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DNA hybridizationarrayssimultaneouslymeasuretheexpression
level for thousandsof genes.Thesemeasurementsprovidea“snap-
shot” of transcriptionlevels within the cell. A major challenge
in computationalbiology is to uncover, from suchmeasurements,
gene/proteininteractionsandkey biologicalfeaturesof cellularsys-
tems.

In this paper, we proposea new framework for discoveringin-
teractionsbetweengenesbasedon multiple expressionmeasure-
ments. This framework builds on the useof Bayesiannetworks
for representingstatisticaldependencies. A Bayesiannetworkis a
graph-basedmodelof joint multi-variateprobability distributions
thatcapturespropertiesof conditionalindependencebetweenvari-
ables.Suchmodelsareattractive for their ability to describecom-
plex stochasticprocesses,and for providing clearmethodologies
for learningfrom (noisy)observations.

We startby showing how Bayesiannetworkscandescribein-
teractionsbetweengenes.We thenpresentan efficient algorithm
capableof learningsuchnetworksanda statisticalmethodto as-
sessourconfidencein their features.Finally, weapplythismethod
to theS.cerevisiaecell-cyclemeasurementsof Spellmanetal. [35]
to uncoverbiologicalfeatures.������	
����������	������
A centralgoalof molecularbiology is to understandtheregulation
of proteinsynthesisandits reactionsto externaland internalsig-
nals. All the cells in an organismcarry the samegenomicdata,
but their proteinmakeupcanbe drasticallydifferentboth tempo-
rally and spatially, due to regulation. Proteinsynthesisis regu-
lated by many mechanismsat its different levels. Theseinclude
mechanismsfor controllingtranscriptioninitiation, RNA splicing,
mRNA transport,translationinitiation,post-translationalmodifica-
tions,anddegradationof mRNA/protein.Oneof themainjunctions
at which regulationoccursis mRNA transcription.A majorrole in�
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this machineryis playedby proteinsthemselves,thatbind to regu-
latoryregionsalongtheDNA, greatlyaffectingthetranscriptionof
thegenesthey regulate.

In recentyears,technicalbreakthroughsin spottinghybridiza-
tion probesandadvancesin genomesequencingefforts leadto de-
velopmentof DNA microarrays, which consistof many speciesof
probes,eitheroligonucleotidesor cDNA, thatareimmobilizedin a
predefinedorganizationto a solid phase.By usingDNA microar-
raysresearchersarenow ableto measurethe abundanceof thou-
sandsof mRNA targetssimultaneously[12, 27, 39]. Unlike clas-
sicalexperiments,wheretheexpressionlevelsof only a few genes
werereported,DNA microarrayexperimentscanmeasureall the
genesof an organism,providing a “genomic” viewpoint on gene
expression.As a consequence, this technologyfacilitatesnew ex-
perimentalapproachesfor understandinggeneexpressionandreg-
ulation[24, 35].

Earlymicroarrayexperimentsexaminedfew samples,andmainly
focusedon differentialdisplayacrosstissuesor conditionsof in-
terest.The designof recentexperimentsfocuseson performinga
larger numberof microarrayexperimentsrangingin size from a
dozento a few hundredsof samples.In the nearfuture,datasets
containingthousandsof sampleswill becomeavailable. Suchex-
perimentscollectenormousamountsof data,which clearlyreflect
many aspectsof the underlyingbiological processes.An impor-
tant challengeis to develop methodologiesthat are both statisti-
cally soundandcomputationallytractablefor analyzingsuchdata
setsandinferringbiologicalinteractionsfrom them.

Most of the analysistools currentlyusedare basedon clus-
tering algorithms. Thesealgorithmsattemptto locategroupsof
genesthat have similar expressionpatternsover a set of experi-
ments[2, 4, 15, 29, 35]. Suchanalysishasproven to be usefulin
discoveringgenesthatareco-regulated.A moreambitiousgoalfor
analysisis revealingthestructureof the transcriptionalregulation
process[1, 6, 33, 38]. This is clearlya hardproblem.Thecurrent
datais extremelynoisy. Moreover, mRNA expressiondataalone
only givesa partialpicturethatdoesnot reflectkey eventssuchas
translationandprotein(in)activation. Finally, theamountof sam-
ples,evenin thelargestexperimentsin theforeseeablefuture,does
not provide enoughinformationto constructa full detailedmodel
with highstatisticalsignificance.

In this paper, we introducea new approachfor analyzinggene
expressionpatterns,thatuncoverspropertiesof thetranscriptional
programbyexaminingstatisticalpropertiesof dependenceandcon-
ditional independence in the data. We baseour approachon the
well-studiedstatisticaltool of Bayesiannetworks[31]. Thesenet-
works representthe dependencestructurebetweenmultiple inter-
actingquantities(e.g.,expressionlevels of differentgenes).Our
approach,probabilisticin nature,is capableof handlingnoiseand
estimatingthe confidencein thedifferentfeaturesof thenetwork.



We arethereforeableto focuson interactionswhosesignalin the
datais

A
strong.

Bayesiannetworksareapromisingtool for analyzinggeneex-
pressionpatterns.First, they areparticularlyusefulfor describing
processescomposedof locally interactingcomponents;that is, the
valueof eachcomponentdirectlydependson thevaluesof a rela-
tively smallnumberof components.Second,statisticalfoundations
for learningBayesiannetworksfrom observations,andcomputa-
tional algorithmsto do soarewell understoodandhavebeenused
successfullyin many applications.Finally, Bayesiannetworkspro-
vide modelsof causalinfluence:AlthoughBayesiannetworksare
mathematicallydefinedstrictly in termsof probabilitiesandcon-
ditional independencestatements,a connectioncanbe madebe-
tweenthis characterizationand the notion of direct causal influ-
ence. [22, 32, 36].

