each of which is either biased
towards heads or biased towards tails. The coins biased towards heads land heads with
probability 2/3 and tails with probability 1/3, while those biased towards tails land tails
with probability 2/3 and heads with probability 1/3. We start tossing the coin in order
to determine its bias. We observe that the first k& tosses result in heads. Intuitively,
the more heads we see without seeing a tail, the more evidence we have that the coin is
in fact biased towards heads. How should we represent this evidence in terms of belief
functions?

Suppose that we have a space S = {BH, BT}, where BH stands for biased towards
heads, and BT stands for biased towards tails. Let Belp.,qs be the belief function on §
that captures the evidence in favor of BH and BT as a result of seeing the coin land
heads. We would certainly expect that Belpeqas(BH) > Belpeaas(BT),° since seeing the
coin lands heads provides more evidence in favor of the coin being biased towards heads
than it does in favor of the coin being biased towards tails. But what numeric values
should we assign to Belpe,is(BH) and Belyeqqs(BT)? According to a convention intro-
duced by Shafer [Sha76a, Chap. 11] (which we discuss in more detail below), we should
take Belpeqas(BH) = 1/2 and Belpeqas(BT) = 0. Thus, if mpeq4s is the corresponding
mass function, we take mpeqas(BH) = 1/2, Mpeqads(S) = 1/2, and mpeqas(BT) = 0. By
symmetry, the belief function Bel,;s representing the evidence of the coin landing tails

satisfies Belyus(BH) = 0 and Bel,s(BT) = 1/2.

If we assume that our observations are independent, then it seems reasonable to expect
that the belief function which represents the observation of k heads should correspond
in some sense to combining the evidence of observing one head k times. Let mf_, =
Mheads B+ * - BMpeaas (k times); a straightforward computation shows that mf.,,.(BT) = 0,
My oas(BH) = (28 — 1)/2F, mF_,.5(S) = 1/2%. Thus, we also have Belf,,,.(BT) =0 and
Belf_..(BH) = (28 — 1)/2%. This seems qualitatively reasonable. If we see k heads in
a row, then it is much more likely that the coin is biased towards heads than that it is
biased towards tails. It is also easy to compute that

(mheads © mtails)(BH) = (mheads © mtails)(BT) = 1/3

Thus,
(Belheads S Beltails)(BH) = (Belheads b Beltails)(BT) = 1/3

Again, it seems reasonable that if we see heads followed by tails, we should have no more
evidence in favor of the coin being biased towards heads than it being biased towards
heads (although the particular choice of 1/3 as the appropriate amount of evidence may
seem somewhat mysterious).

SFor readability, we write Belpeqas(BH) for Belpeqas({BH}), and similarly throughout the paper
when singleton sets are arguments.
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What do these numbers tell us about the probability that the coin is biased towards
heads or biased towards tails? Without knowing something about how the coin is chosen,
probability theory does not give us much guidance. For example, if the coin was chosen
at random from a collection of 1,000, 000 coins only one of was biased towards heads and
all the rest biased towards tails, then even after seeing 10 heads in a row, we would still
say that it is extremely likely that the coin is biased towards tails.

Now suppose that we knew that the coin was chosen at random from a collection with
proportion « of coins biased towards heads and 1 — « of coins biased towards tails. By
definition, Pr(BH|k heads) = Pr(BH A k heads)/Pr(k heads).” Now the probability
that the coin is biased towards heads and the first & coin tosses are heads is 2¥a/3*,
while the probability that the coin is biased towards tails and the first & tosses are heads
is (1 — a)/3%. The probability of getting k heads is thus (1 + (2¥ — 1)a)/3*, hence the
conditional probability of the coin being biased towards heads given that & heads are
observed is 2*a /(1 + (2% — 1)a). As we would expect, this probability approaches 1 as k
gets larger.

Let m be the mass function that describes the initial probability; thus m(BH) = «
and m(BT) = 1 — «. If we define my = m @ Mmpeags and my = m & ms_,., then a
straightforward computation shows mi(BH) = 2a/(14«) and my(BT) = (1—a)/(1+a),
while my(BH) = Qka/(l + (Zk —1a) and mg(BT) = (1—a)/(1+ 2k _ 1)a). The upshot
of this calculation is that Bel; = Pr(:|heads) and Bel, = Pr(:|k heads). Thus, by
combining the prior with the belief function that represents the evidence, we get the
posterior. The same phenomenon occurs if we combine the prior with Bely,s.

PN

Judging by this example, Shafer’s definition of Belj.,4s and Bel;,;s has two very
interesting properties. At the risk of being repetitive, we summarize them again:

e when we combine Belpe,qs with a prior on S = {BH, BT}, we get the conditional
(posterior) probability on S given that heads is observed.

o Belf .. in some sense represents the evidence encoded observing k heads, and
Belpeaas® Bely, s represents the evidence encoded by observing heads and then tails,
in that if we combine these belief functions with the prior, we get the appropriate
conditional probability.

Obviously, we now want to know whether these properties hold not just for certain
observations made in this coin-tossing example, but in general. The answer is yes, and
the appropriate theorems that show this can already be found in [Sha76a]. We review
and extend this material here.

“Strictly speaking, by using the A symbol, we are confounding propositions and sets. We continue to
be a bit sloppy in our usage when discussing this and later examples, in the hope that the reader will
not have any trouble following what is meant.
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4.2 A general framework

We want to consider the question of representing statistical evidence in a general frame-
work. Suppose that we have a set H consisting of basic hypotheses Hy,..., H,,, and
another set O consisting of basic observations Oby, ..., 0b,. Intuitively, we are consid-
ering a situation (which is standard in statistical testing) where exactly one of these
hypotheses holds, and we are testing which one it 1s. The basic observations are the data
given to us by our tests. In our example above, the basic hypotheses are BH and BT,
while the basic observations are heads and tails. Although there are often difficulties in
deciding precisely what hypotheses one should test and what the observations are (in-
deed, this is one of the fundamental problems in statistics), the precise choice of basic
hypotheses and basic observations is clear in many applications of interest. In any case,
our goal here is to understand what are appropriate ways to represent evidence. The
hope is that by analyzing this relatively simple situation, we can gain insight into more
complicated situations.

We assume that for each basic hypothesis H;, we have a probability Pr; on O. More
formally, we have a probability space (0,29, Pr;) (the set of measurable sets being 2¢
tells us that every subset of O is measurable). Intuitively, Pr;(Ob) is the probability of
observing Ob given that the hypothesis H; holds. The reason we write Pr;(Ob) rather
than something like Pr(Ob|H;) is that in writing the latter expression, we implicitly
assume that we have a probability function Pr on the space H x O; this is an assumption
we do not want to make at this point (although we do make it later). We shall be mainly
interested in Pr;(Ob;) for a basic observation Ob;. Of course, once we know Pr;(0b;)
for each basic set, we can easily extend Pr; by additivity to all of 2°. In the example
above, we have Prpg(heads) = 2/3, Prgr(heads) = 1/3, and so on. The probability of
seeing heads given that the coin is biased towards heads is 2/3, while the probability of
seeing heads given that the coin is biased towards tails is 1/3.

