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Abstract

We introduce the Probabilistic Coin Change Problem
(PCCP), a novel variant of the classical Combination Coin
Change Problem (CCCP), motivated by a real-world scien-
tific inverse task. The goal of CCCP is to enumerate all un-
ordered combinations of coin denominations that sum to a
given target. In PCCP, each coin type’s value follows a dis-
crete probability distribution, and the aggregate value of a
combination of coins is thus stochastic. Given a set of such
coin types and noisy observations of total sums, the task is to
infer the most likely latent coin combination. To address the
combinatorial and probabilistic complexity of PCCP, we pro-
pose DeepProReasoner (Deep Combinatorial Probabilistic
Reasoning with Embedded Representations), an unsuper-
vised, end-to-end, deep-learning framework that integrates
combinatorial reasoning, latent-space modeling, and differen-
tiable probabilistic reasoning. The model is trained using a re-
construction loss between the observed empirical distribution
and a decoded probability mass function (PMF), enabling ef-
ficient gradient-based search over a continuous relaxation of
the combinatorial space. We evaluate DeepProReasoner on
two instances of PCCP: (1) a synthetic Candy Mix problem
for ablation studies, and (2) a real-world task of molecular
formula inference from ultrahigh resolution mass spectrom-
etry (MS) data. Besides the two given instances, PCCP cap-
tures a wide range of inverse settings in biology, chemistry,
environmental sciences, and medicine, where latent combi-
natorial structures give rise to noisy aggregate observations
through stochastic processes. Our results show that Deep-
ProReasoner achieves high accuracy and robustness, outper-
forming state-of-the-art methods.

1 Introduction
Over the past decade, AI has made remarkable strides, par-
ticularly in data-driven deep learning approaches across do-
mains such as games (Silver et al. 2017), vision (Krizhevsky,
Sutskever, and Hinton 2012), speech processing (Graves,
Mohamed, and Hinton 2013), and natural language (Achiam
et al. 2023). However, despite notable successes like Al-
phaFold (Jumper et al. 2021), scientific discovery presents

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

fundamentally unique challenges (Wang et al. 2023). Sci-
entific tasks are often unsupervised or weakly supervised,
require adherence to established scientific principles, and
demand generalization beyond the training data to enable
genuine discovery. Moreover, they frequently involve expo-
nential search spaces arising from underlying combinatorial
structures (Gomes, Selman, and Gregoire 2019). A central
grand challenge in scientific discovery is to develop AI sys-
tems capable of high-throughput interpretation of the scien-
tific data being generated at rates far exceeding expert ca-
pacity (Merchant et al. 2023; Zeni et al. 2023).

We introduce a general problem capturing a broad class
of scientific combinatorial inverse tasks, such as inferring
molecular formulas from mass spectrometry data—a fun-
damental chemistry challenge that impacts biochemistry,
medicine, and biology. We also present a novel approach for
such combinatorial inverse problems.

Our contributions:
(1) We introduce the Probabilistic Coin Change Prob-

lem (PCCP), a novel variant of the classical combinatorial
Combination Coin Change Problem (CCCP), motivated by
real-world scientific inverse tasks. In the traditional CCCP,
given a set of coin denominations and a target sum, the
goal is to enumerate all coin combinations (with unlimited
repetitions) that sum exactly to the target. PCCP general-
izes CCCP by assigning a discrete probability distribution
to each coin type’s value. Given coins with stochastic values
and noisy observations of total sums, the task is to infer the
most likely (latent) coin combination that generated the data.
PCCP captures a broad class of inverse problems in biology,
chemistry, environmental sciences where combinatorial la-
tent discrete structures yield noisy aggregate observations
through random processes.

(2) To address the combinatorial and probabilistic com-
plexity of PCCP, we propose DeepProReasoner (Deep
Combinatorial Probabilistic Reasoning with Embedded
Representations), a novel unsupervised, end-to-end deep
learning framework that integrates combinatorial reasoning,
latent-space modeling, and differentiable probabilistic rea-
soning. DeepProReasoner uses a recurrent encoder to map
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the empirical (observed) discrete distribution function into a
semantically structured and interpretable latent space. This
latent space jointly embeds both the latent coin combina-
tion and the observed empirical distribution, capturing mul-
tiple layers of structure. It is integrated with a fully differ-
entiable combinatorial probabilistic forward model that ap-
proximates the theoretical probability mass function (PMF)
of the total sums as a function of the latent coin combina-
tion. This design enables unsupervised end-to-end training
using a reconstruction loss between the observed empirical
distribution and the generated PMF, allowing for efficient
gradient-based search and bypassing the combinatorial ex-
plosion of the discrete search space. When prior knowledge
restricts the combinatorial space of valid coin combinations,
a second encoder explicitly embeds each feasible combina-
tion into the latent space, and gradient-based optimization
effectively performs local search within this space.

