B A FORMAL SYSTEM CH. 1v

Grour A. Postulates for the predicate calculus.
Groupr Al. Postulates for the propositional calculus.

la. AD(BDA). A, ADB
1b. (ADB)D((AD(BDC))D(ADC)). 2 B.
3. AD(BDA&B). 4a. A&BDA.
4b. A&BDOB.
5a. ASAVB. 6. (ADC)D ((BDC)
5b. BOAVB. ; D (A VBDCQ)).
7. (ADB)D((AD —B)D =A). 8°. - —ADA.

Grour A2. (Additional) Postulates for the predicate calculus.

CDA((x)
E—Dm 10, VxA(x) DA(t).
1. A(t) D IxA(x). . 3%()({))::26
XA(X .

Grour B. (Additional) Postulates for number theory.
13.  A(0) & Vx(A(x) D A(x")) D A(x).

14, a'=p Da=b. 15. =a'=0.

16. a=bD(a=cDb=c). 17. a=bDa'=b".
18. a+40=a. 19. a+b'=(a+b).
20. a0=0. 2l. ab'=ab+a.

(The reason for writing “*” on Postulate 8 will be given in § 23.)

One may verify that 14—21 are formulas; and that 1—13 (or in the
case of 2,9 and 12, the expression(s) above, and the expression below, the
line) are formulas, for each choice of the A, B, C, or x, A(x), C, t, subject
to"fhe stipulations given at the head of the postulate list.

The class of ‘axioms’ is defined thus. A formula is an axiom, if it has
cl):le (;fI the forms la, Ib, 3—8, 10, 11, 13 or if it is one of the formulas

T.he relation of ‘immediate consequence’ is defined thus. A formula is
an wmmediate consequence of one or two other formulas, if it has the form
shown below the line, while the other(s) have the form(s) shown above
the line, in 2, 9 or 12. '

This is the basic metamathematical definition corresponding to
Postulates 2, 9 and 12, but we shall restate it with additional terminology
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which draws attention to the process of applying the defin...on. Postulates
2, 9 and 12 we call the rules of inference. For any (fixed) choice of the A
and B, or the x, A(x) and C, subject to the stipulations, the formula(s)
shown above the line is the premise (are the first and second premise,
respectively), and the formula shown below the line is the conclusion,
for the application of the rule (or the (formal) inference by the rule). The
conclusion is an immediate conseqitence of the premise(s) (by the rule).

Carnap 1934 brings the two kinds of postulates under the common
term ‘transformation rules’, by considering the axioms as the result of
transformation from zero premises.

The definition of a ‘(formally) provable formula’ or ‘(formal) theorem’
can now be given inductively as follows.

1. If D is an axiom, then D is provable. 2. If E is provable, and D is an
immediate consequence of E, then D is-provable. 3. If E and F are provable,
and D is an immediate consequence of E and F, then D is provable. 4. A
formula is provable only as required by 1—3.

The notion can also be reached by using the intermediate concept of
a ‘(formal) proof’, thus. A (formal) proof is a finite sequence of one or more
(occurrences of) formulas such that each formula of the sequence is
either an axiom or an immediate consequence of preceding formulas of
the sequence. A proof is said to be a proof of its last formula, and this
formula is said to be (formally) provable or to be a (formal) theorem.

ExaypLe 1. The following sequence of 17 formulas is a proof of the
formula g=ga. Formula 1 is Axiom 16. Formula 2 is an axiom, by an
application of Axiom Schema la in which the A and the B of the schema
are both 0=0; and Formula 3 by an application in which the A is
a=bD (a=cDb=c) and the B is 0=0D (0=02D0==0). Formula 4 iz
an immediate consequence of Formulas | and 3, as first and second
premise respectively, by an application of Rule 2 in which the A
of-the rule is a=5b D (a=b D b=c) and the B is [0=02 (0=020=0); D
[a=b D (a=c D b=c)]. Formula 5 is an immediate consequence of
Formula 4, by an application of Rule 9 in which the x is ¢, the A(x) is
a=bD(a=cDb=c), and the C is 0=0D (0=0D0=0) (which, note,
does not contain the x free). Formula 9 is an axiom by an application
of Axiom Schema 10, in which the x is a, the A(x) is VAVc[a=b D
(a=c¢ D b=c)], and the t is a+0 (which, note, is free for the x in the
A(x)). The A(t), by our substitution notation (§ 18), is the result of sub-
stituting the t for (the free occurrences of) the x in the A(x), Le. here
the A(t) is VbVcla+0=5 D (a-+0=c D b=0c)].
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a=b D (a=c D b=c) — Axiom 16.