We want to compute a belief function that represents the result of making a basic
observation Ob € O, using these probabilities. The general approach to doing this goes
back to the statistician R. A. Fisher, who called the expression Pr;(Ob) a likelihood, and
viewed it as the likelihood that the hypothesis H; was true, given the observation Ob.
The hypothesis that is taken as most likely to be true is the one whose likelihood is the
greatest, given the observation Ob. We would expect that observing Ob would provide
more support to H; than H; if Pr;(Ob) > Pr;(Ob). (See [Hac65] for further discussion
of likelihoods.) Shafer’s convention provides a particular way of capturing this intuition.
According to Shafer’s convention, the evidence Ob should be represented by the belief
function Belg, such that for each subset A C S, we have

Beloy(A) = 1 — [max Pr;(Ob)/ max Pr;(0b)].
H,e4 71=1,....m
In our example, the observation is heads. Since Prgp(heads) = 2/3 and Prpr(heads) =
1/3, it is easy to see that we have Belpeaas(BH) = 1/2 and Belpeaqs(BT) = 0, just as we
assumed above.
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One important consequence of the general definition is that Ploy(H;) = 1—Beloy(H;) =
Pr;(0b)/c, where ¢ = max;=1,. n Pr;(Ob). Thus, the plausibility of the basic hypothesis
H; is proportional to the likelihood Pr;(Ob). As we now show, this property of Belo is
enough to guarantee that it acts correctly as an update function.

Fix the functions Pry,..., Pr,. In order to show that Belp, acts correctly as an
update function, we need to show that, when combined with a prior on H, we get the
conditional probability given Ob. Thus, suppose that we have a prior probability Pr on
H x O. Since we can identify subsets of H and O with subsets of H x O in the obvious
way (for example, we can identify Ob C O with the subset H x Ob = {(H;,0b;)| H; €
H,Ob; € Ob}), Pr actually can be viewed as giving us a probability function on both H
and O: we simply identify Pr(H;) with Pr(H; x O) and Pr(0Ob;) with Pr(H x Ob;). In
particular, this lets us view Pr as giving us a prior on H. Moreover, we can make sense
out of the conditional probability Pr(-|Ob); this will be important in our later discussion.

We do not want to consider arbitrary probability functions on H x O. We want
to consider only those probability functions which are consistent with the information
already provided to us by the probability functions Pry, ..., Pr,,. Recall that Pr;(Ob)
intuitively represents the conditional probability of seeing Ob given that hypothesis H;
is true. Thus, we say that Pr is consistent with Pry,..., Pr, if Pr(H;) > 0 implies
Pr(0Ob;|H;) = Pri(Ob;), for © = 1,...,m. This means that Pr is consistent with
Pry, ..., Pr,, exactly if Pr; is the probability on O obtained by conditioning Pr with
respect to H;. Note that for any probability function Pr’ on H, there is a unique proba-
bility function Pr on ‘H x O consistent with Pry,..., Pr, such that Pr(H;) = Pr'(H;).
We obtain Pr by simply defining Pr(H; x Ob;) = Pr'(H;)Pr;(Ob;) and extending by
additivity. For each probability Pr on H x O, we denote the restriction of Pr to H by
Pr|y, where of course Pr|y(H) = Pr(H x O).

Intuitively, a belief function Bel provides an appropriate representation of the ev-
idence in the observation Ob if, by combining it with Pr|y, we get the conditional
probability function Pr(-|Ob). Formally, we say that a belief function Bel captures the
evidence of the observation Ob if for every probability function Pr on ‘H x O consistent
with Pry, ..., Pry,, we have Pr(H;|Ob) = (Pr|y & Bel)(H;), i =1,...,m, provided that
Pr(Ob) > 0. This definition is meant to capture the intuition we started with: Bel cap-
tures the evidence of Ob if, whenever we combine it with a prior, we get the conditional
probability given Ob.

In the coin-tossing example above, we showed that the belief function Belj..4s that
arises from the observation heads using Shafer’s representation did capture the evidence
of heads. We want to prove that Shafer’s representation has this property in general.

The following result follows from Theorem 9.7 in [Sha76a].

Theorem 4.1: Let Bel be a belief function on 'H, and Pl be the corresponding plausibility
function. Bel captures the evidence of Ob iff PI(H;) = ¢Pr;(Ob) for some constant ¢ > 0.

Theorem 4.1 essentially says that all that matters about a belief function when as-
sessing whether it captures evidence appropriately is the relative plausibility of the basic
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hypotheses; these plausibilities must be in the same ratio as the likelihood of these hy-
potheses given the observation Ob. Any belief function which assigns the appropriate
relative plausibilities to basic hypotheses will do. We have already observed that in
Shafer’s representation, the relative plausibility of hypotheses is in the right ratio. Thus,
we immediately get

Corollary 4.2: Belp, captures the evidence of Ob.

Now what happens when we combine observations? If we make & observations, this
results in the observation set OF, consisting of k-tuples of elements of O. Suppose that
we have a sequence (Ob',..., Ob*) of observations in OF, and that the belief function
Bel; captures the evidence of O, for j = 1,...,k.® Further suppose that these obser-
vations are independent. This means that for each basic hypothesis H;, the probability
of observing a particular sequence of observations given H; is the product of the proba-
bilities of making each observation in the sequence. More formally, we assume that we
have a probability Prf on OF, for ¢ = 1,...,m. Then the observations Ob',..., Ob* are
independent (with respect to Pr¥) if Pri((Ob',...,06%)) = Pr;(Ob') x -+ x Pr;(ObF).

Intuitively, since the belief function Bely & --- & Bel, is intended to represent the
combination of the evidence represented by making each observation individually, we
might hope that the evidence of the sequence (Ob', ..., Ob*) of observations is captured
by Bely & --- & Belp. This is a property that held for Shafer’s representation in our
example. The following result, which follows from Theorem 9.8 in [Sha76a], shows that
it holds in general.

Theorem 4.3: Suppose O, for j = 1,...,k, are independent observations and Bel;
captures the evidence of OV . Then Bel;®- - @ Bely captures the evidence of (Ob', ..., ObF).

Again, we want to stress that Theorems 4.1 and 4.3 show that not only does Shafer’s
representation give a belief function that satisfies our criteria for appropriately capturing
an observation Ob, but so would any other belief function for which the plausibilities of
the basic hypotheses are in the same ratio as the likelihoods of the basic hypotheses given
Ob. Another such representation is suggested in [Dem68] (see [Sha76b] for a comparison
between his approach and that of Dempster). Yet another is given by Smets (see [Sha82]
for a presentation and discussion of Smets’ approach). We consider a fourth choice (also
considered in [Sha82]), which we shall shortly argue is perhaps the most natural of all;
namely, to consider the unique belief function that captures the evidence of Ob that is
a (discrete) probability function. To emphasize the fact that it is a probability function,
we call it Proy. By Theorem 4.1, we must take Proy(H;) = c¢Pr;(Ob), where ¢ is a
normalizing constant chosen so that >/, Proy(H;) = 1. The following proposition is
immediate from Theorem 4.1:

8We are using superscripts rather than subscripts so that these observations will not be confused with
the basic observations Obq, ..., Ob,.
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Proposition 4.4: Prgy captures the evidence of Ob.

The representation Proy is quite easy to work with. For example, in the coin-tossing
example, we have Prpg(heads) = 2/3 and Prpr(heads) = 1/3. Since the ratio of
these probabilities is 2 : 1, the belief/probability function Prje.qs that is intended to
represent the evidence of seeing heads must give mass to the hypotheses BH and BT in
the ratio 2 : 1. Thus we must have Prpeaas(BH) = 2/3, Prucaas(BT) = 1/3. Similarly,
we have Priyus(BH) = 1/3, Pryas(BT) = 2/3. Although Prieds and Prigs can be
viewed as probability functions on H, they should not be thought of as representing the
probability of BH or BT in any sense corresponding to the frequentist or subjectivist
interpretation of probability. Rather, these are encodings of the evidence for BH and
BT given the observations heads and tails respectively. It is easy to check that, for
example, we have Pri ., (BH) = 2¥/(2* + 1) and Prf,...(BT) = 1/(2F + 1), where
Prﬁeads = Prheads @ -+ & Prpeaas (k times). Again, the more heads we see, the greater
the evidence that the coin is biased towards heads. And if we combine this with a prior Pr
such that Pr(BH) = a, then an easy computation shows that (Pr|y & Prf_,.)(BH) =
28a /(1 + (2% — 1)a). This is the conditional probability Pr(BH|k heads), which is just
what we expect from Theorem 4.1.

