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Lemma Let G be a regular degree d connected undirected graph with adjacency
matrix A. The eigenvalues of A satisfy:

d=AM =2 =223 =224, =—d
where, A, = -d iff G is bipartite.

Proof Letu = (1,1,..,1). uis an eigenvector of A with eigenvalue d.
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Let x be an eigenvector not proportional to u. Let x,,,, be maximum coordinate of x:
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Lemma Let G be a regular degree d undirected graph with adjacency matrix A and k
components. Thend =A; = A, = Ay > Aqq -
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Adding edges to a graph can only increase the largest eigenvalue.

Lemma Let G; and G, be graphs where G; € G,. The maximum eigenvalues of G, is
at least as large as maximum eigenvalue of G;.

Proof Let Ajand A, be adjacency matrix of G;and G,. Let A; (A;) and A; (A;) be
largest eigenvalues. Let v be eigenvector associated with A; (A;). We can show v has
all non-negative coordinates.

Since v has all non-negative coordinates,
M (A) =vTA;v < vTA,v (because A,has more 1's than A;)

But; (Az) = max, =1 X Ayx = vIA,v = vIA v = A (A)).
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Eigenvalues of Star: vn — 1,0,0, ...,0,—vVn — 1

Theorem max {dpin, vVAdmax } <A < min {dpa,+/ 2|E|}

Proof Letu = (1,1,..,1)

Au>d,,u , ulAu>d,,u’u

xTAx uTAu
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A1 = max > dpin
X

Let G¢be star consisting of highest degree vertex of degree d,,,, . The maximum

eigenvalue of A,is \/m Since G; € G, maximum eigenvalue is at least \/m

Now, let’s prove the upper bound:

Let v; be the first eigenvector normalized so that maximum coordinate is 1.
u=(1,1,..,1), Av; =Av; <Au<d,, u

A < dpax

Meanwhile, ; = maxy—; x"'Ax = |A|, < |Alp = [Xaf = 2|E|.



