Chapter 6

Logics for Reasoning
About Uncertainty

We can design a logic for reasoning about each of the methods of uncertainty
discussed in Chapter 3. The general approach is much like that for the
logics of knowledge and relative likelihood discussed in Chapter 2. A simple
structure for each of these notions in the case of one agent has the form
(W,w, X, 7), where, as before, W is a set of worlds, w is the actual world,
and 7 is an interpretation. X depends on the method of representation
that we use. It can be either a probability on W if we want to reason about
probability, a Dempster-Shafer belief function if we want to reason about
them, and so on. We can then generalize to allow the representation of
uncertainty being considered—probability, possibility, etc.—to depend on
the world, and to be different for each agent. Thus, in general, a structure
has the form (W, X1,...,X,, 7). We have already seen two instances of this:
if X; = KC;, an accessibility relation, then we get an epistemic structure; if
X; = O;, then we get a preferential structure.

All the other types of structures considered in this book follow the same
general pattern. At the risk of boring the reader, I briefly describe them
all here, just to establish the notation.

o In the case of probabilities, X; = PR;, where PRi(w) = (Wi, Fuw,is bw,i),
Fuw,i is an algebra of subsets of W,,; C W, and p.,; is a probability
measure on F, ;. This gives us a probability structure. An important
special case is where F, ; = 2Ww.i 5o that all sets are measurable. A
probability structure where all sets are measurable is called a measur-
able probability structure. The function PR; in a probability structure
is called a probability assignment (for agent 7).
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e In the case of lower probabilities, X; = LP;, where LP;(w) = (Wi, Pw,i)
and P, ; is a set of probability measures on W,,; C W. This gives us
a lower probability structure.

e In the case of belief functions, X; = BEL;, where BEL;(w) = (W, i, Bely, ;)
and Bel, ; is a belief function on W, ; C W. This gives us a belief
structure.

e For possibility measures, X; = POSS;, where POSS;(w) = (W, i, P0sSy, ;)
and Poss, ; is a possibility measure on W,,; C W. This gives us a
possibility structure.

e For ranking structures, X; = RANK,, where RANK;(w) = (Wi, Kuw,i)
and K,; is a ranking function on W,, ; C W. This gives us a ranking
structure.

o Finally, for plausibility measures, X; = PL;, where PL;(w) = (Wi, Plw,s)
and Pl,, ; is a plausibility measure on W, ; C W. This gives us a plau-
sibility structure.

Let MPmb pmeas M Agbel - Aposs - prank and MPLas be the class of
all probability structures, measurable probability structures, lower proba-
bility structures, belief structures, possibility structures, ranking structures,
and plausibility structures, respectively, for n agents.

In the “simple” version of MP™" there is just a probability measure,
rather than a function from worlds to probability measures. There are
similar “simple” versions for all the other notions of uncertainty. For ex-
ample, a simple possibility structure has the form (W, Poss, 7). I drop the
subscript n to denote the simple version of these structures, writing, for ex-
ample, MP™? to denote the class of simple probability structures. I leave
the formal details to the reader.

What about the language? What kinds of things do we want to say? To
some extent, that depends on what we can say, which in turn depends on the
representation method being used. I actually consider two languages here.
For both, the syntax includes likelihood terms of the form ¢(¢). This can be
interpreted as “the probability of ¢”, “the possibility of ¢”, “the plausibility
of ¢”, and so on, depending on the underlying representation. (The £ stands
for likelihood.) The first language allows arithmetic operations for forming
more complicated likelihood terms, such as €(y) + £(+)). This makes sense
for probability and possibility, where ¢(¢) and £(%)) are real numbers that
can be added, but not for plausibility measures. The second language allows
only comparison of likelihoods, and makes sense for all the representation
methods.
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6.1 Reasoning about Probability: The Mea-
surable Case

I start by considering the case of measurable probability structures and the
richer language, that allows the addition of probability terms. This allow
us to say, for example, that the probability of the union of two disjoint sets
is the sum of their individual probabilities. In fact, I allow more than just
addition; I allow an arbitrary linear combination of likelihood terms.