To empirically evaluate DeepProReasoner, we consider
two distinct instances of PCCP:

(3) We introduce the Candy Mix problem, which cap-
tures subtle variations in candy weights due to random pro-
duction fluctuations, enabling controlled ablation studies
and elucidating key determinants of PCCP’s empirical com-
plexity. We characterize DeepProReasoner’s performance
profile through systematic experiments on the Candy Mix
problem, identifying regimes where it is most impactful.

(4) We consider a real-world task of molecular formula
inference from mass spectrum (MS1) data, MS1-to-MF, ad-
dressing an urgent, unsolved problem in biomedical and en-
vironmental sciences, where millions of unknown molecules
cannot yet be identified because there are no reliable ap-
proaches for determining their molecular formulae (MFs).
In an MF (e.g., C10H18N2O3), each atomic element (e.g.,
C, N, O) can be represented as a coin type with stochas-
tic mass values due to isotopic variations. For example,
98.93% of carbon (C) naturally occurs as 12C (12 Dalton),
while 1.07% occurs as 13C (approximately 13.00335 Dal-
ton). A molecule’s mass is the sum of its atomic masses, and
its mass spectrum provides intensity measurements across
mass values, reflecting stochasticity due to isotopic varia-
tion. Given a set of elements and an observed spectrum, the
goal is to infer a list of possible candidate MFs ranked by
how likely they produced the observed spectrum. In practice,
the ranked list helps narrow down the search for molecular
formulas significantly and can be further refined if other data
are available. Top-1 accuracy of the ranked list is a key met-
ric, as it reflects the method’s ability to automate the task.
Our work leverages recent advances in ultrahigh resolution
MS instruments that can resolve isotopic fine structure, i.e.,
individual peaks resulting from different isotopologues. For
example, molecules containing one 13C instead of one 12C
(mass difference 1.003) and molecules containing one 15N
instead of one 14N (mass difference 0.997) would show
up as separate peaks in a spectrum. Isotopic fine structure,
in principle, should enable precise determination of MFs
(Kingma 2014; Nagao et al. 2014). However, empirical noise
and instrument-specific processing effects still pose a key
challenge for automated MF determination (Claesen et al.
2025), requiring not only combinatorial reasoning but also

data-driven calibration. DeepProReasoner effectively com-
bines reasoning and learning within an unified end-to-end
framework. We demonstrate its significant real-world scien-
tific potential by applying it to the challenging task of infer-
ring MFs solely from ultrahigh resolution MS1 data at scale,
significantly advancing the state-of-the-art in this domain.

2 Problem Definition
The Probabilistic Coin Change Problem (PCCP) is a
variant of the classical Combination Coin Change Problem
(CCCP). In the traditional CCCP, given a set of coin types
and a target sum, the goal is to enumerate all unordered com-
binations (with unlimited repetitions) of the coins whose val-
ues sum exactly to the target. PCCP extends this setting by
allowing each coin type to have a stochastic value, mod-
eled as a random variable with a known discrete distribution.
Given a set of coins with associated value distributions and
(noisy) samples of total sums, the goal is to infer the coin
combination that maximizes the likelihood of generating the
observed data.

2.1 Formal Problem Definition
Let T = {T1, . . . , Tn} be a set of n types. Each type Ti

is associated with a discrete random variable Wi, supported
on a finite set {wi,1, . . . , wi,mi} ⊂ R>0, with associated
probabilities {pi,1, . . . , pi,mi} ⊂ R>0. A composition is de-
fined by a count vector n = (t1, . . . , tn) ∈ Nn, where ti
denotes the number of items of type Ti. Given a compo-
sition n, the total sum S is a random variable defined as
S =

∑n
i=1

∑ti
j=1 Wi,j ,where Wi,j

iid∼ Wi.

Observation Model. The true values of S are not directly
observable. Instead, we are given noisy measurements: S̃ =
S + ϵ, ϵ ∼ E , where E is an unknown noise distribution
(e.g., Gaussian). These noisy samples form an empirical dis-
tribution with K supports: P̃S̃ = {(S̃k, Ĩk)}Kk=1, where Ĩk
is a noisy estimate of the probability mass for support S̃k.
We assume that K is polynomial in n. This reflects practical
constraints: finite resolution and sampling limit the number
of distinguishable values.

Inputs: (i) A set of n types T , where each type Ti is asso-
ciated with a discrete distribution Wi = {(wi,j , pi,j)}mi

j=1;
and (ii) a noisy empirical distribution over the total sums
P̃S̃ = {(S̃k, Ĩk)}Kk=1. Output: the latent composition vec-
tor that best explains the observed distribution: n∗ =
argmaxn∈Nn P(P̃S̃ | n).

PCCP is motivated by the observation that many real-
world inverse problems involve intrinsic randomness and
measurement noise, aspects not captured by classical combi-
natorial formulations like CCCP. We introduce two concrete
instances of PCCP to illustrate its breadth.

