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PRODUCT TRIANGULAR SYSTEMS WITH SHIFT*
CARLA D. MORAVITZ MARTINT AND CHARLES F. VAN LOANf¥

Abstract. Systems of the form (R<1) - R(® — Al)x = b, where each R® is an n-by-n upper
triangular matrix, can be solved in O(pn?) flops if the matrix of coefficients is explicitly formed.
We develop a new method for this system that circumvents the explicit product and requires only
O(pn?) flops to execute. The error bounds for the new algorithm are essentially the same as the
error bounds for the explicit method. The new algorithm extends readily to the situation when R(1)
is upper quasi-triangular.

Key words. back-substitution, matrix products
AMS subject classification. 65F05

PII. S0895479801396051

1. Introduction. Suppose the matrices RV, R®) ... R® ¢ R"*" are all up-
per triangular and that we want to solve

(1.1) (RM...R®) — Iz =b,

where A € R, b € R", and the matrix of coefficients is nonsingular. This problem
arises in various product eigenvalue problems (A1) ... A®))z = Az. (See [2].) In these
settings the A-matrices are reduced to triangular form without the explicit formation
of the product. The computation of eigenvectors by back-substitution involves the
solution of a product triangular system with shift.

One way to solve (1.1) is to form the upper triangular matrix (R ... R(®P) — \T)
and then use back-substitution. We refer to this as the explicit method and note that
it is an O(pn?) procedure because of the matrix-matrix multiplications. In this paper
we develop an implicit method that carefully engages selected parts of the coefficient
matrix during the back-substitution process. The implicit algorithm requires only
O(pn?) flops and has the same backward error properties as the explicit method. Our
contribution therefore adds to the set of product-free matrix algorithms that have
recently been developed for problems that involve matrix products. See [1] for an
overview of this important paradigm and [4] for an example.

To illustrate the main idea without getting bogged down in details we first work
through the p = 2 case. We then discuss the general algorithm, including a simple
extension that can handle the case when R(Y) is upper quasi-triangular. An error
analysis and some reaffirming numerical results complete the paper.

2. The p = 2 case. Consider the situation when the product in (1.1) involves
just two matrices. Assume that S, T € R**™ are upper triangular and that the system

(ST—ADz=b, AeR,beR",
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is nonsingular. Suppose 1 < k < n — 1. Define
St = S(n—kn,n — kmn),
T, = T(n—kn,n—kmn),
xy = x(n —kn),
by = b(n—kmn)
and observe that
(8414 — Myq1) w4 = by
is just the trailing (k + 1)-by-(k + 1) portion of (ST — AI)z = b. It has the form

o u’ ol A0 vy | | B

0 S, 0 T, 0 M Te | | be |
where o, 7,7, 3 € R, u,v, ¢, b, € RF and S., T. € RF**. The two rows in this equation
tell us that
(2.1) (ScTe — Mp)xe = be

and

(2.2) v =

The efficiency of “ordinary” back-substitution relies on the fact that at the start of
step k the vector . is available and that the scalar v can be obtained in O(k) flops.
However, in our product system if we literally use (2.2) to compute v, then O(k?)
flops are required because of the matrix-vector product T.x.. Unless this computation
can be rearranged we are headed for an overall algorithm that needs O(n?) flops.

Fortunately there is a way to do this through a simple recursion that can be used
to compute wy = Tyxy (the “next” w) from w, = Tex,. (the “current” w). Since

/y p—
Tc

it follows that we need only compute the scalar w = 7y + v7 2. to get w, from we.
Thus, we can carry out each of the transitions . — x4 and w. — wy in O(k) flops,
and this renders the following overall procedure.
IMpLICIT METHOD (p = 2).
ZTe — bp/(S(n,n)T(n,n) — )

we — T(n,n)x.

fork=1mn—-1
o — Sn—kn—k);u «— Sn—kn—k+1n)"
T Tn—kn—k);v « T(n—kn—k+1n)T"
v = (B—o(wlz) —ulwe)/(o7 = A)

w<—T'y—|—vT:EC
w
S P

T — T,

B—ovTx. —uTT,.x.

oT — A

T UT

wy = T+l’+ = 0 T

We

TY + vTxc ]

end
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In step k there are two length-k inner products, i.e., vTz. and uTw.. Thus, the
algorithm requires a total of 2n? flops.