The remainderof this paperis organizedasfollows. In Sec-
tion 2, we review key conceptsof Bayesiannetworks,learning
themfrom observations,andusingthemto infer causality. In Sec-
tion 3,wedescribehow Bayesiannetworkscanbeappliedto model
interactionsamonggenesanddiscussthe technicalissuesthat are
posedby this type of data. In Section4, we apply our approach
to the gene-expressiondataof Spellmanet al. [35], analyzingthe
statisticalsignificanceof the resultsandtheir biologicalplausibil-
ity. Finally, in Section5, we concludewith a discussionof related
approachesandfuturework.B CD�9E�F9�
���G�IHJF9	$K3�G�@L��B�M��ON&FQP��
F5�/FQ��	�����RTSJ���
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Considera finite set XZY\[�]I^�_+`+`+`+_a]cbed of randomvariables
whereeachvariable ]cf may takeon a value ghf from the domain
Val i�] f
j . In thispaper, wefocusonfinite domains,thoughmuchof
thefollowing holdsfor infinite domains,suchascontinuousvalued
randomvariables.We usecapitalletters,suchas ]k_
lD_
m , for vari-
ablenamesandlowercaseletters g&_
ne_�o to denotespecificvalues
takenby thosevariables.Setsof variablesaredenotedby boldface
capitalletterspq_
rs_
t , andassignmentsof valuesto thevariables
in thesesetsaredenotedby boldfacelowercaselettersx _ y _ z. We
denoteuei�pwv8ryx�t j to meanp is independentof r conditioned
on t .

A Bayesiannetwork is a representationof a joint probability
distribution. This representationconsistsof two components.The
first component,z , is a directedacyclic graphwhoseverticescor-
respondto the randomvariables] ^ _+`�`+`8_�] b . The secondcom-
ponentdescribesaconditionaldistribution for eachvariable,given
its parentsin z . Together, thesetwo componentsspecifya unique
distribution on ] ^ _+`+`+`+_a] b .

Thegraphz representsconditionalindependenceassumptions
that allow the joint distribution to be decomposed,economizing
on the numberof parameters.The graph z encodesthe Markov
Assumption:

(*) Eachvariable ] f is independentof its non-descendants,given
its parentsin z .

By applying the chain rule of probabilitiesand propertiesof
conditionalindependencies,any joint distribution thatsatisfies(*)
canbedecomposedin theproductform

{ i�]I^
_+`+`�`+_�]cb j Y b| f�} ^ { i�] f xPai�] f�j�j _
wherePai�]cf j is thesetof parentsof ]cf in z . Figure1 showsan
exampleof agraph z , lists theMarkov independenciesit encodes,
andtheproductform they imply.

To specifya joint distribution,wealsoneedto specifythecon-
ditional probabilitiesthat appearin the productform. This is the
secondcomponentof thenetworkrepresentation.Thiscomponent
describesdistributions

{ i�g~f@x pa i�]�f j�j for eachpossiblevalue ghf
of ] f , andpa i�] f
j of Pai�] f�j . In the caseof finite valuedvari-
ables,we can representtheseconditionaldistributions as tables.
Generally, Bayesiannetworksare flexible and can accommodate
many formsof conditionaldistribution, includingvariouscontinu-
ousmodels.

Given a Bayesiannetwork, we might want to answermany
typesof questionsthat involve the joint probability (e.g.,what is
the probabilityof ]�Y�g given observationof someof the other
variables?)or independenciesin the domain(e.g.,are ] and l
independentoncewe observe m ?). The literaturecontainsa suite
of algorithmsthatcananswersuchqueries(e.g.,see[25, 31]), ex-
ploiting the explicit representationof structurein orderto answer
queriesefficiently.B�M�B ���������9�G� FQ����F���� ���
�
F9�����JCD�5EWF5�/���G�IHJF5	4K3�G��L��
A Bayesiannetworkstructurez impliesasetof independenceas-
sumptionsin additionto (*). Let Ind i$z j bethesetof independence
statements(of theform ] is independentof l given t ) thathold
in all distributionssatisfyingtheseMarkov assumptions.Thesecan
bederivedasconsequencesof (*).

More thanonegraphcan imply exactly the samesetof inde-
pendencies.For example,considergraphsover two variables]
and l . Thegraphs]���l and ]���l both imply thesameset
of independencies(i.e., Ind i$z j Y�� j . We saythat two graphsz
and z�� areequivalentif Ind i$z j Y Indi$z�� j .

This notion of equivalenceis crucial,sincewhenwe examine
observationsfrom a distribution, we cannotdistinguishbetween
equivalentgraphs.Resultsof [7, 32] show thatwecancharacterize
equivalenceclassesof graphsusingasimplerepresentation.In par-
ticular, theseresultsestablishthatequivalentgraphshave thesame
underlyingundirectedgraphbut might disagreeon thedirectionof
someof thearcs.

Theorem2.1 [32] Two graphsare equivalentif andonly if their
DAGshavethesameunderlyingundirectedgraphandthesamev-
structures(i.e. convergingdirectededgesinto thesamenode,such
as ��������� ).

Moreover, an equivalenceclassof networkstructurescan be
uniquelyrepresentedby apartially directedgraph(PDAG),where
a directededge ]���l denotesthat all membersof the equiv-
alenceclasscontainthe arc ]\��l ; an undirectededge] — l
denotesthatsomemembersof the classcontainthearc ]��\l ,
while otherscontainthearc l���] . Given a directedgraph z ,
thePDAGrepresentationof its equivalenceclasscanbeconstructed
efficiently [7].B�M�� �QF9���$������RkCD�9E�F5�/���G�IHJF9	$K3�G�@L��
The problemof learninga Bayesiannetworkcanbestatedasfol-
lows. Given a training set � Y�[ x ^ _�`+`+`+_ x ¡¢d of independentin-
stancesof X , find a network £�Yy¤$z¥_
¦�§ that bestmatches � .
(More precisely, we searchfor an equivalenceclassof networks
thatbestmatches� .) Thecommonapproachto this problemis to
introducea statisticallymotivatedscoringfunction that evaluates
eachnetworkwith respectto thetrainingdata,andto searchfor the
optimalnetworkaccordingto thisscore.

