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ARROW’S CLAIM AND PROOF

We define alobal ranking (GR) of the se6={a, b, c, . . .} as a function that maps setd\bf
orderings or5(e.g.b>a=c>d>...) onto single orderings & Note that the orderings, or
voter rankings, may include both greater than (>) and equalijyréfations.

By definition, a GR must be
(i) total, i.e. for ala andb in S eithera>b,b>a, ora=bin GR
(ii) transitive, i.e. ia >b andb > c in GR, thera >c in GR

For many applications, we would like the GR toeefl“the general opinion” of the voter
rankings. Hence, we may seek GRs that satisffolleaving 3 axioms:
(1) Non-Dictator Axiom None of the voter rankings is a dictator of GR.
For allaandb in S let anab-dictator of GR be a voter ranking where (1) the ordea of
andb in GR is the same as that in @dedictator, and (2) no changes to the ordea ahd
b in other voter rankings can change the orderafdb in the GR. Adictator of GR is an
ab-dictator of GR for ala andb in S
(2) Unanimity Axiom For allaandb in § if a> b in all voter rankings, thea> b in GR.
(3) Axiom of Independence of Irrelevant Alternatsv(AllA): For alla andb in S the relative
order ofa andb in GR depends only on the relative ordea@indb in the voter rankings.

Arrow proved that no GR satisfies all 3 of the adaxioms:

Arrow’s Theorem: If a GR satisfies (2) and (3), then it violaté}. (

Lemma 1 Consider a set of voter rankings in which eadewvoanks first or last. Them is
either first or last in GR.

Proof: For suppose not. Then there exists saraadc in Ssuch thak >b>cin GR, soa>c
in GR (by transitivity of GR). Suppose that werdeer a andc such that > a in each voter
ranking while keepindp in its original position as first or last. Thday, the Unanimity Axiom,
c>ain GR. On the other hand, the relative orders afdb, andb andc are unaffected by re-
rankinga andc sinceb keeps its extreme position. So, by AllA, we dtdivea > b andb > cin
GR, implyinga > c in GR (again, by transitivity). The contradictiproves Lemma 1.

Now consider a set of voter rankings in which eaafer assigng last place. By the Unanimity
Axiom, b must also be last in GR. We now select an omlethe voters and sequentially move
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theb’'s from last to first in each ranking. When B have been
have been moved to first, the Unanimity Axiom guéeasb is
first in the GR. By Lemma 1, then, there exist®ter rankingv,
such that moving from last to first inv, first movesb from last
to first in GR.

Let state | denote the set of voter rankings just befoi® moved
from last to first inv,, andstate |1 denote the set of voter

rankings just afteb is moved from last to first i,

Lemma Z Vv, is anac-dictator of GR in state II.

Proof: Without loss of generality, suppoae c in v,. We first
prove thata > cin GR in state Il, the first condition necessay |{
Vp to be arac-dictator. Suppose we moaeaboveb in v, so that
a>bin v, thereby creatingtate I11. In state Ill,a andb have
the same order in all voter rankings as they dstate |, wher

was last in GR and >b. So, by AllA,a>bin GR in state lll.

Furthermore, in state Il andc have the same order in all votg
rankings as they did in state Il, so by AllA> c in GR in state
[, implying a>c in GR in state Ill. Finally, the transition fron
state Il to state Ill does not change the ordexr afdc in any
voter rankings, so by AllAa > c in GR in state Il.

To satisfy the second condition fgrto be arac-dictator,
consider 2 cases:
Case 1 Starting with state II, suppose we change thieoofa
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andc in an arbitrary number of voter rankings othemntha

while leavingb in its extreme position in each of these rankin§sice the relative order af

andb, andb andc, does not change in any ranking by this rearramgenthe above proof of the

first condition goes through ard> c in GR regardless of the rearrangement.

Case 2 Suppose we do another rearrangement simildratioin Case 1, but this time do not
require thab remain in its extreme position in all voter rargsn If this case were to change
a>ctoa=cora<cinGR, then AllA would be violated since the ordéa andc would
depend on their order relativelto Hencea > c in GR regardless of these rearrangements.

Lemma 2 asserts that in statevl}js anac-dictator of GR for ala andc that are nob. If we
repeat the proof of Lemma 2 withplaying the role ob, we obtain amb-dictatorv.. As the
final step in proving Arrow’s Theorem, we prove thowing lemma:




Lemma 3 Vv, =V

Proof: Suppose, # Ve and, without loss of generality, suppose we entawg beforev, in our
selected order of voters. Consider a set of vai@tings in which each voter initially ran&sn
last place. We now sequentially move #efrom last to first in each ranking. If the vote
rankings all agree that> b, then by the Unanimity Axiont > b in GR. Furthermore, just after
ais moved from last to first in theec-dictatorvy, W ranksa > ¢, so it must be that > cin GR.

By transitivity of GR, this implies. > b in GR. Howevery, is anab-dictator and rankb > a
beforea is moved from last to first in its ranking, so dgntradictionv, = V.

HARE VOTING SYSTEM
(used in faculty rankings at Cornell)

We describe this system via an example. Suppose:

4 individuals rank:a>b >c

3 individuals rank:b >c>a

2 individuals rank:c >b>a
Now, examine the first column. Elemanhas the fewest first-place votes, so we elimiicate
from all columns. Next, we tally the individual$a rankb first among the remaining elements
(5) and those who instead raalfirst (4). Since the former is greater than thitelr,a is
eliminated, leavindp the winner.

Unfortunately, the Hare Voting System can be sajeitaand the mechanism of sabotage
sometimes takes a bizarre form. Suppose:

7 individuals rank:a>b>c>d

6 individuals rank:b>a>c>d

5 individuals rank:c >b>a>d

3 individuals rank:d >c>b>a
By the algorithm described aboeis eliminated first, theb and finallyc, leavinga. However,
if the 3 individuals who voted > ¢ > b > a would like to prevena from winning and know how
the other individuals are voting, they can sabotge®ictory by movinga’'s rank from last to
first: a>d>c>Dhb. If the voting process is then repeatéds again eliminated first, thex) and
finally a, to leaveb the winner.

PAGERANK
Suppose our goal is to design an algoriththat ranks vertices on a directed, strongly

connected, unweighted graph. Altman and Tennerji¢lproposed 5 intuitively desirable
axioms fora and proved only PageRank satisfies all 5 axioms.



Axiom 1: o assigns equal rank to isomorphic vertices.
Axiom 2: Adding a self-loop to vertexdoes not change relative ranking of any othercest
Axiom 3: Ideal voting by committee ranks the verticethim same order as direct voting.
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On Monday Axioms 4 and 5, plus a demonstration that PagkRasatisfied by all 5 axioms.
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