CS 6840 — Algorithmic Game Theory (3 pages) Spring 2012
Lecture 4 Scribe Notes

Instructor: Eva Tardos Patrick Steele (prs233)

1 Price of anarchy in non-atomic congestion games

The price of anarchy is a measure of the quality of Nash solutions compared to a centrally designed
optimal solution. We consider non-atomic congestion games with:

e congestible elements F

e user typesi=1,...,n

e strategy sets S; for all ¢

e congestion d.(x) along element e given z users
e f, users choosing strategy p

Define the congestion along each element e as

Te = Z fp7

ple€p

and recall that equilibrium is attained if for all f, > 0, user types ¢, and p,q € S; we have that
> eepde(Te) <D e, de(we); alternatively, equilibrium is attained when

p=3" /0 0.(€) d
is minimized.
1.1 Measuring the quality of solutions
e Sum of delays / average delay

e Maximum delay

e Pareto optimal — doesn’t require a shared objective.

Note that minimizing average delay implies Pareto optimality. We consider minimizing average
delay, or minimizing

Z fpzde(xe) - Zde(xe) Z fp = Z de(xe)xe'

ecp pee e

Definition. Delay is (A, u)-smooth if for all z,y > 0

yd(x) < Ayd(y) + pad(z).
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We choose = as a Nash solution and y as an optimal solution.
Lemma. The linear delay function d(z) = ax + b is (1,1/4)-smooth for a,b > 0.

Proof. We want to show that y(az+b) < y(ay+b)+ i:ﬂ(ax—{—b). Let 2,y > 0 be given, and suppose
first that x <y. Then
y(az +b) < y(ay +b)
1
ylax +b) < y(ay +b) + Zx(aaz +b)

since each term is non-negative. Now consider the case when y < z. We want to show that
yd(x) < yd(y) + jrd(z), or

1
yd(z) —yd(y) < Jwd(z)
1
ylax +b) — y(ay + b) < 2% z(azx + b)
1
ayr — ay?® < 4am + - xb

Since b > 0 it is sufficient to show that

1
ayx — ay2 < Zaxz.

If a =0, we are done. If @ > 0, we are interested in upper-bounding ayx — ay? with respect to y.
Using elementary calculus we can see that the function f(y) = ary — ay? attains a maximum value
when y = x/2, and so we have that

2
x 1,

T
aym—ayQSa:E'g—aZ:Zax,

as required. O

Theorem 1. Suppose the delay function is (A, p)-smooth. If a flow f is a Nash equilibrium and a
flow f* is optimal (with respect to the sum of delays) then

er (xe) SLZ xide(x}).

7

Proof. Let p; and pj be paths between the same source and sink at Nash equilibrium and optimality,
respectively, and let d; flow along p; at Nash and along p; at optimality. Since p; is at Nash, we

have that
D de(re) <> de(ae)

ecp; eep’f

Za D de(re) <D 6> de(we)

eEp; J eEpJ

Zdaze 25<ng;e > g

pjle€p; p;le€p}

Zde(aze)xe < Zde(aze o
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Since d. is (A, u)-smooth, we have

D de(w)re <D delwe)a
D de(e)re AY wide(xl) + 1> wede(we)
Z de(xe)Te — 1 Z Tede(we) < Aszde(wZ)
(1 =) Y de(we)ze <A aide(})
S el < 7 Yl

as required. O



