
CS 6840 � Algorithmi
 Game Theory (3 pages) Spring 2012Le
ture 4 S
ribe NotesInstru
tor: Eva Tardos Patri
k Steele (prs233)1 Pri
e of anar
hy in non-atomi
 
ongestion gamesThe pri
e of anar
hy is a measure of the quality of Nash solutions 
ompared to a 
entrally designedoptimal solution. We 
onsider non-atomi
 
ongestion games with:
• 
ongestible elements E
• user types i = 1, . . . , n

• strategy sets Si for all i
• 
ongestion de(x) along element e given x users
• fp users 
hoosing strategy pDe�ne the 
ongestion along ea
h element e as

xe =
∑
p|e∈p

fp,and re
all that equilibrium is attained if for all fp > 0, user types i, and p, q ∈ Si we have that∑
e∈p de(xe) ≤

∑
e∈q de(xe); alternatively, equilibrium is attained when

φ =
∑
e

∫ xe

0

de(ξ) dξis minimized.1.1 Measuring the quality of solutions
• Sum of delays / average delay
• Maximum delay
• Pareto optimal � doesn't require a shared obje
tive.Note that minimizing average delay implies Pareto optimality. We 
onsider minimizing averagedelay, or minimizing

∑
p

fp
∑
e∈p

de(xe) =
∑
e

de(xe)
∑
p∈e

fp =
∑
e

de(xe)xe.De�nition. Delay is (λ, µ)-smooth if for all x, y > 0

yd(x) ≤ λyd(y) + µxd(x).
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hoose x as a Nash solution and y as an optimal solution.Lemma. The linear delay fun
tion d(x) = ax+ b is (1, 1/4)-smooth for a, b ≥ 0.Proof. We want to show that y(ax+b) ≤ y(ay+b)+ 1

4
x(ax+b). Let x, y ≥ 0 be given, and suppose�rst that x ≤ y. Then

y(ax+ b) ≤ y(ay + b)

y(ax+ b) ≤ y(ay + b) +
1

4
x(ax+ b)sin
e ea
h term is non-negative. Now 
onsider the 
ase when y < x. We want to show that

yd(x) ≤ yd(y) + 1

4
xd(x), or

yd(x)− yd(y) ≤
1

4
xd(x)

y(ax+ b)− y(ay + b) ≤
1

4
x(ax+ b)

ayx− ay2 ≤
1

4
ax2 +

1

4
xb.Sin
e b ≥ 0 it is su�
ient to show that

ayx− ay2 ≤
1

4
ax2.If a = 0, we are done. If a > 0, we are interested in upper-bounding ayx− ay2 with respe
t to y.Using elementary 
al
ulus we 
an see that the fun
tion f(y) = axy− ay2 attains a maximum valuewhen y = x/2, and so we have that

ayx− ay2 ≤ ax ·
x

2
− a

x2

4
=

1

4
ax2,as required.Theorem 1. Suppose the delay fun
tion is (λ, µ)-smooth. If a �ow f is a Nash equilibrium and a�ow f∗ is optimal (with respe
t to the sum of delays) then

∑
e

xede(xe) ≤
λ

1− µ

∑
e

x∗ede(x
∗
e).Proof. Let pj and p∗j be paths between the same sour
e and sink at Nash equilibrium and optimality,respe
tively, and let δj �ow along pj at Nash and along p∗j at optimality. Sin
e pj is at Nash, wehave that ∑

e∈pj

de(xe) ≤
∑
e∈p∗

j

de(xe)

∑
j

δj
∑
e∈pj

de(xe) ≤
∑
j

δj
∑
e∈p∗

j

de(xe)

∑
e

de(xe)
∑

pj |e∈pj

δj ≤
∑
e

de(xe)
∑

p∗
j
|e∈p∗

j

δj

∑
e

de(xe)xe ≤
∑
e

de(xe)x
∗
e.
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e de is (λ, µ)-smooth, we have
∑
e

de(xe)xe ≤
∑
e

de(xe)x
∗
e

∑
e

de(xe)xe ≤ λ
∑
e

x∗ede(x
∗
e) + µ

∑
e

xede(xe)

∑
e

de(xe)xe − µ
∑
e

xede(xe) ≤ λ
∑
e

x∗ede(x
∗
e)

(1− µ)
∑
e

de(xe)xe ≤ λ
∑
e

x∗ede(x
∗
e)

∑
e

de(xe)xe ≤
λ

1− µ

∑
e

x∗ede(x
∗
e),as required.


