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. Abstract

A Study of Tree Adjoining Grammars

K Vijayashanker

Supervisor: A. K. Joshi

Constrained grammatical system have been the object of study in computational lin-
guistics over the last few years, both with respect to their linguistic adequacy and their
computational properties. A Tree Adjoining Grammar (TAG) is a tree rewriting system
whose linguistic relevance has been extensively studied. A key property of these sysiems

is that a TAG factors recursion from the co-occurence restrictions.

In this thesis, we study some mathematical properties of TAG’s. We show that
TAG’s have several interesting properties and are a natural generalization of Context Free
Grammars. We show the equivalence of the classes of languages generated by TAG's with
those generated by Head Grammars and a linear version of Indexed Grammars, which
have been studied for their linguistic applicability. We define the embedded pushdown
automaton, an extention of the pushdown automaton, and prove that they are equivalent to
TAG’s. We show that the class of Tree Adjoining Languages form a substitution closed
abstract family of languages, and that each Tree Adjoining Languiage is a semilinear
language. We show that a TAG can be parsed in polynomial time by adapting the

Cocke-Kasami-Younger algorithm for CFL’s.

Feature structures, essentially a set of attribute value pairs, have been used in compu-
tational linguistics to to make statements of equality to capture so-me linguistic pheromena
such as subcategorization and agreement. We embed TAG’s in a featurev structure based
framework. We show that the resulting system has several advantages over TAG's. We
give a mathematical model of this system based on the logical calculus developed by
Rounds, Kasper, and Manaster-Ramer. Finally, we propose a restriction of this svstem

and show how parsing of such a system can be done efficiently.
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Chapter 1

Introduction

Constrained grammatical systems have been the object of study in computational linguis-
tics, with repect to their linguistic adequacy as well as their computational properties.
Tree Adjoining Grammars (TAG) is a constrained grammatical system which were first
introduced by Joshi, Levy, and Takahashi [Joshi 75] and by Joshi [Joshi 85]. Tree Ad-
joining Grammars is a tree rewriting system that is slightly more powerful than Context
Free Grammars in their generative capacity. This system has the feature of factoring
recursion from the statement of co-occurence relations. Much of the linguistic relevance
follows from this factorizaton. In this thesis, we studv some mathematical properties of

this grammatical system.
1.1 Constrained Grammatical Systems in Mathematical
Linguistics

Constrained grammatical systems have been the object of study in mathematical lin-

guistics. Some examples of constrained systems include Generalized Phrase Structure



v (w1 oy, Head Grammars (HG), Lexical Functional Grammars (LFG). Con
siderable research has been done in the formalization of structures arising in the analysi:
of natural languages, from the descriptive as well as the processing point of view. Al-
though construction of such systems aiways involves some degree of abstraction. it is
important that we do not depart from the structures actually arising in natural languages.
Such research is iinportant because it not only provides insights into the structure of
natural languages, but it may also help in the design of efficient algorithms for naturai
language processing. A totally unconstrained system mﬁy not provide much insight into

the structure of language.

Grammatical systems for natural language have two aspects, the mathematical for-
malism and the linguistic theory instantiated in that formalism. The latter comnenent is
a set of linguistc stipulatons that place some further constraints on the set of structires
derived by the formalism. If the grammatical formalism is too powerful. then the aumber
of linguistic stipulations will increase. In constrained systems, a clearer distinction can
be made between the linguistic constraints and the constraints enforced by the formal-
ism itself. The number of linguistic stipulations could be reduced, as some linguistic
stipulations could become corollaries of the constraints of the formalism itself and other
linguistic stipulations. For example, in TAG’s, the principle of subjacency is a necessary
consequence of the formalism itself [Kroch 85]. Kroch [Kroch 87] notes that the empry
category principle (ECP) receives a natural formulation in a TAG, and that the condition

on extraction domains can be collapsed with ECP in a TAG.

t9
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1.2 Introduction to Tree Adjoining Grammars

Tree Adjoining Grammars (TAG), unlike other grammatical systems used in computa-
tional linguistics, is a tree rewriting system. Tree Adjoining Grammars were Arst intro-
duced by Joshi, Levy, and Takahashi [Joshi 75]. The early study of this system, from
the point of view of its properties and linguistic applicability was carried out by Joshi
in [Joshi 85]. A more detailed study of the linguistic relevance of TAG’s was done by
Kroch and Joshi [Kroch 85]. Since then, many papers ( [Kroch 86,Kroch 87.Santorini §6])

have appeared in which linguistic analysis of natural language constructions using TAG

have been given.

Unlike the string rewriting formalisms which writes recursion into the rules that
generate the phrase structure, a TAG factors recursion and dependencies into a finite set
of elementary trees. A TAG is defined by a finite set of simple sentence elementary trees
and uses an operation called adjoining to compose the trees. The elementary trees in a
TAG correspond to minimal linguistic structures and localize the dependencies such as
subcategorization and filler-gap. The unbounded distance between the dependent items in
the surface constituent structure is a corollary of the operation of adjoining and the theory
of sentential embedding. Thus, in a sense, there are no unbounded dependencies in a
TAG. The TAG notation forces the embedded structures to be composed out of elementary
structures that correspond to the minimal linguistic objects. The co-occurence relation
between elements can be stated locally within the elementary trees. In this manner. the
expression of recursion is partitioned from the co-occurence restrictions. Recursion is

introduced by the use of adjoining.

A TAG is specified by a finite set of elementarv wees. There are two kinds of
elementary tree: the inizial trees and auxiliary trees.- The initial trees correspond to the
structure for a simple sentence, one in which no recursive derivadon occurs. Thus. the

root of an initial tree is labelled by the symbol S. Thev are required to have a frontier

(W%



made up of terminal symbols. The structure of an initial tree, along with an example is

given in Figure 1.1.

S S ~
w VP
/ \ v/ \IP
DET N
AN
w the man met DET N

the woman

Figure 1.1: Initial Trees

The auxiliary trees correspond to recursion on a nonterminal. Therefore. if the root
of an auxiliary tree is labelled by a nonterminal symbol, .X', then there is a node in the
frontier of this tree which is labelled by the same symbol .X'. The rest of the nodes in the
frontier are labelled by terminal symbols. The node in the fronder which is labelled by
the nonterminal symbol, X, is called the foot node of the auxiliary tree. Again, we expect
the auxiliary tree to correspond to a minimal recursive structure that must be brought
into the derivation when we recurse on the nonterminal X'. In Figure 1.2, we give the

structure of any auxiliary tree along with an linguistic example.

NP
X NP d \S
i
WH - >5 <
I NP VP
who | I
4 X ' e \%
wi w2

left

Figure 1.2: A ixiliary Trees

3 3 __3

_3

3 1

3

3



We will now define the operation of adjunction. Let + be a wree with a node labelled
by X. Let 3 be an auxiliary tree, whose root and foot node is labelled by X'. Then,
adjoining 3 at the node labelled by X in ~ will result in the following tree. The tree
below the node labelled by X in ~ is excised, and the auxiliary tree 7 is inserted in its
place. The excised subtree is then inserted below the foot node of 3. This operation is

illustrated in Figure 1.3. In Figure 1.4, we show the result of adjoining the auxiliary tree

S

u u \ u ;
f foot node <

2 3

Figure 1.3: The operation of adjoining

8, in the elementary tree «,. The node in «; where adjoining takes place is marked with

an asterisk.

So far, the only restriction we have placed on the set of auxiliary trees that can
be adjoined at a node is that the label of the node must be the same as the label of
the root (and the foot) node of the auxiliary tree. Further restriction on this set of
auxiliary trees, based on the so-called proper analysis context and domination contexts.
was investigated by Joshi [Joshi 85]. But the full power of this definition was never used.
and the context needed to determine the choice of trees for adjunction was localized within
an elementary wee. [n the present definition of TAG’s, these local constraints are specified
by enumerating with each node the subset of auxiliary trees which can be adjoined at that
node. This enumeration of the set of auxiliary trees is called the Selecrive Adjoining (SA)
constraints. If the set is an empty set then we say that the node has a NVull Adjoining (NA)

constraint. In general, it is understood that any of the trees in the selective adjoining



— TT——
/\ v/\'
\ /

/ WH \s | / \
DET / U met  DET
| | | ve | l
the man who | I the woman
e \%
left

Figure 1.4: Adjoining 3, in o,

constraints of a node can be used for adjunction. It is possible to insist that adjunction is
mandatory at a node. In such a case, we say that the node has an Obligatory Adjoining
(OA) constraint. Consider the initial tree given in Figure 1.5. The sentendal tree is not
complete yet as it is an untensed sentence. However, on adjunction of 3, at the root of

a, (as shown in Figure 1.5), we obtain a complete sentence. Therefore, we say that the

root of a, has an OA constraint.

0<2 S P S
o \ NG

VAN
[RZaN Lo

PRO ] John tries
to win

Figure 1.5: Use of obligatory adjoining constraint

In a TA 3, the standard (capturing the intuitive notion of derivation) way of derivation

3
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that has been used thus far proceeds as follows. We initially start with an initial tree
and allow adjunction by an auxiliary wee. The sentential tree that is derived may receive
further adjunctions by auxiliary tree. At the end of the derivation we expect the final tree

to have no nodes with an OA constraint.

We have so far discussed the local constraints at the nodes of elementary trees. We
use Figure 1.6 to illustrate how constraints are propogated to the nodes of derived trees.
As shown in Figure 1.6, the adjunction of 3 is allowed only iIf 3 is a member of the
set C. In the resulting tree the nodes corresponding to that contributed by - (nodes in
the unshaded part) have the same constraint as the corresponding nodes in -. However,
the nodes introduced due to J (nodes in the shaded part) are given the constraints of the

corresponding nodes in 3.

S X C1

XC

N\ Z

Figure 1.6: Propagation of Constraints

The tree set generated by a TAG is the set of sentential rees that do not have nodes
with OA constraints. The string language corresponds to the terminal strings at the

frontier of the sentential trees in the tree set generated by the TAG. The formal definition

of TAG’s is given in Section 1.4.



1.2.1 A Note on the Linguistic Theory underlying Tree Adjoining

Grammars

We now describe some of the salient points of the theory that is used currently while
designing TAG’s for natural languages. The most important point of this theory is that it
treats the principles of stating co-occurence facts stated on simple sentences as orthogonal
to the those governing the generation of complex sentences. Thus, it is assumed that
the elementarv trees of a TAG are minimal linguistic structures. The dependencies are
localized as far as possible to these elementary trees. Thus the elements that are dependent
on each other due to some co-occurence relation are part cf the same elementary wee.
Thus, for example, the filler and the gap belong to the same wee. The elements that are
subcategorized by a verb belong to the same elementary tree to which the verb belongs.
A variety of constraints can be checked easily because the entire elementary tree. that is
the domain of the constraints, is available as a single unit at each step of the derivation.
Thus, the lexical insertion in the tree a3 (given in Figure 1.7) violates the agreement
constraints. The lexical insertion in the initial tree a4, shown in Figure 1.7, is not an
acceptable, since subcategorization constrints of the intransitive verb, fell, are violated.
This principle is also used in the statemnt of the local constraints. Thus, the structure of
a, given in Figure 1.5, is enough to specify that the SA constraint at the root allows only

trees such as 3, (which have its main verb subcategorizing for an infinitival sentence) to

be adjoined.

Complete localization is not always possible. For example, the verb in the relative
clause structure given by 3, in Figure 1.2 agrees in number with the NP node it gets

adjoined at (e.g., the subject NP o’ the initial tree a, as in Figure 1.3).

In a TAG, the dependencies .r: localized, and adjunction simply preserves these
relations. Thus, another stipulatict made in a TAG is that the grammatical relations

(according to the tree derived) mus. not be disrupted due to an adjunction. For example



S
NP VP
n v NP

fell n

Figure 1.7: Unacceptable lexical insertion

in the derivation of the sentence
Mary thought John saw Bill hit Jill

the derivation given in Figure 1.8 is not acceptable, since in the intermediate tree obtained

S

N :

NP VP T

N \' NP , /\
Mary thought NP ) VP
AN
Bill hit n I v -\|P
Bill hit n
Jill nlu

Figure 1.8: An unacceptable sequence of adjunctions

we expect the proposition that Mary thought Bill hit Jill to hold. In a TAG, we will insist

that the foor node of auxiliary aees such as J, to have an NA consmaint. Thus. from the

intermediate tree corresponding to



Mary thought Bill hit Jill

the sentence given above can not be derived, and the only sequence allowed is the one

which derives the intermediate sentence

John saw Bill hit Jill. '—]

0 |



1.3 A Brief Description of the Results in the Thesis

In Section 1.4, we give a formal definition of TAG’s. We introduce the notion of

derivation irees which may be used to capture the derivation history in a TAG.