3. The general case. We now extend the above algorithm to the case when the
coeflicient matrix involves the product of p upper triangular matrices:

(3.1) (Ru)...R(m _ M) —
Suppose 1 < k <n — 1. Define

RS:) = R®W (n — kn,n — kn), 1= l:p,

T4 z(n — k),
by = b(n— k:n)

and observe that

(RS}) .. .RS{J) — )\Ik+1) Ty = b-i—

is just the trailing (k + 1)-by-(k + 1) portion of (3.1). It has the form

(32) o ul op Ul A0 ¥ B

3.2 . _ 7
0 RY 0 RY 0 A e be

where 0;,7, 8 € R, u;, z., b, € RF, and Rgi) € RF¥* for 4 = 1:p. In order to develop the
necessary recursions for the back-substitution process we need to look more carefully
at the product of the partitioned triangular matrices in this equation. It is easy to
show by induction on p that

P
o1 u/{ O—p U’Z; o1 gp Z(Ol e O’]_l)u?‘R((:J‘i’l) e Rgp)
o RV | | o R® | =t
¢ ¢ 0 Rgl) - R((:P)
By substituting this into (3.2) we conclude that
(3.3) (RM ... RP) — Iz, = b,
and
p T, ()
(3.4) y = Lozl )y v
o1 0p — A
where wé”) =z, and ng) = REjH) . -~R§p)xc for j = p—1: —1:1. In order to effect

an O(k) transition from z. to x4 we need to develop O(k) update recipes for the
w-vectors. In particular, we need a fast method for computing

(3.5) wg‘_j) = RS‘_j—H) e Rff)x_H j=1lp—1,
assuming that we are in possession of wgl), e ,w((;p). Since the matrices

. i =j+Lp,
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are upper triangular it follows that each wfg) has the form

() “i
wy’ = L
+ l ng) ‘|

and so we just need a quick way to compute the scalars wy,...,w,. Since wff) =4
we have
Wp B gl
wl(';p) Tc ,
and so w, = 7. Simple formulae for w,_1,...,w;1 can be derived from (3.5). This
equation tells us that wa) = R(jﬂ)wgfﬂ), ie.,
Wi | it Ul Wi+l
w 0 RYUTH || Ut |
Thus,
wj = ojrwir + ulpwi Y

for 5 = p—1: —1:1. Combining all this we obtain the following procedure.
IMPLICIT METHOD (GENERAL p).
Te — by /(RM(n,n)---R®)(n,n) — \)
(p)

We = = Te

ng) — RE‘Hl)(n,n)ngH) (j=p—-1:-1:1)

fork=1mn-1
oj «— RY(n—kn—k) (=1
uj «— RY(n—k,n—k+Ln)T (j =1:p)
B «— bn—k)

r
y= (8-> (o1 0j1)u] wd /(01"'%)\)
j=1

fk<n-1
wp — 7w —x,
Wj = Ojp1Wipl + uj-TngHl) (j=p—-1:-1:1)
(4) W .
i =1:
W { W ] (4 =1Lp)
end
1]
Te
end
T — T,

There are p length-k inner products to compute in step k, i.e., ujrng), j = L:p. Thus,

the overall algorithm requires pn? flops.
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4. The quasi-triangular case. In the eigenvector application mentioned in the
introduction it is sometimes the case that R(Y) is upper quasi-triangular, i.e., block
upper triangular with 1-by-1 and 2-by-2 blocks along the diagonal. The 2-by-2 bumps
correspond to complex conjugate eigenvalue pairs.

The implicit algorithm generalizes in a straightforward way to handle this situa-
tion. To see how to carry out a step that corresponds to a 2-by-2 bump we rewrite
(3.2) as follows:

( ) Sl UiT Sp Ug )\IQ 0 Yy ﬁ
4.1 - p— 3
o RWY 0o RW® 0 A, L. b,

where S; € R2%2 U; € Rk %2, RrRY € REXE 3 € R2, b, € R¥, and z. € R* are given.
Our goal is to compute efficiently v € R?. Following the corresponding discussion in
section 3 it can be shown that

p
Z . UTR(J-H) Rgp)

j=1

0 RW

s ur
0o RY

lsp ur

From this it follows that ( E” e Rép) — M)z, = b. and

p

(4.2) (S1-8y = M)y = B = > (S1-+-S;-1) U w?,
j=1

where w(p) =z, and

(4.3) w@ = RUYD .. Rz j=p—1:—1:1.