The syntax is quite simple. Starting with a set ® of primitive proposi-
tions. close off under conjunction, negation, and (linear) likelihood formu-
las, where a likelihood formula has the form a1 4;, (p1) + -+ + arl;, (or) >
b, where ay,...,ax,b are integers, iy,...,i, are (not necessarily distinct)
agents, and ¢y, . .., @y are formulas. Thus, a linear likelihood formula talks
about a linear combination of likelihood terms of the form ¢;(y). For ex-
ample, 201(p1 A p2) + Tl1(p1 V —p3) > 3 is a likelihood formula. Since
nesting is allowed, so is ¢; (la(p) = 1/2) = 1/2. LIV (®) (the QU stands for
quantitative uncertainty) is the language that results from starting with @
and closing off under conjunction, negation, and the formation of likelihood
formulas.

LRU (as usual, I suppress ®) is rich enough to express many notions of
interest. For example, we can use obvious abbreviations such as

0(0) = 6:(w) > b for £i(i) + (~1)(¥) > b,

o L) > L) for L) — G:(®) > 0

o L) < L) for £(8) = L) > O,

o L) < b or ~(Lilp) > b),

o L) 2 b for —ti(p) < —b,
£() = b for (£:(p) > b) A (L) < ).

In addition, a formula such as ¢;(¢) > 1/3 can be viewed as an abbreviation
for 3¢;(¢) > 1. That means we can use rational numbers in formulas,
viewing the resulting formula as an abbreviation for the formula that would
be obtained by clearing the denominators. We can also express simple
conditional probabilities such as ¢;(¢l) > 2/3. Since £;(p|t) = Li(p A
) /€:(1), we can clear the denominator again to get 3¢;(v A ) > 2¢;(v)).
One other important notion we can express in the this language is that
of the expected value of a random variable, provided that the worlds in
which the random variable takes on a particular value can be characterized
by formulas. For example, suppose that you win $2 if a coin lands heads
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and lose $3 if it lands tails. Then your expected winnings are 2¢(heads) —
3{(tails). The formula 2¢(heads) — 3¢(tails) > 1 says that your expected
winnings are at least $1.

Although £V is a very expressive language, there are important no-
tions that cannot be expressed. One example is independence. Suppose
that we want to express the fact that (according to agent i) ¢ is indepen-
dent of 9. Informally, (after expanding and clearing the denominator) this
corresponds to the formula ¢;(¢ Av) = £;(¢) X £;(10). There is no difficulty
giving semantics to such formulas in the semantic framework I am about
to describe. However, this formula is not in the language, since I have not
allowed multiplication of likelihood terms in linear likelihood formulas. I
return to this issue in Section 6.2.

So why not include such formulas in the language? There is a tradeoff
here: Enriching the language allows us to say more, but the added ex-
pressive power comes at a price. Richer languages are typically harder to
axiomatize and it is typically harder to determine the validity of formulas
in a richer language. (See the notes at the end of this section for further dis-
cussion of this issue and references.) Thus, I stick to the simpler language
in this book, for purposes of illustration.

Formulas in £V are either true or false; they do not get “probabilistic”
truth values. A logic for reasoning about probability can still be two-valued!
To give semantics to formulas in £2Y, T use probability structures. As
usual, I start with the case where there is only one agent; thus, I omit the
subscripts on £. I also assume for now that all sets are measurable; that is,
I restrict attention to the case of measurable probability structures. This
makes life simpler. In a probability structure M, the term ¢(¢) is supposed
to be interpreted as the probability of the set [¢]ar. But if this set is not
measurable, we cannot talk about its probability. As long as all sets are
measurable, this problem does not arise.

Defining the truth of formulas in a simple measurable probability struc-
ture M = (W,w,pu, ) is straightforward. The definition in the case of
primitive propositions, conjunctions, and negations, is identical to that in
Chapter 2. In the case of a likelihood formula,

(M, w) = arl(or)+ - +arl(pr) > biff arp(fpidu N W) + - aep(lpear N W) > b.

(Recall from Chapter 2 that [¢]y = {w : (M,w) E ¢}.) It is easy to
check that, because the probability measure is independent of the world,
the truth of a likelihood formula is also independent of the actual world;
(M,w) E a1l(p1) + -+ + apl(vr) > b for some w € W if and only if
(M,w") E a1l(p1) + - - + apl(pr) > b for all w' € W, so that we can write
M = ail(p1) + -+ apl(er) > b.
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Example 6.1.1 Suppose that My = (W, u, 7), where W = {wy, w2, w3, wa},
wwr) = plwe) = 25, p(ws) = .3, u(ws) = .2, and 7 is such that
(M,w1) = pAg, (M,ws) = pA—q, (M, w3) = —pAg, and (M, ws) = “pA—q.
Thus, the worlds in W correspond to the four possible truth assignments
to p and ¢. The structure M; is described in Figure 77.