2.2 Candy Mix Problem
Inputs: (i) A set of n candy types T where each candy type
Ti is associated with a discrete distribution on the weights
Wi = {(wi,j , pi,j)}mi

j=1; and (ii) a polynomial length noisy
empirical distribution P̃S̃ = {(S̃k, Ĩk)}Kk=1, representing the
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Figure 1: Example inputs to the Candy Mix problem: candy types and discrete distributions on their weights (left), and noisy
empirical probability mass function (PMF) of the total bag weights (right). Bags share a fixed but unknown composition (counts
per candy type). The weight of the bags varies due to random draws from the candy weight distributions and measurement noise.
Given the weight distributions on the candy types, and the empirical PMF produced by sampling a collection of bags, the goal
is to infer the candy composition in the bags. In this case, given the empirical PMF shown, the composition of the bags is: 1
gummy bear, 2 chocolates, and 13 caramels.

Figure 2: Example inputs to the MS1-to-MF problem: element types with isotope distributions (top), and a mass spectrum
that represents the noisy empirical PMF of the isotopologues (bottom). Isotopologues are molecules with the same molecular
formula but different isotopes for select elements, so their weights differ. A mass spectrum gives a noisy measurement on
the empirical PMF over the masses of the isotopologues. Given the elements’ isotopic distribution and a mass spectrum, the
goal is to produce a list of possible candidates ranked by the likelihood of producing the spectrum. The mass spectrum shown
corresponds to the formula C20H37N4O7.

noisy distribution over total bag weights for bags with identi-
cal but unknown composition. Output: The underlying bag
composition as a count vector n = (t1, . . . , tn) ∈ Nn where
ti denotes the number of candies of type Ti per bag.

2.3 MS1-to-MF

Consider a factory that produces mixed bags of candies (e.g.,
chocolates, gummies, caramels), where each candy type has
a characteristic weight distribution due to manufacturing
variability. All bags share a fixed but unknown composi-
tion—that is, the number of candies per candy type—but the
total bag weight varies due to random draws from the weight
distributions and measurement noise. The factory provides a
noisy distribution over the bag weights, estimated from finite

samples, together with the candy types and their weight dis-
tributions. The task is to recover the latent bag composition
that generated the observed distribution.

Mass spectrometry is a core tool in chemistry, biology,
and materials science to identify and characterize molecules.
The process consists of four main stages: (1) Ionization:
Molecules in a sample are converted into charged particles
(ions). (2) Separation: These ions are separated according
to their mass-to-charge ratios (m/z) using electric or mag-
netic fields. (3) Detection: The separated ions are measured,
producing a mass spectrum—a plot of ion intensities ver-
sus m/z. The intensity at each m/z reflects the number of
ions detected at that mass.(4) Analysis: The resulting spectra
are analyzed to infer their molecular formulas (MF). With
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the advancement of ultrahigh resolution MS, the peaks in
the spectrum give more precise measurements on the abun-
dance of individual isotopologues of the molecule. Molecule
assignment can thus be determined by reasoning on the rel-
ative abundances of the isotopologues.

MS1-to-MF can be modeled as an instance of the PCCP.
Each atomic element is associated with a discrete isotopic
mass distribution reflecting natural isotope abundances. An
MF is represented by a count vector n = (n1, . . . , nn) ∈
Nn, where ni denotes the number of atoms of element Ei.
The mass of a molecule is the sum of its atomic masses,
which is stochastic due to isotopic variation. A mass spec-
trum provides intensity measurements across mass values,
capturing the distribution of isotopologues. However, both
instrument noise and sampling noise distort the empirical
estimate of the true isotopic distribution. Given a set of ele-
ments and a measured spectrum (e.g., Fig. 2), the goal is to
infer a list of MFs ranked by how likely they produced the
observed spectrum.

Inputs: (i) A set of n atomic elements E, where each el-
ement Ei is characterized by a known isotopic mass distri-
bution Wi = {(wi,j , pi,j)}mi

j=1 and; (ii) a polynomial length
observed mass spectrum P̃S̃ = {(S̃k, Ĩk)}Kk=1, representing
the noisy distribution over isotopologues. Output: A list of
MFs ranked by how likely they produced the mass spectrum.

3 Methods
3.1 Encoder: Learning an Interpretable Latent

Space for Scalable Optimization
PCCP exhibits a combinatorial search space: the number of
possible compositions of the count vector grows as O(Bn),
where n is the number of types and B is the upper bound
on the count of each type. This exponential growth in di-
mensionality renders exhaustive search intractable for large
n. To overcome this, we propose a latent space reasoning
framework. Instead of searching directly over discrete count
vectors, we use a Gated Recurrent Unit (GRU) network (Cho
et al. 2014) to encode observations into an interpretable la-
tent space where continuous relaxations of the count vec-
tors live. During inference, the latent vectors are rounded to
obtain predictions on the counts. During training, a differ-
entiable combinatorial probabilistic reasoning module, cov-
ered in more detail later, takes the latent vectors as inputs and
approximates the probability distribution over total sums
S. The model is trained end-to-end using the reconstruc-
tion loss between the empirical distribution of the observed
total sums, and the reconstructed PMF, enabling efficient
gradient-based optimization and circumventing the combi-
natorial explosion of the discrete space, facilitating scalable
inference.

