Chapter 8

Combining Modalities

Up to now, we have looked at reasoning about knowledge, (various types
of) reasoning about uncertainty, reasoning about defaults, and reasoning
about counterfactuals, all separately. However, it should be clear that in
many cases we want to combine such reasoning. One obvious example is
combining counterfactuals and probabilities. In Chapter 7, we had an ex-
ample of counterfactual reasoning involving a lawyer arguing that his client
would not have hit Mrs. McGraw’s cow if the brakes had been function-
ing properly (despite having been drunk and driving in the rain). In fact,
the lawyer may want to argue only that, with some reasonable probability,
his client would not have hit Mrs. McGraw’s cow. This requires reasoning
about counterfactuals and probability. Similarly, we may want to combine
reasoning about defaults and knowledge, so that an agent can say “I know
that birds typically fly but I do not know whether penguins typically fly.”

It is easy to construct the syntax of a logic for doing such combined
reasoning, by simply combining the syntaxes of the logics of the independent
notions. Thus, a statement such as

K (bird — fly) N =K (penguin — fly) A =K —(penguin — fly)

captures the statement at the end of the previous paragraph. It seems
that it should be equally straightforward to provide semantics for the logic
with combined modalities, by combining the structures that we saw earlier.
This is indeed almost true. The only subtlety comes in describing the
relationship between the modalities and the notions of “possible world” used
by each of the modalities. For example, as we saw in Section 7.5, the set
Wi of “possible worlds” used in counterfactual reasoning includes worlds
that the agent knows perfectly well are impossible. Thus, to reason about
both counterfactuals and probability requires, in general, two different sets
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182 CHAPTER 8. COMBINING MODALITIES

of possible worlds for agent i at world w, call them W2 . and Wi, where
ij,i is used when doing probabilistic reasoning and Wﬁm is used for doing
counterfactual reasoning. Are they related in any way?

It seems reasonable to require that W ; be a subset of W ;—the worlds
considered possible for probabilistic reasoning should certainly all be con-
sidered possible for counterfactual reasoning—but the converse may not
hold. It might also seem reasonable to require, if we are using a preference
order to model similarity to w, that worlds in me- be closer to w than
worlds not in Wy ;. However, some thought shows that this may not be
so. For example, suppose that there are three primitive propositions, p, g,
and r, and the agent knows that p is true if and only if exactly one of ¢ or
r is true. Originally, the agent considers two worlds possible, w; and ws,
and assigns each of them probability 1/2; the formula p A ¢ A 7 is true in
wi, while p A =g A —r is true in wy. Now what is the closest world to w;
where ¢ is false? Is it necessarily wy2? That depends on the mechanism by
which ¢ was made false, something which is not modeled in the counter-
factual structure. The agent could well decide that in the closest world to
wy where ¢ is false, r is still false; since p is true iff exactly one of ¢ or r is
true, p would be false in this world too. That is, the closest world would
not be ws, but one where —p A =g A —r is true.

In this chapter, I focus on two examples of combining modalities—
reasoning about knowledge and probability and reasoning about knowledge
and belief. However, most of the points made here apply equally well to
other cases of combined modalities.

8.1 Reasoning About Knowledge and Proba-
bility

As suggested above, constructing the syntax for a combined logic of knowl-
edge and probability is straightforward. Let £XQU be the result of combin-
ing the syntaxes of LXK and LRV in the obvious way. £XQU allows state-
ments such as Ki(¢2(p) = 1/3)—agent 1 knows that, according to agent 2,
the probability of ¢ is 1/3. Tt also has facilities for asserting uncertainty
regarding probability. For example,

Kr(61(9) = 1/2V () = 2/3) A =K (0a() = 1/2) A=K (62(9) = 2/3)

says that agent 1 knows that the probability of ¢ is either 1/2 or 2/3, but
he does not know which.

The semantics of LE@U can be given using (Kripke) structures for
knowledge and probability. Not surprisingly, these are tuples of the form
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M = (W, ’C1, ce ,’Cn, PR1, - ,PRn, 7r), where PR,-(w) = (Ww,i; fw,i, ,uwﬂ-).
The rules for assigning truth values to formulas in £X QU at worlds in such
a structure are just the result of combining the rules for knowledge and
probability separately, from Sections 2.2 and 6.3. I omit the details here.
What is the relationship between /C;(w) and W, ;7 It might seem obvi-
ous that we should take them to be equal; the agent then puts probability
on the set of worlds she considers possible. But this may not always be the
right thing to do. The following example may help to clarify the issues.

Example 8.1.1 Alice chooses a number, either 0 or 1, and writes it down.
She then tosses a fair coin. If the outcome of the coin toss agrees with the
number chosen (that is, if the number chosen is 1 and the coin lands heads
or the number chosen is 0 and the coin lands tails), then she performs an
action a; otherwise she does not. Suppose that Bob does not know Alice’s
choice. What is the probability, according to Bob, that Alice performs
action a? What is the probability according to Alice? (For definiteness,
assume that both of these probabilities are to be assessed in the situation
after Alice has chosen the number, but before the coin is tossed.)

It should be clear that, according to Alice, who knows the number cho-
sen, the probability (before she tosses the coin) that she performs action
a is 1/2. There is also a reasonable argument to show that, even accord-
ing to Bob (who does not know the number chosen) the probability is 1/2.
Clearly from Bob’s viewpoint, if Alice chose 0, then the probability that Al-
ice performs action a is 1/2 (since the probability of the coin landing heads
is 1/2); similarly, if Alice chose 1, then the probability of her performing
action a is 1/2. Since, no matter what number Alice chose, the probability
according to Bob that Alice performs action a is 1/2, it seems reasonable
to say that Bob knows that the probability of Alice’s performing action a
is 1/2.