A commonlyusedscoringfunctionis theBayesianscore(see[10,
21] for completedescription):

Si$z©¨Q� j Y ª�«9¬ { i$z­x5� jY ª�«9¬ { i$�®x�z jh¯ ª�«9¬ { i$z jh¯±°
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Figure1: An exampleof asimpleBayesiannetworkstructure.

Thisnetworkstructureimpliesseveralconditionalindependencestatements:uei�²³v
´ j , uei$£�v���xW²³_
´ j , uei ° va²¥_
�I_a´µx�£ j , uei$�Iv
£�_ ° _@´µx�² j , and uei$´¥va²¥_
� j .
Thenetworkstructurealsoimpliesthatthejoint distribution hastheproductform{ i�²¥_@£�_ ° _
�I_a´ j Y { i�² j { i$£cx ²¥_a´ j { i ° x £ j { i$�kx ² j { i$´ j

where ° is aconstantindependentof z and{ i$�®x�z j Yq¶ { i$�®x9z¥_
¦ j { i$¦©xQz j4· ¦
is the marginal likelihood which averagesthe probability of the
dataover all possibleparameterassignmentsto z . Theparticular
choiceof priors

{ i$z j and
{ i$¦�xDz j for each z determinesthe

exact Bayesianscore.Undermild assumptionson theprior prob-
abilities, this scoringmetric is asymptoticallyconsistent:Given a
sufficiently large numberof samples,graphstructuresthatexactly
captureall dependenciesin thedistribution,will receive,with high
probability, a higherscorethanall othergraphs[19]. This means,
thatgivenasufficiently largenumberof instancesin largedatasets,
learningprocedurescanpinpointtheexactnetworkstructureup to
thecorrectequivalenceclass.

Heckermanet al. [21] presenta family of priors, calledBDe
priors, thatsatisfytwo importantrequirements:First, thesepriors
arestructureequivalent, i.e., if z and z�� areequivalentstructures
they areguaranteedto have thesamescore.Second,thepriorsare
decomposable. Thatis, thescorecanberewrittenasthesum

SBDe i$z©¨�� j Yw¸ f ScoreContributionBDe i�]cf4_ Pai�]cf j ¨Q� j _
wherethe contribution of every variable ]cf to the total network
scoredependsonly on its own valueandthe valuesof its parents
in z . Thesetwo propertiesaresatisfiedfor BDe priors whenall
instancesx ¹ in � arecomplete—that is, they assignvaluesto all
thevariablesin X .

Oncethe prior is specified(we usean un-informativeprior in
ourexperiments)andthedatais given,learningamountsto finding
thestructurez thatmaximizesthescore.Thisproblemis known to
be NP-hard[8], thuswe resortto heuristicsearch.Thedecompo-
sition of thescoreis crucialfor thisoptimizationproblem.A local
searchprocedurethatchangesonearcat eachmovecanefficiently
evaluatethegainsmadeby adding,removing or reversinga single
arc.An exampleof suchaprocedureis agreedyhill-climbing algo-
rithm thatateachstepperformsthelocal changethatresultsin the
maximalgain,until it reachesalocalmaximum.Althoughthispro-
ceduredoesnotnecessarilyfind aglobalmaximum,it doesperform
well in practice.Examplesof othersearchmethodsthatadvanceus-
ing one-arcchangesincludebeam-search,stochastichill-climbing,
andsimulatedannealing.B�M º ��F9�Q�4������R»�D�G���
�G�½¼h��	�	�FQ�4���
A Bayesiannetworkis amodelof dependenciesbetweenmultiple
measurements.Wearealsointerestedin modelingtheprocessthat
generatedthesedependencies. Thus, we needto model the flow
of causalityin the systemof interest(e.g.,genetranscription).A
causalnetworkis a modelof suchcausalprocesses.A causalnet-
work is similarto aBayesiannetwork(i.e.,aDAGwhereeachnode
representsa randomvariablealongwith a local probabilitymodel

for eachnode),the differencebeing it interpretsthe parentsof a
variableasits immediatecauses.

We canrelatecausalnetworksandBayesiannetworks,by as-
sumingtheCausalMarkovAssumption: giventhevaluesof avari-
able’s immediatecauses,it is independentof its earlier causes.
WhenthecasualMarkov assumptionholds,thecausalnetworksat-
isfies the Markov independenciesof the correspondingBayesian
network,thusallowing usto treatcausalnetworksasBayesiannet-
works. For example,this assumptionis a naturalonein modelsof
geneticpedigrees:oncewe know thegeneticmakeupof the indi-
vidual’s parentsthegeneticmakeupof herancestorsarenot infor-
mative aboutherown geneticmakeup.

ThemaindifferencebetweencausalandBayesiannetworks,is
that a causalnetworkmodelsnot only the distribution of the ob-
servations,but also the effectsof interventions. If ] causesl ,
thenmanipulatingthe valueof ] (i.e., settingit to anothervalue
in sucha way that themanipulationitself doesnot affect theother
variables),affectsthevalueof l . Ontheotherhand,if l is acause
of ] , thenmanipulating] will not affect l . Thus,althoughthe
Bayesiannetworks] ��l and ]y��l areequivalent,ascausal
networksthey arenot.