3.2 Differentiable Combinatorial Probabilistic
Reasoner

Central to this framework is a differentiable probabilistic
reasoner that approximates the probability distribution over
total sums S given a latent representation of the composi-
tion vector. Consider a composition vector z = (t1, . . . tn),
specifying how many instances of each type occur. For each

type Ti which appears ti times, we can define a value al-
location vector ci = (ci,1, . . . , ci,mi), where ci,j denotes
the number of times weight wi,j is drawn. Each ci sat-
isfies

∑
j ci,j = ti and follows the multinomial distribu-

tion: P(ci) = ti!∏mi
j=1 ci,j !

∏mi

j=1 p
ci,j
i,j . Given a configuration,

(c1, . . . , cn), i.e., the value allocation vector of each type Ti,
the total sum is: s =

∑n
i=1

∑mi

j=1 ci,jwi,j . The probability
of observing s is P(S = s | z) =

∑
C
∏n

i=1 P(ci), where C
contains all the configurations (c1, . . . , cn) that result in s.

To enable efficient differentiable reasoning, we approx-
imate the PMF over S by selectively evaluating only a
tractable subset of the total sums. For each type Ti, the
modal weight wi,mode is the most probable value in its
weight distribution. We introduce a tunable hyperparam-
eter q and say that a configuration (c1, . . . , cn) is q-
admissible if the total number of non-modal weights satisfies∑n

i=1

∑mi

j=1,j ̸=mode ci,j ≤ q. We compute P(S = s | z) only
for q-admissible configurations. In practice, q can be tuned
or chosen based on prior knowledge of the problem domain.
The more skewed the weight distributions, the smaller q
needs to be to give an accurate approximation of the PMF
since configurations involving many non-modal values have
negligible probability. Let hi =

∑
j ̸=mode ci,j ≤ q be the

number of non-modal weights in ci. We pre-compute the

non-modal term H(ci) =
∏mi

j=1,j ̸=mode
p
ci,j
i,j

ci,j !
and compute

the full multinomial probability during training as

P(ci) =
ti!

(ti − hi)!
pti−hi

i,modeH(ci) (1)

= ti(ti − 1) . . . (ti − hi + 1)pti−hi

i,modeH(ci) (2)

Equation (2) provides a workaround for differentiably
approximating the multinomial distribution. Note in Equa-
tion (2), ti no longer needs to be an integer. Thus the proba-
bilistic reasoner can take a continuous relaxation of the com-
position vector from the latent space as the input. Moreover,
the output of the probabilistic reasoner P(S = s | z) is
differentiable with respect to z. Training the model with a
reconstruction loss between the predicted and the empirical
PMF, gradients can be backpropagated from the loss through
the probabilistic reasoner and the latent space, and guide the
encoder to learn meaningful representations. This allows the
model to discover latent count structures directly from ob-
served sums, guided by a reasoning-based training signal
without the use of ground-truth count vectors. When paired
data is scarce, e.g., MS1-to-MF, our unsupervised frame-
work provides a principled training strategy.

3.3 Constrained Reasoning via Dual Encoders for
Molecular Formula Inference

In the MS1-to-MF problem, the space of valid count vec-
tors is constrained by chemical principles (Kind and Fiehn
2007); the optimal count vector must not only explain the
observed mass spectrum but also be chemically plausible.
Prior work has introduced specialized algorithms to incor-
porate such chemical constraints to significantly reduce the
search space (Böcker et al. 2008). Even within a narrow
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Figure 3: DeepProReasoner: An encoder embeds the empirical PMF into an interpretable latent space representing relaxed
predicted composition vectors. A fully differentiable combinatorial probabilistic reasoner approximates the theoretical PMF,
given the latent vector. The reconstruction loss between the reconstructed and the empirical PMFs is backpropagated through
the reasoner to the encoder to guide the learning of meaningful embeddings and the prediction that best aligns with the empirical
PMF. When prior knowledge limits feasible compositions to an enumerable set, a second encoder embeds them into the latent
search space. The feasible candidates’ embeddings are scored by similarity to the PMF embedding, and the scores define a
weighted aggregation interpreted as a continuous relaxation of the predicted composition. The reconstruction loss is passed
to both the PMF encoder and the candidates encoder. This joint training encourages the two encoders to align embeddings,
steering the prediction toward the feasible candidate that best aligns with the empirical PMF.

mass window, the space of possible compositions remains
large, but when constrained, enumeration becomes tractable.

