Machine Learning Theory (CS 6783)

Lecture 21: Oracle Efficient Contextual Bandits

1 Online Square Loss Regression Oracle

While the above approach does give an algorithm that is ERM oracle efficient, the above requires
finding the ERM. However note that even if we had only two actions, the ERM optimization can be
as bad as optimizing w.r.t. binary classification loss which in most cases is again computationally
hard. The typical way out of this for classification is to replace the zero-one loss by some nicer losses
like square loss or logistic loss etc. In this section, under the so called realizability assumption we
can show that one can get contextual bandit algorithms that are online squared loss regression oracle
efficient. To be able to achieve this, the algorithms require the following realizability assumption.

Assumption 1. Assume that there is a class £ C RY*IN] such that for some g* € L, we have that
for any x € X and a € [N],
Elti(a)lz; = x] = g% (x, a)

The assumption tells us that the conditional expected loss of any action given a context is mod-
eled will by a member g* of some class £. The rough idea then is to learn this model in some sense
and take actions that are (close to) optimal w.r.t. this model given a context. More specifically,
on every round we make a prediction of the loss given context for every action based on our ability
to solve online squared loss regression w.r.t. class £. Then we take a distribution that is skewed
towards making the best decision based on this model for losses. Specifically we use the following
algorithm.

SquareCB:

_ 4N
Set 7 =/ Regsq, (@)

Fort=1ton

Receive context z; € X

For each action a € [N], compute §;[a] = §:(z¢, a) by feeding x;, a as input to the square
loss regression algorithm for round ¢

Set by = argmin g [b]
be[N]

Va 7é bt, set pt(a) = m, set pt(bt) =1- Za#bt pt(a)
Draw action a; ~ p; and observe £;]ay]

Use online regression algorithm by feeding it input instance (z,a;) and output ¢;[a;]



End For

Theorem 2. Assume we have access to an online regression oracle that guarantees that for any
sequence of context action pairs (r1,a1),...,(Tn,an) as input and any labels y1, ..., y, produced
possibly by an adversary, we have an online learning algorithm that guarantees that:
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I, o1 .
- ;((yt —w)" — inf o Z_; (9" (ar, x1) — yr)? < RegSQ, (L)
where RegSQ,, (L) is the bound guaranteed for online squared loss regression against L. Then, the
Square CB algorithm enjoys the regret bound,

E[Reg,] < /3N RegSQ, (L)
where

Proof.
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But due to realizability, (§;(z1, a;) — g*(as, 21))* = E {@t(mt, ar) — bifai])? = (9% (ae, 20) — bila])? |y = l’}
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replacing g* (-, #;) by taking supremum over vector g* € [0, 1]V for each round, and replacing f*(z;)
by macimum «* € [N] we move to upper bound,
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n %RegSQn(ﬁ)

where in the above, RegSQ),,(£) is the regret bound for online square loss regression w.r.t. loss class
L. Tt can be shown that for the choice of distribution p; (shown in next lemma), we have that for

any t:
9 3N

* *[ ok Yo~ *
sup  max Eq,p, |g%[ad] — ¢*[a*] — = (Ge(ze, ar) — g¥[a <3N
grefoaNarelN] [ lad] [@”] = 5 (Be(ze, ar) [a¢])

Using this we can conclude that:

E [Reg,] < 3N + %RegSQn(ﬁ)

2y
using v = 4 /ﬁ% we obtain that:

E [Reg,] < V3N RegSQ, (L)

O]

The point to note is that for a finite class £, it turns out the exponential weights algorithm can
actually ensure that RegSQ,,(£) < bgnﬁ and so for finite £ class one has,

2N 1
E [Reg,] < |/ 2 e

Lemma 3. For any vector § € [0,1]V, let b* = argmin ¢[a]. Let distribution p € An be given by,
a€[N]

\V/CL # b*,p(a) = W and p(b*) =1- Za;ﬁb* p(a), th@n}
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Proof. Now consider any a* € [N] and any g € [0,1]". Note that,

(9 :
a#a*
= 3 #(@) (gl =l + o]~ olo’) ~ 5]~ gl)*) - PN (j1a] - gla])?
But now note that g[a] — g[a] < 3 (J[a] — gla))? + % and so we have,
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Recall that b* = argmin g[al,

a€[N]
— g (1 —p(a"))
—gg alb) + ) = dla”]) + 5 oS
_ * _ (1* ATTE] Cl* (1 _p(a*))
—-;;; glo*]) + (1 — p(a™)) (9[67] = gla™]) + ap(a )y
—Ejp -] (ala") - g + 2L
_ gla] — [b*]) il — oy o L pat)
a;} N+’Y gla] — 9[b*])) el = sl + 2p(a*)y
1 sy (1= p(a¥))
= ——— — (gla™] = y[b7]) +
aziwwﬁ%m+' (@[a”] = 9[b7]) (e )
since each (g[a] — g[b*]) <1
N —1 * TR (1 —p((l*))
N+7*(y[a]*y[b])+ ap(a )
N-1 (1—p(b")) (1 —p(a)) *
< A ma U200 g =) g1 gy |
_N-1 (1 —p(b7)) N+y@la] —glb"]) 1 n o
N + +maX{ 2p(b*)y g;abii{ 2y 2y (dle] = 91"
_N-1 (1 —p(")) N—oL L o
N1 +max{ o) ,gﬁg({ 5y o Wl =gl ])}}

Note that p(b*) > 1/N because we are picking b* with highest probability, hence
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