Whencanwe learna causalnetworkfrom observations?This
issuereceived a thoroughtreatmentin the literature[22, 32, 36].
From observationsalone, we cannotdistinguishbetweencausal
networksthatspecifythesameindependenceassumptions,i.e.,be-
long to thesameequivalenceclass.Whenlearninganequivalence
class(PDAG) from thedata,we canconcludethat the true causal
networkis possiblyany oneof thenetworksin this class. If a di-
rectedarc ]\��l is in the PDAG, thenall the networksin the
equivalenceclassagreethat ] is an immediatecauseof l . Thus,
we infer thecausaldirectionof theinteractionbetween] and l .
Westressthatwecaninfer suchcausalrelationswithoutany exper-
imentalintervention(e.g. knockoutandover-expressions)among
oursamples.�O�3PGPG� E9����RVC¾�9E�F9�
���G�IHJF9	4K��G�@L��J	��T��¿�P��
F5�/�
�����ÀSJ��	��
In thissectionwedescribeour approachto analyzinggeneexpres-
siondatausingBayesiannetworklearningtechniques.We model
theexpressionlevel of eachgeneasarandomvariable.In addition,
otherattributesthat affect the systemcanbe modeledasrandom
variables. Thesecan include a variety of attributesof the sam-
ple, suchasexperimentalconditions,temporalindicators(i.e., the
time/stagethat thesamplewastakenfrom), backgroundvariables
(e.g.,which clinical procedurewasusedto get a biopsysample),
andexogenouscellularconditions.

By learningaBayesiannetworkbasedon thestatisticaldepen-
denciesbetweenthesevariables,we can answera wide rangeof
queriesaboutthesystem.For example,doesthe expressionlevel
of a particulargenedependon theexperimentalcondition?Is this
dependencedirect,or indirect?If it is indirect,which genesmedi-
atethedependency? We now describehow onecanlearnsucha
modelfrom thegeneexpressiondata.Many importantissuesarise
whenlearningin this domain. Theseinvolve statisticalaspectsof



interpretingthe results,algorithmiccomplexity issuesin learning
from thedata,andpreprocessingthedata.

Mostof thedifficultiesin learningfrom expressiondatarevolve
aroundthe following centralpoint: Contraryto previous applica-
tionsof learningBayesiannetworks,expressiondatainvolvestran-
script levelsof thousandsof geneswhile currentdatasetscontain
at mosta few dozensamples.This raisesproblemsin computa-
tional complexity and the statisticalsignificanceof the resulting
networks. On the positive side, geneticregulation networksare
sparse,i.e., given a gene,it is assumedthat no more thana few
dozengenesdirectlyaffect its transcription.Bayesiannetworksare
especiallysuitedfor learningin suchsparsedomains.��M��ON&FQP��
F5�/FQ��	�����RT¼h�Q�
	����G�½Ák���eFQ� �
When learningmodelswith many variables,small datasetsare
not sufficiently informative to significantlydeterminethata single
modelis the“right” one. Instead,many differentnetworksshould
beconsideredasreasonableexplanationof thegiventhedata.From
a Bayesianperspective, we saythat the posteriorprobabilityover
modelsis not dominatedby a singlemodel(or equivalenceclass
of models).^ Our approachis to analyzethis setof plausible(i.e.,
high-scoring)networks. Although this setcanbe very large, we
might attemptto characterizefeaturesthatarecommonto mostof
thesenetworks,andfocuson learningthem.

Before we examine the issueof inferring such features,we
briefly discusstwo classesof featuresinvolving pairsof variables.
While at thispointwehandleonly pairwisefeatures,it is clearthat
thisanalysisis notrestrictedto them,andin thefutureweareplan-
ningon examiningmorecomplex features.

Thefirst typeof featuresisMarkovrelations: Is l in theMarkov
blanketof ] ? TheMarkov blanketof ] is theminimalsetof vari-
ablesthat shield ] from the rest of the variablesin the model.
More precisely, ] given its Markov blanketis independentfrom
theremainingvariablesin thenetwork.It is easyto checkthatthis
relationis symmetric: l is in ] ’s Markov blanketif andonly if
thereis eitheranedgebetweenthem,or bothareparentsof another
variable[31]. In thecontext of geneexpressionanalysis,aMarkov
relationindicatesthat the two genesarerelatedin somejoint bio-
logical interactionor process.Note,two variablesin aMarkov re-
lation aredirectly linked in thesensethatno variablein themodel
mediatesthedependencebetweenthem.It remainspossiblethatan
unobservedvariable(e.g.,proteinactivation) is an intermediatein
their interaction.

Thesecondtypeof featuresis orderrelations: Is ] anancestor
of l in all the networksof a given equivalenceclass? That is,
doesthegivenPDAG containapathfrom ] to l in whichall the
edgesaredirected? This type of featuredoesnot involve only a
closeneighborhood,but rathercapturesa global property. Recall
that underthe assumptionsof Section2.4, learningthat ] is an
ancestorof l would imply that ] is acauseof l . However, these
assumptionsdo not necessarilyhold in the context of expression
data. Thus,we view sucha relationasan indication,ratherthan
evidence,that ] might beacausalancestorof l .��M B ���
	���Â¥��	�����RIÃ�	���	����
	������G���Ä���9Åh�eFQ����F����TÆQF9��	
�G�
F9�
We now facethe following problem: To what extent do the data
supportagivenfeature?Moreprecisely,wewanttoestimateamea-
sureof confidencein the featuresof the learnednetworks,where
“confidence”approximatesthelikelihoodthatagivenfeatureis ac-
tually true(i.e. is basedon agenuinecorrelationandcausation).

An effective, and relatively simple, approachfor estimating
confidenceis the bootstrap method[14]. The main idea behindÇ

ThisobservationisnotuniquetoBayesiannetworkmodels.It equallywell applies
to othermodelsthatarelearnedfrom geneexpressiondata,suchasclusteringmodels.

the bootstrapis simple. We generate“perturbed”versionsof our
originaldataset,andlearnfrom them.In thiswaywecollectmany
networks,all of which are fairly reasonablemodelsof the data.
Thesenetworksshow how small perturbationsto the datacanef-
fectmany of thefeatures.

In ourcontext, weusethebootstrapasfollows:È For ÉÊYÌË�`8`+`
Í (in ourexperiments,weset Í�YqÎWÏ5Ï ).
– Re-samplewith replacement,Ð instancesfrom � . De-

noteby ��f theresultingdataset.
– Apply the learningprocedureon � f to inducea net-

work structure Ñz f .È For eachfeatureÒ of interestcalculate

confi$Ò j Y ËÍÔÓ¸ f�} ^ Ò&iJÑz�f j
where Ò&i$z j is 1 if Ò is a featurein z , and0 otherwise.