To enable reasoning within this constrained search space,
we propose a dual-encoder architecture. Given a mass spec-
trum P̃S̃ = {(S̃k, Ĩk)}Kk=1 sorted by increasing mass, we
first apply the method of (Fiehn 2007) to find all feasible
candidate molecular formulas whose monoisotopic molecu-
lar mass – the exact mass of the molecule assuming the most
abundant (almost always also the lightest) isotope of each el-
ement – falls within the interval [S̃1−σ, S̃1+σ], where σ is
an instrument-dependent hyperparameter that accounts for
mass measurement noise. Let F = {n(1), . . . , n(M)} ⊂ Nn

denote the resulting set of valid candidate count vectors.
We then encode the spectrum and candidate formulas into
a shared latent space using two encoders. A GRU-based en-
coder fspec : RK×2 → Rd maps the input spectrum into a
fixed-dimensional spectrum embedding zspec = fspec(P̃S̃).
Each atomic element has a trainable embedding vector,
forming an embedding matrix E ∈ Rn×de . Candidate count
vectors n(m) are multiplied by the element embeddings and
then passed through a Multi-Layer Perceptron (MLP) to pro-

duce a candidate embedding: z(m)
form = MLP(E⊤n(m)) ∈ Rd.

Next, we compute similarity scores between the spectrum
embedding and all associated candidate embeddings by tak-
ing the dot product, s(m) = ⟨zspec, z(m)

form⟩, and normalizing
via softmax to obtain a soft assignment over the candidate
sets. During inference, the candidates are ranked according
to these scores. During training, the scores are used to com-
pute a weighted average of the candidate count vectors, pro-
ducing a continuous composition vector interpreted as a re-
laxed count vector: n̄ =

∑M
m=1 softmax(s(m)) · n(m). This

vector is subsequently passed to the probabilistic reasoner
to approximate the PMF over the mass values. During train-
ing, the reconstruction loss between the reconstructed PMF
and the observed mass spectrum is backpropagated through
both encoders. The joint training encourages the spectrum
and formula encoders to learn a shared latent space where
spectrum embeddings and candidate formula embeddings
are aligned. Because the latent space contains continuous
relaxations of all chemically feasible candidates, gradient
descent effectively performs local search within this con-
strained space, steering the solution toward the candidate
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count vector that best aligns with the observed spectrum.

4 Related Work
Coin Change Problems The Coin Change Problem is a
well-studied combinatorial problem in theoretical computer
science. Its optimization version looks for the smallest num-
ber of coins and is known to be weakly NP-hard (Hartmanis
1982). The counting version asking for all combinations of
coins that sum up to the target is in #P . Considerable re-
search has been devoted to variations of the problem (Gupta,
Huang, and Impagliazzo 2024; Cowen, Cowen, and Stein-
berg 2008), but to the best of our knowledge, the probabilis-
tic variation introduced here has not been considered.

MS1-to-MF Inferring molecular formula from mass
spectra is a fundamental problem spanning disciplines such
as chemistry, biology, drug discovery and forensic sciences.
Previous works (Kind and Fiehn 2007; Böcker et al. 2009;
Dührkop et al. 2019; Schmid et al. 2023) have developed
various computational methods for the task. These meth-
ods all generally follow the following procedures, includ-
ing the state of the art, SIRIUS (Dührkop et al. 2019) and
MZmine (Schmid et al. 2023): (1) compute all candidate for-
mulas from the monoisotopic peak, that is, the peak with the
smallest mass where all atoms are the most abundant iso-
tope; (2) for every such candidate formula, simulate its the-
oretical isotope pattern; and (3) match and rank it against
the input empirical spectrum using a similarity metric like
the cosine score, or maximum likelihood estimation. For
every individual example, these methods deterministically
search for the candidate that best explains the spectrum,
without leveraging cross-example information like instru-
mental noise. DeepProReasoner fundamentally differs from
the current approaches by seamlessly integrating reasoning
and learning: it combines the three components within a sin-
gle unified framework. These components provide mutual
self-supervision and enable the model to learn global cal-
ibration directly from data.

MS1/MS2 To improve performance on the task of molec-
ular formula inference, previous work has also included the
use of tandem mass spectra (Goldman et al. 2023; Dührkop
et al. 2019; Schmid et al. 2023; Hong et al. 2024). Mass
spectra on isotopologues is often called MS1 while tandem
mass spectra, often called MS2, are produced by measur-
ing ion fragments rather than full compounds. Candidate
formulas ranking inferred from MS1 data can be further re-
fined based on how well they explain the observed fragmen-
tation pattern shown on the MS2 spectrum. Our work fo-
cuses on solving the task of molecular formula inference us-
ing only MS1 data, without MS2 data. In real applications,
MS1 data are faster and easier to obtain than MS2, and MS2
data is often unavailable. In addition, molecular formulas in-
ferred from MS1 data greatly improve the scope and accu-
racy of molecular formula inference from MS2 data, when it
is available. Thus, a high-quality method using solely MS1
data can enable scalable automatic molecular formula infer-
ence.