It is straightforward to check that, for example,

(My,w1) EpAgA (UpA—g) > EUpAg)).

Even though p A ¢ is true at wq, the agent considers p A —¢ to be more
probable than p A q. We also have

My = l(g|-p) = -6;
equivalently, sticking closer to the syntax of L@V,
M | U(=pAq)—-6((-p)=0.

As usual, it is straightforward to extend simple probability structures
to more general ones, where the probability may depend on the world and
there are n agents. The definition of truth for likelihood formulas now uses
probability assignments:

(M,w) | arliy (1) + -+ - + arliy () 2 b
if a1 oo iy (1] O W iy) + - - - G oo, ([or]ar 0 Wa i) > b,

where PR, (w) = (Wi w,i; )-

Example 6.1.2 Let My = (W, PRy, PR2,w), where W and 7 are as in
the structure M; in Example 6.1.1, PRy (w;) = ({w;}, u;), where p; is
the unique probability measure on the singleton {w;} for j = 1,...,4,
PR2(w1) = PRa(wz) = ({wi,wa},py), where pi(wr) = py(wz) = 1/2,
and PRa(ws) = PRa(wa) = ({ws, wa}, ph), where ph(ws) = ph(wy) =1/2.
Thus, for example,

(Mywi) = pAgA(Glg) = 1) A ((q) = 1/2) A (GL(ba(q) = 1/2) = 1A
(62(l(q) =1) =1/2) A (l2(la(q) = 1V la(ng) =1) = 1).

At world wy, agent 1 is certain that ¢ is true, while agent 2 thinks both ¢
and —q are equally likely. Moreover, agent 1 is certain that agent 2 thinks ¢
has probability 1/2, while agent 2 is certain that agent 1 assigns probability
1 to one of ¢ or —¢q. 1
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6.1.1 Axiomatizing Probabilistic Reasoning

I now present a complete axiomatization for reasoning about probability.
The system, called AXP™" divides nicely into three parts, which deal re-
spectively with propositional reasoning, reasoning about linear inequalities,
and reasoning about probability. It consists of the following axioms and
rules of inference, which hold fori =1,...,n.

Propositional reasoning:

Prop. All substitution instances of tautologies of propositional calculus.
MP. From ¢ and ¢ = % infer v (Modus ponens).

Reasoning about probability:

QUIL. £i(p) > 0.

QU2. ¢;(true) = 1.

QU3. Li(p AY) + Lo A ) = Li(p).

QUGen. From ¢ < ¢ infer 4;(p) = 4;().

Reasoning about linear inequalities:

Ineq. All instances of valid formulas about linear inequalities (see below for
details).

Prop and MP should be familiar from the systems K,, and AXs, that
we saw in Chapter 2 for reasoning about knowledge and relative likelihood.
(However, note that Prop represents a different collection of axioms in each
system, since the underlying language is different in each case. For example,
—(€1(p) > 0 A=(L1(p) > 0) is an instance of Prop in AX2™®, which is based
on the language £2U. Tt is not of Prop in K,,, since this formula is not even
in the language £X.) Axioms QU1-QU3 correspond to the properties of
probability: Every set gets nonnegative probability (QU1), the probability
of the whole space is 1 (QU2), and finite additivity (QU3). The rule of
inference QUGen is an analogue to the generalization rule Gen used in
Chapter 2. The most obvious analogue—from ¢ infer ¢;(¢) = 1—follows
from QUGen and QU2, but is actually weaker than QUGen (and is not
strong enough to give completeness).

The axiom Ineq consists of “all valid formulas about linear inequalities”.
To make this precise, let X’ be a a fixed infinite set of variables. An inequality
term (over X') is an expression of the form ay 21+ - -+arzk, where aq, . .., ax
are integers, z1,...,x are variables in X, and k > 1. A basic inequality
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formula is a statement of the form ¢ > b, where ¢ is an inequality term and b
is an integer. For example, 2z3 + 7z2 > 3 is a basic inequality formula. An
inequality formula is a Boolean combination of basic inequality formulas. I
use f and g to refer to inequality formulas. An assignment to variables is a
function A that assigns a real number to every variable. It is straightforward
to define the truth of inequality formulas with respect to an assignment A
to variables. For a basic inequality formula,

A '2011'1 + - FarTr > biffalA(xl) +~~+akA(xk) >b.