Note that this argument does not assume a probability for the event
that Alice chose 0. This is a good thing: No probability is provided by the
problem statement, so none should be assumed. I

Clearly this example involves reasoning about knowledge and probabil-
ity, so we should be able to model it in a Kripke structure for knowledge and
probability. I in fact consider three potential structures, that differ only in
Bob’s probability assignment PRp. Let M* = (W,Ka,Kp, PRa, PRE, ),
i = 1,2,3. Most of the components of M* are defined in (what I hope by
now is) the obvious way. W = {(0, H), (0,T), (1, H), (1,T)}: Alice chose 0
and the coin lands heads, Alice chose 0 and the coin lands tails, and so on.
(Actually, it would be cleaner to represent this as a two-step process: first
the number is chosen, and then the coin is tossed. This is done in Chap-
ter 8, when I add time to the framework.) Bob cannot distinguish any
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of these worlds; in any one of them, he considers all four possible. Thus,
Kp(w) = W for all w € W. On the other hand, since Alice knows the
number she chose, in a world of the form (0, x), Alice considers only worlds
of the form (0, y) possible, while in a world of the form (1, ), Alice con-
siders only worlds of the form (1,y) possible. Alice’s probability measures
PRa4 is also what we would expect. Wy, 4 = Ka(w) = {(0,H),(0,T)}
and Mw,A(O:H) = Uw,A(OaT) = 1/2 for w € {(OaH)a(OaT)}a (O,IL‘), and
similarly for w € {(1, H), (1,T)}.

Suppose that we take as primitive propositions cg, c1, h, t, and a, repre-
senting that Alice chooses 0, Alice chooses 1, the coin will land heads, the
coin will land tails, and Alice performs action a, respectively, and define 7
in the obvious way. Note that a holds in the worlds (0,7") and (1, H). Then,
for example, (M?,(1,H)) = Ka(c1 A Ka(£a(h) = 1/2 Al4(a) = 1/2): in
the world where Alice chooses 1 and the coin will land heads, Alice knows
that she chooses 1 and knows that the probability that the coin will land
heads (and hence that she will perform action a) is 1/2.

It remains to define PR%, 1 =1,2,3. If Bob could assign some proba-
bility « to Alice choosing 0, there would be no problem: in all worlds w,
we could take Wy, g = W and define p,, g so that both (0, H) and (0,7T)
get probability , while both (1, H) and (1,T") gets probability 1770‘ This
gives us a set of probability measures on W, parameterized by a.

It is not hard to show that for any choice of «, the event that action
a is performed (i.e., the event [a]yr = {(0,T),(1,H)}) has probability
1/2. A Bayesian might feel that each agent should choose some « and
work with that. There are two arguments against this viewpoint. The
first argument is pragmatic. Since the problem statement does not give «,
any particular choice may lead to conclusions beyond those justified by the
problem. Thus, we should rightly be suspicious of conclusions drawn on the
basis of a particular . The second argument is more philosophical: adding
a probability seems unnecessary here. As we shall see in Chapter 8, this is
more than just a philosophical issue, since in many problems that arise in
computer science, we are faced with a situation that are best thought of as
having both probabilistic uncertainty (the outcome of the coin toss, in this
case) and nonprobabilistic nondeterminism (Alice’s choice).

One solution to this problem might be to use a structure for knowledge
and lower probability, so that there are sets of probabilities rather than a
single probability. In this case, the set would consist of all possible choices
for @. While something like this would work, it seems unnecessary. After
all, our informal argument above did not seem to need the assumption that
there was some probability of Alice choosing 0. And since the argument
did not seem to need it, it seems reasonable to hope to model the argument
without using it.
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The next thought might be to use nonmeasurable sets. Define ’PR}B
so that PRy (w) = (W, F',ut) for all w € W, where F! is the algebra
with basis {(0, ), (1, H)} and {(0,7), (1,7} and u1({(0, H), (1, H)}) =
p>({(0,T),(1,T)}) = 1/2. That is, in M", the only events to which Bob
assigns a probability are those for which the problem statement gives a
probability: the event of the coin landing heads and the event of the coin
landing tails. Of course, both these events are assigned probability 1/2.

The problem with this approach is that {(0,7), (1, H)} is not in F!.
Thus, it is not true that Bob believes that Alice performs action a with
probability 1/2. The event that Alice performs action a is not assigned a
probability at all according to this approach!

The second approach does not make the probability space independent
of the world. Rather, it uses a different probability space for Bob, depending
on whether Alice chooses 0 or 1. Bob’s probability space when Alice chooses
0 consists of the two worlds where 0 is chosen, and similarly when Alice
chooses 1. In this probability space, all worlds are measurable and have
the obvious probability. In fact, PR%(w) = PRa(w) for all w € W; Bob’s
probability assignment is the same as Alice’s.

Structure M2 supports the reasoning in the example. In fact, (M?, w) =
¢p(a) = 1/2 for every world w, . To see this, consider for example the world
(0,T). Since [a]arz = {(0,T),(1,H)} and W1y 5 = {(0,7),(0,H)}, it
follows that [a]arz N Wo ), = {(0,T)}. By definition, po,1)((0,1)) =
1/2. Thus, (M?,(0,T)) [ ¢g(a) = 1/2. Similar argument show that
(p(a) = 1/2is true at every other world. It follows that M? |= Kg({g(a) =
1/2): Bob knows that the probability that Alice performs action a is 1/2.
Similarly, in this structure Bob know that the probability that the coin
lands heads is 1/2 and that the probability that the coin lands tails is 1/2.