0=02 (0=0 D 0=0) — Axiom Schema la.

{a=bD (a=c D b=c)} D {[0=02 (0=0>0=0)] D

[a=b D (a=c D b=c)]} — Axiom Schema 1a.
[0=02(0=0230=0)] D [a=b D (a=c D b=c)] — Rule 2, 1, 3.
[0=02(0=020=0)] D Vc[a=b D (a=c D b=c)] — Rule 9, 4.
[0=0D2(0=0250=0)] D VVc[a=b D (a=c D b=c)] — Rule 9, 5.
[0=0D2(0=020=0)] DVaV¥bV¥c[a=b D (a=c D b=c)] — Rule 9, 6.
VYaV¥bV¥cla=b D (a=c D b=c)] — Rule 2, 2, 7.

VYaVbh¥cla=b D (a=c D b=c)] DVbVc[a+0=>5b D (a4+0=c D b=c)]
— Axiom Schema 10.

VbVc[a+0=b D (a+0=c D b=c)] — Rule 2, 8, 9.

VbVc[a+0=b D (a-+0=c D b=c)] D Vc[a+0=a D (a+0=cD a=c)]
— Axiom Schema 10.

Vc[a+0=a D (a+0=c Da=c)] — Rule 2, 10, 11.

Ve[a+0=a D (a+0=c Da=c)] D [a+0=a D (a+0=aDa=a)] —
Axiom Schema 10.

a+0=a 2 (a+0=aDa=a) — Rule 2, 12, 13.

a+0=a — Axiom 18.

a+0=aDa=a — Rule 2, 15, 14,

a=a — Rule 2, 15, 16,

tAMPLE 2. Let A be any formula. Then the following sequence of
formulas is a proof of the formula A D A. (In other words, what we
it below is a ‘proof schema’, which becomes a particular proof on
ituting any particular formula, such as 0=0, for the metamathe-
cal letter “A”; and its last expression “A D A” is accordingly a
rem schema’.) Formula 1 is an axiom, by an application of Axiom
ma la in which the A and the B of the schema are the A of this
iple. Formula 2 is an axiom, by an application of Axiom Schema 1b
rich the A and the C of the schema are the A of this example, and
} of the schema is the A D A of this example. Formula 3 is an imme-
consequence of Formulas 1 and 2, as first and second premise,
ctively, by an application of Rule 2 in which the A of the rule
e AD(ADA) of this example, and the B of the rule is the
(ADA)DA)) D[ADA] of this example.
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. AD(ADA) — Axiom Schema la. .
2. (AD(ADA}D{AD((ADA) DA)]D[A DA]} — Axiom Sche-
ma 1b.
(1) 3, [AD((ADA)DA)]D[ADA] — Rule 2, 1, 2.
4. AD((ADA)DA) — Axiom Schema la.
5. ADA — Rule 2, 4, 3.

The terms proof, theorem, etc. as defined for the formal system (ie.
formal proof, formal theorem, etc.) must be sharply distingulshe(.i from
these terms in their ordinary informal senses, which we employ in pre-
senting the metamathematics. A formal theorem is a formula (i.e. a cer-
tain kind of finite sequence of marks), and its formal proof is a certain
kind of finite sequence of formulas. A metamathematical theorerr{ is a
meaningful statement about the formal objects, and its proof is an
intuitive demonstration of the truth of that statement.

We mentioned three categories of formal objects (§ 16), but we shall
be free to introduce others in the study of them, so long as the treatment
is finitary. Besides this, a somewhat different extension of our subject
matter occurs when we discuss the form of our metamathematical def-
initions and theorems in turn. If we chose to be meticulous in our way
of doing this, it would constitute a metametamathematics. However, .the
same practice is common in (other branches of) informal mathematics;
and we shall regard such discussions as incidental explanations, intended
sometimes to make it easier to grasp quickly what is being done in the
metamathematics, and sometimes to enable us to condense the statement
of metamathematical theorems which could be stated without them.