Pollard [Pollard 84] introduced a grammatical formalisms, called Head Grammars
(HG), which is an extension of Context-Free Grammars. This formalism has an operation
of wrapping strings in addition to the concatenation operation on strings. These operations
are partial functions, not defined when one of the arguments is the empty string. Based on
a suggestion made in [Roach 84] (which studies the formal properties of Head Grammars).
we alter the definition to allow the operations to be defined on all strings. This formalism.

which we call Modified Head Grammars, is shown to be 2quivaient io TAG's in Chaprar 2

In Section 3.3, we consider a formalism which is a linearized version of Indexad
Grammars. This formalism was studied by Gazdar [Gazdar 85a] for its linguistic appli-

cability. We show that this formalism is equivalent to TAG’s in Sectidn 3.3.

Joshi [Joshi 85] has a characterized a class of formalisms called mildly contex:-
sensitive formalisms by a giving a set of properties that should hold of the formalisms and
the languages they generate. Although this definition is not formalized, it was an atempt
to characterize the properties of formalisms that interesting in the context of constrained
formalisms for natural languages. Tree Adjoining Grammars, Head Grammars and Linear
Indexed Grammars, the three systems whose equivalences we have considered, satisfv
these set of properties. Although the three formalisms are based on different linguistic
motivations and ideas, and have varying notations, the results showing the equivalences
may provide insight into the nature of the structures in natural languages besides the

insights provided by the individual systems. It is in this light that we would like to view

our results on equivalences.
In Chapter 3, we give the definition of an embedded pushdown automaton and show

@ 11



that it is equivalent to TAG's. This automaton characterization of TAG's gives us insight
into the power of TAG’s, and why it generalizes CFG’s and yet is constrained when

compared to Indexed Grammars.

In Chapter 4, we prove a few results about TAL’s. First, in Section 4.1, we study
the closure results of TAL’s and show that they form a substitution closed Full Abstract
Family of Languages (Full AFL). In Section 4.2, we give a pumping lemma for TAL's
adapting the urwzy theorem for CFL’s. The constrained nature of TAL’s is further
observed when we show that every TAL is a semilinear language. The question of
whether the property of semilinearity (and a closely related property of linear growth) is
relevant in the study of natural languages has been addressed in [Joshi 85,Berwick 84j. It
is postulated that the growth of structures in the derivation of natural langucge sentencss is

linear. Semilinearity and the linear growth properties are approximations of this property.

In Section 4.4, we give a parsing algorithm for TAL’s which works in O(n”) time

where n is the length of the input. The space complexity-is O(n*).

In Chapter 5, we develop a formalism called Feature Structure based Tree Adjoining
Grammars (FTAG). Several grammatical formalisms incorporate the notion of feature
structures and the unification operation on them, to specify the co-occurence constraints of
features of dependent items. FTAG embeds TAG’s in such a framework. In Section 5.2.3,
we give a denotational semantics of the formalism. We show that FTAG is useful in the
description of natural languages, avoiding the specification of local constraints as thev
are present in TAG’s. We are also able to avoid duplication of trees needed in the TAG
formalism to handle some constructions. We show, in Section 5.2.7, that FTAG in its

full generality is a very rowerful tool, and propose a restricted use of feature structures

(in Section 5.3) in order o make the parsing problem more tractable.

Finally, in Chapter 6, ~ve make summarize our study of Tree Adjoining Grammars.

and discuss some problem ; which arise out of our work.
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1.4 Definitions of Tree Adjoining Grammar

In this section, we will define Tree Adjoining Grammars (TAG) and give a normal
form for TAG’s. But first, we define a notation for tees. This notation is due to
Gorn [Gorn 62]. Let .\"" be the free monoid generated by .\" (the set of natural numbers).
whose binary operation is given by - and identity is e. For p.q € \™". p < ¢ iff there is

are.V"suchthatg=p-r. p<qiff p<gandp#gq.

Definition 1.1 Definition of a Tree.

The addressing scheme for nodes of a tree is us follows. The address of the root of 2

tree is given by e. The addresses ¢-1.---.¢ - represent the j children (in the left to right

order) of the node addressed :.

For every tree, +, the tree domain of v, D., is is a finite subset of .\"" such that the

following holds.

eifgeD..p<qthenpe D..

eifp-jeD,jeN, thenp-1.---,p-(j=1) €D,

If V is finite alphabet used to label the nodes of trees, then ~ is a tree over V if it is a

funcdon from D., into V.

We shall now define subtrees and supertrees.

Definition 1.2  Subtree and Supertree.

Let ~ be a wee and p € D., then,

13



-//p = {< q. A >E< p- Q.."'. SE~.qE .\'-.].’.-

Ap={<q,4d><qA>€7.p£4q}

are subtree and supertree at p respectively.

If ~ is a tree, then we use the notation < ~.: > to represent the node in - with

address :.

Definition 1.3 Preliminary Definition of TAG’s

A Tree Adjoining Grammar G is a quintuple (V. £. 5. 1. A} where
NV is the finite set of nonterminal symbols
< is the finite set of terminal symbols
I is the finite set of initial trees
A is the finite set of awxiliary wees

S is a distinguished nonterminal symbol called the start symbol.

An initial wee is a tree with the label of the root being S, and the yield belonging to T-.

An auxiliary wee is a finite tree whose root is labelled with a nonterminal svmbol. A

~

node in the frontier called the foot node is labelled bv the same nonterminal symbol. The

yield belengs £*. VI~
A tee is called an elementary tree if it is an initial tree or an auxiliary tree.
Definition 1.4  Preliminary Definiton of Adjoining

Let : be the address of a node in some tree ~. Let this node be labeiled by a nonterminal

symbol .U'. Then we can adjoin an auxiliary tree/B whose root node (and foot node) is

14



labelled with X'. Let ; be the address of the foot node of/ﬁ. Adjoining/ﬁ at the node

given by address : gives rise to the tree represented as ~[i. J].
fo Sl R s 3 2g. ;
v 3=\iui BUi-g) - (7/d)

where we define i - g as {< i-k.Ad >|< k, 4 >€ 3}. Similarly, (i) (5/1) = {<
i-J-k.A >[<k, A >€ ~v/i}. The effect of adjoining an auxiliary tree, A, is shown in
the figure 1.3. Note that the definition of adjoining does not specify that the labels of
the root and foot nodes of the tree used for adjunction should match with the label of
the node where adjunction takes place. This is a requirement placed by TAG's and not

by the definition of adjoining.

1.4.1 Constraints on Adjoining

In the previous definition, we said that any auxiliary tee can be adjoined at a node
provided the labels at the node and the root (and hence the foot node) are the same.
However, we can further restrict the choice of auxiliary trees that can be used for adjunc-
tion at a node. With every node we specify a set of auxiliary trees (whose root svmbol
is the same as the label of this node). Only one of these trees may be used for adjoining
at this node. We call the set of auxiliary trees associated with the node as the Selecrive
Adjoining constraints (SA conswraints) of the node. If the set is an empty set. then it was
termed the Null Adjoining constraints (NA constaints). We specify the SA constraints
by a function, denoted by C, specifying the mapping from nodes to these sets of Tees.
Further, we also specify whether adjunction is obligatory at a particular rode. This is
specified by the function @ mapping the nodes to the boolean set. We sav that a node

has Obligatory Adjoining constraints (OA constraints) when O specified that adjunctior.

is compulsory at a node.

On adjunction, the nodes in the resulting ree have to be assigned constraints. This is



/l\
B
ﬂ\

NA /I\

| |°

Figure 1.9: A Sample Grammar

L{G) = {w | w is the frontier of ~ € T(G)}.

We generalize the notion of sentential wees, and describe derived trees. Derived wees

are those which can be derived starting from any elementary tree, not ne :essarily from
an initial tree.

e An elementary tree, -, itself is a tree denved from ~, written as ~ € D(- ).



e Adjoining into a derived tree in D(-) yields a derived tree in Di~ ).

Notice that a tree, ~, derived from an auxiliary tree,ﬁ, will be similar to 4 in that it will

have a root and foot node with the same label as the root and foot node of 3.

The definition of adjoining can itself be generalized to allow adjoining by derived
auxiliary trees. If  is a node in some derived tree ~ (represented as < -.: >), and iy
includes /3 then any derived auxiliary ree 5" € D(/3) can be used for adjoining at ;. The
rest of the definition remains the same. Note a tree is a sentential tree if it belongs 0

D(«) for some initial tree a.

Generalizing further, we can talk of trees that are derived from subtrees of elementary
trees. Thus if, ~ is an elementary tree with a node addressed i, then the definition of

trees derived from the subtree rooted at : is given by D((~.1)).

e The subtree, v/i, is a member of D((v,?)).

e Adjoining into a derived tree in D((~,:)) yields a derived tree in D((~.{)).

We now present a scheme of presenting a derivation history in which derivation
proceeds inside out. This gives a canonical way of defining a derivation sequence which
we will use extensively in showing some properties of TAL's. In this scheme, adjoining
is allowed only in the nodes ot elementary trees. But we allow the adjunction of derived
auxiliary trees in an elementary tree. The derivations may be thought as occuring in
the following sequence. The trees are built inside out. First, all the adjunctions take
place in auxiliary trees, deriving derived auxiliary trees. These derived auxiliary trees
are then used in adjunction into elementary trees to give new derived elemenrary trees.
This process continues until we adjoin into initial tree. Thus, the derivadon in Figure 1.9,
may be represented by adjoining f# into itself and using the derived auxiliary tree into

the initial tree as shown in the figure 1.10.
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SNA

ﬂ\ b SNA c b SNA c
b SNA C b S NA c £

Figure 1.10: An insideout derivation

We now give a method of presenting a derivation history of trees generated by TAG's.
These derivation histories will be given by trees which tell us which trees were adjoined
and their sequence, and will be called derivation trees. In CFG’s, the derived tree itself
gives us the derivation history. Thus, the derivation wee is the same as derived rrees.
The derivation trees of TAG’s will be similar to those of CFG’s. Each level of tae
derivation trees of CFG’s describe the combination of symbols manipulated according
to the rules of the grammar. To give an analogous description for TAG's, we have ©
give rules of the grammar describing the combination of objects in a TAG. The objects
that are composed by a TAG are the elementary trees as well as derived trees. But note
that for each elementary tree, v, D(+) gives us the set of trees generated from -. Thus,
analogous to the concept of nonterminals in a CFG, if - is an elementary tree, the symbol

7 is used to describe the set of trees derived from . Thus, if a derived auxiliary tree.

derivec Tom the auxiliary tree /3 is adjoined at a node addressed : uf an elementary tree



-}, then this derivation is captured by a rule of the form
7 — A7 (3. 1))

In this scheme, we wish to give a set of rules which can be used to capture all the
possible derivations. For this to be possible, we can only use the addresses of nodes in
elementary trees in the rules, and not those of derived trees (as they are not known before
their derivation). Thus, if there is a sequence of adjunctions which take place at distinct
nodes of gome elementary tree, we must consider all the adjunctions to have been done
in parallel. Then, all the addresses used in these rules will be those of elementary irees.
The derivation sequence given by the adjunction of /4,.... ./ x (or wees derived from

them) at distinct nodes addressed ¢;..... i; of an elementary tree ~ is given by the rule

7= A7 Brir)... ., (Birix))

Since, mentioning ~ and 4 is redundant, we sometimes represent this rule in one of the

following two ways.

If in a derivation sequence, no tree is adjoined in an elementary tree ~, we represent this
derivation as ¥ — € or ¥ — o. Note that in any derivation involving a tree . évery
node with OA constraints has to receive an adjunction. Thus, we stipulate that everv

rule for the derivations from  must include the addresses of all the nodes in y with OA

constraints.

Considering an elementary tree and the constraints at nodes of this tree, we can write
a set of rules to capture all the possible derivation sequences of derived trees starting

from this elementary tree. For example, let v is an elementary tree, and {/,..... t.} be

1ifﬁ can be adjoined at a node, then cvery tree denived from 4 can be adjoined at the same node
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the addresses of a subset of hodes of 4 (which includes every node of § with an OA
constraint). Let 8, be adjoinable at the node in y addressed i (1 < k& < n). Then we

will have a rule
The collection of the set of rules for all the elementary wees of a TAG, G, is called the
derivation rules of G.

Given the derivation rules of a TAG, we can represent derivations by derivarion trees.
The derivation wees of a TAG are like the derivation trees of CFG except the edges of

the tree are labelled by the addresses where adjunction takes place and the frontier is a

series of nodes labelled by e (or o).