We refer the readerto [16] for moredetails,aswell aslarge-scale
simulationexperimentswith this method.Thesesimulationexper-
imentsshow that featuresinducedwith high confidencearerarely
falsepositives,even in caseswherethe datasetsaresmall com-
paredto the systembeing learned. This bootstrapprocedureap-
pearsespeciallyrobustfor theMarkov andorderfeaturesdescribed
in section3.1.��M�� �GÕ»�W��FQ��	³��F9�Q�4������R��3� Re�G����	
UeÂ³�
In section2.3,we formulatedlearningBayesiannetworkstructure
asanoptimizationproblemin thespaceof directedacyclic graphs.
The numberof suchgraphsis super-exponentialin thenumberof
variables.As we considerhundreds& thousandsof variables,we
mustdealwith anextremelylargesearchspace.Therefore,weneed
to use(anddevelop)efficient searchalgorithms.

To facilitateefficient learning,we needto beableto focusthe
attentionof thesearchprocedureon relevantregionsof thesearch
space,giving rise to the SparseCandidatealgorithm [18]. The
mainideaof thistechniqueis thatwecanidentify arelatively small
numberof candidateparentsfor eachgenebasedon simplelocal
statistics(suchascorrelation).We thenrestrictour searchto net-
works in which only thecandidateparentsof a variablecanbeits
parents,resultingin a muchsmallersearchspacein whichwe can
hopeto find agoodstructurequickly.

A possiblepitfall of this approachis thatearlychoicescanre-
sult in anoverly restrictedsearchspace.To avoid this problem,we
devisedaniterative algorithmthatadaptsthecandidatesetsduring
search.At eachiteration Ö , for eachvariable ]cf , the algorithms
choosesthe set ° bf Y�[9l ^ _+`+`8`+_
l�×�d of variableswhich are the
mostpromisingcandidateparentsfor ]cf . We thensearchfor £ b ,
anoptimalnetworkin whichPaØ&Ùhi�]cf jÛÚÜ° bf . Thenetworkfound
is thenusedto guidetheselectionof bettercandidatesetsfor the
next iteration.We ensurethat £ b monotonicallyimprovesin each
iterationby requiringPaØ Ù�Ý Ç i�] f�jÞÚß° bf . Thealgorithmcontin-
uesuntil thereis no changein thecandidatesets.

We briefly outline our methodfor choosing ° bf . We assign
each ]¥à somescoreof relevanceto ] f , choosingvariableswith
thehighestscore.A naturalscorethatmeasuresthedependencebe-
tweentwo variablesis their mutualinformationdenoteduei�]sval j .
Thefollowing is anexamplethatariseswith suchascore:Consider
thenetworkin Figure1. If uei$£�v
� j�á uei$£�v@´ j , for âcYwÎ , ´ will
be left out of ° bã . Since ² mediatesthe dependencebetween£
and � , thenetworklearnedin this iterationwill containonly ² as£ ’s parent.We canusethis conditionalindependenceto improve



Figure2: An exampleof thegraphicaldisplayof Markov features.
This graphshows a “local map” for the geneSVS1. The width
(andcolor)of edgescorrespondsto thecomputedconfidencelevel.
An edgeis directedif thereis a sufficiently high confidencein the
order betweenthe pair genesconnectedby the edge. This local
mapshows that CLN2 seperatesSVS1from several othergenes.
Although thereis a strongconnectionbetweenCLN2 to all these
genes,thereareno otheredgesconnectingthem. This indicates
that,with high confidence,thesegenesareconditionallyindepen-
dentgiventheexpressionlevel of CLN2.

our candidatesets.A betterscoreis theconditionalmutualinfor-
mation, uei�]�fava] à xPaØ Ù�Ý Ç i�]cf j�j . The scorewe actuallyuseis an
estimatorof the conditionalmutual informationin the underlying
distribution, thattakesinto accountalsothenumberof parameters
neededto learn ]cf ’s conditionalprobability.

We refer the readerto [18] for moredetailson the algorithm
andits complexity, aswell asempiricalresultscomparingits per-
formanceto traditionalsearchtechniques.��M º SJ���/�5��F9	���ä���	������
In orderto specifya Bayesiannetworkmodel,we still needto de-
fine the local probability model for eachvariable. At the current
stage,we chooseto focus on the qualitative aspectsof the data,
andsowe discretizegeneexpressionvaluesinto threecategories:å Ë5_�Ïe_ and Ë , dependingwhethertheexpressionrateis significantly
lower than,similar to, or greaterthantherespective control. The
controlexpressionlevel of agenecanbeeitherdeterminedexperi-
mentally(asin themethodsof [12]), or it canbesetastheaverage
expressionlevel of thegeneacrossexperiments.The meaningof
“significantly” is definedby settingathresholdto theratiobetween
measuredexpressionandcontrol. In our experimentswe choosea
thresholdvalueof ÏG`�æ in logarithmic(baseÎ ) scale.

It is clear that by discretizingthe measuredexpressionlevels
we areloosinginformation. An alternative to discretizationis us-
ing (semi)parametricdensitymodelsfor representingconditional
probabilitiesin thenetworkswe learn(e.g.[23, 26,30]). However,
a badchoiceof theparametricfamily canstronglybiasthe learn-
ing algorithm.Webelievethatdiscretizationprovidesa reasonably
unbiasedapproachfor dealingwith this typeof data. We arecur-
rently exploring theappropriatenessof severaldensitymodelsfor
this typeof data.

