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Theorem 27.2 (Chinese Remainder Theorem) Let mi,mo, ..., my
be pairwise relatively prime positive integers, and let m = Hle m;. Let Z,
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denote the ring of integers modulo n. The ring Z,, and the direct product of
rings

Zpy X By X oo X 2y,
are isomorphic under the function

f12n = Zp X Zpy X0 X 2y,

given by
f(z) = (x mod my,z mod my,...,x mod my) .

This just says that the numbers mod m and the k-tuples of numbers mod m;,
1 <i <k, are in one-to-one correspondence, and that arithmetic is preserved
under the map f. For example, in the following table, we have compared Z;
to Z3 X Zs.

|z JoJ1[2]3]4][5]6][7[8][9]10[11[12]13]14]
zmod3[O[1[2]0]1]2]0]1[2[0]1[2]J0[1]2
zmod5[|0[1[2][3]4]0][1|2]3[4]0[1[2][3]4

Note that each pair in Z3 x Z5 occurs exactly once. This is because 3 and
5 are relatively prime. Arithmetic is preserved as well: for example, 4 and
7 correspond to the pairs (1,4) and (1,2), respectively; multiplying these
pairwise gives the pair (1,3) (mod 3 and 5, respectively), which occurs under
13; and 4 x 7= 28 = 13 (mod 15).

Also, f and f~! are computable in polynomial time. To compute f(z),
we just reduce x modulo my,...,my. To compute f~'(zy,...,xx), we first
compute, for each 1 <7 < k, integers s and ¢ such that

smi+t [ my =1
1<ji<k
JFE
and take
u, = 1 H m; .
1<ji<k
JFE

The numbers s and ¢ are available as a byproduct of the Euclidean algorithm.
For each 1 <1i,5 <k, u; =1 mod m; and u; = 0 mod m;, ¢ # j. Take

e, 2,) = xyug+ -+ zpup mod m .

For further details and a proof of the Chinese Remainder Theorem see [3, pp.
2809f1].