Derivation trees are now defined formally.

o if ~ is an elementary tree with no OA constraints, then the following tree is a

derivation tree

Figure 1.11: Definition of derivation trees - base case

e If T, is a derivation tree with the root labf:lled/cTJ for 1 < j < k, then given the

derivation rule

the following is also a deri ration tree.

If G is a TAG, then the set of derivation trees is denoted by Tp(G).

12
2

=1



Figure 1.12: Definition of derivation trees - inductive case

As an example, we can consider the derivaton of the tree in Figure 1.10 and give iz

derivation tree. Note that every derivation tree Y2 corresponds to a derived tree - which

R

®— w5 —

Figure 1.13: An example derivation tree

has no OA constraints. We can obtain ~ by traversing it in bottom-up or top-down

fashion, and performing the required adjunctions at the appropriate nodes. In this case.

we say that ~ is described by T.

If . is the address of a node in an elementary tree ~, then we can give the derivation

2We use the symbols Y, T,.... for derivation trees
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wees of tees in D(({~.:)) by considering derivation wees whose root symbol is F and

ignoring the adjunctions at nodes other than : and its descendants.

We have seen that every derivation tree describes a derived tree with no nodes having
OA constraints. 'We now show that for every tree + which has no OA constraints, there
is a derivation tree Y which describes it. Thus, we will show that for every tree in T: G+
derived in the standard way (i.e., starting from an initial tree), there is a derivation tree
that describes it. Note in that the standard derivations, we could have built trees with
OA constraints. Therefore, to describe the derivation of these partially built trees, we
will define incomplete derivation trees. Suppose we are considering the derivation tres
in a top-down fashion, and that we have a node labélled 02 tf a node addressed / in -

has an OA constraint, then every rule which expands = is of the form
7 — U, Jai. Ua

for some vy, v, and /,5 adjoinable at the node addressed ¢ in +. Consider the derivation
tree which specifies that 3 has been adjoined at this node. If we want to describe the
tree where adjunction at this node, with the OA constraint, has not taken place. This can
be described by the derivation tree the subtree below the edge labelled i (corresponding
to the adjunction of the tree derived from /) is removed. Such a tree is incomplete since
1t does not have the information about the subtree below the edge labelled /. This tree
can be completed if and only if a derivation tree is inserted below the dangling od

This will not be the case if the node addressed : does not have an OA constraint. A

cc.

-
-~

tree with m incomplete edges is called an m — incomplete derivation tree. Note that a

O-incomplete derivation tree is a derivation tree.

Definition 1.8 rﬁ-Incomplete Derivation Trees

e Any derivation tree is an O-incomplete derivation tree.

24

3 3 31 13



o Let + be an elementary wee. Let {i;....,:ix} (b 2 0) be the addresses of a subset
of nodes in + with OA constraints. Let {n;,...,n,} be the addresses of the other
nodes in ~ with OA constraint. Let {j;,....j;} (! > 0) be the addresses of a
subset of nodes in v not having OA constraints. Let the auxiliarv tree f., be
adjoinable at the node addressed j, in v and T;, be a m;, -incomplete derivation
tree with the root symbol /T,; for 1 < p < I. Similarly, let the auxiliary tree

‘ /,8,,,, be adjoinable at the node addressed rn, in v and T,, be a m,, -incomplete

derivation tree with the root symbol 3,, for 1 < p < ¢q. Then the following tree is

anm = (k + mj + -+ mj + m,, + -+ m, )-incomplete derivation tree.

N A

Figure 1.14: An m-incomplete derivation tree

Theorem 1.1  For every wee - derived (using the most general definition of derivation
in TAG’s) with & (k¢ > 0) adjunctions such that there are m nodes in - with OA
constraints, there is a m-incomplete derivation tree T which describes 1

We prove this result by inducting on the number of adjunctions performed in deriving ¥.
Base Case: £ =0

Then ~ is an elementary wee which has m nodes with OA constraints. The required
derivation tree is a tree has one node labelled ¥ with m edges dangling labelled by
addresses of the nodes with OA constraints. ' A

Inductive Step:

Assume the statement of the theorem holds for all &’ < k. Now let 7 be derived using
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k adjunctions and th.t there are m nodes in - with OA constaints. We can assume that
some derived auxiliary tree =, was adjoined at a node n in a derived tree =+, to give
~. Let us assume the number of adjunctons in +,.+» are .k, respectively and that
~n, = have m,, m, (respectively) nodes with OA constraints. Thus, & = &y + Ay = 1.
m = m; + mq Or m = m; + ma, — 1 depending on whether the node n in + had an
OA constraint. The inductive hypothesis holds for the derivations of -, and +>. Let the
mq-incomplete derivation tree describing +, (respectively m,-incomplete derivation tree
describing <) be called T, (respectively T,). Our goal now is to find the m-incomplete
derivadon tree T which describes ~. The first step is to find out which elementary tree,
-3, contributed the node n in +, and where this instance of -, appea}s in T, so that we

can insert T, below it.

The identification of <5 and its location in T, is done using the following procedure.
Using any normal order (say prefix) traversal procedure, traverse . building up -’ in
the following way. If the traversal leads us to a node in the derivation tree (addressed p)
such that we have to consider adjoining 3 at some node addressed : in an elementary wee
~", adjoin a tree which has the same structure as 3 except that the nodes are now labeled
(3.7. X, p) where the node addressed ; in the auxiliary tree 3 is labelled X. Note that -’
will have the same structure as ~, except ~or the fact that the labels of nodes in -’ are
given by the 4 — tuple. We can have a 1-1 mapping from the nodes of -’ to the nodes
of ~, by mapping the 4-tuple to the label (the 3¢ element of the tuple) of nodes in -;.
We can then find the node in - which corresponds to . Let this node be labeled by the
4-tuple (v”,7,.X, p). Then T is obtained by inserting the m,-incomplete derivation wee
T, in the m,-incomplete derivation tree T, below the node which is (p)** ncde visited
in the prefix traversal of T, (then p is its address). The:e are two cases to consider
1). There is an edge dangling below this node whicn is labeled j. This case then
corresponds to m = m; +m, —1. We insert T, below this node and complete this edge.

2) This case corresponds to n not having an OA constraint. If the derivation rule used at

—3
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the p** node was

o

4" — 318iy,..., 3,8in (1)

then j & {i;.....i,}, otherwise 3 could not have been adjoined at n. Note then that

there is also a derivation rule
" - 3Gy, ..., 8,81, 30 (IT)

Then, T is the same as Y, except that the derivation rule (IT) is used instead of (I) and

T, is inserted below the link labeled by the address j. T then describes ¢ as required.

1.4.2 A Normal form for Tree Adjoining Grammars

We now give a simple normal form for TAG grammars which simplify the proofs while

proving some properties of TAL’s. In this normal form we have only a single initial tree.

Theorem 1.2

For every TAG, G = (NV,Z.5. 1. 4) there is a TAG, G, = (N.Z.5.{a}. 4,) such
that L(G) = L(G,).

For each « in I, we have an auxiliary tree, /89,, as shown in Figure 1.15. We let

4, =4U{3, | a € I}. a, the only inidal wee in G, is given in Figure 1.15

It is straightfoi'ward to show that L(G) = L(G,). Forevery 3 € 4.if T is a
derivation tree such that the root is labeled by 3 then Y also belongs to Tp(G,). Now
considering a derivation tree, T, in Tp(G) given in Figure '1..16, there is a derivation
tree, Y., in Tp(G,) (as shown in Figure 1.16); such that both describe trees with the

same frontier. Thus, L(G) = L(G,).



Figure 1.15: Single initial tree normal form

4

Figure 1.16: Equivalence of G and G,
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Chapter 2

Tree Adjoining Grammars and Head

Grammars

In this .chapter we discuss the relationship between TAG’g and Head Grammars (HG’s).
HG’s were introduced by Pollard [Pollard 84] to capture certain structural properties
of natural languages; HG’s have a completely different motivation from that of TAG's.
These formalisms are notationally quite different. HG’s maintain the essential character of
context-free string rewriting rules, except for the fact that in addition to concatenation of
strings, string wrapping operations are permitted. Formal properties of HG's were inves-
tigated by Roach [Roach 84]. It was observed that the two systems seemed to possess sim-
ilar generative power and have the same closure properties [Roach 84,VijayShanker 85]
as well as similar parsing algorithms [Pollard 84,VijayShanker 85], a significant amount
of indirect evidence existed to suggest that they were formally equivalent. In this chap-
ter, we will discuss the relatonship between HG’s and TAG’s. The complete details can

be found in [Joshi 86,VijayShanker 86b]. The linguistic implications of this study are
in [Weir 86].

Vijay-Sh}ahker and Joshi [VijayShanker 85] provided a brief description of the intu-
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ition behind the inclusion of Tree Adjpining Langages (TAL) in the class of languages
generated by a variant of HG’s called Modified Head Grammars (MHG). We give a proof
of this result as well as a proof for the inclusion of Modified Head Languages (MHL) in
TAL, hence showing that MHG’s and TAG’s are equivalent. This result is presented in
“section 2.2. In Section 2.2.4, we discuss the relationship between HL’s and MHL’s, and

hence the relationship between TAL’s and HL's.

Before presenting the results of this section, we first define the grammatical for-
malisms. At the end of section ??, we present a brief explanation of the relationship

between the operations of string wrapping and tree adjunction.

2.1 Head Grammars and Modified Head Grammars

In this section we define Head Grammars and Modified Head Grammars and describe

how they generate string languages.

2.1.1 Definition of Head Grammars

We first introduce the notion of a headed string. A headed string is a string of symbols

containing one distinguished symbol referred to as the head of the string. Formally, this

can be represented as a pair consisting of a string w and an integer that indicates the
position of the head in the string. When we wish to explicitly mention the head, we use
the representation w,aw, where w,aw, = w; alternatively, we can denote the heded

string by w. This allows us to denote the headed empty string as A. //ﬂé 7z

In a Head Crammar (H G), productions are like those in a C F'G except that ins « ad
of just concatenating the strings derived from the constituents, we may use another st ng

operation called rhe wrapping operation. Further the rules will also have to state wh ch
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constituent’s head is the head of the resulting phrase.

Productions are of the form: 4 — f(ay,...,a,) or 4 — a, where A € Vy, a; either
belongs to V'y or is a headed string and
fe U{LCi,LLi,LRi,RCi,RLi,RRi}
i>1
Roach [r84] has shown that there is a normal form for Head Grammars which only

uses the operations given below. Definitions of the other operations can be found
in [Pollard 84].

The language generated by a HG G is defined as follows:
LG)={w]|S %Tv‘}

We now define the 6 operations that were mentioned above.

LC1(u1@ruz, v101v2) = w1@us, v1b1vg,
LC2(u\Trus, v151v2) = u1a1Uz, 010,03,
LL1(u1@ruz, v101v2) = w1@rvib1vaus,
LL2(uyTTuz, v1b1v2) = u1a;v16107ua,
LR1(u1@1uz, v1b1v2) = uqv1b10,@7us,

LR2(u @7us, v16y02) = uyv1b1veausg

Beth Pollard [Pollard 84] and Roach [Roach 84] have defined these operations as
partial functions. Pollard’s definition of headed strings includes the headed empty string
(X). However, mathematically, these do not have the same status as other headed strings;
for example, LCi(X, W) is undefined. In general, the term fi(wy,...,W5,....@y) is un-
defined when w; = \. This nonuniformity has led to difficulties in proving certain formal
results about Head Grammars (discussed in Roach [Rbach 84]‘),.and has caused problems
in showing mé equivalence of MHG's and HG's (see [Joshi 86,VijayShanker 86b]). The

relationship'between MHG’s and HG's is discussed later.
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We now give a sample Head Gra nmar, G,.

S — LL2(S5.,F) S — LL2AS:7)
51 - LCQ(E, 53, d) 52 - 'g-h
53 asd LLQ(Sl,ZC) 53 — LL.?(Sg,zC)

The language generated by this grammar is

L,={a"gb*fc*hd" |n 20}

2.1.2 Modified Head Grammars

We define a formalism which we shall call Modified Head Grammars (MHG’s). This
formalism closely resembles HG’s. Instead of headed strings, MHG’s have split strings.
A split string has a distinguished position between two strings in V7., about which it may
be split. We will denote a split string as w,;w, where w,w, € V5. Notice that we can
represent the split empty string as A;), though this will be denoted by A. In MHG's,

there are three operations on split strings — W, C'1 and C2, defined as follows:

W(wqgwe, Uy ) = wilg U,
Cl(witwa, urttts) = wiwal ¥,

C2(wypwe, uyuz) = W Wal1U2

The operations C'1 and C2 correspond to the operatdons LC1 and LC?2 in HG’s. The
operation WV has been defined such that the split point of its second argument becomes

the split point of the string resulting from application of the operation.

