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Abstract. Spatially Balanced Latin Squares are combinatorial struc-
tures of great importance for experimental design. From a computational
perspective they present a challenging problem and there is a need for
efficient methods to generate them. Motivated by a real-world applica-
tion, we consider a natural extension to this problem, balanced Latin
Rectangles. Balanced Latin Rectangles appear to be even more defiant
than balanced Latin Squares, to such an extent that perfect balance may
not be feasible for Latin rectangles. Nonetheless, for real applications, it
is still valuable to have well balanced Latin rectangles. In this work,
we study some of the properties of balanced Latin rectangles, prove the
nonexistence of perfect balance for an infinite family of sizes, and present
several methods to generate the most balanced solutions.

Keywords: Latin Rectangles · Experimental design · Local search ·
Constraint satisfaction problem · Mixed-integer programming

1 Introduction

In recent years we have seen tremendous progress in search and optimization pro-
cedures, driven in part by hard challenging structured problems, such as those
from combinatorial design. As an example, Spatially Balanced Latin squares
(SBLSs) have led to the notion of streamlining constraints [7], in which addi-
tional, non-redundant constraints are added to the original problem to increase
constraint propagation and to focus the search on a small part of the subspace,
and other notions such as XOR constraints, a powerful general purpose stream-
lining technique, with applications in search, probabilistic reasoning, and sto-
chastic optimization [1,5,6,8], and local search procedures [9].

SBLSs have been studied in detail, e.g., [4,10,11,14]. In the recent work, by
combining streamlining reasoning and human-computation, Le Bras et al. [10,11]
discovered the first polynomial time construction for the generation of SBLSs,
for any size n such that 2n + 1 is prime, and formally proved correctness of the
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procedure. This constructive solution is the first example of the use of automated
reasoning and search to find a general constructive algorithm for a combinatorial
design problem for an unlimited range of sizes. Previous automated reasoning
results in combinatorial mathematics were restricted to finding constructions for
a particular (fixed) problem size.

The demand for balanced Latin squares arises from agronomic field exper-
iments, where one wants to compare n treatments consisting of n fertilizers
applied in different orderings. Such experiments can be modeled using a Latin
Square − a standard procedure in the field of experimental design. However,
for agronomic experiments there is a caveat, geometric imbalance can poten-
tially bias the results, see for example [14]. In this paper, we propose as a new
benchmark problem Partially Balanced Latin Rectangles (PBLRs), a natural
extension SBLSs. PBLRs are also used in experimental design; in fact, in prac-
tice rectangular sizes are more common than squares, one of the key reasons why
we study them. Despite significant progress concerning SBLSs, little is known
about PBLRs. Here, we present some of the properties of balanced Latin rectan-
gles, prove the nonexistence of perfect balance for an infinite family of sizes, and
present several methods to generate the most balanced solutions. We also iden-
tify an interesting easy-hard-easy pattern in the run times of a MIP algorithm,
for proving optimality, and a CSP approach, for finding feasible solutions. We
believe that the PBLR problem is ideal as a benchmark for the study of different
search and optimization approaches.

2 Preliminaries

Definition 1. Let k, n ∈ N be positive numbers such that k ≤ n and A a k × n
matrix. We say that A is a Latin rectangle if every cell of A contains a number
in {1, . . . , n} and there are no repetitions in a row or a column.

Let u, v ∈ {1, . . . , n} be different symbols and i ≤ k. Define di(u, v) as
the distance between the symbols u and v in row i. We define the distance
d(u, v) :=

∑
i≤k di(u, v).

Definition 2. We say that a k × n rectangle A is spatially balanced if all
the distances d(u, v) are the same. In order to abbreviate we refer to them as
SBLR(k, n).

The following proposition provides novel necessary and sufficient conditions for
the existence of SBLRs.

Proposition 1. If there exists a solution for SBLR(k, n) then the distance

between any pair of symbols is equal to
k(n + 1)

3
.

Proof. If there is a solution for SBLR(k, n) then the sum of all the possible
distances divided by all the possible pairs of symbols must be integer. For a fixed
row, we have n−d pairs with distance d. Since we have k rows, the sum of all the
distances is equal to k

∑n
d=1 d(n−d) = k

(
n

∑n
d=1 d − ∑n

d=1 d2
)

= kn(n−1)(n+1)
6 .

Dividing this by the number of pairs,
(
n
2

)
, gives the result.
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As a corollary, k ≡3 0 or n ≡3 2 are necessary conditions to have balance,
since the distances are integers, k(n + 1) must be multiple of 3 and one of the
two conditions must hold.