Before we compare Proy to Belpy, we briefly consider Shafer’s motivation in choosing
Belpp. It turns out that Belpy is the unique consonant belief function among the belief
functions that capture the evidence of Ob, where a consonant belief function is one for
which the focal elements are nested, i.e., we have that if moy(A) > 0 and mey(B) > 0,
then either A C B or B C A. Shafer discusses consonance in [Sha76a, Chap. 10]. He
does present arguments that consonance is a reasonable assumption to consider in some
cases (see also [Sha76b]); it would take us too far afield to discuss them here. Further
arguments for Shafer’s representation are given in [KM90] and [Was88]. Nevertheless,
it seems to us that the case for this representation is not a strong one. Indeed, as we
now show, there is one rather nonintuitive consequence of using Shafer’s consonant belief
function in this context.

4.3 Representing the combination of evidence

Suppose we make k independent observations Ob', ..., Ob*. It seems that this should be
equivalent to making the one joint observation (Ob', ..., Ob*). Although we showed above
that Belpy @. ..® Belgy: appropriately captures the evidence of (Ob!,. .., Ob*), we might
hope for something stronger, namely that Belpy ©...© Belgy = Beliop . opry. This just
says that the belief function that represents the joint observation is equal to the combi-
nation of the belief functions representing the individual observations. Unfortunately, as
Shafer already observed [Sha76a, p. 249-250], this is not the case in general. Returning
to our coin-tossing example, recall that (Belpeqas ® Beliaas)(BH) = 1/3. Suppose we now
compute Bel(heads taits)(BH). Since Priy((heads,tails)) = Prip((heads,tails)) = 2/9
(where Prgy = Preg®Prpp), it follows from Shafer’s definitions that Bel(jeqas,aits)(BH) =
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0. Thus Belheads © Beltails 7& Bel(heads,tails)-g

The fact that Shafer’s approach to representing evidence does not represent a joint
observation in the same way that it represents the combination of the individual observa-
tions has disturbed a number of authors [Dia78, Sei81, Wil78]. In fact, in [Sha82], Shafer
indicates that he is inclined to agree that this property is unacceptable. We now focus
on this problem in more detail.

First observe that the problem does not arise if we use the probabilistic represen-
tation of evidence. For example, it is easy to check that (Prpeaas @ Priaus)(BH) =
Pr(heads taits)(BH) = 1/2. Intuitively, the two observations of heads and tails cancel
each other out, so BH and BT are given the same relative weight as a result of these
observations. The fact that this example works out right is not an accident.

Proposition 4.5: IfOb', ..., Ob* are independent observations, then Pron@. .. Proy. =
PT(Obl,...,Obk)-

Proof: By definition, Pro is the discrete probability function on {Hy, ..., H,, } where
the probability of H; is proportional to Pr;(Ob). So Prop @& ... Proy is the discrete
probability function on {H,,..., H,} where the probability of H; is proportional to
PTZ(OZ)I) e PTZ(Obk)

By definition of independence, the probability of observing the sequence (Ob',. .., Ob*),
given the hypothesis H;, is equal to the product Pr;(Ob')--- Pr;(Ob). So Proo,...om)
is the discrete probability function on {Hy,..., H,,} where the probability of H; is pro-
portional to Pr;(Ob')--- Pr;(Ob*). Together with the result of the previous paragraph,
this proves the proposition. 1

Proposition 4.5 shows that the probabilistic representation of evidence acts correctly
under combination. Although the example above showed that Shafer’s representation
does not act correctly under combination, there might perhaps be other representa-
tions besides the probabilistic representation that act correctly under combination in the
sense of Proposition 4.5. In the remainder of this section, we show that this is not the
case. Under some reasonable assumptions, the representation of evidence using a dis-
crete probability function is the only representation of evidence that acts correctly under
combination in the sense of Proposition 4.5.

In order to make these ideas precise, we need to define carefully the phrase “repre-
sentation of evidence”. We use here the general framework defined by Walley [Wal87].1°

9We mentioned earlier that, while the fact that (Belpeqds ® Beliaits )(BH) = (Belpeads ® Beliaits )(BT)
seemed reasonable, the fact that (Belpeqdas @ Beligis)(BH) should be 1/3 was a bit mysterious. The
observations above suggest that not only is 1/3 mysterious, it is inappropriate. Of course, as far as
getting the “right” answer when combined with a prior, all that matters is that we have equality. A
similar phenomenon arises with Dempster’s representation of evidence; indeed, this is precisely the core
of Aitchison’s criticism of this representation [Ait68].

10We actually developed our ideas independently of Walley; we thank Larry Wasserman for pointing
out Walley’s work to us.
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Assume, as above, that we have a set H of hypotheses, with basic hypotheses Hy, ..., H,,,
and a set O of observations, with basic observations Obq,...,0b,. Suppose that corre-
sponding to each basic hypothesis H;, we have a probability Pr; on O. Let BEL(H)
be the set of all the belief functions on 'H. We now make an observation Ob. We take
a representation of evidence to be a general technique to associate with the observation
Ob a belief function in BEL(H) which captures the evidence of Ob. If Pr;(0b) = a;,
and if Pl is the plausibility function corresponding to the belief function representing
Ob, then, by Theorem 4.1, we know that PI(H;) = ca;, for some constant c. The relative
plausibilities of the basic hypotheses must be in the right ratio.

Since the only information we are given regarding Ob are the likelihoods Pr;(Ob), ¢ =
1,...,m, we would expect the belief function which represents Ob to depend only on these
likelihoods. This is consistent with what has been called the likelihood principle [Hac65]:
only likelihoods count in assessing the evidence contained in an observation. We remark
that of the representation methods mentioned above, the probabilistic representation,
Shafer’s representation, and Smets’ representation all satisfy this assumption; however,
Dempster’s representation does not. In Dempster’s representation, the belief assigned to
hypothesis H as a result of making observation Ob might depend on the probabilities
Pr;(Ob) assigned to an observation Ob other than Ob.

To capture formally our assumption that all that matters are the likelihoods Pr;(Ob),
we take a representation of evidence on H to be a function f: ([0,1]™ — {(0,...,0)}) —
BEL(H). (The reason we do not allow (a1,...,a,) = (0,...,0) is that if all the like-
lihoods are 0, then we do not have any information about the relative plausibilities we
should assign to the basic hypotheses.) We refer to the belief function f(as,...,a,) as
Bela,,...am)- Intuitively, if we fix an observation Ob and if Pr;(Ob) = a;, 1 = 1,...,m,
then under the representation of evidence f, the belief function Bel,... 4,,) is the one
that represents the evidence encoded in Ob. In particular, this formalizes the assump-
tion that the belief function representing Ob depends only on the likelihoods Pr;(0Ob),
i =1,...,m. Let Plg, . ., be the corresponding plausibility function. As we noted
a]oove7 we require that Pl(al7...7an)(Hi) = ca;, for some constant c.

s&m

Shafer’s convention gives a representation of evidence on H. Using our current nota-
tion, Shafer’s representation gives

Belg,,..am)(A) =1 — [maxa;/ max a.
H,eA i=1,...,m

Our probabilistic representation of evidence gives us
Bel(a17~~~7am Z / ZaZ
H;eA =1

Note that if we take (a1,...,a,) = (0,...,0) in either Shafer’s representation or the
probabilistic representation, the resulting belief function is not well defined.