Since the split point is not a symbol but a position between strings, separate opera-
tions corresponding to LL2 and LR2 ae not needed. In addition, unlike HG’s, which
distinguish the two wrapping operations LL1 and LL2, W suffices as a substitute for

both of these operations. When we want the split point of the first argument to become
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the split point of the derived string, we must also specify whether the split point should
be to the right or left of the second argument. In either case, we can simulate such op-
erations using W, C1, and C2. For example, suppose Y =c';:» wyw, and Z ;: Upslls
and we want X to derive wy;u uw,. This can be achieved using the follov.ing two

productions: Z/7 — C1(),Z) and X — W(Y, Z/").

Productions of a MHG are of the form: A — f(ey,a2) or 4 — a;, where ¢,
and « either belong to Vy or are split strings. and 4 € Vy, and f € {C'I.C‘B. I ).

Definitions of the operations C'1, C2 and WV are given above.
The language generated by a MHG G is defined as follows:

L(G) = {wiw2 | § == wijws}

We now give a MHG generating L,

S W(S, fi) S W(Sufi)
Sy — C2(ay,S3) S2— g1h
53 - I’V(Sl, brC) 53 - I’.V(Sg, bTC)

2.2 Tree Adjoining Grammars and Modified Head Gram-

mars

In this section we show the equivalence of Tree Adjoining Grammars and Modified Head
Grammars in their 'ability to generate string languages. First, we will give an informal
discussion about the similarity of the tree adjoining and wrapping operations in the way

they combine strings.
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2...1 Tree Adjunction and Wrapping

Before showing the formal equivalence of MHG’s and TAG’s, we consider the relation-
ship between the wrapping operation ¥ of MHG's and the adjoining operation of TAG’s.
Suppose we have the production p = X — W(Y, Z) in a MHG G, and that we have two
derivations from the nonterminals Y and Z deriving the headed strings w,;w; and vy;e2

respectively. Given the production p, we can derive the split string w,v;v,w, from X.

Consider the Figure 2.1. Suppose there is a derived auxiliary tree v in some TAG
G, corresponding to the above derivation of w,;w, from Y where the foot node appears
at the split point, as shown in the figure below. Also assume that there is a node n
dominating a subtree that corresponds to a derivation of v,;v, from Z where, as before,
we assume that the foot node appears at the split point. Consider the tree resulting from
the adjunc ion of 4 at the node n, as shown in the figure. The resulting tree can be

thought of as corresponding to the derivation of the split string w;v;1vow; from X. This

AN

Wi 4 W2 Vi1 fVZ

w1 w2
Vi $v2
Figure 2.1: Adjunction and wrapping

example illustrates the basic intuition ehind the constructions involved in the following
proofs showing the equivalence of M1IG’s and TAG's.

34

13

.

3 ___3



~3 — —3 — T3 T3 T3 T3 71 3

2.2.2 Inclusion of TAL in MHL

Based on the above observation concerning the similarity between the wrapping and
adjoining operations, we shall now present an algorithm (conver:) for transforming a
given TAG G = (Vy, V7,S.1, A) to an equivalent MHG G’ = (Vy, V7, S, P). In this
section, we have generalized the concatentation operations of MHG’s to be of the form

Cj for j > 1. These operations can always be simulated using just C1 and C2.

We shall first describe the algorithm convert informally. If conver: is applied on 7, a
node of some elementary tree +, convert returns a sequence of productions in the MHG
formalism capturing thé structure of the subtree of 4 rooted at-n. The wrapping operation
is used to simulate the effect of adjunction, and the concatenation operations C'1 and C'2
to concatentate the strings derivable from the left and right children of a node. The
choice of either C'1 or C2 depends on which child is the ancestor of the foot node. The
exact structure of a tree can be captured by using nonterminals that are named by the

addresses of nodes of elementary trees rather than the nonterminals labelling the nodes.

Convert works as follows. Let (3,7) be the address of a node in an auxiliary tree 3,

and v belongs to D((4, i)) with a frontier w; Xw,. We have a nonterminal corresponding

to this node (denoted by (3, {)) which derives the split string w,;w,. In particular, when

(8,1) is the root of 3 (i.e., i = ¢€), then the nonterminal (3,¢) should derive the split
strings w,;w; whenever there is a tree in D(;3) with frontier w,.Xw,. That is, the split

point appears in a position corresponding to the foot node.

Thus, the wrapping operation W can be used to simulate the effect of adjoining in
the following manner. If (v,1) is a node at which 3 is adjoinable, we have a production

corresponding to adjunction of 3 at (v, i)

(i) = W3, (2.0)
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where (~.i) derives strings derivable from the children of (v,i). We also have the rule

{(7,8) = (v.¢)

for the case when no adjunction takes place at (v,¢). Since (v,i) is supposed to derive
strings derivable by the concatenation of the frontiers of subtrees dominated by the

children of (v, :), we have the production,

M—’Cj((’/vi'1)1"'7(7ai'j)a°°"<7’i'k))

where (v,2-1),...,{(v,¢:7),..., (v, &) correspond to the k children of {-.:; and where
the j* child is the ancestor of the foot node. By convention, we let j to be 1 when (= ./}
itself is not the ancestor of the foot node. We used the operation C'j, since we wouid

like to put the split point in the position where the foot node is.

We are now in a positon to define the conversion process. The algorithm is as follows:

add S — (B, ¢) for each auxiliary tree adjoinable at the root of the initial tree,
add S — X if the root of the initial tree does not have an OA constraint.-
for each auxiliary tree 3, call conver:((3,¢))

where the procedure conver: is as defined below.

define conver:({3,1));
case 1: (f,1) is a leaf node
if (3,7) has label € € Vr U {\} then

add (3,:) - <B,i>t0 P (1)
add <f3,:> ;»ef toP (2)

else {(B,1) is the foot node }
add (8,i) —» W((B1,¢),<8.i>) (3)
for each 3, in SA constraint of (3.1)

add {3,1) = <f8,i> ()
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if (3,:) does not have an OA constraint;
add < 3.i> — ¢r. (5)
case 2: (4,1) is an internal node and has & children
add (3,i) — W({B1,€), (B8,i)) (6)
for each 3, in SA constraint of (3, ¢)
add (8,:) — {8,8) ()
if (8,1) does not have OA constraint;
if (8, 1) is ancestor of foot node then
add (3,i) — Cj({B,i-1),....(8.i-k)) (8
where jt* child dominates foot node;

else add (8,i) — C1({B,i-1),.... (3,1 k) 9)

for 1 < j < k do convert({3,1-j)).

Lemma 2.1 L(G) C L(G")

.

To prove the inclusion of L(G) in L(G’), we induct on the height of the derivation
trees characterizing trees derived from auxiliary trees and on the addresses of nodes in

these auxiliary trees to prove the following proposition.

Proposition 2.1  For all auxiliary trees, 3, let T € Tp(G) be of height h;, describing
the derivation of v € D(3). Let the node denoted by (3,:,) have k; children. Let

vi, € D({B,11)) and vi,; € D({3.i,j)) for 1 < j < k, be described by Y. Then one of
the following two cases holds.

e Let the node denoted by (3,¢,) dominate the foot node (which is labelled by .\’
say). If the frontier of v; is w,.Xw,, and the concatenation the frontiers of the
trees ~;,,; for 1 < j < ki, be w3 Xw,, then

- <,3,i1> C:=' w”wg

- <3 i] > ;:I w3 wy
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e Let the node denoted by (3,:,) not dominate the foot node If the frontier of v;
is w;, and the concatenation the frontiers of the trees v;,; for 1 < j < &y, be wo,

then
- <B,u> =

- <B1il> -?."_'*’m

- The base case corresponds to considering the frontier node of J, i.e., height of the

derivation tree is one. By the productions introduced by step 1 and 2, the base case
holds.

For the inductive step, consider +; € D({3,:)) whose derivation is represented by T
of height h. Let the inductive hypothesis hold for all Ah; < k and ¢, < :. We will have
the production

<B,i>— Ci(<B,11>...<83,tm>

and for 1 < k < m, (B,ik) satisfies the inductive hypothesis condition. Thus, < 3,:>
will satisfy the inductive hypothesis. In considering <43, :>, we have to take into account

two cases. If according to T, no adjunction takes place at {3,:), then since there is a
production

<3, > —=<B.i>

<3,1> derives the string desired. If on the other hand, adjunction takes place at (J.:)

according to the T which has the form shown below.

Then the height of T, is less than h. We have already seen that inductive hypothesis
will hold for < 3.:>. Since (7' has the production

<B,i> — W(<By, e>,<8,1>)

and the fact that the induction hypothesis will hold for <43,, €>, giv:n that wrapping and

adjunction have the same effect on strings, we have shown that the inductive hypothesis
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holds for <3,:> as well. When we reach the root of the tree, i.e., : = ¢, then we would

have shown the inductive hypothesis holds for the derivation trees of height & also.

To show that L(G) C L/G’), we have to just consider the rules

S — (B, ¢) for each auxiliary tree adjoinable at the root of the initial tree,

add S — ) if the root of the initial tree does not have an O A constraint.

Lemma 2.2 L(G') C L(G)

We prove this result by proving by induction the following proposition.

Proposition 2.2  Assume that a node (3,:) in an auxiliary tree 3 has k; children. If
<B,1> G='°,> w, 1w, then there is a v € D((3,7)) whose frontier is w; X w, (if the node
(8, 7) dominates the foot node whose label is X') or w,w, (if this node does not dominate
the foot node).

If<B,i> ?’w w jw, then there are v; € D((8,47)) for 1 < j < k; which are described
by the same derivation tree T such that the concatenation of the fronter of these trees is

w1 X w, (if the node (B,:) dominates the foot node whose label is X)) or wyw, (if this
node does not dominate the foot node).

The base case corresponds to the node (3,:) being a leaf node, and the hypothesis
holds because of the productions given in step 1. For the inductive case, we assume that
for all k < m the above proposition holds. If <3.:> G=":> w,w, then the last production
used is that given in step 8 or 9. We will then have to consider the derivations from
<38,ij> for 1 < j < k;, each of which has to be less than m steps. Thus, the inductive
sfep holds for these derivations and using.the productions in steps 8 or 9, we are assured
the hypothesis holds for the m step derivation too. If <3,i> .(_"‘? wy;w, then the the
last step used must have been that given by 6 or 7. In either case we can be guaranteed

that the hypothesis holds for this m step derivation too.

As an illpstration of the conversion process, we will consider the TAG (whose ele-

mentary trees are given in Figure 2.2) generating the language L, given in Section 2.1.2
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SNA

S/81 S NA
|{B} a S{B1p2 d ﬂ\
f b SNA c g S NA h

Figure 2.2: A TAG which generates L,

can be converted into a Modified Head Grammar that generates this language.

S — (a,¢€) ,
(a,€) — W (B, €), {a.€)) (a,e) = V((32,€),{a.¢€)

/\
v
—
R
—
~

{Br,€) = C2({b1,1),(51,2))

(51, 1) = ar

(B1,2) = W({Br, €}, {51,2)) (81,2) = W({(B2,€), (81,2))
{81,2) = C2((B1,2-1),($1,2-2),(B1,2- 3)) ‘
(Br,2-1) — b

(B1,2-3) = ¢

(81,2-2) - X

(B2,6) = (B2, €)

{Ba2,€) = C2({fB2,1),(B22),(B2,3))

(B2, 1) — g1

(B2,3) — Ay

(B2,2) = X

We can simplify m s grammar, replacing (,Bl, €) by Si (/32, ) by S,; and other such

minor renaming to produce exactly the same grammar for L, as given in Section 2.1.2.

3

3 _a 3 __» _13

|

.3 3



3

3 T3 T3

2.2.3 Inclusion of MHL in TAL

When we convert a TAG into an MHG, each elementary tree generates a set of produc-
tions. The sets generated by any two distinct elementary trees are disjoint and, further-
more, have a constrained form encoding the hierarchical structure of the tree. The task
of converting an MHG to a TAG cannot simply involve the inversion of this construction
since it is not in general possible to find groupings of productions in an MHG that have

the required structure.

The approach used to convert MHG’s to TAG’s is based on satisfying the following
requirement: for each derivation in the MHG there must be a derived tree in the TAG
for the same string, in which the foot is positioned at the split point. The first problem
that will be addressed is representing derivations in a MHG as a derived tree in a TAG.
We can describe the relationship between these two forms of representation by induction
on the length of the derivation. The derivations

A= 1 o A=¢g
using the productions
A— e or A—e

have the following associated derived trees:

A NA A NA

/NN

£ ANA ANA €
A—*Er A—- 1€

Figure 2.3: Derived trees for terminal productions

Given derived trees corresponding to derivations for B and C, use of the productions

4 —-C1(B,C) or 4 - C2(B,C)
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would generate the following trees representing derivations from .4:

YA A A AN

A A

Figure 2.4: Derived trees for C; and C'; productions

Given a derivaton tree for C, use of the production:
A-W(B,C)

would generate the following tree representing a partial derivation from A into which a
derived tree for B muast be adjoined before the tree is complete. We use an OA constraint

to ensure that the tree is completed.