Artificial Intelligence for Combinatorial Scientific
Reasoning AI for scientific discovery (Wang et al. 2023)

has been advancing rapidly. A recent breakthrough is Al-
phaFold (Jumper et al. 2021), a deep learning method that
solves the protein folding problem with remarkable accu-
racy. While learning algorithms excel in continuous do-
mains, they often struggle with problems that are discrete
and highly combinatorial in nature. AI reasoning techniques
have long been applied to such combinatorial scientific prob-
lems. One early example is Dendral, considered the first
expert system, which combined mass spectrometry data
with a chemistry knowledge base to infer possible chemi-
cal structures responsible for the observed spectra (Lindsay
1980; Buchanan and Feigenbaum 1981). Other notable ap-
plications include protein sequence design for inverse fold-
ing (Vucinic et al. 2020), marker genotyping incompati-
bility detection in complex pedigrees (Sanchez, de Givry,
and Schiex 2008; O’Connell and Weeks 1999), and DNA
word design (Codish, Frank, and Lagoon 2017; Frutos et al.
1997). More recently, researchers have begun integrating
deep learning with scientific reasoning under uncertainty,
addressing challenges such as crystal phase mapping (Chen
et al. 2021), multi-species bird population modeling (Chen
et al. 2016), and symbolic discovery of ordinary differen-
tial equations (Jiang, Nasim, and Xue 2025). In this vein,
our study explores the synergy between deep learning and
combinatorial reasoning in solving the probabilistic coin
change problem and its real-world counterpart: the MS1-to-
MF task.

5 Experiments
We empirically evaluate DeepProReasoner on solving the
PCCP in the two applications: controlled synthetic settings
of Candy Mix, and real-world MS1-to-MF instances.

5.1 Candy Mix Problem
Experimental Setup We study the PCCP in controlled syn-
thetic settings of the Candy Mix problem by varying the
number of candy types, weight distributions, and number
of sampled bags. To analyze empirical hardness, we focus
on scenarios with 3 and 4 candy types, which yield 17,576
and 456,976 possible compositions (with 0–25 candies per
type), respectively. Each dataset is split 80-20 for training
and testing. In semi-supervised settings, up to 10,000 train-
ing examples are labeled. For each setting, we conduct 5
different runs with different random seeds and report mean
accuracy with standard variation.

Approaches DeepProReasoner’s encoder is a 4 layer
gated recurrent unit (GRU) network with hidden layer di-
mension of 512. We use the RNN to encode the empirical
PMF into a fixed 512 length vector. We then use a linear
layer to map the latent vector to a count prediction with the
same size as the number of candy types. Mean absolute er-
ror is used to compare the reconstructed and the empirical
PMF. Adam optimizer (Kingma 2014) with default parame-
ters (β1 = 0.9, β2 = 0.999, ϵ = 10−8) is used for training.
For the unsupervised training, each batch contains 64 un-
labelled examples. The learning rate starts at 0.0001 and is
decayed by half every 20 epochs. We stop the training at 100
epochs.
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Figure 4: Empirical Candy Mix evaluation (mean ± SD). Left: Empirical complexity for various settings: number of candy
types (N=3, solid lines; N=4 dashed lines); Candy type weight distribution skewness characterized by its modal probability
(“strong” (0.95) or “mod” (0.75)). As an example, the solid blue line corresponds to bags with 3 candy types, 0 of which
have “mod” weight distribution, so they all have “strong” skewness. Right: Performance of learning-based approaches in semi-
supervised settings varying the amount of labeled data (0 left; 1,000 middle; 10,000 right), with 3 candy types and 108 bags.
On the unsupervised setting, DeepProReasoner attains high performance whereas the baselines completely fail. Additionally,
DeepProReasoner outperforms baselines in all supervision settings.

For the semi-supervised experiments, we adopt a bal-
anced batching strategy where each minibatch consists of
32 labeled and 32 unlabeled samples. The unsupervised
loss is computed only on the unlabeled data. This ensures
that each training iteration includes sufficient supervision to
guide model updates effectively. Furthermore, we include a
warmup phase at the start of training, during which the learn-
ing rate is set to a higher value of 5×10−3 for the first 1% of
total epochs. All models are trained using a single NVIDIA
A100 GPU with 80GB of memory.