What is the probability that 0 was chosen, according to Bob? In the
worlds where 0 is actually chosen—that is, (0, H) and (0, T)—it is 1; in the
other two worlds, it is 0. So

M? = Kp(tg(co) =0V Ip(c) = 1);
similar reasoning shows that
M? ‘: KB((CO = 63(00) = 1) N (Cl = EB(C()) = 0)

(Exercise 8.1).

While M? seems to capture the reasoning in the example in an elegant
way, its very elegance opens up a whole new can of worms. If W, ; can
be a strict subset of K;(w) (as is the case in M?), then how should it

be chosen? Should there be any constraints on the choice? Consider the
structure M3, where PR (w) = ({w}, Fu, i) for each world w € W. F,
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and ,, are completely determined in this case, because the set of possible
worlds is a singleton: F, consists of {w} and 0, and p,, assigns probability
1 and 0, respectively, to these sets. M3 does not support the reasoning of
the example; it is easy to check that M3 | Kp(¢{p(a) = 0V €p(a) = 1)
(Exercise 8.2). But is there anything intrinsically wrong with the structure
M3? 1 would argue there isn’t. The one-coin example from Chapter 1
shows why.

Example 8.1.2 This time Alice just tosses a fair coin, and looks at the
outcome. What is the probability of heads according to Bob? (I am now
interested in the probability after the coin toss.) Clearly before the coin
was tossed, the probability of heads according to Bob was 1/2. There seem
to be two competing intuitions regarding the probability of heads after the
coin is tossed. One says the probability is still 1/2. After all, Bob has
not learned anything about the outcome of the coin toss, so why should
he change his valuation of the probability? On the other hand, runs the
counterargument, once the coin has been tossed, can we really talk about
the probability of heads? It has either landed heads or tails, so at best, Bob
can say that the probability is either 0 or 1, but he doesn’t know which. I

How can we model this example? There are two reasonable candidate
structures, which again differ only in Bob’s probability assignment. Let
M= ({H,T},Ka,Kp,PRa, PR, ), i =4,5, where

o K4(w) = {w}, for w e {H,T} (Alice knows the outcome of the coin
toss)

o Kp(w) ={H,T} (Bob does not know the outcome)

o PRA(w) = ({w}, Fu, tw) (Alice puts the obvious probability on her
set of possible worlds, which is a singleton, just as in PR%)

e 7 assigns the obvious truth values to the primitive propositions h and
t (for heads and tails).

It remains to define PRE and PRY. PRY is the probability assignment
corresponding to the answer 1/2; PRy(w) = ({H,T}, 2151} 1), where
w(H) = p(T) = 1/2, for both w = H and w = T. That is, according to
P’R4B, Bob uses the same probability space in both of the worlds he con-
siders possible, and in this probability space, assigns both heads and tails
probability 1/2. On the other hand, PR%(w) = PRa(w) = ({w}, Fu, fhuw)-
It is easy to see that M* = Kg({g(h) = 1/2) while M®> = Kg({p(h) =
0V {p(h) =1) (Exercise 8.3).
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Thus, the framework can capture both arguments but, unfortunately,
does not say which one is “right”. I would argue that there is no one right
answer here. A useful way to think of this is in terms of betting games.
Consider Example 8.1.2 again. Imagine that besides Bob, Charlie is also
watching Alice toss the coin. Before the coin is tossed, Bob may be willing
to accept an offer from either Alice or Charlie to bet $1 for a payoff of $2
if the coin lands heads. Half the time the coin will land heads and Bob
will be $1 ahead, and half the time the coin will land tails and Bob will
lose $1. On average, he will break even. On the other hand, Bob is clearly
not willing to accept such an offer from Alice after the coin was tossed
(since we assumed that Alice saw the outcome of the coin toss), although
he might still be willing to accept such an offer from Charlie. Roughly
speaking, when playing against Charlie, it is appropriate for Bob to act as
if the probability of heads is 1/2, whereas while playing against Alice, he
should act is if it is either 0 or 1, but he does not know which.

This example suggests that the choice of probability assignment for Bob
should in general depend the adversary that Bob is playing against (and,
in particular, what that adversary knows). This is indeed the case. The
following general framework, which is appropriate for many examples that
arise in practice, helps make this intuition somewhat more precise.

Suppose that W C V4 x Vs, for some Vi, Vi, where Vi = {v1,..., v}
W can be partitioned into k disjoint sets W1,..., W¥ according to the
first component; that is, W7 consists of all the pairs (vj,v’) in W. As-
sume that for each v; € Vi, there is a probability measure p7 on the set
W3 for which all sets are measurable. In Example 8.1.1, V; = {0,1} and
Vo = (H,T'), and there are natural measures on each of {(0, H), (0,7")} and
{(1,H),(1,T)} (which essentially put equal probability on each of H and
T). These probability measures can be viewed as defining common prior
probabilities, before the agents get any information.