/.

B
Figure 2.5: Derived trees for W productions

0

Notice that we are positioning the foot node in these d:rived trees in such a way as to

ensure that the string is split in the correct place.

We now discuss how to construct a TAG that generate - all the derived trees mentioned

above. In other words we should establish the fdllowing sroposition:
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Proposition 2.3

In the TAG G there is a derived auxiliary tree 4 having no OA constraints, with root
labelled A and frontier w,Aw, if and only if A =;> wiws.

Given an MHG G = (Vy,Vr, S, P), we show that there exists an equivalent TAG
G' = (V. Vr, S, I, 4). Without loss of generality, we assume a normal form that uses
productions of the following form:

A— f(B,C) or A— ¢ or A—eg

where 4,B.C € Vy, ¢ € V7 U{)\} and f € {C1,C2,W}. The conversion

proceeds as follows:

l.If4d— ;&£ € P then

A NA

N\

A NA £

Figure 2.6: A — ;¢

2. If A — & € P then

A NA
£ A NA

Figure 2.7: 4 — ¢;

3. If A — C1(B.C) € P then
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A NA

N\

BOA COA
A NA €

Figure 2.8: 4 — C1(B,C)

A NA

AN

B OA CoA

€ - ANA
Figure 29: A — C2(B,C)
4. f A - C2(B,C) € P then

5. ffA—W(B,C) € P then

The set I of initial trees consists of the single tree a:

We have used OA constraints to ensure that nonterminals introduced by the MHG

productions are rewritten and NA constraints to ensure that once a nonterminal is rewrit-

ten, it is not used again. We prove the equivalence of L(G) and L(G') by showing that
Proposition 2.3 is satisfied.

Lemma 23 L(G) C L(G')

To prove this lemma we have to show that if X € Vy and X ?';. wirw, then . iere is

a derived tree with no OA ccnstraints as shown below:
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A NA

BOA

COA

A NA

Figure 2.10: A —- W(B,C)

SOA

Figure 2.11: Initial tree

We carry out the induction on the length of derivations of strings in G. Suppose we
assume that if B ;: ujpug and C %:’ v11v2 then there are derived auxiliary trees +,

and +, as shown in Figure 2.13. We must consider each type of production in P.

For example, if the producion 4 — C1(B,C) € P then A := u 1oV v, Where
k=1i1+4+j+1. Since A — C1(B,C) € P we have the auxiliary tree 3. Adjoining -,

and ~, into § we obtain the required derived auxiliary tree 4 shown in Figure 2.13.

The other cases can be handled in a similar manner to show that lemma 1 holds.

Lemma 24 L(G') C L(G)

§
f
[
)

We show by induction that

For all v € D(3) having no OA constraints where the frontier of + is
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X NA
/ X\
NA
Figure 2.12: Proposition for MHG to TAG

A NA

b
L 4

A NA €

Figure 2.13: TAG derivation corresponding to use of 4 — C1(B,C)

w1 Xw, and the height of the derivation tree T, corresponding to a

derivation of v, has a height k then X % wywa.

For the inductive step, we assume that the above statement holds for all derivation
trees of height < k. Consider a derived auxiliary tree ¥ € D(3) whose frontier is w; Aws,.
Let the derivation wee T corresponding to t.ie derivation of ¥ have height & + 1. Since
~ € D(3), the root of T is labelled by 3 ani{ Y is of the form shown in Figure 2.14.

There are several cases to be considered. If .! was introduced because of the production

A - C’l(ﬁ,C) € P and if u;Bu, and v,("v, are the frontiers of the trees that are
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ool

Figure 2.14: Derivation tree for v

adjoined at the nodes labelled B and C respectively, then w;, = u; and wy = uatyva.

Since the height of +,; and +, are < k by the inductive hypothesis:
B =;> Uy tUa and C ——;—> V11V2
Since A — C1(B.C) € P,

A ;= U tUV V2 = WiTW?2

In a similar way, we can deal with each of the other possible auxiliary trees 3 that could
label the root of T. We can then conclude that by the above induction lemma 2 holds;

and hence by lemma 1 and lemma 2 we show L(G) = L(G").

2.2.4 Comments on the Relationship between Tree Adjoining Lan-

guages and Head Languages

In this section, we established that the two grammtical formalisms, Tree Adjoining Gram-
mars and Modified Head Grammars, generate the same class of languages. [jvw86,vwj86]
discusses the relationship between MHG’s and HG’s and describe a proof showing the
inclusion of Head Languages (HL) in TAL. The rerﬁaining inélﬁsion of MHL in HL, that
would demonstrate the equivalence of HG’s and MHG's, has not yet been established in

the gcner:ﬂ case. It has been shown in [Joshi 86,VijayShanker 86b] that the relationship
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beiween HG’s and MHG's is very close, the differences hinging on the status of heads
of empty strings and whether one deals with the heads directly or with ‘the left and right
wrapping positions around the head. Aside from this minor notational variation, there is
not much difference in the class of languages generated. A linguistic view of the reia-
tionship between TAG’s and HG’s has been discussed in [Weir 86], where the question

of the strong generative capacity of the two formalisms and their ability to give certain
linguistic analyses has been addressed.

The inclusion relationship that exists between the three formalisms is pictorially shown
below.

TAL's ] < >[ MHL’S}

?

[ 1
=]

Figure 2.15: Summary of the relatonship between TAG, MHG, and HG
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Chapter 3

Automata for TAL’s

In this chapter, we continue the study of Tree Adjoining Grammars by giving automata
characterization for the class of languages generated by them. This characterization helps
us understand the TAG formalism and its ability to generate languages. We make compar-
isons with corresponding automata for Context Free Grammars and Indexed Grammars,
so that we can see how TAG's fit between them. In Section 3.1, we define a class of
string automata, called the Embedded Pushdown Automata, and show that they are equiv-
alent to TAG’s. We then prove two results about TAL’s using epda’s, its equivalence
to a linear version of Indexed Grammars and closure of TAL’s under intersection with

regular languages.

3.1 Embedded Pushdown Automaton

In this section we define a class of automata, called the embedded pushdown automata
(epda), and show that the class of languages they recognize is exactly TAL’s. An epda

is an cxte_néion of the pda and may be thought of as a second order pushdown acceptor.
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A epda consists of a finite state control, a one way input tape, and a store that is
made up of a pushdown of no'nempty pushdown stores containing stack symbols. Like
the pda, the stack pointer always points to the topmost element in the store; thus, in the

case of epda, the stack pointer points to the top element of the top stack®.

input

a

finite state @
control ‘

Figure 3.1: Embedded pushdown automaton

A move of a pda may be described as replacing the top element of the stack by a
finite sequence (possibly empty) of stack symbols based on the input, the state of the
finite state control, and the top stack symbol. After this move takes place, the stack
pointer moves to point to the new top of the stack. A move of an epda may be depicted
in a similar way, except that the move of this second order pushdown recognizer has to
be explained in two stages, one for each of the two orders of stack. As in the case of
pda, based on the input, the state, and the top element, o, of the the top stack, T, the

top element is replaced by a finite si quence (possibly empty) of stack elements to give

a new top stack T’. This resulting :'ushdown Y’ is then replaced by a sequence of %,

'Though the epda has a nested stack sto ¢ like the nested stack automata (the nested stack automata
(nsa) was introduced by Aho [Aho 69], a ont ~ay nondeterministic nsa characterizes the class of Indexed
languages), it differs from the nsa in that the tack pointer is always at the topmost position.
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(k > 0) pushdowns (which includes Y’ if it is nonempty). This move is illustrated in

"Figure 3.2, and is expressed by defining the transition function, §, of the epda as follows.

In the notation .we use, the top of the stack is on the right.

(P tokt.. 10041, 0n. . 00,100t t0)) € 6(g,a,0)

The marker, §, does not belong to T, the set of stack symbols. It is used to separate
strings of stack symbols belonging to different stacks. This move therefore replaces the
top symbol, o, of the top stack, T, by o;...0n, to give a new stack T'. New stacks, T,
containing o; for i +1 < j < n above T’ and new stacks given by o} for 1 < j <
immediately below Y’. As in the pda, the stack pointer moves to the topmost position,

i.e., it now points at the stack element given by o, .

o Y

AR
L9 |

al 0

-—

N

Figure 3.2: Epda after a move

When the top stack empties, the stack pointer automatically moves to the top of the

51



stack below it. Acceptance by an epda can be defined in terms of empty store or final

state. As in the case of the pda, we shall show that the two definitions are equivalent.

‘We are now in a position to formally define an epda.

Definition 3.1  An epda, M, is a 7-tuple (@, %, T, 6, go, @, 0g) Where
Q is a finite set of states
Qr C Q is the set of final states
¥ is finite set of input symbols
[ is a finite set of stack symbols
go € @ is the start state
o9 is the symbol on the stack initially
6 is the transiton function mapping Q x £ x I to finite subsets of
Q@ x T* x I'" x T* where T correspond to0 pushdowns
of stack symbols and hence are members of I'".

Definition 3.2 Instantaneous Descriptons (ID)

The snapshot of an epda is given by the instantaneous description. An ID is of

type @ x T* x £ x £*. An example of an instantaneous description (also called a

configuration) is given by:
(g,1o1a. ..ot toicia . Gy E0in L O, W W)

where ¢ € Q; w, is the initial part of the input that has already been consumed by the
epda; w, is the part of the input that is yet to be read, with the head positioned on the
leftmost symbol of w,; and {oy,;...014, 1. .. 10i,1 ... 04y, is the store configuration where
{oiy1. ..o, is the topmcst stack with the o, at the top. Ttz starting ID is given by

(g0, fo0, €, w) where w is the input to be read.

Definition 3.3  Language accepted by epda, M = (Q,Z,T | 3. o, @F, 00), by empty
store: N(M).
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N(M) = {w | (g0, too, e, w) = (g, ¢, w, ¢} for some ¢ € Q.

Definition 3.4  Language accepted by epda, M = (Q,Z,T, 4,90, @F,00), by final
state: L(M).

L(M) = {w | {go,t00,€6,w) = (g7, T1...Tn,w,¢) for some ¢y € QF and some

store configuration Y, ... T,.

We now give a normal form for epda’s. In this normal form, every new stack added
in a move has just one stack element. The number of elements that can be added to the

top stack (before the move) is at most two.

Theorem 3.1

For every epda, M, we can effectively find an epda, M’, such that N(M) = N (/')
and L(M) = L(.M'), where the moves of M’ have the following form. For ¢ € T U {e¢},
we have Ll

(pi iali iae Iaia Ty1...0ny Iai-}-li i iak) € 6I(Q? g, G) V

i.e., the size of each new stack added is one , and number of elements added to the stack 5 E’»/
which was on top is at most two, i.e., n < 2.

We now give the construction of M’. For each move in M of the form

(P Ry o g B §O g o T, Oy < oy,
ois11 - Cigrgig b 10k . Ok, ) € 8(q,2,0)

M' has the following moves.

+ ol 4+ + ot 0
(P, +dl,0+ <2 30,0,0

.n, i0£+1.0i LA iai.ﬂ) € 6(‘1:530')
(T‘, €, O’j.ia;“g’-{»ne) € (5(1‘, €, U;‘i) Vr € Q:l SJ S kwo S l S IJ -1

(r,e,0:0' ™€) € 6(r,e,0™™) Vre)<i<n

As an example, we give the transition function of the epda, M, which recognizes the

language {a™b"c*d™ | n > 0} by empty store.
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6(90,a,00) = {(90,1D, B, ¢€)}
6(g0,a, B) = {(qo0,1D, BB, ¢€)}
6(g0, 0, B) = {(q1,1C, ¢,€)}
6(q1,5, B) = {(q1,1C, ¢, €)}
6(q1,¢,C) = {(g2, 6,6, €)}
6(92,¢,C) = {(g2, ¢, ¢, €)}
6(g2,d, D) = {(g3, ¢, ¢, )}
6(g3,d, D) = {(g3, €, ¢, €)}
6(go, €, 00) = {(qgo, €, €, €)}

The automata works as follows. When it encounters the initial a’s it pushes in B’s
in the top stack so that it can check that the number of a’s and b’s are the same. At the
same time it ensures that the number of a’s and d’s are the same by pushing new stacks,

with just the symbol D on them, below the top most stack. The number of 4’s and ¢’s

are checked in the same manner.