The extension to arbitrary inequality formulas, which are just Boolean com-
binations of basic inequality formulas, is immediate:

AE~f ff AES
AEfAg iff AEfandAlEyg.

As usual, an inequality formula f is valid if A = f for all A that are
assignments to variables, and is satisfiable if A |= f for some such A.
A typical valid inequality formula is

(@121 + -+ akxr 2 b) A (dz1 + -+ afz, > V)

= (a1 +a})zy + -+ (a +a})zr > (b+ V). (6.1)

To get an instance of Ineq, we simply replace each variable z; that occurs
in a valid formula about linear inequalities by a likelihood term £(y;) (of
course, each occurrence of the variable x; must be replaced by the same
primitive likelihood term ¢(;)). Thus, the following weight formula, which
results from replacing each occurrence of z; in (6.1) by £(p;), is an instance
of Ineq:

(arl(p1) + -+ arl(er) 2 b) A (ail(er) + - -+ ajllpr) 2 V')

= (a1 +a)0(o1) + -+ (ax + al ) 0or) > (b+ b)), (6.2)

There are a number of sound and complete axiomatizations for Boolean
combinations of linear inequalities. The axiom Ineq takes it for granted
that we have access to all the valid formulas of this logic, just as Prop takes
it for granted that we have access to all valid propositional formulas.

The following result says that AX?™® completely captures probabilistic
reasoning, to the extent that we can express it in the language £V

Theorem 6.1.3 AX?™" is a sound and complete aziomatization with re-
spect to M™% for the language LY.

Proof Soundness is straightforward (Exercise 6.1). The completeness
proof is beyond the scope of this book. i
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Asin the case of likelihood, if we restrict attention to simple measurable
probability structures, we get an extra property, which characterizes the
fact that the probability measure is independent of the world. This property
is captured by the following analogue to L4:

QU4. ¢ = (U;(p) = 1) if p is an i-likelihood formula of the form a1 6;(p1) +
-+« + agl;(pr) > b or the negation of an i-likelihood formula.

Theorem 6.1.4 AXP™°U{QU/} is a sound and complete aziomatization

with respect to simple measurable probability structures for the language
LV,

6.2 Reasoning about Independence

As we observed earlier, the language £%Y does not allow us to express
independence. So what can we do if we want to reason about independence?
There are three approaches that we can take to allow reasoning about
independence.

One approach, which I already mentioned earlier, is to extend linear
likelihood formulas to polynomial likelihood formulas, which allow multi-
plication of terms as well as addition. Thus, a typical polynomial like-
lihood formula is a1£;, (p1)la(p2)? — azliy(p3) > b. Let LIV'X be the
language that extends L&V by using polynomial likelihood formulas rather
than just linear likelihood formulas. As I observed earlier, the fact that ¢
and 1) are independent (according to agent ) can be expressed in £LIV>* as
Li(p NY) = Lip) x Li(Y).

An advantage of using L2U:X to express independence is that it admits
an elegant complete axiomatization with respect to M *¢?*. In fact, the
axiomatization is just AXP™"  with one small change—we just replace Ineq
by

Ineq™. All instances of valid formulas about polynomial inequalities.

That is, the effect of allowing polynomial inequalities rather than just linear
inequalities is that we need to reason about polynomial inequalities rather
than just linear inequalities. The axioms for reasoning about probability
are unbaﬂ’ected. Let AXP™%* be the result of replacing Ineq by Ineqt in
AXPEroo,

Theorem 6.2.1 AXP™"* is o sound and complete aziomatization with
respect to M™% for the language LU>X.
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There is a price to be paid for using L&Y% though, as I hinted earlier:
it seems to be harder to determine if formulas in this richer language are
valid. There is another problem with using £8Y"% as an approach for
capturing reasoning about independence. It does not extend so readily
to other notions of uncertainty. As I argued in Chapter 5, it is perhaps
better to think of the independence of U and V being captured by the
equation p(U|V) = u(U) and u(V|U) = w(V), rather than by the equation
wUNV)=puU) x u(V). It is the former definition that generalizes more
directly to other approaches.