Thus, the next two components of x, i.e., v = z(n —k — 1:n — k), are found by solving

(4.2), a 2-by-2 linear system. The update of the w-vectors is analogous to the update

derived in section 3 for the triangular case. Since wgf)

Wp _ 2l

wi?) e |

() _ QU G+D)
Wj41
ng-i-l) ’

J+1)

= x4 we have

W) =

and so w, = . From (4.3) w

Wi
W |

and so the vectors w; € R? can be found via

, i.e.,

Siv1 Ul
0 RUTD

wj = Sjtwjt+1 —|—U+1’LU(

for j = p—1:—1:1. Thus, the transition from {z., wc T } to {z4 w+ Yo m}f)}

involves O(k) flops even if a 2-by-2 bump is encountered.
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5. Backward error analysis. We show that backward error analyses for the
explicit and implicit methods are essentially the same. The goal is not to derive the
“best possible” results but simply to substantiate observed numerical behavior. In
particular, we show that both the explicit and implicit methods produce a computed
solution Z that solves a “nearby” system

(5.1) (RW...R®) _\I+ E)z = b,
where the perturbation matrix E satisfies
(5-2) IE] = O (I RW - | R® || + |A])

with u being the unit roundoff and || - || designating (say) the 2-norm.

For simplicity we assume that R() is upper triangular. The analysis for the
quasi-triangular case is similar and basically yields the same results.

Consider the explicit method first. It begins with the computation of the matrix
of coefficients A = R ... R(®P) — \T:

A; =RW
for j = 2:p
A; =1fl(A;_1RD)
end
A=1(A, — \I)

Here, fi(z op y) is the floating point version of x op y, where z and y are floating
point scalars, vectors, or matrices and “op” is some legitimate operation between
them. Applying standard floating point error results that can be found in [2] or [3],
it can be shown that

(5.3) Aj = AjRY + B, IE; || = O (ul Aj—1 [ B9 )
for j = 2:p. Taking into account the roundoff error associated with the A-shift gives
(54) A=A, - A + R, I FL = 0 (4, +A)).
and so by a simple inductive argument we find that

A p .

A=RD...R® _\[ + F + ZEJ.R(]"‘U...R(P).

j=2
At this point back-substitution is applied to Az = b and produces an & that satisfies
(5:5) (A+ F)i=b, | ol = O (ulAl).
Combining all of these results, it is not hard to show that (5.1) holds with
p .
E=F+)Y E;RUV...RP 4+,
j=2

Taking norms in this equation and simplifying the right-hand side with (5.3), (5.4),
and (5.5) confirms (5.2).
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To show that (5.1) and (5.2) apply to the implicit method, we proceed by induc-
tion on n. The n = 1 case holds because the & produced by the implicit method is
identical to the # that is produced by the explicit method.

Assume that 1 < k < n — 1. Using the notation of section 3 and “hats” to
designate computed quantities, the induction argument is complete if we can show
that

(5.6) (Rj}’---RS?) — My + E+) Bi=by
with

(5.7) I 24l =0 (u(l B -1 B 1+ 1A)).
given that

(5.8) (Rgl>~-Rgp> — AL + E) o= b,
with

(5.9) 1Bl = 0 (w(IRY | | RP | + 1)) -

To that end partition (5.6)

€ GT

E:
- 0 E,

conformably with (3.2).
From (5.6) we see that our task is to show that 4 satisfies

o ul op U} A0 e el [ 4
m | ® |~ + .
0 RS 0 RS 0 Ay 0 E.|)| &
p . A
o1 a'p _ )\ + € Z(O'l . U]*l)uz‘ng—‘rl) . R((:p) + eT 7 B
0 RMY...RP) _ I + E. e | be
(5.10)
with
(5.11) el = O (a (IR |- RY |+ 1AT))
and
(5.12) lell =0 (a(l B -1 RY I+ IN)) -

Using elementary properties of the 2-norm, it can be shown that (5.7) follows from
(5.9), (5.11), and (5.12).
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Before we set out to verify (5.11) and (5.12) we establish a handy tilde notation
that can be used to indicate accuracy to machine precision. If M is a matrix, then M
is an approximation that satisfies | M — M ||/|| M || = O (u). The notation is a useful
way to account for the rounding errors in floating point matrix-vector multiplication.
Indeed, if M is a floating point matrix and v is a floating point vector, then fl (Mv) =
M.