Given a world w, suppose that W is the unique element of the partition
of W that contains w. Define PRE(w) = (W" N K;(w), u*|K;(w)). In the
special case where there is a measure on all of W (so that W" = W), this
amounts to agent ¢ conditioning the prior probability on the set of worlds
that ¢ considers possible. PR% is in fact a reasonable probability assign-
ment; as we shall see in Chapter 8, it is appropriate for many applications.
However, it does not take the other agents into account. I claim that to
take agent j into account, the probability assignment PR? should be used,
where PRI (w) = (W N Ki(w) N K;(w), pl|(Ki(w) N K;(w))) for w e Wh.
(Since all sets are measurable, there is no need to specify the algebra here.)
While the following example does not provide a formal justification of this
claim, it may help explain the intuition.
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Example 8.1.3 Suppose that Alice has two dice, of which one is fair and
the other biased. The biased die lands on 3 with probability 1/2, and on
all the other numbers with probability 1/10. Alice chooses one of the dice
and rolls it. Alice knows which die she used. Although she does not know
the outcome of the roll, she knows whether it is an even or an odd number.
What is the probability of Alice rolling 3 or less, according to Bob?

The set W of possible worlds is {(F'D, 1),...,(FD,6),(BD,1),...,(BD,6)},
where (F'D, j) means that the fair die is rolled and lands j, while (BD, j)
means that the biased die is rolled and lands j. Since Alice knows which die
was used and whether the outcome was even or odd, it is easy to construct
K 4. For example, L4((BD, 1)) = {(BD,1),(BD,3),(BD,5)}. Since Bob
has no idea what die was used or how it landed, Kg(w) = W for all worlds
w. Partition W into two sets, WP and WP, where WP consists of
all worlds of the form (FD,j) and W5 consists of all worlds of the form
(BD, 7). There are obvious probability measures uf? and p?? on these
sets. Comnstructing PR 4 is straightforward; just condition the prior prob-
ability on Alice’s information. Thus, for example, at the world (BD, 1),
Alice’s probability measure puts probability 5/7 on (BD,3) and probabil-
ity 1/7 on each of (BD, 1) and (BD,5).

What about Bob’s probability assignment? The assignment P'Rg is
such that PRE(w) = (WX, pX) if w € WX, for X € {BD, FD}. That
is, the set of worlds in the probability space used at w is determined by
whether the fair coin or biased coin is used at w, even though Bob does
not know which was used. Notice that every subset of WX is measurable.
Consider the primitive propositions o1, ..., 0s, whose intended meaning is
“the outcome is 17, ..., “the outcome is 6”; suppose that 7 interprets these
primitive proposiitons in the intended way. Let o<3 be an abbreviation for
01 V 03 V 03; thus, o<3 represents the event of getting 3 or less. Finally, let
MY = (W,Ka,Kp, PR, PRE, 7). Then

M6 ': KB(fB(Ogg) = 1/2\/EB(0§3) = 7/10)/\
Kp(Ka(la(o<3) =6/T)V Ka(la(o<s) =2/3)V Ka(la(o<s) =1/3))

(Exercise 8.4).

According to PRE, Bob knows that the probability of the die landing
3 or less is either 1/2 or 7/10 (depending on whether Alice used the fair
or biased die). Do these numbers give him some guidance on how to bet?
Suppose that Charlie is as ignorant as Bob about which die was used and
how it landed. Charlie offers Bob a bet where Bob get $43 if the outcome
of the die was actually 3 or less and loses $1 otherwise. Should Bob accept
the bet? Clearly the answer depends on 3. If 3 > 1, then Bob should cer-
tainly accept (assuming he accepts whenever he thinks his expected payoff
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is nonnegative). If the die is fair, he wins $3 with probability 1/2 and loses
$1 with probability 1/2, so he comes out ahead. If the die is biased, he
does even better. Similar arguments show that if 5 < 3/7, then Bob should
certainly reject. For 8 between 3/7 and 1, both accepting and rejecting are
reasonable courses of action. Thus, in this case, the numbers do provide
Bob with reasonable guidance as far as betting behavior goes.

On the other hand, if Alice is offering Bob the bet, then this analysis
is clearly incorrect. Alice has extra information, and she certainly may be
taking that into account when she offers the bet. For example, if Alice
chooses the biased die and she learns that the outcome was odd, then she
knows that the probability of o<z is 6/7. Bob obviously should take Alice’s
extra information into account when deciding whether or not to accept an
offer to bet. I claim that he can do this by using the probability assignment
PR, where PR (w)PRa(w). The details of the argument can be found
in Exercise 8.5. 1

8.2 Axiomatizing Knowledge and Probability

We saw that the axioms that characterize reasoning about knowledge de-
pend in part on the assumptions we make about the K; operator. For
example, if ; is reflexive then axiom K2, K;p = ¢, is sound. Suppose,
for definiteness, that IC; is an equivalence relation, so that knowledge is
characterized by the axiom system S5,. Reasoning about probability is
characterized by the axiom system LY. Are there additional properties
for reasoning about knowledge and probability? As the following result
shows, there aren’t, at least, as long as no additional assumptions are made
about the interactions between knowledge and probability.

Let ME:Prob consist of all structures for knowledge and probability
for n agents, and let MX:™¢% consist of all the structures for knowl-
edge and probability for n agents where the probability is measurable,
that is, Mm% consists of all consist of the structures for knowledge
and probability of the form M = (W,Ky,...,K,, PRy,..., PRy, ) such
that (W, PRy,...,PR,,m) € MM Let AXfL{’pmb consist of the axioms
and inference rules of S5,, for knowledge together with the axioms and in-
ference rules of AX2™" for probability. Let AX:"* consist of the axioms
and inference rules of S5, and AX2%,

Theorem 8.2.1 AXSP™ (resp., AXX:P) is a sound and complete az-

iomatization with respect to Mm% (resp. . ME-Prob) for the language
LRQU.
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Proof Soundness is immediate from the soundness of S5, and AX2™?;
completeness is beyond the scope of the book. i

We typically do want to make some assumptions about the interactions
between knowledge and probability. In the rest of this section, I briefly
discuss four such possible interactions and their axiomatic characterization.