This approach can be captured directly by extending L%V in a different
way, by allowing conditional likelihood terms of the form ¢;(¢|) and linear
combinations of such terms. Of course, in this extended language, we can
express the independence of ¢ and 1 (according to agent i) as (¢;(p|) =
() A (Li(lp) = ().

There is, however, a slight technical difficulty with this approach. Con-
sider for simplicity a simple structure M. What is the truth value of a for-
mula such as £(p|y) > bin M if p([¢]ar = 07 To some extent we can deal
with this probem by considering conditional probability structures, where u
is a conditional probability measure, as defined in Section 5.1.1. But even
if 4 is a conditional probability measure, we need to deal with the case that
w([e]ar) = 0. Besides this technical problem, it is not clear how to axiom-
atize this extension of LYY without allowing polynomial terms. In partic-
ular, it is not clear how to capture the fact that £(p|v) x £(v) = Lo A )
if expressions of the form £(p|¢) x £(1)) are allowed in the language. On
the other hand, if multiplicative terms are allowed, then using the language
LYY allows us to express independence without having to deal with the
technical problem of giving semantics to formulas with terms of the form
Uel) if u([¥]ar) = 0.

A third approach to reasoning about independence is just to add for-
mulas directly to the language that talk about independence. Using the
notation of Chapter 5, we can add formulas of the form I(v1,12|p) or
I™ (11, 12|p), with the obvious interpretation. Note that when viewed as
random variables, a formula has only two possible values—true or false—so
I™ (11,12|p) is equivalent to I(1,¥2]@) A I(¢1,92]p). Of course, the
notation can extended as in Chapter 5 to allow sets of formulas to be ar-
guments of ™.

I and I™ inherit all the properties of the corresponding operators on
events and random variables, respectively, considered in Chapter 5. In
addition, if the language contains both facilities for talking about inde-
pendence (via I or I™) and for talking about probability in terms of ¢,
there will in general be some interaction between the two. For example,
(L(p) =1/2) A (U(q) = 1/2) A I(p, g|true) = €(p A q) is certainly valid. No
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work has been done to date on getting axioms for such a combined language.

6.3 Reasoning about Lower Probability, In-
ner Measure, Belief, and Possibility

The language L2V is appropriate not just for reasoning about probability,
but also for reasoning about lower probability, inner measure, belief, and
possibility. That is, we can interpret formulas in this language perfectly
well in a number of different types of structures. All that changes is the
class of structures considered and the interpretation of £. Again, at the risk
of boring the reader, I summarize the details here.

e In a lower probability structure M = (W, LP1,...,LP,,7),
(M, w) E ai1li, (1) + - + arli, (pr) 2 b
if @1 (Puw,iy)«([o1]ne W Woiy) + - 4 ak (Puw,i )« ([or] e 0 Wi, ) 2 b,
where LP;(w) = (Wy, Pw,) for i = 1,...,n. Thus, £ is now being
interpreted as a lower probability. We could equally well interpret ¢
as an upper probability; either choice would work perfectly well.
e In a belief structure M = (W, BELy,...,BEL,, ),

(M,w) | arli, (1) + - + anli, (o) 2 b
if alBelw,il([[cpl]]M n Ww,h) 4+ -+ akBelw,ik([[cpk]]M n quik) > b,

where BEL;(w) = (Wy 4, Bely ) fori=1,...,n.

e In the case of probability structure M = (W, PR4,...,PR,) where
not all sets are necessary measurable, £ is interpreted as an inner
measure, SO

(M,w) | a1l;, (p1) + - + arli (0r) 2 b
if @1 (paw,iy )w([p1]ar 0 Wapiy) + -+ + an(paw iy )« ([0x] 2 0 Wap i) > b,

where PR;(w) = (Wi, Fuw,i; fw,s) for i =1,...,n. This is a general-
ization of the measurable case; if all sets are in fact measurable, then
the inner measure agrees with the measure. Again, we could equally
well use outer measure here instead of inner measure.

e Finally, in a possibility structure M = (W, POSSy,...,POSS,,7),
¢ is interpreted as a possibility measure, so

(M, w) | arli, (1) + - + apli (pr) > b
if a1Possw. i, ([l N Wiy ) + - - - + axP0ossw s, ([ok] e N W s,,) > b,

where POSS;(w) = (Wi, Poss,, ;) fori=1,...,n.
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Can we characterize these notions of uncertainty axiomatically? Clearly
all the axioms and inference rules other than QU3 (finite additivity) are still
valid in M, Mbel and MPE™®. In the case of M we have an obvious
replacement for QU3: the analogues of B2 and B3.

