
1 Dec 2025 Markov Chain intro

Announcements.
- Problem Set 2 graded
- Prelim 2 getting close

Piscem . Draw a sample from the following
&

distribution :

Output ability PatinSums
A 0 . 2

B 0
.
3 0

.

5

C 0. 1 0
. 6

D 0 .4 1 , 0

For
any sampling problem where the probabilities

are explicitly given as a table
,
the above

ag , solves random sampling in O(n) time.

Random sampling becomes tough when you're

drawing samples from
an implicitly normalized

distribution on an exponentially large set,

Def. If X is a set lat most countable)
an implicity normalized distrib on X



is a function ~: X+ Roo
z=) > 0 .

The probability distrib defined by w

is p() =
. w() .

Typically you
have a subroutine for evaluating

~ fast
,

but you
don't know I and

the set X is too large to compute

Evk directly.

Ext Random g-coloring of a graph.

Say G = (V,E) is given , and

every
vertex has<g neighbors.

Uniformly random g-glowing corresponds to

X = ar functions V+ [g] = (g)
wEl =Gt

i) - is a poper coloring

& If not .

Exa. gestate Potts moder X= (gz
S X if x(u) =x(r)

w() = + + if v(u) * x(v)



Generalizes previous example which

corresponds to X = 0.

Ex
.

3 w = Score function given&

by a need network

Draw random outputs with

probability proportional to score .

4. Suppose given p
: X-10

,

1)

sit. p(x) = 1
and a

conditioning event ECX sit.

EpeO . Drama

samples from the cond.

distan of p given E
is equin't to the

impl normalized



w() = p(x) : 1(xE] .

OrCHAINS .

An iterative method for sampling
from a

distribution.

A Markov Chain with state space X
and transition matrix ↑ is

a sequence of rand wars

No
,

X, .

such that Ft>O
, VryeX

-(
+

= y) *x) = PxY
Visualize using transition graph



0= 078

y
0 O.
0 0

.3

[ IGas i %

A Markov transition matix

always satisfies V P 20-

X
,y Xy

and PE = .

Definition . A probab ,

distrib

T : X+ [0
,

1] is stationary
for P



XyX p=T

[i() - P = π(y)
x=X XY -
-
Draw X from it Draw

y
and take one = from
Markov transition to Th

land on y
with finite state space

em Every Markov chain has (at least

one stationary distribution.

Po .

Let #
*
= Grow vectors

representing 3prob distriba X

=(3/350



The function 3 3 . P

maps* to itself.

If 3 = 3 . P then

3j
= 23170xxy

25 = 3 . I = 3
Y Y

= 3 = 1
.

Brower fP Theorem =

75+X st 3 . %=5.

T =GT is a stationary
disab .



Which MCs have a unique
stat distrib ?

If Xo
,
Xi
, our

has trans

matix ↑ is the marginal

distrib of ty quaranteed
to

converge ty
it as tex?

Answers . D For uniqueness ,

# suffices that the MC

is irreducible.

·Y2



② Fr convergence,
it

suffices That The MC is

irreducible and spendic-
-3/

ergodic"

meaning ty sit.

every component of
pt is * O .

For some
t>0 we can

find a path or length +

in state transition groph
from

any source to

any destr