Suppose that M = (W,Ky,...,K,, PR1,...,PR,,m). We have seen
that we do not necessarily want to take Wy, ; = K;(w). In the structure
M? used to model Example 8.1.1, W,, g was a strict subset of Kpg(w).
But what if W,,; is not even a subset of K;(w)? This does not seem so
reasonable. In particular, it allows the agent to place positive probability
on a fact that he knows to be false; for example, it would allow the formula
K;=pAL;i(p) > 0 to be satisfiable. An agent who places positive probability
on an event he knows to be false can be viewed as inconsistent. Thus, the
following condition, which prevents this, is called CONS (for consistent).

CONS. For all i and w, if PR;(w) = (W, Fuwi, Hw,i), then Wy, ; C
/Cl(w)

Another asssumption that seems reasonable is that PR, ; depends only
on the agent’s knowledge at world w, not on other features of w. This
would mean that PR, ; is the same for all worlds w that agent ¢ cannot
distinguish. This property is called SDP (state-determined probability).

SDP. For all i, v, and w, if v € K;(w), then PR;(v) = PR;(w).

Although SDP is a standard assumption (it is almost always made in
the economics literature, for example), as we have seen, for some analyses
it is inappropriate. For example, the structure M? used to capture Exam-
ple 8.1.1 does not satisfy it. M? does, however, satisfy a weaker property,
called uniformity. Roughly speaking, uniformity holds if K;(s) can be par-
titioned into subsets such that at every point in a given subset T, the
probability space is the same. Uniformity is formalized as follows:

UNIF. For all i, v, and w, if PR;(w) = (Wi, Fuw,is bw,:) and v € Wy, ;,
then PR;i(v) = PRi(w).

In the presence of CONS, UNIF says that K;(w) can be partitioned in
such a way that, for each cell W’ in the partition, PR;(u) = PR;(v) and
Wi € W’ for all worlds u,v € W’. That is, the probability spaces are
the same for worlds in the same cell of the partition and are contained in
the cell (Exercise 8.6). Actually, without loss of generality, W, ; = W';
that is, the probability is placed on the cell itself. This is what happens,
for example, in the structure M2. In the presence of CONS, SDP implies
UNIF, although in general it does not (Exercise 8.7).
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One last assumption, which is particularly prevalent in the economics
literature, is the common prior (CP) assumption. This assumption asserts
that the agents have a common prior probability on the set of all worlds and
each agent’s probability assignment at world w is induced from this common
prior by conditioning on his set of possible worlds. Thus, CP implies SDP
and CONS (and hence UNIF), since it requires that /C;(w) = Wy, ;.

CP. There exists a probability space (W, Fw, uw) such that PR;(w) =
(Ki(w), Fw|Ki(w), pw,i)) for for all agents i and worlds w € W, where
Fw|K;i(w) consists of all sets of the form U NK;(w) for U € Fw, and
Hwi = pw|KCi(w) if pw (K;(w)) > 0. (There are no constraints on
Haw,i 3 pw (Ki(w)) = 0.)

Until quite recently, the common prior assumption was almost an article
of faith among economists. It says that differences in beliefs among agents
can be completely explained by differences in information. Essentially, the
picture is that agents start out with identical prior beliefs (the common
prior) and then condition on the information that they later receive. If
their later beliefs differ, it must thus be due to the fact that they have
received different information.

CP limits the class of structures in interesting ways. For example, sup-
pose that M = ({wy,wa}, K1, K2, PR1, PR2, 7) and that both agents con-
sider both worlds possible, that is, K1 (w1) = K1(we2) = Ka(w1) = Ka(ws) =
{wy,wa}. Tt is easy to see that the only way that this structure can be
consistent with CP is if PRy(w1) = PRa2(w1) = PRi(w1) = PRa(w2)
(Exercise 8.8). But there are less trivial constraints placed by CP, as the
following example shows.

Example 8.2.2 Consider the frame F' described in Figure 8.1. (Recall
from Section 2.2.4 that a frame is a Kripke structure without the interpre-
tation m.) There are four worlds in this frame, {w1,...,ws}. K1 partitions
the worlds into two equivalence classes, {wy,ws} and {ws, ws}; Ko par-
titions them into two other equivalence classes, {wi,ws} and {ws, wa}.
Whatever two worlds agent 1 considers possible, he ascribes them both
probability 1/2. Agent 2, however, thinks that ws is twice as likely w; and
wy is twice as likely as wy. It is easy to see that this frame does not satisfy
CP (Exercise 8.11). 11

There are axioms that characterize each of CONS, SDP, and UNIF. De-
fine an i-likelihood formula to be one of the form a1;(p1)+- - - +arli(pr) >
b. That is, it is a formula where the only likelihood terms involve agent .
Consider the following three axioms:
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Agent 2
13 2/3
[ ] [ ]
W W,
12 12
Agent 1
2/3 13
®
o v
1/2 1/2

Figure 8.1: A frame that does not satisfy CP.

KP2. ¢ = K,y if ¢ is an i-likelihood formula.

KP3. ¢ = (4;(v) = 1) if ¢ is an i-likelihood formula or the negation of an
i-likelihood formula.