Theorem 3.2 For every epda, M, we can effectively find an epda, M’, such that
L(M)=N(M".

Let M = (Q,%,T,6,q90,QF,00). M’ is defined by (Q U {¢’'},Z.T.8',g0,QF.00)
where ¢’ € Q. &' is given by adding to § the following moves.

(¢',e,¢,€) € 8'(qs,€6,0),Vo € T, Vg, € QrU {¢'}.

M’ simulates M except that when M reaches a final state, M’ can nondeterministically

choose to empty its stack. Clearly .N (M') = L(M) as required.

Theorem 3.3 Fbr every e:da, M, there is an epda M, such that V(W) = L(M").

Let M be defined as (Q,3 T, 4. g0, @r,00). Then M’ = (QU{gs}, E,TU{c5}, 8", g6,

{q'},00) where ¢',qq & Q,0. ¢ I'. M’ works as follows. It has a new initial stack
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symbol, o4, on top of which M’ immediately adds the initial stack symbol of M. Then,
M’ uses the same moves as M. When M reaches the empty store configuration, .\’ will
have only one stack which contains just gg. M’ can then choose to go to the final state ¢
(from which there are no moves defined) and accept the string. However, if M has not
completely consumed the input, then M can continue to recognize the rest of the string
if there are moves defined which do not look at the top of the stack (since the stack is
empty), i.e., independent of the symbol pointed to by the stack pointer. This move can
be simulated by M’ in the following way. We can not let any new stacks be inserted
below the top stack if the top stack has o at its top (since this stack has always got to
be at the bottom). Thus, the move is simulated by checking if the top stack symbol is
an element of T', and if it is then to perform exactly as M. But if the top stack symbol
is o then M’ makes a similar move except to insert a stack containing just o} at the
bottom. Thus, §’ is defined as follows. In addition to the moves given in §, §’ contains

the moves
(QO, 106’ 0o, 6) € 6’(Q67 ¢, 0'6)
(¢'1e,€,€) € §'(q,¢e,08) Vg eEQ

If § is defined such that (p, {01}...10:, 0103, 104t ... tow) € 6(q,2,¢) fors € SU {e}

then §’ has the moves:

(p,o1}... 105, 0102,{0ini. . . tox) € §(q,5,0) VYo €T

(p,togtont. . . 1oi, 0102, 100 .. . tor) € (g, ¢, 7o)

3.2 TAG'’s and epda’s

In this section, we show that TAG’s and epda are equivalent, i.e., every TAL is recognized
by an epda, and every language recognized by an epda is a TAL. In Section 3.2.1, we

informally c}iscuss the relationship between TAG’s and epda’s.
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3.2.1 Informal Discussion on TAG’s and epda’s

We now informally discuss the equivalence of epda’s and TAG’s. We can relate the
moves of an epda to the expansion of nodes 1§ af top down left-to-right order derivation

in a TAG. When an epda imitates a TAG derivation, a stack is associated with each node
as shown in Figure 3.3.

%

Figure 3.3: Association of subtrees of TAG with stacks in epda

The stack associated with the node to be expanded is assumed to be at the top. If we
adjoin at this node, then new stacks are placed above and below the present top stack
encoding the parts of the auxiliary tree to the left and right of its spine. Thus, the epda
will recognize the left part of the auxiliary tree, expand the subtree below the node where
adjunction took place, before recognizing the string to the right of the foot node of the

auxiliary tree. This correspondence is illustrated by the Figure 3.4 below.

We can give constructions from a TAG to an epda and vice versa (based on the
above discussioir) to establish the equivalence of the classes of languages generatzd by
TAG’s and thos: fecognized by epda’s. However, th: proofs involving TAG’s are long
and tedious, involving two inductions for the structve of the derivation tree and the
structure of the elementary trees. Note that there is a ;-milaritly.in our discussions about

the correspondence between TAG’s and epda’s (givei above) and the correspondence
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—3 T3 T3

Z

Figure 3.4: Move corresponding to adjunction

between TAG’s and MHG’s. We give constructions showing the equivalence between
MHG's and epda’s and having already established the equivalence between MHG’s and
TAG’s, we can then conclude that TAG’s and epda’s are equivalent.

The main idea behind the equivalence of epda’s and MHG’s is as follows. Suppose

we use the producton

A-W(B,C) -

and suppose B == u;u,. Then A will derive a string in which u, ;u; wraps around the
string derived by C'. In order for an epda to recognize this string, we assume that the top
stack is {C'B. Seeing B at the top of the store, the epda can insert stacks YTy ... T,
above and the stacks T ;... T, below this stack. Thus the stacks on top of the store of
the epda is given by T, ... T41C T, ... T, (see the figure below). The stacks above
will be emptied while reading the input u,; the epdé will the~n~work to accept the string
derived by C (note that even if new stacks are introduced below this stack because of

the symbdi C on the top of the store, they will be empted before the stacks T, ... T;,
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introduced because of B. At the top of the store now are the stacks Y, ... Y, which will
be emptied when the epda scans the input u,. Thus, the epda simulates the derivation

from A of the string corresponding to the use of the production 4 — W (B, C).

Tn

ut

‘rk+1

{ Yk
u2

%

%

N R
r
=3

Figure 3.5: Simulating the wrapping operation

3.2.2 Equivalence of epda’s and MHG’s

In this section we show that the class of MHL’s (and hence TAL’s) is exactly the class

of languages recognized by epda’s.

In order to show the inclusion of MHL’s in the class of languages recognized by

epda’s, for every 1M1HG we construct an epda based on the above discussion.

Theorem 3.4  F::every MHG, G = (.V, S. P, §), there is an epda, M = ({q}. S..V'U
ZUu{Ar},6,q,{q},. ), such that L(G) = N(M)..
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We will build M such that it obeys the following proposidon. We say that when
A —-;—> ‘;1)11»102, then the epda with A as .its topmost symbol, will insert some new stacks
T,...T, below this top stack when consuming the input w, and the stack pointer returns
to just below the position where A was inidally. These new stacks T, ... T, are erased
from the store when the epda consumes the input w,. Thus, suppose the store of the epda

is given by Y{... T}, {o]...0%A initially, then the epda makes transitions such that
(¢, T1... Ttoy...oid,ew1) E (¢, T1... TR T1... Taioy ... 0}, wie)

and that (¢, Y}... Y, T1...Th, e, w2} - T1... T, , wee. In order to be precise, we
have to insist that when w, is consumed that the stacks T;... T, used above are those
which were added below the stack that was on top when the computation started, meaning
the stack given by {oy...o} is the same stack as before and not a stack with the same
elements. Thus, we use a new stack symbol, say 2, for which the transition function is
not defined both for reading from or writing on the store. Thus the precise statement is

given below.

Proposition 3.1 A4 % wyqw, if and only if (¢, 114, €, wy) 3 (4, T1... Totd, wy, €)
for some stacks T, ... T, and (¢, T, ... Tn, €, w2) =3y (g, €, wa, €).

The moves of the epda are given as follows.

o If A — a; then M has the following move.
(9,66, 1a) € 8(g, €. A)
o If A — ,a'theﬁ M has the following move.
(g,1a,e,€) € 5(q,e. 4)
o If A — ¢;e then M has the following move.
| (g,€¢,¢€) € &(q, €, A)
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o If 4 = C1(B,C) th?n M has the following move.
| (¢,1C, B,¢) € §(q,¢6,A)
o If A — C2(B,C) then M has the following move.
(3,¢,C,1B) € (g, ¢ 4)
o If A — W(B,C) then M has the following move.
(¢,€,CB,¢) € 6(q,¢,4)

¢ In addition, M has one move. For every a € T, (¢, ¢, ¢,¢) € §(q,a.a).

Lemma3.l L(G)C N(M)

For the inclusion of L(G) in N(M), we induct on the length of the derivation in G. The

proposition we prove by induction states that if A % wyw, then
(Qa .t:.-l, €, wl) #:\'f (Qv YAl L ‘rniga wy, E)
for some stacks T;... T, and (q, Y, ... Tn, €, w2) =iy (g, € wa, €).

Base Case: the length of the derivation is one.

Case 1: A %t’ e Then, (q,¢,¢,te) € 8(q,¢e,A) and (g,¢€,€e,€) € 6(g.2.2). Thus,
(0,184, ¢,6) = (g, 1hie, 6,¢) b= (g, 11, ¢, €) as required.

Case 2: A =;> 1€ Then, (q,1c,e,€) € 6(q,¢,4) and (q,€e,¢,¢) € 6(q.2.2). Thus,
(g,144,¢,€) = (g, el €, €) as required, a d (g, Is,e,s)'|= (g,14,¢.€) as required.

Inductive Step: Assume that for all £, < & ve have

if 4 = wyyw, then (g, 144, € wr) =3, (g, oo Talbowie)
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for some stacks T;... T, and (g, T1... Tn, &, w2) =ir (¢, €, w2, €). Then several cases

arise.

1. Let 4 =:-;=> wyqwe, A — W(B,C), B -%—-> uyte, C k=;> vyvg. Then, wy = uyvy,
wg = vouy, and k = k; + k, + 1. Thus the inductive hypothesis holds for B, C.
Therefore, by the inductive hypothesis, (g, t4d.e,w1) FEv (¢,1iCB.e.wn) =Yy
(@ Traeo TnyadiCuy, v) Ey (6T - TaaTiz. . Ty 25d, uyvy, €)
where T, ... T, =T11... TnyaT12... Th,,2 and A
(@, T11- Taya Loz Tnga& vaua) By (@ Tige o Ty1y 02, u2) Fiy (g. € ware)

as required.

2. Let 4 ;: wywa, 4 — C1(B,C), B _f?_'_;, uytuz, C —kc-;-—"r vitva. Then, w; = u;,
W, = UV Vq, and k = ky + ko + 1. Thus the inductive hypothesis holds for B, C.
Therefore, by the inductive hypothesis, (g, {44, e, w1) =y (¢, 1CH:B. €, wy)
Ey(6,iCTi... Toathupe)and Ty ... T =T1g... Loy
(¢,1CT11 ... T a6 u2nv2) Fiy (0, 1C, u2, v192) Eiy (0, T12- -« Ty 2, 201, 02)
=3 (g, €, we, €) as required.

3. Let A % wygwy, A — C2(B,C), B LG-—'-> uytitg, C =’;’= vitv2. Then, w, =
U UgVy, W = Vg, and k = k; + k, + 1. Thus the inductive hypothesis holds for
B, C. Therefore, by. the inductive hypothesis, we obtain the following
(g, 134, &, w1) Eur (9, 32C1B, 6, w1) By (¢, 130Ty Ty g, ur, ua0n) By
(g, 18C, uquz, v1) Fis (g, T12- - Thp2d, urusvy, €) ‘
where T)... Tpo=Ty,1... Tpya. Also, (g, T12... Thny2,602) By (g, 6,02, €) as

required.

Thus, the inductive statement holds for k step derivations too. By considering the

derivation from S, we thus show that L(G) C N(M).

We can now show that N(M) C L(G). The proposition we prove is the following.
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(g,134, &, wr) =5y (g, T1... Tatl, w, €) for some stacks T, ... T, and

(Qv ‘rl e Trn € w2) #?[ (qv €, W2, 6) implies that A ;= Wy 1Wa.

Induction is on the pair (k;, k,). We define the following ordering on these pairs as

follows. We say (¢1,%2) X (j1,72) iff i1 < j1 and 42 < jo.

The base case corresponds to one of the following two computations of )/.

L (g, 184,¢,€) |= (g, 141e,¢,¢) = (g, 14e,¢€) and (g,¢,¢,¢) E=° (g, ¢,€,¢€)

3

3

In this case, because of these 1 step computations, we have A — ¢; and thus we

obtain A == ¢; as required.

2. (Q1 IS"L 5 3;\ {q1 ieiﬁa g, é) and (Q7 159 €, 5) # (Qa 6 €, €)°

In this case, we have 4 — ;¢ and hence 4 == ;¢ as required.

NOW SUppOSC <Q7 IgAv ¢, wl) '=f’vlf (q1 Tl e ‘rnﬁy wi, 6)

for some stacks T;... T, and

(¢, T1... T, €, w2) [=f‘c, (g, €, ws, €) implies that A %&» wy;w,. Consider the first step

of this computation. The different cases are as follows.

1. The first step of the computation uses (¢, }C, B, €) € é(q, ¢, 4). (g, i54.e.wy)
(q,1Ct*B,e,w;) E" (q,1CTyy... Thyatt,wy,€) and (q,1CT ... Tops 6 wa)
=2 (q,1C,uz,nv2) B (¢, T1a2... Tny2 u2v1,v2) E? (g, € usvivs, €) where
wy = uavyvg. Thus, (iy,72),(J1,72) < (k1,k;) and therefore the inductive hypbth-
esis holds for these computations. Thus, B %—:' ujqug and C % viyv2. Also

A —-C1(B,C). Thus A -—é-> wy ;w, as required.