º �3PGPG� ���W��	�������	��k�DF����h�DE9�5� Fk��¿�P���F9�
�/�����I¼h��	�	�F��$���
We appliedour approachto thedataof Spellmanet al. [35], con-
taining 76 geneexpressionmeasurementsof the mRNA levels of
6177 S. cerevisiae ORFs. Theseexperimentsmeasuresix time
seriesunderdifferentcell cycle synchronizationmethods.Spell-
manet al. [35] identified800geneswhoseexpressionvariedover
the differentcell-cycle stages.Of these,250 clusteredinto 8 dis-
tinct clustersbasedon the similarity of expressionprofiles. We
learnednetworkswhosevariablesweretheexpressionlevel of each
of these800genes.Someof therobustnessanalysiswasperformed
only on thesetof 250genesthatappearin the8 majorclusters.

In learningfrom thisdata,wetreateachmeasurementasasam-
ple from a distribution, and do not take into accountthe tempo-
ral aspectof themeasurement.Sinceit is clearthat thecell cycle
processis of temporalnature,wecompensateby introducingaddi-
tionalvariabledenotingthecell cyclephase.Thisvariableis forced
to bearootin all thenetworkslearned.Its presenceallowsto model
dependency of expressionlevelson currentcell cycle. ç

We usedtheSparseCandidatealgorithmwith a 200-foldboot-
strapin the learningprocess.The learnedfeaturesshow that we
canrecover intricatestructureeven from suchsmall datasets. It
is importantto notethat our learningalgorithmusesno prior bi-
ological knowledgenor constraints. All learnednetworksand
relationsarebasedsolelyon theinformationconveyedin themea-
surementsthemselves. Theseresultsareavailableat our WWW
site: è�é�é4êÊ¨�ë5ëWìJìJìîí ï+ð+í èeñ5ò4ó�í ô9ï9í ó�ªõëöª�ô�÷�ð
ë�ï+«9ø³êe÷�ó�«Gë�ù+ú9ê�û
ù+ð�ð4óõ«Wü . Fig-
ure2 illustratesthegraphicaldisplayof resultsof thisanalysis.ºhM-�ONÊ���e���/	
��F9�
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We performeda numberof teststo analyzethe statisticalsignifi-
canceandrobustnessof our procedure.We carriedmostof these
testson thesmaller250genedatasetfor computationalreasons.

To testthecredibility of ourconfidenceassessment,wecreated
a randomdatasetby randomlypermutingtheorderof theexperi-
mentsindependentlyfor eachgene.Thusfor eachgenetheorder
wasrandom,but thecompositionof theseriesremainedunchanged.
In suchadataset,genesareindependentof eachother, andthuswe
do not expectto find “real” features.As expected,bothorderand
Markov relationsin the randomdatasethave significantly lower
confidence.We comparethe distribution of confidenceestimates
betweenthe original datasetandthe randomizedsetin Figure3.
Clearly, thedistributionof confidenceestimatesin theoriginaldata
sethavealongerandheavier tail in thehighconfidenceregion. The
runson the randomdatasetsdo not learnalmostanything with a
confidencelevel above0.8,which leadsusto believethatmostfea-
turesthatarelearnedin theoriginal datasetwith suchconfidence
levelsoriginatein truesignalsin thedata.Also, theconfidencedis-
tribution for therealdatasetis concentratedcloserto zerothanthe
randomdistribution. This suggeststhatthenetworkslearnedfrom
therealdataaresparser.

SincetheanalysiswasnotperformedonthewholeS.cerevisiae
genome,we alsotestedthe robustnessof our analysisto theaddi-
tion of moregenes,comparingtheconfidenceof the learnedfea-
turesbetweenthe250 and800 genedatasets.Figure4 compares
featureconfidencein the analysisof the two datasets.As we can
see,thereis a strongcorrelationbetweenconfidencelevels of the
featuresbetweenthetwo datasets.

A crucialchoicein ourprocedureis thethresholdlevel usedfor
discretizationof theexpressionlevels. It is clearthat by settinga
differentthreshold,we wouldgetdifferentdiscreteexpressionpat-
terns.Thus,it is importantto testtherobustnessandsensitivity ofý

WenotethatwecanlearntemporalmodelsusingaBayesiannetworkthatincludes
geneexpressionvaluesin two (or more)consecutivetime points[17]. This raisesthe
numberof variablesin themodel.Wearecurrentlyperusingthis issue.
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Figure3: Histogramsof confidencelevels for thecell cycle dataset,andthe randomizeddataset. Thehistogramson the left areof order
relations,andtheoneson theright areof Markov relations.Thehistogramson thetop row show thedistribution of confidencelevels in the
interval þ Ïe_+Ë
ÿ . Thehistogramsonthebottomrow show thetailsof thesedistributionsfor high-confidencefeatures.Thesehistogramsareall
basedonthe250genesdataset.

the high confidencefeaturesto the choiceof this threshold.This
wastestedby repeatingthe experimentsusingdifferent threshold
levels. Again, the graphsshow a definite linear tendency in the
confidenceestimatesof featuresbetweenthe differentdiscretiza-
tion thresholds.Obviously, this linearcorrelationgetsweakerfor
larger thresholddifferences.We alsonotethat orderrelationsare
muchmorerobust to changesin thethresholdthantheMarkov re-
lations.

A valid criticism of our discretizationmethodis that it penal-
izesgeneswhosenaturalrangeof variationis small: sincewe use
a fixed threshold,we would not detectchangesin suchgenes.A
possibleway to avoid this problemis to normalizetheexpression
of genesin the data. That is, we rescalethe expressionlevel of
eachgene,so that the relative expressionall geneshave the same
meanandvariance.We notethat analysismethodsthat usepear-
soncorrelation to comparegenes,suchas [4, 15], are implicitly
performingsucha normalization.� Whenwediscretizea normal-
ized dataset,we areessentiallyrescalingthe discretizationfactor
differentlyfor eachgene,dependingonits variancein thedata.We
tried this approachwith several discretizationlevels, and got re-
sultscomparableto ouroriginal discretizationmethod.The20 top
Markov relationshighlightedby this methodwerea bit different,
but interestingandbiologicallysensiblein theirown right. Theor-
derrelationswereagainmorerobust to thechangeof methodsand
discretizationthresholds.A possiblereasonis that orderrelations
dependon thenetworkstructurein a globalmanner, andthuscan
remainintacteven aftermany local changesto the structure.The
Markov relation,beinga local one,is moreeasilydisrupted.Since
thegraphslearnedareextremelysparse,eachdiscretizationmethod
“highlights” differentsignalsin thedata,whicharereflectedin the
Markov relationslearned.