In a precise sense, KP1 captures CONS, KP2 captures SDP, and KP3
captures UNIF. KP1 essentially says that the set of worlds that agent i
considers possible has probability 1 (according to agent 7). It is easy to see
that KP1 is sound in structures satisfying CONS. Since SDP says that agent
i knows his probability space (in that it is the same for all worlds in /C; (w)),
it is easy to see that SDP implies that in a given world, agent ¢ knows all
i-likelihood formulas that are true in that world. Thus, KP2 is sound in
structures satisfying SDP. Finally, since a given i-likelihood formula has
the same truth value at all worlds where agent ¢’s probability assignments
is the same, the soundness of KP3 in structures satisfying UNIF is easy to
verify.

As stated, KP3 applies to both i-likelihood formulas and their negations,
while KP2 as stated applies to only i-likelihood formulas. It is straightfor-
ward to show, using the axioms of S5,, that KP2 also applies to negated
i-likelihood formulas (Exercise 8.9). With this observation, it is almost
immediate that Axioms KP1 and KP2 together imply KP3, which is rea-
sonable since CONS and SDP together imply UNIF (Exercise 8.10).

The next theorem makes the correspondence between various properties
and axioms precise.

Theorem 8.2.3 Let A be a subset of {CONS,SDP,UNIF} and let A be
the corresponding subset of { KP1,KP2,KP3}. Then AXf’pmb UA (resp.,
AXnK’bEIUA) is a sound and complete axiomatization for the language LE@U
for structures in ME-meas (resp. . ME-Prob) satisfying A.
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Proof As usual, soundness is straightforward (Exercise 8.12) and com-
pleteness is beyond the scope of this book. i

Despite the fact that CP puts some nontrivial constraints on structures,
it turns out that CP adds no new properties in the language £LX?Y beyond
those already implied by CONS and SDP.

Theorem 8.2.4 AXX:P" U {KP1,KP2} is a sound and complete az-
iomatization with respect to structures in ME-mes satisfying CP, for the
language LECU.

Although CP does not lead to any new axioms in the language £LXQU,
things change significantly if we add common knowledge to the language.
Common knowledge of ¢ holds if everyone knows ¢, everyone knows that ev-
eryone knows ¢, everyone knows that everyone knows that everyone knows,
and so on. It is straightforward to extend the logic of knowledge introduced
in Section 2.2 to capture common knowledge. We add the modal opera-
tor C' (for common knowledge) to the language LE@U to get the language
LERQUC Let E'¢ be an abbreviation for K1oA...AK,p and let E™1(p)
be an abbreviation E1(E™). Thus, E¢ is true if all the agents in {1,...,n}
know ¢, while F3p, for example, is true if everyone knows that everyone
knows that everyone knows . Given a structure M € MX:77b  define

(M,w) | Cyp iff (M,w) = E*p for all k > 1.

In the language EfoUC, CP does result in interesting new axioms. In
particular, in the presence of CP, agents cannot disagree on the expected
value of random variables. For example, if there are two agents, Alice
and Bob, it cannot be common knowledge that the expected value of a
random variable X is 1/2 according to Alice and 2/3 according to Bob.
This property can be expressed in the language E?QUC. Consider the
following axiom:

CPs. If ¢1,...,om are mutually exclusive formulas (that is, if =(¢; A ;)
is an instance of a propositional tautology for ¢ # j), then

=Clarli(e1) +---+amli(eom) > 0Aarla(p1) + - - - +amba(om) < 0).

Notice that a1€1(01) + -+ + amf1(eom) is the expected value according to
agent 1 of a random variable that takes on the value a; in the worlds where
@i is true, while a1f2(p1) + -+ + amla(eom) is the expected value of the
same random variable according to agent 2. Thus, CP5 says that it cannot
be common knowledge that the expected value of this random variable
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according to agent 1 is positive while the expected value according to agent
2 is negative.

It can be shown that CPy is valid in structures in M5 " satisfy-
ing CP; moreover, there is a natural generalization CP,, that is valid in
structures MEK:m¢es satisfying CP (Exercise 8.13). However, these axioms
(together with standard axioms for reasoning about common knowledge)
are still not quite enough to get completeness. It turns out that we need to
strengthen them slightly, although the details are beyond the scope of this
book.

8.3 Knowledge and Belief

Philosophers have long discussed the relationship between knowledge and
belief. To distinguish them, I use the modal operator K for knowledge
and B for belief (or K; and B; if there are many agents). Does knowledge
entail belief; that is, does K¢ = By hold? (This has been called the
entailment property.) Do agents know their beliefs; that is do Bg = KBy
and By = K-By hold? Are agents introspective with regard to their
beliefs; that is, do By = BBy and By = B—-Byp hold? While it is
beyond the scope of this book to go into the philosophical problems, it is
interesting to see how notions like CONS, SDP, and UNIF, as defined in
the previous section, can help illuminate them.

To begin with, we must decide how to model belief. We have actu-
ally seen two approaches. Chapter 77 discussed the use of accessibility
relations /C; for modeling knowledge and belief. To reason about both
simultaneously, Kripke structures for knowledge and belief of the form
M = (W,Kq,...,Kn,B1,..., By, m) can be used, where Ky,...,K, are
used to capture knowledge and B,...,B, are used to capture belief. Let
LEB be the language with modal operators K7, ..., K,, for knowledge and
By, ..., B, for belief. As expected, the semantics for B;y is

(M,w) E Bip iff (M, w") = ¢ for all w’ € B;(w).

(The semantics of knowledge remains unchanged: (M, w) = K; iff (M, w') &=
o for all w' € K;(w).)