QU5. {;(false) = 0.

QUG. &(V?ﬂ ‘Pj) 2 Z;L:1 Z{I:|I|:j}(_1)j+1£i(/\k€199k)‘

It turns out that QU1, QU2, QU5, QU6, together with Prop, MP, and
QUGen, gives a sound a complete axiomatization for reasoning about belief
functions. This is not so surprising, since the key axioms just capture the
properties of belief functions in an obvious way. What is perhaps more
surprising is that these axioms also capture reasoning about inner measures.
As T observed in Section 3.3, every inner measure is a belief function, but
not every belief function is an inner measure. This suggests that, although
inner measures satisfy the analogue of B3 (namely, Equation (3.6)), they
may satisfy additional properties. In a precise sense, the following theorem
shows they do not. Let AXffl consist of QU1, QU2, QU5, QU6, QUGen,
Prop, MP, and Ineq.

Theorem 6.3.1 AX'® is a sound and complete aziomatization with re-
spect to both MLl and MPE™® for the language LU

Proof Soundness is again straightforward (Exercise 6.2), and complete-
ness is beyond the scope of this book. However, Exercises 6.3, 6.4, and 6.5
explain why the same axioms characterize belief structures and probability
structures, even though not every belief function is an inner measure. i

In the case of simple belief structures or simple generalized probability
structures, we also need QU4 to get completeness, just as with probability.
I shall not belabor this point here.

For possibility structures, we need to replace QU6 by the key axiom
that characterizes possibility, namely that the possibility of a union of two
disjoint sets is the max of their individual possibilities. The following axiom
does the job:

QU7. (Li(e AY) > Li(p A=) = Li(p) = Li(p A ).

Let AX2%%% consist of QU1, QU2, QUS5, QU7, QUGen, Prop, MP, and
Ineq. As expected, we get

Theorem 6.3.2 AXE°* is a sound and complete axiomatization with re-
spect to MP°** for the language LLU .
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What about lower probability? As we have seen (Exercise 3.9), lower
probabilities do not satisfy the analogue of B3. It follows that QU6 is not
valid in M. All the other axioms in AX? are valid though (Exercise 6.6).
Since lower probabilities are superadditive (Exercise 3.9), the following ax-
iom is also valid in M!P

o Lile A1)+ Li(e A=) < Li(e).

However, superadditivity does not completely characterize lower probabil-
ities. For example, the following property holds for lower probabilities:

P.UUV)>P.(U)+P.(V)+P(TAV) 1. (6.3)

To see this, note that if P is a set of probability measures, then for all
weP,
pUUV)=pU)+puV)—pUnV).

It immediately follows that
WU UV) = Pu(U) + Pu(V) = PHU N V).
And since P*(UNV)=1-P,(UNV) (Exercise 3.9),
WU UV) > PoU) + Pu(V) + P (TAT) - 1.

Equation (6.3) now follows immediately.

It is not hard to show that (6.3) does not follow from superadditivity
(Exercise 6.7). We can use the inclusion-exclusion rule to generate other
properties of lower probability as well; each of these properties corresponds
to an axiom (Exercise 6.8). Do these properties (and the corresponding ax-
ioms) suffice to characterize lower probabilities? I believe that this remains
an open question.

6.4 Reasoning about Relative Likelihood

The class M of ranking structures can be defined just as all the other
types of structures we have seen so far. The only reason that I am treating
them separately here is that the language £ZV is simply inappropriate
for reasoning about ranking. Ranks are always nonnegative integers; it is
impossible to have, say, ¢;(¢) = 1/2 if ¢; is to be interpreted as a ranking.

We could instead consider a variant of L9V that just allows the coeffi-
cients in likelihood formulas to be in IN*. There is no difficulty in obtaining
a complete axiomatization for this language with respect to ranking struc-
tures. It is very similar to that for possibility structures, except that QU2
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and QU5 needs to be changed to reflect the fact that for ranking structures,
0 and oo play the same role as 1 and 0 in possibility structures, and QU7
needs to be modified to use min rather than max. Rather than belaboring
the details here, instead I consider what happens if we use another language
altogether for reasoning about ranking—/2>.