We note that two Latin rectangles are in the same isotopy class if it is possible
to obtain one from the other by permuting its rows, columns or symbol labels.
However, spatial balance is invariant only under row permutations or relabels of
the symbols. In order to avoid redundancy, we say that a Latin rectangle is in
its reduced form if the first row is the sequence 1, 2, 3, . . . , n and the first column
is in Lexicographic order, i.e. the digits are in ascending order.

2.1 Non-existence Results

Our experiments suggest that perfectly balanced rectangles do not exist, see
Sect. 4. The next results support this claim for small ks.

Proposition 2. For k = 2 the only n for which SBLR(2, n) is nonempty is 2.

Proof. When (k, n) = (2, 2), the only solution is perfectly balanced. Let n > 2
and assume that there is a solution for SBLR(k, n). By Proposition 1 we know
that n = 3l + 2, for some integer l > 0. Without loss of generality we may
assume that in the first row the extremal symbols are 1 and n. Then, for the
pair (1, n) the smallest distance that a solution could achieve is n, as shown in
the rectangle.

1 . . . i i + 1 . . . n
∗ . . . 1 n . . . ∗

Hence, d(1, n) cannot satisfy the constraint in Proposition 1, since
2(n + 1)

3
=

2l + 2 < 3l + 2 = n ≤ d(1, n). This contradiction completes the proof.

Proposition 3. For k = 3 the only n for which SBLR(3, n) is nonempty is 3.

Proof. For the case (k, n) = (3, 3), any solution is balanced. For the cases (k, n) =
(3, 4) and (k, n) = (3, 5), we used a complete approach to check all the possible
solutions and proved that none exists.

Suppose now that n > 5, by Proposition 1 we know that if A ∈ SBLR(k, n)
then for every pair of symbols we have d(a, b) = n + 1. Again, without loss of
generality we may assume that the first row of A is the sequence 1, 2, 3, . . . , n.
Then d1(1, n) = n−1, this forces the pair 1 and n to be next to each other in the
next two rows, otherwise d(1, n) �= n+1. Analogously, since d1(1, n−1) = n−2,
the pair (1, n − 1) must have a distance of 1 in one of the remaining rows and 2
in the other, as it is shown in the rectangle.

1 . . . ∗ ∗ ∗ . . . ∗ ∗ ∗ ∗ . . . n − 1 n
∗ . . . n − 1 1 n . . . ∗ ∗ ∗ ∗ . . . ∗ ∗
∗ . . . ∗ ∗ ∗ . . . n − 1 ∗ 1 n . . . ∗ ∗

Thus, we can bound d(n − 1, n) = d1(n − 1, n) + d2(n − 1, n) + d3(n − 1, n) ≤
1 + 3 + 2 = 6 < n + 1, which yields a contradiction, this completes the proof for
all the remaining cases.
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Proposition 4. If there exists a solution for SBLR(k, n) then 6 − 18
n + 1

≤ k.

Proof. Suppose that A ∈ SBLR(k, n), without loss of generality we may assume
that A is in its reduced form. With this setting we know that

d1(1, n − 1) = n − 2, d1(1, n) = n − 1 and d1(n − 1, n) = 1. (1)

By the triangular inequality we have that for every i = 1, . . . , k, di(n − 1, n) ≤
di(1, n − 1) + di(1, n), summing over all the i ≥ 2,

k∑

i=2

di(n − 1, n) ≤
k∑

i=2

di(1, n − 1) +
k∑

i=2

di(1, n).

Using the distances that we know (1), we obtain d(n − 1, n) − 1 ≤ d(1, n − 1) −
(n−1)+di(1, n)−(n−2), since A is perfectly balanced, k(n+1)

3 ≤ 2k(n+1)
3 −2n+4.

By simplifying this expression we get the stated result.

With our last result we proved that there are no solutions for k = 4 and
n > 8, and there are also no solutions for k = 5 and n > 17. Thus, at least
for small ks and for all the sizes that do not satisfy k ≡3 0 or n ≡3 2, perfect
balanced cannot be achieved.

2.2 Partially Balanced Latin Rectangles

These results suggest that SBLR(k, n) may be an infeasible problem when k < n.
For real applications if balance cannot be achieved, it is useful to have the
most balanced solution. To measure the balance of a rectangle R we define the
imbalance function, I(R) =

∑
i<j

∣
∣
∣d(i, j) − k(n+1)

3

∣
∣
∣ . Note that this function is

non-negative and if the rectangle is perfectly balanced I(R) = 0.