Another approach is to use plausibility measures to capture belief, as
discussed in Section 7.2: an agent believes ¢ if ¢ is more plausible than
—. Formally, given a structure M = (W, K4,...,K,,PL1,...,PLy,m) for
knowledge and plausibility, define

(M, w) | Bip iff Pl i([¢]ss N Wa,i) > Ply ([l MW i),
where PL;(w) = (W4, Ply.i)-
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According to this definition, B;p can be viewed as an abbreviation for
true —; . This abbreviation suggests that B;y can be interpreted as “p is
typically true”. Belief is typically assumed to be closed under conjunction,
that is, (B;¢@ A B;y) < B;(p A1) is assumed to hold. By the results of Sec-
tion 7.2, this equivalence holds for qualitative plausibility measures. Thus,
when dealing with belief, I restrict attention to structure for knowledge and
qualitative plausibility, where are the plausibility measures that arise are
qualitative.

The definition of belief in terms of plausibility is equivalent to that in
terms of the binary relation B; as long as the set W of possible worlds
is finite. That is, if W is finite, a structure for knowledge and belief can
be transformed into a structure for knowledge and qualitative plausibility
satisfying the same formulas, and vice versa (Exercise 8.14). However,
as shown in Chapter 77, plausibility meaures are more expressive if W
is infinite. Moreover, plausibility can be used to express conditional belief
statements (1) —; ¢) as well as unconditional belief statements (true —; ¢);
this added expressive power is useful for dealing with belief revision, as we
shall see in Chapter ??. Thus, I use (qualitative) plausibility to model
belief from here on in.

Analogues of CONS, UNIF, SDP, and CP can be defined in structures
for knowledge and plausibility: simply replace PR; by PL; throughout.
Interestingly, these properties are closely related to some of the issues re-
garding the relationship between knowledge and belief, as the following
proposition shows.

Proposition 8.3.1 Let M = (W,Ky,...,K,,PLy,...,PL,) be a struc-
ture for knowledge and qualitative plausibility.

(a) If M satisfies CONS, then M = K;p = (¥ —; @) for all formulas ¢
and ¥; in particular M |= K;p = By for all ¢.

(b) If M satisfies SDP, then M = (¢ —; ¢) = K;( —; ¢) and M |
=(¢; =4 ©) = Ki=(¥; —4 ) for all formulas ¢ and v; in particular,
M = Byjp = K;B;p and M |= =By = K;—=B;p for all formulas ¢.
(c) If M satisfies UNIF, then M = (¢ —; ¢) = Bi(¢p —i ) and M |

=(1; =i ©) = Bi=(Y; —; ) for all formulas ¢ and v; in particular,
M & By = B;Bip and M = —B;p = B;=B;p for all formulas .

Proof See Exercise 8.15. 11

Thus, CONS gives the entailment property, with SDP, agents know their
beliefs, and with UNIF, agents are introspective regarding their beliefs.
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Exercises
co) =0V lp(co) = 1) and M? = Kp((co =
).

8.2 Show that M? = Kg(fp(a) =0V ¢p(a) = 1).

8.1 Show that M2 |= KB(ﬁB(
63(00) = 1) N (61 = fB(Cl) =1

8.3 Show that M* = Kg(fg(h) = 1/2) while M® = Kg({g(h) = 0V
lp(h) =1).

8.4 Show that

M6 ': KB(EB(0§3) = 1/2\/63(053) = 7/10)/\
Kp(Ka(la(o<s) =6/7)V Ka(fa(o<s) =2/3)V Ka(£a(o<s) =1/3)).

* 8.5 Let M7 be the result of replacing PRE in M® by PRA.
(a) Show that

M7 |= KB(fB<O<3) = 6/7\/£B(O§3) = 2/3\/E<O§3) = 1/3)/\

Kp(Ka(ta(o<s) =6/7)V Ka(la(o<s) =2/3) Vv Ka(la(o<s) = 1/3)).

Suppose that Alice has a certain strategy for deciding what bet to offer
Bob. Formally, a strategy for Alice in this case is a function from worlds to
the payoff 3 that Alice offers for bets on o<3. Assume that Alice’s strategy
depends only on her information, so that if (w,w’) € K4, then Alice must
offer the same payoff at both w and w’. Similarly, a strategy for Bob is
a function from worlds to rules for accepting/rejecting offers to bet that
is the same at all worlds that Bob cannot distinguish. For example, at a
given world w, Alice’s strategy may be to offer Bob a bet on o<3 with a
payoft of $2 if o<3 is true, while Bob’s strategy may be to reject all offers
with payoff less than $2.50 (so, in particular, Bob will reject this offer).

(b) Show that if Bob uses the probabilities computed according to M7
as a guide, then he will not lose money. That is, if Bob accepts bets
only if the payoff is at least $6 (in which case he is guaranteed to at
least break even even if the probability of o<z is 6/7), then he does
not lose money no matter what strategy Alice uses.

(¢) Show that Bob cannot do better than this, in that if if he uses any
other threshold for accepting bets, then there is a strategy that Alice
could use that would guarantee that Bob would lose money.
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8.6 Show that if M satisfies UNIF and CONS, then for each world w, we
can partition /C;(w) into subsets Wi, ..., W}, such that if u,v € Wj, then
PRi(u) = PRi(v), and if PR, (u) = (W', Fu, fiu,i), then W C W,

8.7 Show that CONS and SDP together imply UNIF, but that SDP by
itself does not imply UNIF. (For the second half, describe a structure that
satisfies SDP and not UNIF.)