When we account for all the rounding errors associated with the evaluation of the
right-hand side in (3.4) we find that

p
B-> ((01 o)1+ Mj)flf)ﬁ]))
5.13 5 = =1 ,
(5.13) K o1 op(L+61) — A(1+62)
where |6, = O (u) for ¢ = 1,2 and |p;| = O (u) for i = 1:p. We shall establish below
that the computed w,. vectors satisfy

(5:19) 00 = (RO 4 FIH0) o (RP + )i, || = 0 (ul B9
for 7 = 1:p. This says that

(5.15) ® = (Rgﬂn...Rgp) 4 G(j)) 2o

where || GU) || = O(ul| joﬂ) Il R&p) ). By rearranging (5.13) and substituting

(5.15) we get
B= (o1 op(1+01) = A1+ 82))%

P

+ [ Y01 o) (1 + )it (jo+1>...Rgp) n G(j)> i,
j=1
p .
= (01 0p—A+E)F + Z(Ul R <R£J+1) ) --Rf}’)) 4T | 4,
j=1

which completely specify € € R and e € R¥. It follows that (5.10) holds for this choice
of € and e. Moreover, (5.11) and (5.12) are both satisfied.

The last thing we must do is verify (5.14) for 7 = 1:p. This result is certainly
correct if k = 1 since w, = ﬁ(r%{" b... 7"7(1’2). Assume that it holds for general k. Our
task is to show that

(516) 'UA)Sf) — [ w(i) ] _ (RS_]Jrl) + Fj_JJrl))(RSI?) + Fip))£+7
where
(5.17) I 7P = o (ul R T), j=pi— L

In looking at the specification of the implicit algorithm in section 3, we see that (5.16)
holds if j = p since

wﬂ{”[

@
[
I
>

i
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Assume that (5.16) and (5.17) hold for some general j that satisfies 1 < j < p. From
(5.14) and the definition of w; we have

=1 Wj—1 fi(oj0; + uijgj))
w = - = , :
* Wi~y (RY + F9Y...(RW + FP)z,
Since
f(oj@; +u] W) = oj@; (1 +7) + @) Wi,
where || = O (u), we have
. oi(1+7) at @; . N
@y~ = l j @ . 5o [ o | =B+ R,
O (Rc + Fc ) We
where
p _ [ To5 (i —uy)t
+ 0 FC(J) '

It follows that (5.16) and (5.17) hold for j = p: — 1:1.

This completes the verification that both the explicit and implicit methods pro-
duce computed solutions that satisfy (5.1) and (5.2). We mention that if A = 0, then
we can solve (1.1) via repeated back-substitution. Using standard results about this
process it can be shown that

(R(l) + E(l)) . (R(P) + E(p))i =1,

where [EWV)| = O (u|RY|) for j = 1:p. So although we have shown that the error
bounds for the implicit and explicit methods are essentially the same, neither result
is as strong as that which can be obtained for the A = 0 case.

6. Numerical results. MATLAB implementations of the explicit and implicit
methods are available at http://www.cs.cornell.edu/cv/ and were tested to see if
the preceding inverse error analysis is realistic. Results like (5.1)—(5.2) that claim a
computed solution & satisfies a “nearby” system (A + E)& = b can be affirmed by
comparing the 2-norm of

E=b-A#)z"/(2"%)

with the alleged 2-norm error bound. This is because (A + E)i‘ = b and E has the
smallest 2-norm of all matrices E that satisfy (A + E)Z = b. Indeed,

L |b—Ad
1ey = =22l

In our case A = RM ... R®) — \I, and so the issue before us is the size of

(b= (RW - RW — AD)i||/|| & ]|)

(6.1) P(2) = (a (| RO |-+ || R® | +]A]))
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TABLE 6.1 .
Lower and upper bounds for || Eimp ||/|| Eezp |-

p=2 p=4 p==6
n=>50 | (.10, 8.4) | (.08, 14.6) | (.06, 7.6)
n =100 | (.14, 6.3) (.07, 5.5) (.06, 6.6)
n =150 | (.09, 6.0) (.04, 5.4) (.16, 6.6)
n =200 | (.19, 3.4) (.09, 8.7) (.06, 8.6)

when Z is the solution obtained via the implicit and explicit methods. Denote these
solutions by &y, and Zegp, respectively. Note that if

Eimp = (b - Ailmp)ifmp/(ifmp‘%Zmp)a
EQIP = (b - Ai@IP)‘%Zmp/('%Zzpjewp)a
then from (6.1)

¢(i'imp) _ H Eimp ||
(b(iezp) || Eexp H

For a particular choice of n and p we experimentally determined a lower bound « and
an upper bound ( for this quotient, i.e., @ and (3 so that

af Eeczp < Eimp | <3l Eeup |-

In Table 6.1 we report the results. Each cell specifies an estimate of o and (3 based on
100 randomly generated examples. The results substantiate what the error analysis
of section 5 says. The inverse error analysis for the implicit method is essentially the
same as the inverse error analysis for the explicit method.
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