Algorithm 1. Random-restart hill climbing balanced Latin Rectangles
input : k, n
output: A well Balanced Latin Rectangle R
Generate a cyclic n× n Latin Square L and define R as a k × n rectangle of
zeros;

for a fixed number of iterations do
Take k random rows of L and assign them to R;
for a fixed number of iterations do

Draw a pair of columns (i, j) at random and assign to R̄ a copy of R
with the columns (i, j) switched;

if I(R̄) < I(R) then
R = R̄;
if I(R) = 0 then

Break all the loops, we found perfect balance;
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Definition 3. Let R be a k×n Latin rectangle, we say that it is partially spatially
balanced if I(R) is minimum. For a fixed size, we denote by PBLR(k, n) the set
of these rectangles.

Thus, if perfect balance is achieved, PBLR and SBLR are equivalent. This
presents a new challenge, since the minimum value of the imbalance is unknown
a priori. Now, we need to determine the minimum imbalance, that we call Ikn,
and at the same time generate the associated partially balanced rectangle.

3 Proposed Solutions

We developed three different approaches for generating rectangles with minimum
imbalance: a local search algorithm, a constraint satisfaction encoding and a
mixed-integer programming encoding. In this section we describe these methods
and discuss some advantages and disadvantages of each encoding.

3.1 Local Search

The objective of the algorithm is to minimize the imbalance function, by perform-
ing random-restart hill climbing local search on the space of Latin rectangles.
Our algorithm starts with a cyclic solution, i.e., every row is obtained by shifting
by one position the previous row, and it was adapted from one of the best known
algorithms for balanced Latin squares proposed in [13]. One issue with this algo-
rithm is that it starts with an initial solution and never leaves its isotopic class.
So if there is no solution for that particular class, the algorithm will only explore
that class. Nevertheless, this technique was used before with successful results
for Latin squares. In that case, the stopping criterion is clear, I(R) = 0; but
for partially balance Latin rectangles the value of minR I(R) is unknown. Thus,
while this incomplete approach can only be used to find upper bounds on the
minimum imbalance, it constitutes a relevant baseline and in practice, it is able
to find good solutions fast.

3.2 Constraint Satisfaction Problem and Mixed-Integer
Programming Encodings

For any m ∈ N define [m] = {1, . . . , m}. Let Δn be the set of possible pairs
(i, j) with i, j ∈ [n] such that i < j. We consider a simple constraint satisfaction
problem that encodes the problem, where the variables Rij indicate the position
(column number) of the symbol j in row i. The first set of alldifferent constraints
guarantees that the symbols cover all the columns, while the second one guaran-
tees the non-repetition of symbols in columns. The last constraint assures that
the imbalance of solutions is upper bounded by the constant M .

Rij ∈ [n] ∀i ∈ [k], j ∈ [n]
alldiff(Ri1, ..., Rin) ∀i ∈ [k]
alldiff(R1j , ..., Rkj) ∀j ∈ [n]
∑

(i,j)∈Δn

∣
∣
∣
k(n+1)

3 − ∑k
l=1 |Rli − Rlj |

∣
∣
∣ ≤ M.

(2)
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A classical approach to boost the performance of this algorithm is to use sym-
metry breaking constraints [2,3,12], which is done with the use of the following
constraints:

R1j = j ∀j ∈ {1, . . . , n}
Ri1 < R(i+1)1 ∀i ∈ {1, . . . , k − 1} (3)

These constraints enforce that the Latin rectangle is in its reduced form, i.e., the
first row is the sequence 1, 2, 3, . . . , n, and the first column is in Lexicographic
order, i.e. the digits are in ascending order. By imposing these constraints we
are shrinking the size of the space of solutions by a factor of n!k! and only
eliminating equivalent elements from isotopic classes. For balanced squares, pre-
vious formulations use other streamlining constraints such as symmetry, that
have proven to be very effective and, in fact, the solutions found with those
constraints served as basis to uncover the underlying pattern that gave rise to
the polynomial time construction in [10]. Unfortunately, the rectangular shape
prevents us from applying such constraints.

The main drawback with the CSP formulation is that its performance
depends on the scheme chosen for the values of M and it does not incremen-
tally learn from one iteration to the next. To tackle this issue we transform this
formulation into a mixed-integer program, using I(·) as an objective function.
The MIP formulation can be written as:

min
∑

(i,j)∈Δn
Dij

s. t. Rij ∈ [n] ∀i ∈ [k], j ∈ [n],

Dij =
∣
∣
∣
k(n+1)

3 − ∑k
l=1 |Rli − Rlj |

∣
∣
∣ ∀(i, j) ∈ Δn

Rih �= Ril ∀i ∈ [k], (h, l) ∈ Δn,

Ril �= Rjl ∀(i, j) ∈ Δk, l ∈ [n]

The formulation in this case is almost the same as in (2), with the only
difference that the left-hand side of the last constraint becomes the function
that we are minimizing. Also, note that the alldifferent constraints translate to
a conjunction of binary disequalities.