2. The first step of this computation involves (g, ¢, C, 1B) € 6(q, ¢, 4). (g, 24, €, wy)
= (7 HCiB, e,wn) E" (q,14CT 11 .. Loy ur, uvn) E? (g, 147, uiug, vy) P

(g," .2 Loyl uyusvy) where w; = U1UQ1;1 and (q;Tl,g...T,.,,g,e, wy) E2

(g,€. ve,€) Where wy = vo. Thus, (iy,%2),(j1,J2) < (ki, k2) and therefore the
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inductive hypothesis holds for these computations. Thus, B =—;_> uyjug and C —.;—'—>

v11v2. Also A — C2(B,C). Thus 4 =;=> wq W, as required.

3. The first step of this computation involves (g, ¢, CB,€) € 6(g,¢, 4). (g, 124,¢,u) =
(¢, 2CB,e,w1) E" (¢,1T1a. .. ToyafiCoug,v1)
(¢:1C11.--ToyaT12. .. Ty 2ld, uvy, €) where wy = u,v; and
(@, T1a-+Top1y Trz--- Toga&wa) E72 (g, Tip .. Thpa, Va2, u2) =2 (g, €, vauz,€)
where wq = vouq. Thus, (i1,12),(J1,J2) < (kr, k2) and therefore the inductive hy-
pothesis holds for these computations. Thus, B % uyruz and C % v1pta.

Also 4 — W(B,C). Thus 4 == w;w; as required.

Theorem 3.5  Every language accepted by an epda is a TAL.

We prove this result by showing that for every epda there is a MHG which generates the
same language that is accepted by the epda. Having shown that the class of languages
generated by TAG’s and MHG’s are the same, we can conclude that eflery language

accepted by an epda is a TAL.

Note that a push move of an epda will insert new stacks above and below the present
topmost stack. This can be considered to be equivalent to a wrapping operation, where

we wrap the split string corresponding to parts of the input used in erasing the new
s T 2

stacks around the string used in erasing the topmost stack. For example, if T were the
‘/—"__“-/\

top stack before the push move, and as result of the push move, stacks T, and T, are
added above and below this stack. For such a derivation, the epda goes through four

crucial configurations with their associated states;

1. a configuration in which we begin proce;sing the new top stack (i.e., 1),

2. a configuration in which we have considered the stacks that were introduced above
the topmost stack, and once again the topmost stack before the push move (i.e., T)

is the top stack,
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3. a configuration in which this stack has also been considered and the epda has now

T, as its topmost stack, and

4. finally a configuration in which we have finished considering Y also.

The nonterminals of the MHG constructed have the form (q,, ¢2, o, g3, ¢4) Where the four

states corresponding to the four configurations described above and o is the symbol on

top of the stack Y. The MHG constructed satisfies the following proposition.

Proposition 3.2 (g, ¢, 0,¢3,9:) => wyw; if and only if

(q1,01...0mo, 6, w waw3) E" (g2, T1 ... Trlor. .. om, w1, wows) E°
(g3, T1... Th,wrwy, w3) =" (g4, €, wywow;, €)
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Any move of an epda can be written in the following form.

(p,t0n...10i41,0™ ... 0% }o;. .. 101) € 8(q,¢,0)

where ¢ € TU {e},0 € T'U{€},0 < m < 2. The MHG, G, (corresponciing to this epda)
will have the following set of productions to simulate this rule. If this move applies then
consider the sequence of computations of the epda involved in the erasing of o (and all
the symbols introduced and deleted in the process). We use the following symbols in
the MHG. The symbol 7 is used to correspond to the computation with the new store
after seeing the symbol e. Thus the states associated with & are p, g2, g3, g4 We use
the symbol & ,;04. (respectively ébelow) corresponding to the computation of the epda that
erases the néw stacks introduced above (respectively below) the top stack. Thus the states
associated with this symbol is p, ¢’ (respectively ¢”, q4). The derivations from &,;... and
Obelow are combined (given by the symbol &) and wrapped around the part introduced
on the top stack. The derivation resulting in the erasure of the symbols o™ ...o! is
from the nonterminal using the symbol i which naturally will have the states ¢’, ¢, ¢3. ¢”

associated with it. Thus, the MHG will have the following set of productions.

L (917 q2, 0,43, 94) - vv(el‘v (P, q215s q3)q4)) (1)
where ¢ = ¢;.

o (pv q2, ?’ q3, q‘%) - "V( (p q,7 &1 q”s q4)1 (Q'- 92,2, 93, Q”)) (2)

o (P, Q', &a q”s Q4> - C2( (pv ql’ aaboue) sy €1€, (Q", q4, Ubelow)) (3)

o ifi > 0then (p,q', Oubove) — Ci({a}, a3, 01,5 a1} -+, (@ gy 0in gl gl))  (42)
where p=¢},1<k<i-1,¢5=¢f* ¢i=¢

if = 0 then (p, ¢, Gapove) — €16 (4b)

with p = ¢'.

if n > 1 (q", @4 Tvetow) — CL{qi*", g5% ", oin @5, 05TY), o (g, 43 0n T 7))

(5a)
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where ¢4 = ¢7,¢" = ¢tland i+ 1<k<n, ¢ = q{‘*l
if n =1 then (¢”, g4, Tbetow) — €1€ (5b)

where ¢” = ¢4

o if m = 2then (¢, q2,2,¢3,9") — t‘V((‘]l,x, 2.1, 91, 93,1, 941) s (91,2, 92.2: 02, 93.2: 44.2) !

(6a)
Then, ¢’ = q1,1, 922 = 92,932 = g3, 941 = ¢", 921 = 41,2, 942 = Q3.1-
If m=1 then (¢’, g2, 2,93, ¢") = (q1.1, ¢~1, 91, 93,15 Qu,1) (6b)
where ¢' = ¢1,1, 941 = ¢",92 = 921,93 = @3,1.
If m=0 then (¢, ¢2,2,¢3,¢") — € (6¢) |
6'11)' if ¢’ =qg2,93=1¢".

)

We prove that L(G) C N(M) by showing that for all k, if (g;,¢2,0.93.9.) =

wwe then

Q

(91, o, e, wl) l=' (92, Ty...Tatl, v, 6) and
(g3, T1...Tn, &, w2) =" (g, & W, €)

The base case corresponds to (q;, g2, 0, g3,q4) = &;. Therefore, the following set
of productions would have been used.

(91, q2,0, ‘1’594) i "V(Er, (pv 42,0, 43, 94))
(P, 92,7,93,94) = W((p,¢',6,9",94),(q', 92,2, 93,9"))
(P, ql: &a Q”» Q4) - C2( (pa q" aaboue)s €1€, (q”y 94, Ubelow) )

(P, ¢’y Tabove) — €1¢ Where p = ¢’

'q", @4y Obetow) — €1€ Where ¢" = g4

¢, 42,2, 93,9") = €.

"“hus, we have p = q; = ¢’, g3 = ¢" = g4. Therefore the epda 1as the move (p.e.c.€) €

{(q1,¢,0). Thus, (q1,%40,e,2) = (p. 14, ,¢) and (g3, €, €, €) =2 (ga. €. €. €) as required.
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For the inductive step, let

k
(q1,92,0,93,q4) => wiws

The first production used in this derivation has to be

(‘Ixs q2,7,43, q4) — I/V(ET*; (pa g2, 6:9 g3, '14))

for some p. This implies that the following & — 1 step derivation took place.
(p3 q2, o, q3, Qa!) g wrws

where w, = ew. Since the first step in this derivation must have used the production

given in (2),

<p7 g2, E, 43, Q4> - I'V( (P, q'v &1 q”1 Q4>9 (q’7 92, <, 93, q”>)

Thus we will have the derivations (p, ¢’, 5, ¢", q4) LN uyuz and (¢’ g2, 2, ¢3. ") =2
V11V2 where UV = W,VaU = Wo, and kl + kg + 1 = k — 1. In the derivation from

(p,q’,5,9",q4), we would have used the production,

(Pa q,1 T, q", Q4) - C?-( (Pv q', O'above) . (q", q4, a'below))

first. Thus we can assume the following derivations took place. (p.q’. Gasove) £, i,
(4", 4y Tretow) é U;

where k3 + k4 + 1 = k;. For the derivatdon, (p.q’, Fasove) =, %7, we would have
used either production 4a or 45 in which case we would obtain the derivations, d; or d,
respectively, given below.

Derivation d,: The first production used is that given in 4a. Note in this case p =
gl,gi = ¢1 <r <i-1,q5 = ¢5,97 = ¢git'. Then for 1 < r < i it must be
the case that (¢f, ¢3, 01, 43, ¢3) I UpriUar where ul.lug‘luléum ... Uy U = uy and
L+ +1;=k;—1.

Derivation d, The first (and only) production used was (p. q’. Capove) — e where p = ¢".
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Similarly for the derivation, (g”, g4, Tbetow) N 3, we would have used either production
5a or 5b in which case we would obtain the derivations, d3 or d, respectively, given

below.

Derivation d3: The first production used is that given in 5a Note in this case ¢” =
it t =qui+1<r<n-1,¢; =¢}q, =q*". Thenfori+1 < r < n it must
be the case that (q], ¢, o+, 43, ¢5) == Urrylz,r WHET® Uy iqts iy .. Uy a2 = U and
Lpp+ o +la=k -1

Derivation d4 The first (and only) production used was (g”, g4, Tbetow) — € Where ¢” = g,.
Finally, (¢’, g2, &, ¢3,¢") 2, v11v2. Then three more cases arise, depending on whether
m=0m=1m=2.

Derivation ds m = 2. In this case the first production ai;plied is that given in 6a,
where ¢' = ¢11,922 = 2,932 = ¢3,941 = ¢",q21 = Q12,42 = gaa. It must be the
case that (g1, ¢2.1, 01, ¢3,1. 4a,1) = T1122 and (g, 2, 2.2, 02, 43,2, 44.2) = Y11y2 where
ks + ke = ky — 1,v; = 2141, v3 = Y22

Derivation d¢ m=1. In this case the first production used is that given in 65, where ¢’ =
11,921 = 92,931 = 93,941 = ¢"- It must be the case that (gy.1,921,91, 931, qa1) ==
vy V2.

Derivation d; m=0. In this case the first (and only) production used is {q’, g2, &, g3, ¢") —

€. Thus, v, =v; =€ and ¢’ = ¢2,¢" = ¢s.

In the k-step derivation starting from (g ¢, 0. g3, ¢4), any one of the following se-
quence of subderivations are possible:
(d1,ds,ds), (dy,ds, ds), (dy,d3,d7),
(d2,d3, ds), (d2,d3,ds), (d2,ds,d7),
(dy,d4,ds), (dy,ds, dg), (dy,dy,d7),
(d2,ds, ds), (d2,ds, de), (d2, dy, d7).

Let us now consider t1: sequence (d,, ds,ds). In order to prove the result by induc-

tion, we must show that
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T3 T3

o (q1, 120, 6,w1) =" (g2, T1... Tald, wi, €) and

o (g3, T1...Tre,w2) =" (gu, €, w2, €).

Because of the productions involved in this derivation, it must be the case that
(py10n...10i41,0% 1 {0;. .. }01) € 6(q1,€,0). Thus,

o (q1,t%0,e,w1) = (D, 10n - .. {0is, fio%0t, 0. .. to1, &, w), Where w, = cw.

Since we are considering the subsequence d;, we have : > 0. Thus, for1 < r < i, we
have I, = l;, + I, < k, and therefore the inductive hypothesis holds for the following
[.-step derivations.

(g1, 92,0+, 93, 9%) > UrrplUz,r

Thus, we have the following computation.
¢ (p,10n...10it40% 0 o;. . Loy, 5, w)
=" (9{, fon... Idi+1$§0’20'130'i cocforEuugg L Uy e U e, U e L U8R i T YY)
where Uq,1U2,1..-UL U 1Y =W
=* (45,10 ... foiutio®otor. .. 3o T .. 1T,

€U U221 ... UL U rqUyry Ur . - Ul.iuz.il'lyl)
E® (g5, ton. .. o020 0. .. tor TT ... TT,

EULIUZY o UL pm U2, =1L, ry U2r - - - Up,iU2,iT1Y) SINCE ¢ = ¢ !