We can view £ as a sublanguage of LZU | writing ;(¢) > €;(¢) rather
than ¢ >; ¥. For consistency with the earlier part of this chapter, I do
that here. The semantics is just what we would expect. If M = (W, w, k,7)
is a simple ranking structure, then

(M, w) |= Up) > () if £([e]amr) < w([$]nr)-

Note that greater likelihood corresponds to smaller rank.
For a ranking structure M = (W, RANK, ..., RANK,, ),

(Mvw) |= 61(99) > Ez(fﬂ) if K/w,i(l[(p]]M n Ww,i) < K/u},i(lhﬂ]]M n Ww,i)a

where RANK;(w) = (Wa,iy Kw,i)-

Of course, structures of all the types we have considered so far can be
used to give semantics to formulas in £ in the obvious way, using the fact
that £ can in fact be viewed as a special case of LY. What about ax-
iomatizations? As it happens, we have already seen all the relevant axioms
in Chapter 2. As far as reasoning about relative likelihood goes, possibil-
ity measures and ranking functions are characterized by precisely the same
axioms. Moreover, these are the axioms that characterize totally ordered
relative likelihood; that is, the axiom system AXM (or, equivalently, AX!")
from Chapter 2 gives the desired sound and complete axiomatization. The
extra structure of the real numbers (in the case of possibility measures) or
IN* (in the case of ranking functions) plays no role if we are just considering
statements of relative likelihood.

Theorem 6.4.1 AX™M is a sound and complete aziomatization of the lan-
guage L2 with respect to M and MPOs.

Proof Soundness is straightforward, since possibility measures and rank-
ing functions induce total orders. Completeness can be proved along the
same lines as discussed in Exercise 2.24; details are left to the reader (Ex-
ercise 6.9). 1

What happens when we interpret £ in other types of structures? It
is easy to see that in all the classes of structures we have considered, RL1,
RL3, and RL6 are sound; > is still bound to be irreflexive, orderly, and
transitive. In M2 APl and MP the ordering is modular, so RL5

holds as well. It does not hold in MP!* gince the domain of plausibility
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values may be partially ordered. RL2 and RL7 do not hold for probability,
belief, lower probability, or plausibility either. They are not in general
qualitative, nor do they satisfy the union property. Let AX°™ consist of
RL1, RL3, RL6, MP, Gen.

Theorem 6.4.2

(a) AX°™ is a sound and complete aziomatization with respect to MP*"s
for the language L.

(b) AXY™ U{RL5} is sound with respect to all of MI*, MP™  Abel,
and M™ for the language L.

Proof Again, soundness is straightforward and completeness in part (a)
can be proved along the same lines as discussed in Exercise 2.24; see Exer-
cise 6.10. 11

AX°™U{RL5} is not a complete axiomatization with respect to M7,
Merob - AMbel and MW for the language £2>. For example, a formula

such as £(p) > £(—p) is true in a structure M = (W,w, u, ) € M™e iff
w([plar) > 1/2. Thus, the following formula is valid in M Meas:

(£(p) > £(=p) A E(q) > £(=q)) = L(p) > L(~q).

However, this formula is not provable in AXM | let alone AX°™ U {RL5}
(Exercise 6.11). This example suggests that it will be difficult to find an
elegant collection of axioms that is complete for M*¢** with respect to
L>. Even though this simple language does not have facilities for numeric
reasoning, it is possible to express numeric properties. Other examples can
be used to show that there are formulas valid in ME™% M?Pel and MP
that are not provable in AX™ (Exercise 6.12).

Exercises

6.1 Show that AX?™? is sound with respect to M ™* for the language
£QU.

6.2 Show that AX" is sound with respect to both M2 and ME™? for
the language £L2UV.

6.3 Given a simple probability structure M = (W, w,F,u,n), define a
simple belief structure M’ = (W, w,Bel, 7) by taking Bel(U) = pu.(U).
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(Since every inner measure is a belief function, Bel is indeed a belief func-
tion.) Show that (M,w') | ¢ iff (M',w') | ¢, for every formula ¢ € LV
and w' € WU {w}.

This shows that every formula satisfiable in a simple probability struc-
ture is satisfiable in a belief structure. The next exercise shows that the
converse also holds. This explains why simple belief structures and simple
probability structures are characterized by exactly the same axiom sys-
tem. It is not hard to show that this result also holds for general (not just
simple) belief structures and probability structures; this problem is left to
Exercise 6.5.