We evaluate the single-encoder variant of the DeepProRe-
asoner against various baselines, a standard autoencoder
(AE), an MMD-VAE (Louizos et al. 2015), and an encoder-
only model. Each baseline is designed to isolate and assess
the contributions of specific components within the Deep-
ProReasoner framework, thus we maintain the same neu-
ral architectures where applicable. Specifically, the autoen-
coder and MMD-VAE evaluate the impact of using the dif-
ferentiable combinatorial probabilistic reasoner over a fully
learned decoder. The encoder-only approach evaluates the
impact of reconstruction instead of or in addition to di-
rect supervision. The same encoder, optimizer, learning rate
scheduler, and batching strategy as the DeepProReasoner are
used for all learning-based baselines.

The AE and MMD-VAE operate by taking in the latent
vector as input and predicting the original observation with
a learnable decoder. The decoder is a transformer that main-

tains embeddings for each candy type, as well as each aggre-
gated weight of interest. The transformer has 4 layers, with
hidden size of 128, and feed-forward dimension of 512. Ulti-
mately, the transformer is used to generate a predicted PMF
with the same length as the size of the input. The standard
autoencoder uses the mean absolute error (MAE) between
the observations and the generated PMF as the loss term.
The MMD-VAE additionally uses Maximum Mean Discrep-
ancy (MMD) to align the aggregated latent variables with a
prior distribution as its regularization loss.

In the semi-supervised setting, we add the MAE between
the predicted and true count vectors, across examples where
the labels are present, to the loss function. The encoder only
approach is trained using only this loss.

Results and Discussion Figure 4 shows results for the
Candy Mix problem. On the left, we examine the perfor-
mance of DeepProReasoner on 3 and 4 types of candies.
Each type’s weight distribution is characterized by its modal
probability: “strong” (0.95) or “moderate” (0.75). All com-
binations are explored, simulating real-world settings like
isotopic or manufacturing variations. DeepProReasoner at-
tains near-perfect performance when the probability distri-
butions on the candy weights are strongly skewed. (Note:
for the real-world MS1-to-MF problem (Section 5.2), the el-
ement weight distributions are even more skewed than the
all “strong” setting, indicating the strength of DeepProRe-
asoner.) We vary the number of sampled bags, with more
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samples bringing the empirical distribution closer to the the-
oretical distribution, thus giving cleaner data, and higher ac-
curacy. DeepProReasoner’s performance degrades with not-
strongly skewed weight distributions and noisier data (i.e.,
fewer sampled bags).

Figure 4 (right) compares DeepProReasoner with the
baselines on problems with 3 candy types and 108 sampled
bags. Note the baselines all have 0% unsupervised accuracy.
We further explore semi-supervised settings.

5.2 MS1-to-MF
We showcase the performance of DeepProReasoner for in-
ferring molecular formulas (MFs) accessing only unlabeled
real-world MS1 data.

Data A single sample of the model organism C. elegans,
and a single sample of Mouse Liver, containing thousands
of unknown compounds were prepared for Liquid Chro-
matography – Mass Spectrometry analysis (LC-MS). Data
were collected by the ThermoFisher Scientific research lab
yielding 27,422 unlabeled spectra for the C. elegans dataset
of and 17,363 for Mouse Liver. representing salient com-
pounds. The datasets were obtained with an ultrahigh res-
olution of 1,067,105 full width at half maximum (FWHM)
at 200 Da. Metabolomics experts from the Department of
Chemistry and Chemical Biology at Cornell University la-
beled 381 spectra (235 unique MFs) in the C. elegans set
and 162 spectra (113 unique MFs) in the Mouse Liver set
with the correct MF, evenly split into validation and test sets.
Examples were labeled over three months, underscoring
the need for unsupervised methods and precluding (semi-
)supervised approaches. The two datasets are different in the
MFs they cover: only 17 are in common among the labels.
The Mouse Liver set is typical for samples from human or
animal sources, but poses significant challenges due to both
the molecular mass range and elemental composition. Many
compounds exhibit high molecular weights, which substan-
tially increase the combinatorial space of candidate formu-
las. Moreover, most molecules are composed primarily of
common elements such as C, H, N, O, and P, which yield
subtle isotopic patterns that are difficult to distinguish. In
contrast, elements like S or Cl produce distinctive isotopic
signatures that make formula inference more tractable. Con-
sequently, accurately identifying elemental counts becomes
especially difficult when discriminative isotopic features are
limited.

Approaches We train DeepProReasoner (dual encoder)
separately on the two datasets and compare against SOTA
methods for MS1-to-MF, with standard machine learning
baselines failing to identify even a single formula correctly
in this unsupervised setting. The training settings are simi-
lar to those for the Candy Mix problem as described in Sec-
tion 5.1, with the same optimizer and learning rate scheduler.
The PMF encoder is a GRU network with 4 layers and 1024
hidden dimension each layer. A last linear layer maps the
1024-d vector to a latent vector of dimension 64. The train-
ing of DeepProReasoner is efficient: on the larger C. elegans
set, it took 2 hours and 7 minutes for the model to converge,
and on the smaller Mouse Liver set, it took 1 hours and 18
minutes, both on a single NVIDIA A100 GPU with 80GB