Walley [Wal87] considers various assumptions that a representation of evidence might
satisfy, and shows that under quite weak assumptions, a representation of evidence results
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in a belief function that acts essentially like a probability function. We focus here on one
assumption (also considered by Walley), that is easily seen to be satisfied by both the
probabilistic representation and Shafer’s representation, and seems to us very natural. It
is a stronger version of the likelihood principle, namely, that all that counts are relative
likelihoods. While this assumption is not a necessary one, it is consistent both with our use
of relative plausibilities above (for example we observed in Theorem 4.1 that for a belief
function to correctly represent an observation Ob, all that matters is that the ratio of the
plausibilities of the basic sets be the same as the ratio of the likelihood functions Pr;(0b)).
It is also consistent with the use of likelihoods typically made in the literature, where what
is considered is the likelihood ratio (the ratio of the likelihood of Ob given an hypothesis H
to the likelihood of Ob given —H). Here too, the intuition is that the absolute likelihood
should not matter, but only the relative likelihood. Although this assumption seems
quite natural, we remark that it is not satisfied by Smets’ representation.

We encapsulate these ideas in the following definition. An appropriate representation
of evidence on H is a function f : ([0,1]™ — {(0,...,0)}) — BEL(H). We refer to
flay,... an) as Bel(q,,..a,), and require that it satisfy the following properties:

R1. Pl am)(H;) = ca; for some constant ¢ > 0 and for j =1,...,m,

R2. Bel,,....am) = Bel(gay, ... dan), for all d with 0 < d < 1.1

Now we need one last definition. Let f be a representation of evidence. We say
that f acts correctly under combination if for all (a1,...,a),(b1,...,bn) € [0,1]" —
{(0,...,0)}), we have

R3. Bel(albl,...,ambm) - Bel(a1,...,am) © Bel(b1,...,bm)-

To understand why this definition captures our intuition that a representation acts cor-
rectly under combination, suppose that we make two independent observations, say Ob!
and Ob?. Further suppose that Pr;(0Ob') = a; and Pr;(Ob*) = b;, j = 1,...,m, so that
Belqa,,... a,,) represents the observation Ob' and Belw,,...p,,) represents the observation
Ob?. If Ob' and Ob* are independent, then Pr;((Ob', 0b?)) = ca;b;, for j = 1,...,m and
for some appropriate normalizing constant c. Thus we expect Bel(qs,,....a,mb,,) t0 Tepresent
the joint observation.

As we have observed, Shafer’s representation does not act correctly under combina-
tion, while the probabilistic representation does. As the following theorem shows, the
probabilistic representation is the only appropriate representation which acts correctly
under combination. This result also essentially appears in [Wal87] (see the discussion on
p. 1449). We include a proof here both because our proof is more direct than Walley’s,
and because we do not require a few weak regularity conditions that he imposes.

1By taking 0 < d < 1, we guarantee that Bel(ga,,....da,,) 1s well defined. If we consider some d > 1,
then it 1s possible that da; > 1 for some i. Note that if d > 1 and da; < 1 for i = 1,...,m, then 1t

already follows that Bel(4q, ... da,,) = Bél(a,,...a,,): We can simply multiply by 1/d, since 0 < 1/d < 1.

..........
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Theorem 4.6: The probabilistic representation of evidence is the only appropriate rep-
resentation of evidence which acts correctly under combination.

Proof: Let f be an appropriate representation of evidence which acts correctly under
combination. As before, denote f(a1,...,a,) by Bel( . By assumption, f satisfies
properties R1, R2, and R3.

By R3, it follows that Bel,,, . a,,) = Bel(a,,...am) ® Beln,.1y. Thus, Bel 1y acts as
the identity. Let us denote Bely, 1) by Belrs, with mass function mp. Since Belpy is
the identity, we know that my; & mys = mypg. Our next goal is to prove that Belp is a
discrete probability function, with Bel;y(H;) = 1/m, for ¢ = 1,...,m. In particular, this

A1,y )

means that we must show that mp(H;) = 1/m, for e =1,...,m, and m(A) =0 if A is
not a singleton. There are three main steps in showing this. First, we show that there
are no nested focal elements of mp, (recall that the focal elements of myq are those sets
A where mys(A) > 0); that is, there are no focal elements A, B with A C B. Second,
we show that no focal elements overlap; that is, there are no focal elements A, B with
AN B # (. Third, we show the focal elements are singleton sets.

Suppose first that there are nested focal elements A C B of my;. Let us take B
as large as possible so that this is true, that is, such that there is no focal element C
with B C C. Assume that m4(A) = a > 0 and mp(B) = b > 0. By maximality of
B, it follows from the definition of & that (mrq & myy)(B) = c(mp(B)m(B)) = cb?,
where ¢ is a normalization constant. Furthermore, (mpq & myq)(A) > e(mp(A)mpi(A) +
mra(A)m(B)) > c(a* + ab). Since mrq & mrqg = myq, it follows that

a mra(A) < a’+ ab
b N m]d(B) - b2 ’

Since b > 0, we can multiply both the left- and right-hand sides by b, and simplify to
obtain 0 > a®. But this is impossible, since a is strictly positive. Thus, there are no
nested focal elements of myy.

We now show that no focal elements of m; overlap. Suppose that A and B are focal
elements where ANB # ). Let C' = AN B. Since C' is a proper subset of either A or B, it
follows from the fact that there can be no nested focal elements of myy that m4(C) = 0.
However, my(C) = (myq & ma)(C) > mp(A)ma(B) > 0, a contradiction. Thus, no
focal elements of my; overlap.

We now show that every focal elements of my, is a singleton set. Let Xi,..., X, be
the focal elements. By the arguments above, the X;’s must be pairwise disjoint subsets
of {Hy,...,H,}. Assume that some X; is not a singleton. Without loss of generality,
we can assume that H; and H, are elements of X;. Consider the two belief functions
Bel = Bel(17%7%7...7%) and Bel"” = Bel(%,1,1,...,1)7 with corresponding mass functions m’ and
m”, respectively. By R3, it follows that Bel' & Bel” = Bel(%w’%), which by R2 equals
Beln,. 1y = Belyg. By R1, we know that PI'(Hy) > PI'(H;). It follows easily that there

must be some focal element A of m' that contains H; but not H;. Further, by R1, we
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know that PI"(H;) > 0, so there must be some focal element B of m” that contains
Hi. Let C = AN B. Then mp(C) = (m' @ m")(C) > m/(A)m”(B) > 0. But this is a
contradiction, since C' contains H; but not H,, and the only focal element of my; that
contains H; is X7, which also contains Hj.

We have shown that the only focal elements of Belj; are singleton sets; thus, Belyy
is in fact a discrete probability function. Since Belj, is a discrete probability function,
Belyg = Plyq. By property R1, it follows easily that Bely (H;) = 1/m, for e =1,...,m.
It follows by definition of & that if Bel is an arbitrary belief function, then Bel &
Belpy has the property that each focal element is a singleton set {H;}. This means
that Bel & Belj, is a discrete probability function. In particular, this is true when Bel
is Bel(a,,...am)- But Belw, 4, © Belyg = Belg,,. a,,); thus, Bel, . 4, is a discrete
probability function. Again, this means that Bel(,,, . a,,) = Pl(a,,..am)- By R1, we then
find that Bel(,,,...a,,)(H;) is proportional to a;, for j = 1,...,m. So f is our probabilistic
representation of evidence, as desired. I

If we accept that it is important that a representation of belief act correctly under
combination, where does this result leave us? If in addition we accept the strong likeli-
hood principle (that all that matters are relative likelihoods), then we are forced to use
the probabilistic representation. We can either give up the strong likelihood principle
(while still accepting the likelihood principle, that all that matters are the likelihoods
of the observation we have made). In this case, there are non-probabilistic representa-
tions of evidence that can be used, such as Smets’. The consequences of giving up the
strong likelihood principle are not yet clear; there may be computational advantages to
assuming strong likelihood. This issue requires further investigation. Finally, if we were
willing to give up the likelihood principle altogether, we might consider using Demp-
ster’s representation. We remark, that in [Sha82], Shafer considers a very special case of
Dempster’s representation, and shows that there is a sense in which it combines correctly.
However, in this special case, Shafer uses a different technique than Dempster’s rule of
combination to compute the belief function that represents the joint observation. In
fact, if Dempster’s representation is applied in the most straightforward way to the coin-
tossing example discussed above, we can show that it too does not act correctly under
combination.