Both the CSP and MIP encoding can be used to certify optimality, namely
they can prove that they find the minimal imbalance Ikn. Nevertheless, the
MIP solver does not require an initial guess for the objective function bound.
In addition, through branch and cut methods, it generates lower bounds on the
optimal value of imbalance using a hierarchy of linear relaxations. In particular,
even before proving optimality, the MIP solver can certify that there is no perfect
balance if it finds a nontrivial lower bound, which could be potentially practical
even for the square case.

4 Experimental Results

We identified an interesting easy-hard-easy pattern in the runtimes of the MIP
solver, for proving optimality, and the CSP, for finding a PBLR given Ikn, when



74 M. Dı́az et al.

k/n varies. For a fixed n, the problem becomes harder as k increases; it is easier
when k = n, see Fig. 1.

All the experiments were run using 12 cores on a single compute server with
2.93 GHz Intel(R) Xeon(R) x5670 processors and 48 GB RAM. For the optimiza-
tion and satisfiability problems we use IBM ILOG CPLEX-CP Optimizer.

Proving Optimality. To compare the CSP and MIP formulations, we ran
experiments for proving optimality, each method with 6 ≤ n ≤ 8, 2 ≤ k ≤ n and
a time limit of 35 h. The MIP solver was able to solve the problem for all the
instances up to n = 8 and k = 4, see Table 1. To prove optimality using CSP

Fig. 1. Easy-hard-easy patterns in running times of the MIP solving for proving opti-
mality and the CSP proving satisfiability of Ikn with n = 6, 7, 8.

Fig. 2. Bounds found by the local search algorithm and the MIP solver, from left to
right n = 10, 11, 12.

Table 1. Minimum imbalance found with our algorithms. The column corresponds to
k and the row to n. Grey cells indicate a proven optimal value.

2 3 4 5 6 7 8 9 10 11 12

4 2.6̄ 4 5.3̄

5 8 6 8 0

6 16 12 13.3̄ 16 0

7 28 22 22.6̄ 22.6̄ 20 18.6̄

8 40 36 32 30 24 28 0

9 65.3̄ 56 56.6̄ 56 52 66 60 0

10 92 86 92 66.6̄ 102 100 99.3̄ 80 40

11 124 120 122 122 126 136 132 128 110 0

12 168 158 162.6̄ 170.6̄ 120 183 184.6̄ 178 174.6̄ 147.3̄ 0
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we start with an initial feasible guess for the bound M and decrease it until the
problem is unsatisfiable. A natural way to measure the time is to take the sum
of the last satisfiable case and the first infeasible one. The CSP solver was good
at proving optimality for the square cases where balance is feasible. In almost
any other case, if n ≤ 6 it takes more than the time limit to run the unsatisfiable
case. Thus, the MIP seems to be a better method for proving optimality in
rectangles. However, the CSP formulation is fast at proving satisfiability once
we have the minimum imbalance a priori. Finding well balanced solutions
for larger sizes. For larger sizes, it is very difficult to prove optimality. As a
consequence, we use our local search algorithm to find upper bounds. To compare
this approach with the MIP formulation, we ran the MIP solver with a time limit
of 1500 s and execute Algorithm 1 with 1000 iterations on both loops (it takes
less than 1200 s). For large sizes the pattern is similar, if k > 3 the local search
approach outperforms the MIP one, see Fig. 2.

5 Conclusions

We study the problem of generating balanced Latin rectangles. We conjecture
(and prove for several cases) that unlike squares, it is impossible to have perfect
balance for Latin rectangles. We examined the problem of finding the most
balanced solutions, namely partially balanced Latin rectangles. We developed
different methods to prove optimality and to find well balanced solutions when it
is too expensive to guarantee optimality. We identified an interesting easy-hard-
easy pattern in the run times of the MIP, for proving optimality, and CSP, for
finding a feasible solution. For larger problems, our simple local search approach
outperforms the MIP approach.

Finding Latin rectangles with minimum imbalance seems to be a very chal-
lenging computational problem. We believe that this problem is ideal as a bench-
mark for different search and optimization approaches. We leave as an open
challenge for future researchers to improve the results in Table 1.
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