memory. The formula encoder uses a 64-d trainable embed-
ding vector to encode each element. A candidate formula is
encoded by multiplying its count vector by this embedding
matrix. Then, it goes through a 2-layer MLP with hidden and
output dimension of 64. We use the validation set to choose
these hyperparameters and model checkpoint. Comparisons
include SIRIUS 4.0 (Dührkop et al. 2019) and MZmine
3 (Schmid et al. 2023), two standard domain-specific meth-
ods, as well as a set of heavily studied algorithmic baselines.
All approaches leverage a set of candidate formulas deter-
mined to be within 5ppm of the monoisotopic peak, gener-
ated using HR2 (Fiehn 2007). The candidate sets were gen-
erated with 7 elements, C, H, O, N, S, P, and Cl, the most
commonly occurring elements in small organic and bio-
organic molecules, including metabolites, drugs, and natu-
ral products. This selection ensures broad chemical cover-
age in molecular formula inference, covering > 99% of the
mass of living matter (Emsley 1998). For the algorithmic
baselines, the isotopic patterns of each candidate formula
are computed using pyteomics (Goloborodko et al. 2013).
The generated spectra are compared against the experimen-
tal spectra using various similarity metrics commonly used
in the mass spectrometry literature, such as Hungarian and
Shifted cosine, mean squared error, mean absolute error, and
Jensen-Shannon divergence. Methods are evaluated by how
often the correct formula is ranked within the top 1 to 3 can-
didates. For each data set, we randomly subsampled 50% of
the test set without replacement five times and report mean
performance with standard deviation across the five subsets.

Results and Discussion We present results on the real-
world MS1 data in Figure 5. DeepProReasoner attains high
performance across the board. Notably, on the C. elegans set,
DeepProReasoner achieves a top 1 accuracy of 92.62% com-
pared to 80.78% of the next best method of MAE similarity
search. On the more challenging Mouse Liver set, Deep-
ProReasoner maintains a top 1 accuracy of 92.84% while
the next-best baseline JS struggles at 63.21%. The high top-1
accuracy means that DeepProReasoner can automatically in-
fer a single correct molecular formula with high confidence
instead of giving the user a list of examples to sift through
manually. Moreover, DeepProReasoner is much more robust
in the more difficult regime because it combines structured
probabilistic reasoning with deep representation learning,
enabling the model to disambiguate subtle isotopic differ-
ences and learn global calibration directly from data. This
joint reasoning-and-learning framework allows DeepProRe-
asoner to outperform traditional methods that rely solely on
deterministic scoring or local similarity metrics.

6 Conclusion
We introduce the Probabilistic Coin Change Problem, a
novel generalization of the classical CCP designed to model
combinatorial inverse problems where latent discrete struc-
tures generate noisy, aggregate observations via random pro-
cesses. To address PCCP, we propose DeepProReasoner,
a fully differentiable, end-to-end framework for unsuper-
vised combinatorial probabilistic reasoning. DeepProRea-
soner fundamentally differs from existing approaches by
seamlessly integrating reasoning and learning. It unifies
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Figure 5: Top K formula accuracy (mean ± SD) on real-world MS1 data. Top: C. elegans. Bottom: Mouse Liver. We compare
DeepProReasoner with the current state-of-the-art methods MZmine 3 and SIRIUS 4 and additional baselines to test spectrum
similarity metrics that are popular in the mass spectrometry literature, Hungarian and Shifted cosine, and measures for compar-
ing discrete probability distributions, mean absolute error (MAE), mean squared error (MSE), and Jensen-Shannon divergence
(JS). DeepProReasoner attains high performance especially in top-1 accuracy, outperforming the baselines by at least 11.8
points on the C. elegans set. The advantage of DeepProReasoner is even more significant on the more challenging Mouse Liver
dataset, outperforming the baselines by at least 29.6 points.

three core tasks, combinatorial search, differentiable proba-
bilistic reasoning, and representation learning, within a sin-
gle deep-learning framework. These components provide
mutual self-supervision and enable the model to learn global
calibration directly from data. More specifically, Deep-
ProReasoner learns to infer latent structures by integrat-
ing a novel differentiable probabilistic forward model of
the PMF of observed sums, enabling training via a recon-
struction loss without requiring ground-truth labels. We em-
pirically demonstrate DeepProReasoner’s effectiveness on
two instances of the PCCP: controlled settings of the syn-
thetic Candy Mix problem, and molecular formula infer-
ence from real-world MS1 data. On the Candy Mix prob-
lem, DeepProReasoner successfully recovered latent com-
positions across various settings without supervision, elu-
cidating the empirical complexity of PCCP in various set-
tings. On MS1-to-MF, DeepProReasoner substantially out-
performed existing state-of-the-art methods, achieving high
top-1 accuracies across different datasets. This highlights its
potential for high-throughput, automated molecular formula
inference.
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