6.4 Given a belief structure M = (W, wq,Bel, ), define a probability
structure M' = (W', wq, F,u,7') as follows: Let W' = {(U,u) : U C
W,u € U}. For U C W, define U* = {(U,u) : uw € U}. Note that U* C W".
Moreover, if U # V, then U* and V* are disjoint; also, W' = UycwU™.
Take the sets U* forU C W to be a basis for . (That is, the sets in F
consist of all possible unions of sets of the form U*.) Let m be the mass
function corresponding to Bel. Defin u(U*) = m(U), and extend pu to
all the sets in F by finite additivity. Finally, define 7' (U, u) = w(u) for all
(U,u) € W and 7' (wo) = m(wo). Show that (M,u) = ¢ iff (M, (U,u)) = ¢
for all sets U such that v € U and that (M, wo) = ¢ iff (M',wo) = .
Note that this result essentially says that a belief function on W can be
viewed as the inner measure corresponding to a probability measure defined
on W', at least as far as sets definable by formulas are concerned. That is,

Bel([¢]ar) = s« ([@] arr) for all formulas .

6.5 Extend the results of Exercises 6.4 and 6.5 to general (not just simple)
belief structures and probability structures.

6.6 Show that all the axioms in AX2* other than QU6 are valid in MP.

6.7 Show that (6.3) does not follow from superadditivity by defining a set
W and a function f associating with each subset of W a real number in
[0,1] such that (a) f(@) =0, (b) f(W) =1, (c) f satisfies superadditivity
(i.e., F(UUV) > f(U)+ f(V)), but (d) f does not satisfy (6.3) (that is,
there exist sets U and V such that f(UUV) > f(U)+ f(V)+ f(UNV)—1).

6.8 Using the inclusion-exclusion rule, construct a sequence of axioms
IE,,IE,, IE3, ... that are valid in M? such that I F, is an inequality that
holds for P.(U; U...UU,) and IE, is (6.3).

* 6.9 Prove Theorem 6.4.1. (Hint: soundness is straightforward; for com-
pleteness, use the ideas of Exercise 2.24.)
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* 6.10 Prove Theorem 6.4.2.

6.11 Show that (4(p) > U(—p) A €(q) > €(—q)) = L(p) > £(—q) is not
provable in AXM. (Hint: if it were provable in AX™ | it would be valid in
Mo and Miank )

* 6.12 Show that there are formulas valid in M2™% M?5e and M that
are not provable in AXM,

Notes

The logics L2V and £LPV:X were introduced in [Fagin, Halpern, and Megiddo
1990], and used for reasoning both about probability and belief functions.
LU can be viewed as a formalization of Nilsson’s [1986] probabilistic logic;
it is a fragment of a propositional probabilistic dynamic logic introduced
by Feldman [1984]. (Dynamic logic is a logic for reasoning about actions.)
Theorems 6.1.3, 6.2.1, and 6.1.4 are proved in [Fagin, Halpern, and Megiddo
1990]. (Actually, slightly simplified versions of these theorems are proved,
where only simple probability structures are considered and the syntax is
restricted so that for a likelihood term of the form £(p), the formula ¢
is required to be a propositional formula. Nevertheless, the same basic
proof techniques work for the slightly more general result stated here.) In
addition, a finite collection of axioms is given that characterizes Ineq. Fi-
nally, the complexity of these logics is also considered, and it is shown that
while the satisfiability problem for £2V in simple probability structures
(whether measurable or not) is NP-complete, no worse than that of propo-
sitional logic, but for £2V>%| the complexity seems to go up to polynomial
space (no although lower bound is known). On the other hand, results of
[Fagin and Halpern 1994] show that once we consider general probability
structures, the complexity of the satisfiability problem for both languages
is PSPACE-complete.

See the notes in Chapter 5 for references regarding I and I™. Relatively
little work has been done on logical characterizations of independence (in
particular, the operator I).

Theorem 6.3.1 and Exercises 6.3, 6.4, and 6.5 were first proved by Fagin
and me [1991b], using the results of [Fagin, Halpern, and Megiddo 1990].
Farifias del Cerro and Herzig [1991] provide a complete axiomatization for
MPe% gimilar in spirit to AX2?* (although their axiomatization is not quite
complete as stated; see [Halpern 1997al).