We conclude this section by briefly comparing the approach to encoding evidence
by using a probability function as described above to the more standard probabilistic
approach using the likelihood ratio, where the likelihood ratio L(H;, Ob) of H; given the
observation Ob is defined to be Pr(Ob|H;)/Pr(Ob|—H,) Clearly, L(-,Ob) has some of the
same spirit as Prop. Indeed, the computations of the conditional probability using the
rule of combination and Prgj, very much resemble standard computations using Bayes’
rule. However, it is not hard to see that L(H;, Ob) cannot be computed directly from
Proy(H;) nor can Proy(H;) be computed directly from L(H;,Ob). It has been shown
[Goo60, Hec86] that any “reasonable” notion of strength of evidence must be a function
of the likelihood ratio, where a notion of strength of evidence is taken to be “reasonable”
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if it satisfies a number of requirements. (It would take us too far afield to discuss these
requirements here, but we remark that they are similar in spirit to Cox’s requirements
for a “reasonable” notion of belief, and the proof has the same spirit as Cox’s proof
that any reasonable notion of belief must essentially be a probability function [Cox46].)
Since Prop is not a function of the likelihood ratio, it must fail to satisfy one of the
requirements of “reasonableness” given by Good and Heckerman. It turns out that the
one it fails is that the result of the updating the prior probability on H; by the observation
Ob should depend only on Proy(H;) and Pr(H;). This is almost, but not quite, the case
for Proy. The problem is that in order to compute the right normalization constant
for (Pr(-|Ob) & Pros)(H;), we need to know Pr(H;) and Pros(H;) for j = 1,...,m.
It is not enough to know the values just for y = 2. However, it should be clear that
the normalization constant does not play a crucial role here. We can still compute the
relative conditional probabilities of for H; and H; just knowing their priors, Pr(H;) and
PT(H]‘), and PTOb(Hi) and P?“Ob(HJ').

5 Evidence and envelopes

Up to now we have assumed that for each basic hypothesis H; we have a probability
function Pr; on O such that the basic observations Ob are measurable with respect to
Pr;. This implies that there is no uncertainty in Pr;(Ob); it is given by a single number,
rather than by an interval. We have also assumed that each basic hypothesis H; is
measurable with respect to the prior Pr. This implies that there is no uncertainty in
Pr(H;). In this section, we consider what happens if there is some uncertainty. As before,
we model this uncertainty by assuming that there is some family of possible probability
functions, rather than a single probability function.

We focus first on the case where, although we have a probability Pr; on O for each
basic hypothesis H;, there is some uncertainty in Pr;(Ob), for some j = 1,...,m. For
example, if we modify our earlier example with the coin, suppose that instead of knowing
that

1. if the coin is biased towards heads, then its probability of landing heads is 2/3, and

2. if the coin is biased towards tails, then its probability of landing tails is 2/3,
all we know is that

1. if the coin is biased towards heads, then its probability of landing heads is some-
where in the interval [2/3,1], and

2. if the coin is biased towards tails, then its probability of landing tails is somewhere
in the interval [2/3,1].
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That is, we consider the set P of all the probability functions Pr on {BH, BT} x
{heads,tails} such that Pr(heads|BH) = [, for some (; with 2/3 < 8; < 1, and
Pr(heads|BT) = (3, for some 33 with 0 < 33 < 1/3. Thus, P consists of all probability
functions consistent with the information that we are given. Now suppose that we ob-
serve heads. Given the way we have modified the example, there no longer some definite
probability of heads, so the representation techniques discussed in the previous section
do not immediately apply.

Nevertheless, we might hope that we could capture this evidence by a belief function
that, when combined with the prior probability function that gives the probabilities
of the coin being biased towards heads or tails, gives some interval of possible posterior
probabilities of the coin being biased towards heads or tails. We would further expect that
this interval of possibilities would be the same as the interval of possibilities obtained by
taking all possible conditional probabilities. Unfortunately, this hope cannot be attained.

To understand why, suppose that we represent the observation of heads by some belief
function Bel, and that there is a prior probability Pr on the coin being biased towards
heads. It is easy to see that if we start with a probability function, and combine it with
any belief function (on the same space), then we get a probability function. In particular,
Pr|y @ Bel is a probability function. Thus, we do not get an interval [a, b] of values with
a < b, no matter what our choice of Bel.

However, there is another way that we could obtain an interval of values. Let P be as
above. Then P consists of all probability functions consistent with the information that
we are given. Let Pheqqs consist of all the conditional probability functions Pr(-|heads)
for Pr € P. After the observation heads, we would like the belief and plausibility of BH
and BT to be defined by the lower and upper envelopes of Ppeqqs. A priori, it is not clear
that the lower and upper envelope really define belief and plausibility functions, but as
we now show, they do.

Assume that Pr € P, that the prior probability Pr(BH) that the coin is biased
towards heads is «, and that Pr(heads|BH) = [}y and Pr(heads|BT) = ;. An easy
computation using Bayes’ rule shows that Pr(BH|heads) = af/(ap + (1 — a)pB,), and
Pr(BT|heads) = (1 — a)Ba/(apr + (1 — a)Bz). Minimizing over all possible choices
of 81 and [y, with 2/3 < 8; <1 and 0 < 8, < 1/3, we get the function Bel such that
Bel(BH) =2a/(1+a) and Bel(BT) = 0. It is easy to see that, as our notation suggests,
Bel defines a belief function.

What does this tell us in terms of representation of evidence? For the purposes of
this discussion, we use the probabilistic representation here, but everything we say works
perfectly well for Shafer’s representation as well. For fixed 31, 33, let Pricqds 5,8, be the
probabilistic representation of the observation of seeing heads, given that Prpg(heads) =
p1 and Prer(heads) = [33. An easy computation shows that we have Pryc.is.6, 6,(BH) =
B/ (14 B2) and Pricadsp, 5, (BT) = B2/ (14 B2). Now suppose that we are given a prior
Proon {BH, BT} x {heads,tails} such that Pr(heads) = a. It follows from the results
of the previous section that (Pr|y & Prheadsp, 5,)(BH) = afi/(af + (1 — a)Bs), since
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the right-hand side is precisely Pr(BH |heads), given that Pr(heads|BH) = [; and
Pr(heads|BT) = (5. Similarly, we get (Pr|y & Prheadsp.p,)(BT) = (1 — a)B2/(af: +
(1 — a)B2). Minimizing over all possible choices of #; and f,, with 2/3 < ; < 1 and
0 < By < 1/3, we get our belief function Bel that we showed is the lower envelope of
Phreads- The upper envelope is the corresponding plausibility function.

