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Recap on self-adjoint agenvalues.

If V is n-dimensioner rector space over IR

7.> is positive definite inver product

A : V-V is self-adjoint linear transformation

meaning Vay (x
, Ay) = <Ax

,y]

their J sea
of eigenvalues ↓,(A) = X(A)X ... X(A)

and elgenvectors X fr on Fro

St . (iii are otnormal (ixjx= (Ep
(ii) Xi is an eigenvector Axi = Vixi

with eigenvalue hi

(iii) X :
solves a constrained quadratic minimization

xi = (xi
,
Axi)= min((xAx) (111,

(x
,x) = 0 Ejci)I

Recall La]
Eg = D& L = hy with nows resealed

sit. diagonal = all 1s .



↳ is symmetric,

If is self-adj pos
def wrt. 42

, 7d

where

Exyle = a
nev

ThisFo has a probabilistic interpretation.

Let(u)= in probab distrib on V

Define two distribs on ordered pairs (iv).

- Product DISTRIB # [flut]
Th

Sample u,r independently from T
.

- GRAPH DISTRIB E[f(u,
v)]

G Ch
Sample (n,t with probability &(2)

Lemma.

If we then

(i) Fi (x) = (x,d

(ii) Er[x] = (x
,
x) &

2
(iii) = En(n-x-43 = (x

, x)d
- (x1))

(iv) = Ec ((xn-xl] = <x,Food



ofComma.

# (m] : [ +x = du [d(u(x1 = (x
,1)

# (x] = - - - [dux = (x
,x)d

Part (iii) : RHS = Var(xu).

Xn-Xv has expected value O .

var(xn-xr) = #
+ [(u- x )3]= 2 .25

↑
Var(n) + Var(e) = 2 . VarRHS

Proof of (iv) :

Ekave?]=trix
- iTrlnriXQxt
-)Cut xv(x-xv)



- iTrlnriXQxt
ti)c(n)xv(*)

=(x-

Z= ii [xn(
**(n-xy)

I

=

audixuxix)
(D Vox)u

- (x
, [x]a



Recall X
,(5) = 0 because [

,

T = 0.

X(]) min &(x[oxa)(12) 1
/

(x
,1=0

=Pe]
y + 0 <y

,
y]d

= [f(G= y-
]

*[yn) = o

= min &-:4+ ( )))y = 0

* fo)(yn- y -3]
= Min S -3*[yn) = o

[GiGr]
y = 0

= S
* fo)(yn- y -3]

3Litig



Now suppose G has a space cut

meaning S such that

SV-S are non-empty and
S

Cur d(S) . d (-S) .

11

c(GS)

SusDefine as by E
*64y) = C
E

+
((eYr() = Pr (n+S

,
v eV-s)

+ Pry (upS
,

veS)
= 2 - d(5). dus)

dr dEM)

Conclusion: Space cul => ↓z(g) 1
.