8.8 Given the definition of W, K1, and K3, show that the only way the
structure M described just before Example 8.2.2 can be consisitent with
CP is if PRl (wl) = PRz(wl) = PRl (wl) = PRQ(U)Q)

8.9 Suppose that ¢ is an i-likelihood formula. Show that —¢ = K;—y is
provable from KP2 and S5,,.

8.10 Show that Axioms KP1 and KP2 (together with Prop and MP) imply
KP3.

8.11 Show that the frame F' in Example 8.2.2 does not satisfy CP.

8.12 Show that KP1, KP2, and KP3 are valid in structures in M meas
that satisfy CONS, SDP, and UNIF, respectively.

* 8,13 (a) Show that CP, is valid in structures in M% ™" satisfying CP.
(b) Consider the following axiom:

CP,. If ¢1,..., ¢ are mutually exclusive formulas and a;;,7 = 1,...,n,
j =1,...,m, are rational numbers such that Y., a;; = 0, for
j=1,...,m, then

=C(a111(p1)+ - ~+a1mfl1(om) > OA. . Aan1ln(p1)+ - +anmln(pm) > 0).

(i) Show that CPj is equivalent to the axiom that results from CP,
above when n = 2. (This justifies using the same name for both.)

(ii) Show that CP,, is valid in structures in MX:m¢% satisfying CP.

* 8.14 (a) Given a structure for knowledge and belief M = (W, K4,..., Ky, By, ...

define plausibility assignments PLy,...,PL, by taking PL;(w) =
(W, Pl ;), where

Pl,.(U) =

)

1 if U D Bi(w)
0 otherwise.

7Bn77r)7
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Let M' = (W,K4,...,Kpn,PL1,...,PLy, 7). Show that M’ is a struc-
ture for knowledge and qualitative plausibility and that M and M’
agree on all formulas in £X5| that is, if ¢ € LXB then, for all w € W,

(Maw) ':QD iff (Mlaw) |: P-

Given a structure M = (W, Kq,..., Ky, PL1,...,PLy,, ) for knowl-
edge and qualitative plausibility, where W is finite, define a binary
relation B; by setting B;(w) = N{U : Pl,;(U) > Pl,;(U)}. Let
M = (W,K1,...,Kn,B1,...,Bn,7). Show that M and M’ agree on
all formulas in LK B, that is, if ¢ € LEB then, for all w € W,

(M, w) = ¢ iff (M, w) E .

Show that the construction in part (b) does not work if W is infi-
nite, by constructing a structure M for knowledge and qualitative
plausibility for which the set W of possible worlds is infinite and the
structure M’ for knowledge and belief does not agree with M on all
formulas in £XB,

8.15 Prove Proposition 8.3.1.

8.16 State analogues of CONS, SDP, and UNIF in the case where a bi-
nary relation B; is used to model belief, and prove an analogue of Proposi-
tion 8.3.1 for your definition.

* 8.17 Another property of interest relating knowledge and belief is called
certainty. It is characterized by the following two axioms:

(a)

(b)

By = BKyp (positive certainty)
By = B-K¢ (negative certainty).

Show that if B satisfies the axioms of KD45, K satisfies the axioms of
S5, and the entailment property holds, then negative certainty follows
from positive certainty.

Show that if B satisfies the axioms of KD45, K satisfies the axioms of
S5, the entailment property holds, and positive introspection holds,
then B is equivalent to K; that is By < K¢ is provable. Thus,
under these assumptions, an agent cannot hold false beliefs: —p A
By is inconsistent. (This result holds even if B does not satisfy the
introspective properties K4 and K5.)



Notes 199

Notes

The logic of probability and knowledge considered here was introduced in
[Fagin and Halpern 1994]. Although this was the first paper to consider a
combined logic of probability and knowledge, combinations of probability
with other modal operators had been studied earlier. Propositional prob-
abilistic variants of temporal logic (a logic for reasoning about time—see
Chapter 8) were considered by Hart and Sharir [1984] and Lehmann and
Shelah [1982], while probabilistic variants of dynamic logic (a logic for rea-
soning about actions) were studied by Feldman [1984] and Kozen [1985].
Monderer and Samet [1989] also consider a semantic model that allows the
combination of probability and knowledge, although they did not introduce
a formal logic for reasoning about them.

The idea of viewing different probability assignments as playing against
different adversaries is explored in detail in [Halpern and Tuttle 1993]. The
notions of CONS, SDP, UNIF were formalized in [Fagin and Halpern 1994];
Theorems 8.2.1 and 8.2.3 are taken from there.

The common prior assumptions and its implications have been well stud-
ied in the economics literature; some significant references include [Aumann
1976; Harsanyi 1968; Morris 1995]. The fact that CP implies no disagree-
ment in expectation (and, in a sense, can be characterized by this property)
was observed by Bonanno and Nehring [1996], Feinberg [1995, 1996], Mor-
ris [1994], and Samet [pear]. The axiom CPs (and CP,, in Exercise 8.13)
is taken from [Feinberg 1996; Samet pear]. An axiomatization of LE@UC
in the presence of CP can be found in [Halpern 1998a], from where Theo-
rem 8.2.4 is also taken.

There has been a great deal of work on logics of knowledge and belief;
see, for example, [?; Hoek 1993; Kraus and Lehmann 1988; Lamarre and
Shoham 1994; Lenzen 1978; Lenzen 1979; Moses and Shoham 1993; Voor-
braak 1991]. The use of plausibility to model belief is discussed in [Fried-
man and Halpern 1994], from where Proposition 8.3.1 and Exercise 8.14
are taken. The observation in Exercise 8.17 is due to Lenzen [1978, 1979];
see [?] for further discussion of this issue.