To summarize, instead of obtaining our belief function Bel by combining the prior
with the infimum of the representations Prycqqs3, 3,, we instead obtain Bel by taking the
infimum of the results of combining the prior with the the representation Pri..4s.4 6,-

A similar situation arises if we assume that Ob is measurable with respect to Pr;
for ¢ = 1,...,m, but that Hy,..., H,, are not necessarily measurable with respect to
the prior probability. Intuitively, this means that there is some uncertainty about prior
probabilities of the hypotheses. Going back to our example, supposed we know that the
coin has probability either 2/3 or 1/3 of landing heads, as in the original formulation
of the problem, but rather than being given a precise prior a on the coin being biased
towards heads, all we are given interval of possibilities. For example, suppose that all we
know is that the prior probability « lies in the interval [0,1/2], and we observe heads.
Again, it turns out that combining this prior with an encoding of evidence in the most
straightforward way gives inappropriate results. A probability function extending the
prior Pr could give BH probability anywhere between 0 and 1/2. Thus, the answer we
would hope to get when we combine the prior Pr with an observation of heads is a belief
function Bel such that Bel(BH) =0 and PI(BH) = 2/3, since this is the range defined
by lower and upper envelope of the family of probability functions extending Pr.

Unfortunately, if we combine the belief function corresponding to this prior with the
probabilistic representation of the evidence Prje.q4s (recall that we have Prpe.qs(BH) =
2/3 and Pryeqas(BT) = 1/3), then we get a belief function Bel such that Bel(BH) =
PI(BH) = 1/2 and Bel(BT) = PI(BT) = 1/2. This certainly does not seem like the
right answer! If instead we combine the belief function corresponding to the prior with
Shafer’s representation Belj.,qs (recall Belpeqis( BH) = 1/2 and Belpe,q5(BT) = 0), then
we get a belief function Bel’ such that Bel'(BH) = Bel (BT) = 1/3, while PI'(BH) =
PI'(BT) = 2/3. Although this at least allows the probability of BH to be somewhere

between 1/3 and 2/3, it is still not quite the answer we want.

Just as in the previous case, we can get the lower and upper envelopes we are looking
for by minimizing and maximizing the results of using the combination rule.

Notice that in the examples that we considered, the lower envelopes that gave what we
felt was the appropriate answer was in fact a belief function. We have a counterexample
which shows that this is not the case in general. However, we conjecture that under
reasonable assumptions—namely, if our uncertainty about the prior or the conditional
probability can be expressed by a belief function (i.e., if the lower envelope of the family
of probability functions that describe the prior or the conditional probability is a belief
function)—the lower envelope of the resulting family of conditional probability functions
will also be a belief function. We remark that although we have treated separately the
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case where there is some uncertainty in the probability of the observation Ob, given
some hypothesis H;, and the case where there is there is some uncertainty about prior
probabilities of the hypotheses H;, we could, of course, combine these two situations.
The results would be similar to what we have already seen.

6 Examples

Depending on which of the two views of belief functions we take, we will model a situation
in very different ways. For example, it is typically assumed that lack of information about
an event £ should be modelled by the vacuous belief function Bel, so that Bel(E) = 0
and PI(FE) = 1. While this way of modelling the lack of information is consistent with
the view of belief as a generalized probability (intuitively, our information is consistent
with £ having any probability between 0 and 1), it is not in general consistent with the
view of belief as evidence. To take a simple example, suppose we have two fair coins, call
them coin A and coin B. Someone tosses one of the two coins and announces that it lands
heads. Intuitively, we now have no evidence to favor the coin being either coin A or coin
B. Taking the view of belief as generalized probability, we would have Bel(A tossed) =
0 and PI(A tossed) = 1. However, taking the view of belief as evidence and using
the probabilistic representation of belief, we get Bel(A tossed) = PI(A tossed) = 1/2.
Lack of information is not being represented by the vacuous belief function under this
viewpoint.

In general, starting with a (belief function representing a) prior, if we get new evi-
dence, we can either update the prior, or combine it with a belief function representing
the evidence. As we already saw in the coin-tossing example of Section 4, we get the
same answer no matter how we do it (although the intermediate computations are quite
different), providing we represent the evidence appropriately. The one thing we must
be careful not to do is to represent the evidence as a generalized probability, and then
combine it with the prior.

We now consider a few other examples from the literature from this point of view,
showing how understanding the differences between the two viewpoints helps clarify the
issues involved. We start with a slightly simplified version of a puzzle appearing in

[Hun87].

Suppose that we have 100 agents, all holding a lottery ticket, numbered 00 to 99.
Suppose that agent a; holds ticket number 17. Assume that the lottery is fair, so, «
priori, the probability that a given agent will win is 1/100. We are then told that the
first digit of the winning ticket is 1. Straightforward probability arguments show that the
probability that the winning ticket is 17 given that the first digit of the winning ticket is
1 is 1/10; thus, agent 1’s probability of winning in light of the new information is 1/10.

How can we represent this information using belief functions? Hunter essentially
considers two belief functions on the space S = {a1,...,a100}, where Bel(a;) represents
the belief that a; wins. It seems reasonable to represent the information that the lottery
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is fair by the belief function Bel; corresponding to the mass function my such that
mi({a;}) = 1/100, + = 1,...,100. Now how should we represent the second piece of
information? Hunter suggests representing it by the belief function Bely corresponding
to the mass function my such that mq(ay) = 1/10 and my({az,...,a100}) = 9/10. Since
our belief that a; will win given this information is precisely 1/10, we give the set {a1}
mass 1/10; since we have no further information regarding any other agent, the remaining
mass is assigned to {as,...,ai00}. This representation is best understood as a generalized
probability: our information is consistent with the set P of probability functions on S
that assign {a;} probability 1/10. It is easy to see that Bel, is the lower envelope of
this family of probability functions. (We consider a more refined view of Bel, as a lower
envelope below.)

Hunter then considers the result of combining these two belief functions by using
the rule of combination. In light of our previous discussion, it should not be surprising
that the result does not seem to represent the combined evidence at all. In fact, an
easy computation shows that the result of combining Bel; and Bely is a probability
function that places probability 1/892 on a; winning, and probability 9/892 on a; winning,
for ¢« = 2,...,100. It certainly does not seem appropriate that the evidence that ay’s
probability of winning is 1/10, when combined with the information that the lottery is
fair, should decrease our belief that a; will win and, in fact, result is a belief that any
other agent is 9 times as likely to win as a!

There are two objections to this use of the rule of combination. The first is that, at
least the way we have told the story, the fact that our belief probability that a; wins
is 1/10 given that the first digit of his number agrees with the winning number is not
independent of our belief that the lottery is fair. In fact, it is a direct consequence of
our belief that the lottery is fair. There would be no reason to assign probability 1/10 to
a; winning upon hearing that the first digit of his number is the same as the first digit
of the winning number in the absence of an assumption of fairness. (For example, if we
believed that the lottery was fixed and that 19 was bound to be the winning number,
hearing that a’s first digit agreed with the winning number would not cause us to change
our belief that a; was sure to lose.)

This objection, while correct, does not seem to get to the heart of the problem.
Consider the following (admittedly artificial) situation: Again, we assume that the lottery
is fair, but now we hear from an insider that the winning number was drawn and that
a1 was the winner. Moreover, suppose from previous experience we know that this
insider is not terribly truthful. In fact, he tells the truth precisely 1/10 of the time.
This information certainly seems independent of the fact that the lottery is fair. If
we represent it using Bely, we still get the same counterintuitive answer: a piece of
information that seems like it should increase our belief that a; is the winner in fact
decreases it significantly.

As the discussion in the previous section suggests, the real problem here is that
we are trying to use the rule of combination with a belief function that is meant to
represent a generalized probability. The point is that Bel; does not represent the evidence
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appropriately. In order to apply the techniques discussed in the previous section for
representing the evidence, we need to know the likelihood, for each agent a;, that the
first digit of the winning number is 1, given the hypothesis that a; wins the lottery. In the
case of aq, it is easy to compute this probability: since a;’s number is 17, the probability
that the first digit of the winning number is 1 given that a; wins is 1. In the case of the
other agents, we cannot compute this probability at all, since we do not know what their
lottery numbers are.