In summary, althoughmany of theresultswe reportbelow (es-
�
An undesiredeffect of sucha normalizationis theamplificationof measurement

noise. If a genehasfixed expressionlevels acrosssamples,we expectthe variance
in measuredexpressionlevels to benoiseeitherin theexperimentalconditionsor the
measurements. When we normalizethe expressionlevels of genes,we loosethe
distinctionbetweensuchnoiseandtrue(i.e.,significant)changesin expressionlevels.
In our experiments,we cansafelyassumethis effect will not be too grave, sincewe
only focuson genesthatdisplaysignificantchangesacrossexperiments.
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Figure 4: Comparisonbetweensignificancelevels with different
numberof genesin theanalysis.Eachrelationis shown asapoint,
with the g -coordinatebeingits confidencein thethe250genesdata
setandthe n -coordinatethe confidencein the800 genesdataset.
The left figure shows orderrelation features,andthe right figure
showsMarkov relationfeatures;.

peciallyorderrelations)arestableacrossthedifferentexperiments
discussedin thepreviousparagraph,it is clearthatour analysisis
sensitiveto thediscretizationmethod.In all thedifferentdiscretiza-
tion methodswe tried,our analysisfoundinterestingrelationships
in thedata.Thus,thechallangeis to find alternative methodsthat
can recover all theserelationshipsin one analysis. We are cur-
rently working on learningwith (semi)parametricdensitymodels
thatwouldcircumventtheneedfor discretization.ºhM�B C¾����� �GRe�����G���3���G� E9�
���
We believe that the resultsof this analysiscanbeindicative of bi-
ological phenomenain the data. This is confirmedby our ability
to predictsensiblerelationsbetweengenesof known function.We
now examineseveralconsequencesthatwe have learnedfrom the
data.Weconsider, in turn, theorderrelationsandMarkov relations
foundby ouranalysis.



Table1: List of dominantgenesin theorderingrelations(top14 outof 30)

Gene/ORF Dominance # of descendentgenes
Score ��� � ��� � notes

YLR183C 551 609 708 Containsforkheadedassosiateddomain,thuspossiblynuclear
MCD1 550 599 710 Mitotic ChromosomeDeterminant,nullmutantis inviable
CLN2 497 495 654 Rolein cell cycleSTART, null mutantexhibitsG1arrest
SRO4 463 405 639 Involvedin cellularpolarizationduringbudding
RFA2 456 429 617 Involvedin nucleotideexcisionrepair, null mutantis inviable
YOL007C 444 367 624
YOX1 400 243 556 Homeodomainprotein
GAT3 398 309 531 Putative GATA zinc finger transcription factor related to polII

transcription
POL30 376 173 520 Requiredfor DNA replicationandrepair, null mutantis inviable
RSR1 352 140 461 GTP-bindingproteinof therasfamily involvedin budsiteselection
CLN1 324 74 404 Rolein cell cycleSTART, null mutantexhibitsG1arrest
YBR089W 298 29 333
MSH6 284 7 325 Requiredfor mismatchrepairin mitosisandmeiosis

ºhM B~M������
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The most striking featureof the high confidenceorder relations,
is the existenceof dominantgenes. Out of all 800 genesonly
few seemto dominatetheorder(i.e., appearbeforemany genes).
The intuition is that thesegenesareindicative of potentialcausal
sourcesof thecell-cycle process.Let °
	 i�]k_�l j denotetheconfi-
dencein ] beingancestorof l . We definethedominancescore
of ] as �
��� ��������� ������� °
	 i�]k_
l j × _ usingthe constantâ for re-
wardinghighconfidencefeaturesandthethreshold� to discardlow
confidenceones. Thesedominantgenesare extremely robust to
parameterselectionfor both � , â and the discretizationcutoff of
section3.4. A list of thehighestscoringdominatinggenesappears
in table1.

Inspectionof thelist of dominantgenesrevealsquitea few in-
terestingfeatures. Among the dominantgenesare thosedirectly
involved in cell-cycle controlandinitiation. For example,CLN1,
CLN2andCDC5,whosefunctionalrelationhasbeenestablished[11,
13]. Other genes,like MCD1 and RFA2, were found to be es-
sential[20]. Theseareclearly key genesin basiccell functions,
involved in chromosomedynamicsand stability (MCD1) and in
nucleotideexcisionrepair(RFA2). Mostof thedominantgenesen-
codenuclearproteins,andsomeof theunknowngenesarealsopo-
tentially nuclear: (e.g.,YLR183C containsa forkhead-associated
domainwhich is found almostentirely amongnuclearproteins).
Someof themarecomponentsof pre-replicationcomplexes. Oth-
ers(like RFA2,POL30andMSH6) areinvolved in DNA repair. It
is known that DNA repair is a prerequisitefor transcription,and
DNA areaswhicharemoreactive in transcription,arealsorepaired
morefrequently[28, 37].

