
29 Aug 2025 Hopcrof-Karp Algorithm

Recap
.. --

Naive Iterative Max Matching
MM(G):

Start with M=0.

While I an M-aug path P

M = MoP
endwhile

output M
.

In biporte graphs it is
easy

to find

a M-augmenting path i one exists.

def.

A graph is bipartite of its
-

vertices can be partitioned into

two sets
,

L and &,

St . every edge has endpoints

in both sets
.

Given bipartite G and matching M
...



Residual graph GM isa

directed groph with same vertices

and edges as G
,

where edges

oriented

- L-R if not in M

- R-> L if in M.

-jyA

⑭
-

GM-augmenting paths in G3

# CF = <free vertides3)

& directed paths in Gu from LeF to Ref

Y
BFS finds a path in this set

,
if

one
exists, in O(m) time.

where m = # of edges of G
.



Naive matching mus in 0 (nm)
where n = vertices

m
= # edges (assumed = 1) .

Hopcroft-Karp will improve this running time

by finding disjoint augmenting paths at

the same time.

Lemma .

Let G be a graph, M
on

matching in G. The following
we equivalent for any ket.

(i) there exists a matching Mo

withI more edges than M

(ii) there arek vertex-disjoint

M-augmenting paths in G



vipartite

f.

If M is a matching in &G ,
let dm : V(G) + Nud0]

be the function

& (v) = # of edges in shortest
M

M-alternating path
from Let to v

Or & if
no such path

exists.

Equivalently
, dyC) is shortest

path length in G
M

from Let to v

Dar An edge (ii of O is-

advanc> if d= (n)+
otherwisetreating · (dE < din)



An a dancing augmentingth
-

is a path in F
M

from Laf to Ruf

made up of advancing edges.

proft#arp (G)

Initialize M = 6

while G has at least one

M

M-augmenting path
Let <P.

.
- - -

,
P3 be a

set-wise maxima set of
advancing

vortex disjoint naugmenting paths.
"Blocking set"

M = MG(0.. . .
.

- Pk)



endwhile

output M.

How
many

times can the

outer loopHerate?

⑪ At most 20th
:

(: running time of HK

will be O(mm) . )
2 progress measures.

⑨ Number of edges in M.

Grows by at best f

per iteration .



⑤ Length of shortest

M-augmenting path .

Will prove grows by at

least 1
.

letMy and Me ,

be

the matchings in two

Conser , iterations
.

If P is an advancing
Ma-augmenting path ,

thenP has as least one

edge retreating mot. My
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