In order to deal with this problem, first consider a fixed assignment A of lottery
numbers to agents, so that A(z) is the lottery number of a,. We assume (as is the case
in the story) that A(1) = 17. With respect to this fixed assignment, it is easy to see
that there are 10 agents a; for which the probability that the first digit of the winning
number is 1 given that a; wins is 1; namely, all those agents a; such that the first digit
of A(z) is 1. For every other agent a;, the probability that the first digit of the winning
number is 1 given that a; wins is 0. Using the probabilistic representation of evidence
discussed in the previous section,'? we would thus represent the evidence that the first
digit of the winning lottery number is 1 by the belief function Belj such that the mass
function m({a;}) = 1/10 for each agent a; such that the first digit of A(z) is 1 (note
that, in particular, this includes a;), and m#({a;}) = 0 if the first digit of A(z) is not 1.
It is now easy to check that Bel; & Bels = Belj'. Thus, independent of the assignment
A of lottery numbers, we have (Bel; & Bel3)({a1}) = 1/10, as expected.

Notice that Bels is actually a probability function, for each choice of A. Moreover,
if we take the lower envelope of the family Bels over all choices of assignment A, we get
Hunter’s belief function Bel;. Thus, in this weak sense, we can say that Bel; represents
the evidence that the first digit of the winning numberis 1. However, as we have observed,
combining Bel, with Bel; is not equivalent to combining each Bels separately with Bel;.
Moreover, there is information lost if we consider Bel; rather than the family of functions
Bely', namely, that the mass is distributed evenly among precisely 10 of the agents (one
of which is a;). Although this information is contained in the family of functions Belj,
it is not contained in Bels.

This example also points out the subtle interplay between nonprobabilistic choices
(the choice of assignment of lottery numbers in this case), and probabilistic (random)
choices (choosing a winner of the lottery). This issue turns out to be closely related to
issues of reasoning about knowledge. It is beyond the scope of this paper to examine these
issues in more detail; the interested reader is referred to [HT93] for further discussion.'

12We would get essentially the same results using the other representations discussed in the previous
section.

13We remark that in the version of the puzzle presented by Hunter, we are not given a;’s lottery
number. In order to deal with that situation, we extend the analysis above by considering pairs (A, w),
where A is an assignment of lottery numbers to agents and w is the winning number, with the added
constraint that the first digit of A(1) is the same as the first digit of w. None of the essential details in
the discussion above change.
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We next consider the Puzzle of Mr. Jones’ Murderer, taken from [SK89]:*

Big Boss has decided that Mr. Jones must be murdered, and the murderer
will be one of Peter, Paul, and Mary. Big Boss will select the sex of the
killer according to the results of a coin toss: if the coin lands heads, then
the killer will be a female; if the coin lands tails, then the killer will be a
male. Although we know how the killer is to be chosen, we do not know the
result of the coin toss, nor do we know how Big Boss would have decided
between Peter and Paul if the coin had landed tails. However, we do know
that if Peter is not chosen, then he will go to the police station in order to
give himself an alibi.'® The murder is committed. We also learn that Peter
was indeed at the police station during the time the murder is known to have
been committed. What is the probability that the killer was Paul?

Let Peter, Paul, and Mary be the hypotheses that Peter, Paul, and Mary, respectively,
committed the murder. Let Pr be the prior probability of these hypotheses. We are told
Pr({Peter, Paul}) = Pr(Mary) = 1/2. We would like to compute the probability
Pr(Paul|-Peter). Equivalently, we must compute Pr(Paul A —Peter)/Pr(—Peter).
Since it is implicit in the story that exactly one person commits the murder, it follows
that Paul A = Peter is logically equivalent to Paul. Thus, we are reduced to computing
Pr(Paul)/Pr(—Peter). Unfortunately, we are not given either Pr(Paul) or Pr(—Peter);
thus, we cannot immediately solve the problem using the Bayesian approach.

Note that if we were given Pr(Paul), then we could compute
Pr(=Peter) = Pr({Paul, Mary}) = Pr(Paul) + Pr(Mary) = Pr(Paul)+1/2.

Thus, we could solve our problem if we only knew Pr(Paul). At this point, what we might
call a risky Bayesian would say that, since we know that Pr({Peter, Paul}) = 1/2, we
will apply the mazimum entropy principle [Jay78] and assume Pr(Peter) = Pr(Paul) =
1/4 (this is essentially what is called the insufficient reason principle by Laplace). Under
this assumption, it is easy to see that Pr(Paul|-Peter) = 1/3. Despite the fact that
this has been referred to as a “noninformative prior”, one that somehow makes the
“minimum” assumptions [Che85], it actually makes quite serious assumptions, not always
justified [Fin73]. In this case, these assumptions lead to a particular answer (1/3) that
cannot be justified as the right answer without additional assumptions on Big Boss’
method of choosing between Peter and Paul.

An alternative approach, still within the Bayesian framework, is what is called in
[SK89] the cautious Bayesian approach. Suppose we assume that there is some prior

14We have slightly simplified the presentation of [SK89], but, again, the essential details remain the
same.

15As pointed out in [SK89], this assumption is necessary in order to make “Peter is not the killer”
and “Peter has an alibi” equivalent. Without it, we would know that “Peter has an alibi” implies that
“Peter is not the killer”, but not the converse.
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probability « that Paul committed the murder. Although we do not know exactly how
Big Boss chooses between Peter and Paul given that the original coin toss lands tails
(so that one of them must commit the murder), suppose we assume that he chooses
Paul in this case with probability «; i.e., assume Pr(Paul|{Peter, Paul}) = «, where
0 < a < 1. It is easy to see that we then have Pr(Paul) = a/2, so Pr(Paul|-Peter) =
(a/2)/(1/2 + a/2) = a/(a + 1). (Notice that the particular case of @ = 1/2, which
was assumed in the risky Bayesian approach, gives us Pr(Paul|-Peter) = 1/3, as we
computed above.) Since 0 < o < 1, all we can say is that Pr(Paul|-Peter) is in the
interval [0, 1/2]. This is intuitively reasonable; if, for example, we know that, rather than
randomly choosing between Peter and Paul when the original coin toss lands heads, Big
Boss definitely chooses Peter (so that o = 0), then we know Paul could not have done
it, and Pr(Paul|-Peter) = 0. On the other hand, if Big Boss definitely would choose
Paul if the coin landed tails, then learning that Peter did not do it gives us no additional
useful information. The probability that Paul does it remains at 1/2 once we learn that
Peter did not do it.

One way we can view the original statement of the problem is that {Peter} and
{Paul} represent nonmeasurable sets. According to the problem specification, the only
measurable sets are {Peter, Paul}, {Mary}, {Peter, Paul, Mary}, and {}. The first
two sets each have probability 1/2, the third has probability 1, and the empty set has
probability 0. It is now easy to compute that Pr.(Paul) = 0, Pr*(Paul) = 1/2, and
Pr. Mary) = Pr*(Mary) = 1/2. Using the definitions of inner and outer conditional
probability from [FH91a] described in Section 2 and the fact that =Paul A = Peter is
logically equivalent to Mary, we can compute

Pr.(Paul|=Peter) = Pr.(Paul)/(Pr.(Paul)+ Pr*(Mary)) =0,
Pr*(Paul|-~Peter) = Pr*(Paul)/(Pr*(Paul) + Pr.(Mary)) = 1/2.

Notice that the interval [0,1/2] defined by Pr.(Paul|-~Peter) and Pr*(Paul|—Peter) is
precisely that computed by the cautious Bayesian. This is not an accident, but a direct
consequence of the definition of the inner and outer conditional probabilities as lower
and upper envelopes.