A few non nucleardominantgenesare localizedin the cyto-
plasmmembrane(SRO4 and RSR1). Theseare involved in the
buddingandsporulationprocesswhich have an importantrole in
thecell-cycle. RSR1belongsto the rasfamily of proteins,which
areknown asinitiatorsof signaltransductioncascadesin thecell.ºhM B~M B Ák�Q�@L+�G��NÊF�� ��	��������
Inspectionof the top Markov relationsrevealsthat mostarefunc-
tionaly related.A list of the top scoringrelationscanbe foundin
table2. Among these,all involving two known genesmakesense
biologically. Whenoneof theORFsis unknown carefulsearches
usingPsi-Blast[3], Pfam[34] andProtomap[40] canreveal firm
homologiesto proteinsfunctionallyrelatedto theothergenein the
pair. (e.g. YHR143W, which is pairedto theendochitinaseCTS1,
is relatedto EGT2- a cell wall maintenceprotein). Severalof the

unknown pairs are physically adjacenton the chromosome,and
thuspresumablyregulatedby the samemechanism(see[5]), al-
thoughspecialcareshouldbetakenfor pairswhosechromosomal
locationoverlaponcomplementarystrands,sincein thesecaseswe
mightseeanartifactresultingfrom cross-hybridization.Suchanal-
ysisraisesthenumberof biologicallysensiblepairsto 19/20.

TherearesomeinterestingMarkov relationsfoundthatarebe-
yondthelimitationsof clusteringtechniques.Onesuchregulatory
link is FAR1-ASH1: both proteinsare known to participatein a
mating type switch. The correlationof their expressionpatterns
is low and [35] clusterthem into different clusters. Among the
high confidencemarkov relations,onecanalsofind examplesof
conditionalindpendence, i.e., a groupof highly correlatedgenes
whosecorrelationcan be explainedwithin our networkstucture.
Onesuchexampleinvolves the genes:CLN2,RNR3,SVS1,SRO4
andRAD41,theirexpressionis correlated,in [35] all appearin the
samecluster. In our networkCLN2 is with high confidencea par-
entof eachof theother4 genes,while no links arefoundbetween
them.Thissuitsbiologicalknowledge:CLN2 is acentralandearly
cell cycle control, while thereis no clear biological relationship
betweentheothers.
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In this paperwe presenteda new approachfor analyzinggeneex-
pressiondatathatbuilds on thetheoryandalgorithmsfor learning
Bayesiannetworks.Wedescribedhow to applythesetechniquesto
geneexpressiondata.Theapproachbuilds on two techniquesthat
weremotivatedby the challangesposedby this domain: a novel
searchalgorithm [18] and an approachfor estimatingstatistical
confidence[16]. We appliedour methodsto real expressiondata
of Spellmanetal. [35]. Although,wedid not useany prior knowl-
edge,we managedto extract many biologically plausibleconclu-
sionsfrom thisanalysis.

Our approachis quite different than the clusteringapproach
usedby [2, 4, 15,29, 35], in that it attemptsto learnamuchricher
structurefrom the data. Our methodsarecapableof discovering
causalrelationships,interactionsbetweengenesother than posi-
tive correlation,andfiner intra-clusterstructure.We arecurrently
developinghybridapproachesthatcombineourmethodswith clus-
teringalgorithmsto learnmodelsover “clustered”genes.

The biological motivation of our approachis similar to work
on inducinggeneticnetworksfrom data[1, 6, 33, 38]. Thereare
two key differences:First, the modelswe learnhave probablistic
semantics.This betterfits the stochasticnatureof both the bio-
logical processesandnoisyexperimentation.Second,our focusis



Table2: List of topMarkov relations

Confidence Gene1 Gene2 notes
1.0 YKL163W-PIR3 YKL164C-PIR1 Closelocality on chromosome
0.985 PRY2 YKR012C Closelocality on chromosome
0.985 MCD1 MSH6 Bothbind to DNA duringmitosis
0.98 PHO11 PHO12 Bothnearlyidenticalacidphosphatases
0.975 HHT1 HTB1 BothareHistones
0.97 HTB2 HTA1 BothareHistones
0.94 YNL057W YNL058C Closelocality on chromosome
0.94 YHR143W CTS1 Homologto EGT2cell wall control,bothinvolvedin Cytokinesis
0.92 YOR263C YOR264W Closelocality on chromosome
0.91 YGR086 SIC1 Homologto mammaliannuclearranprotein,bothinvolvedin nuclearfunction
0.9 FAR1 ASH1 Bothpartof amatingtypeswitch,expressionuncorelated
0.89 CLN2 SVS1 Functionof SVS1unknown
0.88 YDR033W NCE2 Homologto transmembrameproteinssuggestbothinvolvedin proteinsecretion
0.86 STE2 MFA2 A matingfactorandreceptor
0.85 HHF1 HHF2 BothareHistones
0.85 MET10 ECM17 Botharesulfitereductases
0.85 CDC9 RAD27 Bothparticipatein Okazakifragmentprocessing

on extractingfeaturesthat arepronouncedin the data,in contrast
to currentgeneticnetworkapproachesthatattemptto find a single
modelthatexplainsthedata.

We are currently working on improving methodsfor expres-
sionanalysisby expandingthe framework describedin this work.
Promisingdirectionsfor suchextentionsare: (a) Developing the
theory for learning local probability modelsthat are capableof
dealingwith thecontinuousnatureof thedata;(b) Improving the
theoryandalgorithmsfor estimatingconfidencelevels; (c) Incor-
poratingbiologicalknowledge(suchaspossibleregulatoryregions)
aspriorknowledgeto theanalysis;(d) Improving oursearchheuris-
tics; (e)Applying DynamicBayesianNetworks( [17]) to temporal
expressiondata.

Finally, oneof themostexciting longertermprospectsof this
line of researchis discovering causalpatternsfrom geneexpres-
siondata. We plan to build on andextendthe theoryfor learning
causalrelationsfrom dataand apply it to geneexpression. The
theoryof causalnetworksallows learningbothfrom observational
dataandinterventionaldata,wheretheexperimentinterveneswith
somecausalmechanismsof theobservedsystem.In geneexpres-
sion context, we can model knockout/overexpressedmutantsas
suchinterventions. Thus, we can designmethodsthat dealwith
mixed forms of datain a principledmanner(See[9] for a recent
work in this direction). In addition,this theorycanprovide tools
for experimentaldesign, thatis, understandingwhich interventions
aredeemedmostinformative to determiningthecausalstructurein
theunderlyingsystem.� ��L5����K¢� F9�GReFQÂ¥F���	��
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