Now let Bel be the belief function corresponding to Pr. From the definitions, it is

immediate that Bel(Paul|=Peter) = Pr.(Paul|-Peter) = 0 and Pl(Paul|-Peler) =
Pr*(Paul|—Peter) = 1/2. By way of contrast, we get

Bel(Paul||=Peter) = (Bel({ Paul, Peter} — Bel(Peter))/(1 — Bel(Peter)) = 1/2,
Pl(Paul||=Peter) = Pl(Paul)/Pl(—Peter) = 1/2.

It may seem strange that using DS conditioning there is no uncertainty regarding the
conditional probability; both the conditional belief and conditional plausibility are 1/2.
This unintuitive result is best explained in terms of the probabilistic process described in
Section 3 corresponding to Bel( Paul||=Peter). Recall that according to this process, we
first choose an element satisfying —Peter whenever possible. This amounts to assuming
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that Big Boss chooses Paul whenever he has a choice between choosing Peter and Paul;
i.e., Pr(Paul|{Peter, Paul}) = 1. With this additional assumption, it is clear that the
probability of choosing Paul given that Peter is not chosen is precisely 1/2.

Now suppose that we try to capture the evidence encoded in the observation that
Peter did not commit the murder by Pr_p..,, the probabilistic representation of evi-
dence described earlier. (We could also use Shafer’s representation, Bel_ p.,; the re-
sults would be the same.) A straightforward computation shows Pr_pee,(Paul) = 1/2
(and Pr_peter(Peter) = 0, Propee,(Mary) = 1/2). However, in order to now compute
Pr(Paul|-Peter), we need to combine Pr_pee,(Paul) with Pry...(Paul). Unfortu-
nately, the problem statement does not give us this prior. This uncertainty in the prior
can be modelled by considering a family of probability functions, just as we did in the
previous section. Suppose we again assume that Pr(Paul|{Peter, Paul}) = a. Then
we get Propyior(Paul) = /2, Prpyi(Peter) = (1 — «)/2, Prosior(Mary) = 1/2. As «
ranges from 0 to 1, the prior probability that Paul is chosen ranges from 0 to 1/2. This
is consistent with the information that we were given, since we know that the probability
that one of Peter or Paul is chosen is 1/2, so the probability that Paul is chosen can
be at most 1/2. Now by Proposition 4.4, we can compute the posterior probability by
combining Pry,;,, and Pr_p..,. Sure enough, an easy computation shows that we get
that (Pryrior ® Propeter)(Paul) = af/(a+1). Again, this is the same answer as obtained
by the cautious Bayesian.

Once more, we see from this example that different representations can lead to the
same conclusions. However, we must be careful in our representation. If we view belief
functions as generalized probabilities, then using DS conditioning leads us to inappro-
priate answers. If we view belief as evidence, we still have to take into account the
conditional probability that Big Boss chooses Paul when he has to choose between Peter
and Paul in order to even be able to use our techniques.

We remark that techniques similar to those used for the previous puzzle can also be
used to analyze the three prisoner puzzle mentioned in the introduction. An analysis
using the viewpoint of beliefs as generalized probabilities is carried out in [FH91al; the
interested reader is referred there for further details.

7 Discussion and conclusions

There are a number of ways that belief functions can be viewed, all of which give rise
to a collection of mathematical objects that satisfy the same axioms (see Shafer’s recent
[Shad0] for a summary of most of the leading viewpoints). Many of these ways are
essentially equivalent but, as we have seen, not all of them are. Different viewpoints
may suggest strikingly different approaches to notions like updating and combining. The
two viewpoints that we have discussed here, although quite distinct, both allow belief
functions to be understood in terms of probability theory. Rather than being mysterious
objects, belief functions now fit into a well-understood framework.
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Of the two viewpoints that we have suggested, the idea of beliefs as generalized
probabilities, although explicitly disavowed by Shafer [Sha90], is quite prevalent in the
literature. The idea of beliefs as representations of evidence is also quite common, al-
though perhaps not always in terms of the formulation we have presented here. As we
have shown in our examples, either viewpoint can be used, provided we represent the
evidence appropriately. Our key point is that confusing these viewpoints can lead to
problems.

As we have shown, it is important to carefully distinguish these two views of belief
functions. Indeed, the examples in [Bla87, Hun87, DZ86, Lem86, Pea89] regarding the
counterintuitive nature of belief functions can all be explained in terms of a confusion of
these two views. The confusion between the two views seems prevalent throughout the
literature. For example, in [L.G83], belief functions are used to represent the evidence
of sensors; yet, they are introduced as generalized probabilities. That is, it is argued
that a belief function which assigns Bel(A) = 1/3 and PI(A) = 2/3 is appropriate to
represent the fact that a reading on a sensor gives us uncertain information about the true
probability of A, and all that can be said about the probability of A is that it is between
1/3 and 2/3. Yet these belief functions which are viewed as generalized probabilities
are combined using the rule of combination. As our results suggest, this may lead to
inappropriate representations of evidence.

While our framework does allow us to dismiss one type of criticism that has been
directed at belief functions, there is another criticism, perhaps best formulated in [Pea89],
that deserves close attention: namely, how useful are belief functions? To what extent
can they serve as a basis for evidential reasoning?

In order to look at this issue more carefully, we need to consider each of the two views
of belief functions separately. If we view belief functions as generalized probabilities, then
there clearly is a useful role that they can serve. Kyburg [Kyb88] and others have argued
forcefully in terms of looking at intervals rather than at point-valued probabilities. We
subscribe to this point of view as well. Belief and plausibility functions do determine an
interval that can be well understood in terms of probability theory (cf. Theorem 2.1).
On the other hand, it is not clear that even if we subscribe to intervals then belief and
plausibility functions are always the best representations. An alternative is just to work
directly with a family of probability functions, and consider lower and upper envelopes of
this family. As some of our results suggest, this might be a more useful representation. If,
instead, we view belief functions as representations of evidence, then our results suggest
that although the rule of combination does have a central role to play here, we do not
need belief functions; probability functions will do. Moreover, the rule of combination
breaks down in this context too if there is uncertainty in the probability of the evidence.
It would be of interest to know if there is a variant of the rule of combination that can
deal with this case.

It may perhaps be argued that our comments on and criticisms of belief functions
are an artifact of our goal of trying to understand belief functions in a probabilistic
framework. We agree with critics of the Bayesian approach who argue that it is not
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always appropriate to assign a probability to every event. Nevertheless, it does seem
that there are situations when it is appropriate to assign probabilities. In this case, we
feel that the results obtained from the belief function approach should agree with those
obtained by using probabilities. Moreover, we feel that a thorough understanding of
what happens in the purely probabilistic case can lead us to appropriate extrapolations
in situations when precise probabilities are not available.

Ultimately, it seems to us that in order to use belief functions with any degree of
confidence, we need to understand how beliefs are to be interpreted in practice. We have
suggested two interpretations here, both firmly rooted in probability theory. Because
probability theory is familiar, with a large body of results on both theory and practice,
we feel that these interpretations are more useful than those of, say, Shafer and Tversky in
terms of canonical examples [ST85, Sha82]. Indeed, in the commentary by the discussants
which appears in [Sha82], there are numerous concerns expressed about the connection
between the canonical examples and the way belief functions are applied in practice.
A further advantage of the two particular interpretations we have taken is that they
suggest the sources of the nonintuitive results that can arise from using belief functions.
In particular, our results show that in situations where precise probabilities are not
available, great care must be taken not to confound the two views of belief functions.

It is possible that in our effort to put belief functions in a probabilistic framework,
we may have overlooked some important aspects of belief functions. There may be some
features of belief functions that cannot be explained in terms of probability, but are
nevertheless important in representing evidence. However, we feel that it is up to the
advocates of the belief function approach to spell out clearly what these features are, and
argue their importance.
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