2

= r + W 1
= (g5, 10n.. . tointiolotio;. . . torp,

EULIUZL -+ UL U rm 1 Uy p U ry U g1 U r gl - - - UL U2, T 1Y)
|=O (QI-H’ ian oo iai+li3‘72alioi s iar-{-ls

EULIUZL -+ Uy po U r o1 Ut r U2y U rg1 U irgl - - - Up U2, T Y1) SINCE @) =
git!
=" (g4 1o .. Idi+1130201, SUL UL - UL, T1Y1)

0 (. + 2l : —_— i
E=° (¢, t0n. . . foinmlio?o!, cTy, 2 y1) since uygua, ... uy 0 = T1.q' = g,

Now considering the subsequence ds, we have m = 2. The inductive hypothesis

holds for the following two derivations in this ks-step derivations.
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—> L1:;T2

2 - o
i0,2:422. 0,432, Q42) == J1;Y2 r«\

by \

We have already shown (g, tio, €, wy) =" (¢'.10n ... tou t20%0 ) cTT. 1y, |
F (qu1, fon. . toiutio?al, £y, z,y,) Since ¢;, = 7. ,,,\
F™ (g1, 100 .. foin Y. YT 502, cTizy, y1) by inductive hypothesis,
E (@12, ton. .. toua T]. .. TP 402, 0Tz, yy) since gy = ga, W\
F (g2, 300 .. foin Y1 XYL Y0282, SUTT Y. €)

R\ :

#O (QQ, ia',., N iO’,‘.*.lT% ‘e T?‘T% e T?zijq €ﬁ.f$1y1. E) since G2 = {22

Since wy = U7z, ¥, we have proved one half of what is required too be shown "@\

considering the computation from (¢s, o, ... ia,'“‘r}'. LT T3 e sin

have g3 = ¢3, and by the second part of the ks-step derivation ﬁ\
(¢3: 500 .. I0i X1 .. TP TL LT3 €, yoaT3) .
F(qa2.i0n. . . foia T, .. T1', y2, £2U3) where we write w, as yaz,7; M\
E° (g1, 10n ... Joi TH. .. YT, g, 7,705) since 9a2 = g3, F\ :

" (¢41,10n... 1041, Y2Zq, Uz) and since g,; = ¢’ we have

0,1 . -
=" (g 1§00 .. 10041 Y2T2, T3)

Now considering the derivation in d3, we have n > i. Identical to the derivation

and

-~

sequence d,, we write U3 = ULi+tloist - Uy plar ... Uyl SINCE 10y = 3,07

te

since the inductive hypothesis holds for the derivation of Upr.Ua, fOr i — 1 € » < 0,
we have (q3,i0,... 0.4, € w)) =" (q}.e.ws €). Since q7 = 14, we have shown all

required parts for showing that the inductive hvpothesis holds of the k-step derivation

k
(ql‘ [12‘ g, q3v Q4> = I,lel_L.‘c

considering the subsequences (d,, ds, ds). The other cases can be shown similarly.

Thus we have shown by induction that
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if (q1,92,0,93- q4) = wyws then (g1,i50. 6, w;) =" (g2. Th... Taii wi.€) and

(q33 Tl s -rna €, w2) F- (ch €, Wa, 6).

Considering the derivaton from (gq, p, 50, p, ¢} for some p. g, we can establish LiG) C
N(M).

Lemma 3.2 N(M)C L(G)

In order to prove this lemma, we show by induction that for all pairs (k. /%, the

proposition given below holds.

Proposition 3.3 If (q.1%0.,wy) =M (g2 T1. .. Tt wy. ) and
(g3, T1... Lo e.wa) EX (g4, €, w2, €) then
(q1.92,0.43,¢q4) = wyjw, where 0 € T'U {e}.

In the most general case, the first move in this computation sequence is due to
(pton...toip, 0™ .0l ioi.. . toy) € 8(qy,¢,0)
where : € LU {e}, zw =w,; and 0 < m < 2.

Thus, we have (q,.iz0.€.wy) = (p.io,...ioiz0™. .. clio;.. . to. 2. w)

=51 (g, t0 . toi T T Y YT 2wyl €). The &, — 1-step computation
can be divided into the following subcomputations.

e (pion...iointioe™ . .otio.. . io, 5 W)

=ks (q — 4. to, ... ioimiio™...ol.su, 2y, ... T m,) Where Wy = ULLpy .- Ty

E (¢ ion.. . taimiio™. ..o UL L1y ... Imy) Where 7 =4,

B (g2, 10n. . 1o T . Lo T T M w6,

where io,...jo Th ... T L YL T =T, ... 1.

Similarly, the k,-step computation is broken up into the following subsequences

CNEEN0C- SUUS. - RS AU S B o DU SN
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A " s+ < —
= (¢",i0n...10i41.Z12. .. T2, U2)

=% (g4, €, wa, €) where w, is written as z,2...Zm.2, T32)-

We will consider the %k, — 1-step computation first. Of this suocomputation, we will

consider the subcomputation with k3-steps. We say, p=g¢qj and k3 =0, + 12+ -~

o —

l;1 + ;.. We have two cases corresponding to ¢: > 0 and : = 0.

Computation Cy, 1 > 0

We say, p = ql, ujqugy ... ugus; =uvand k3 =11y + lia+ -+ i1 + ;2. Then,

+ i $s 1+ + - { ro3 tp.  Fegm 1+ +
(pyion...foimiio™. . .otio;...io, s, w) EY (¢l i0,.. . foimise™ . otis, .. io,.

EUiaU21 .. Ul r=1U2r=1. U rlor ... UL iU2,iT10 - - Tm.1)
where ' = I, + Lo+ -+ + .11 + l,—12.In [, computation steps we will obtain the
ID (¢3,i0n...ioimi%0™ . .olio;. . . i, X1 1],
SULIULY o UL pm U UL e Uap - - Ug i) SINCE ¢f = q3,
this is the same as the ID
(g5, ton. . toiiio™. .olto,. . . to, Y], 1T,
EUL U - UL o1 UYLy U2r - - - Upyi) T2
(q.rn fon.. . foiptio™. .. ‘7110'1‘ cotoep, cur Uy L U o U 1 U U UL gy - UD)

! i 4 ‘g,  teem 1 . . .
E? (g ton.. . tlomiio™. ..ot zupugy .. U ilta, €)

where 12 = lr+1.1+lr+l.2+' . 1i,l+li.2- Since we write q_: = q' and'ﬁT = Uyl ..Uy,

we have

(¢ i0n ...t qitc™ ... ol U0, €)

If we assume inductvely that for each of the /., + [, , computations the proposition

holds, then we know that for 1 < r < i the following holds

(97,95, 07 03, q5) == uyqu2

Then using the » oduction (p. ¢, Tapove) = CL({ql. gl a1 g3 qb).. ... {01 g5 oo oqi)

1 3
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we have (p.q’. Tabore) = U1

Computation Cy ¢ =0
Thus with, p = ¢’ it is obviously the case that (p, {on... o ile™ .. ot zow)

m

=0 (¢’ ton.. . toitic™. ..ot g, w) where u; = e.k3 = 0. Correspondingly, since

i = 0, we have the production (p, ¢, Tasove) — €

e erasing of o™ ... o!. We have three cases to consider, m =2.m =1, or m = 0.

Computation Cy m =2

By writing ¢, as ¢’ we have, (¢'.ion.. ctoiaiiolol, sup.xyxa)
ke (qz_l,ia,, cotoa T YL tot suyxy, 1)

=2 (q1.2, 0. .. toin T} ---T}t,ifaz-iltlllere) with g2 = ¢1.2
=5 (goa,i0n. . toa Th . TL Y. Y2 i zug oz €

=0 (g9, 10n.. . foim Th. .. TL T3, T2, i curz za.€)

with g, = @32, w1 = u 712, and k- + kg = k.

Computation Cy m =1

With ¢’ = 1.1, ¢21 = ¢2, We can write this subcomputation as
(q.t0n.. . toiatiot. zuy 1)

=5 (g t0n . foim T T i, sup Ly, €)

Computation Cs m = 0

In this case ¢’ = ¢;. and &y = 0.

e We now consider the rest of the computation, i.e., the final k,-steps of the compuration.
First we consider the removal of stacks introduced above o,,,. As before there are three

cases to consider corresponding to the three possible values for m.

Computauon Csm=2.

73



We let gz = 4]3,2-((” =4q4.1- Then, (Q3, iO’n N ia;.‘.lT} e T}n"ff .o Tiz* €. y2y1lt~3)

k ; 1 1
™ (qu2:i0n. . toim T]. .. T} Y2, y1u2)
0 ; 1 1 : —
2 (g31:10n .. 1o Y1 .. Th  y2, yiug) letting gua = g3,

=40 (9. 10n - .. §0i41. Y2, Y1u2) letting ¢” = g4,

Computation C's will be used if and only if computation sequence C'; is used earlier.

If these two sequences are used, then m = 2 and therefore the MHG will have the

production

(0. 92,2, 93, ¢") = W({g11-921, 0" 3.1 Qu1)- {T12. 122,77 q3.2. 72}

with ¢ = q11. 920 = Q1.2.¢22 = 2.3 = ¢3.2: Qa2 = (2.1: Q41 = q". If we assume that
the length of the computations resulting from o2, 5! satisfv the inductive clause. then w=

have

(’11.1, 72.1. 01-, q3.1: Q4.1) = It

(Q1.2, 92,2, o?, 43,2, 44.2) = I2tY2

Thus we have
(0. q2.2.q3.¢") = TrY11Y2T2
Computation C: m =1

In this case, we have T} ... T} intoroduced because of = on the stack. which is removed

by the epda on consuming the input y; and changing from state ¢, to ¢".

As in the above discussion, C'; is used if and only if C', is used. Using the appropriate

production (corresponding to m = 1) and assuming the lengths of computations C';. C-

satisfy the inductive clause, we have

(q'-%a, q3, 7”) = it
Computation Cg m =0

In this case, the length of the computation is 0, and with ¢3 = ¢” we have along with the
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computation Cj,

(¢'. 92,2, 43, 9") = €re

The next sequence of computations that we consider are the erasing of ;... .. Th.
As in the case of computations C, and C,, there are two cases, computations C'y. C'yg, that
we have to consider. They correspond to whether n > ¢ or not and can we worked out
identically to computations C; and C,. As in the those two cases we will then conclude

that

(q”y q4, Ubelow) .= lTQ'

Thus given the production (p.q'.5.9".q4) — C2((p. 7. Tabove). €16 (7" Q4. Traisn) 1. We

can conclude that

(P: q'$ 7, (1”-"]4) = Uypla.

The different sequences of subcomputations are :
(C1,Cs5,C6,Cy), (C1,C4,C7,Cy), (C1,Cs,Cs, Cy),
(C1,Cs,Cs, Cro), (€1, Cy, Cr, Cro), (C1, Cs, Cs, Chro),
(C2, C3,Cé, Cs), (C2, Cy, Cr, Cy), (C2,Cs,Cs, Co),
(C2,C3,C%,Chg), (C2.Cy, C7,Crg). (C2,C5.Cs,Cro).
The computation sequence (C., C’5.C's, C'yo) corresponds to the base case. In the other
sequences, as we have seen, if the lengths.of the various subcomputations satisfy the

inductive clause, then we will be guaranteed that by induction we have shown

<QI’ 727 a* ’]3; q4) =—-_> lvl [wz

and have thus proved the lemma. In order to show that N(\/) C L(}/), we have to

consider the derivation from (qq, ¢, 09, ¢, p) for some q. p.

Thus V(M) C L(G).
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3.2.3 Closure under Intersection with Regular Languages

In this section we show that TAL'’s are closed under the operation of intersection with
a Regular Language. By restricting epda’s appropriately, we are also able tc get an

automaton charaterization of languages generated by linear TAG’s.

Theorem 3.6  TAL’s are closed under intersection with Regular Languages.

In order to show that TAL’s are closed under intersection with Regular Languages, .

we extend the proof used for CFL’s. Thus, let L be a TAL recognized by an epda.
M=(Q.%,T,6,q0, Qr.00) by final state. Let R be a regular language recognised by a
fsa 4 = (Q4.5,64,po. F4). In order to show that L 1 R is a TAL, we can show there is
an epda )/, such that )/, recognizes L N R. Since every string, w, in I ™ R is a string

of L and a string of R, w must be recognized by M and also by .4. Therefore, we let

M, defined by M’ = (Q x Q4,Z,T, ¢, (g0, p0], @F X F.00), be a machine which runs -

M and R in parallel. §’ is defined by

(g, ;) 300 . tol,01...onioi ;1. . to,) € &'([q.pl.a. )

it

if and only if

(p.imii.. ioloy... oo i lo .. o)

’
N N

~—
1)
.
Y
o
3

and 6 4(p.a) = p1.
Inducting on j, we can show that for all j,

{[q0+ Po). f00, €, wywa) |=§,, {lg-pl. Ty ... Thowy.ws)

if ana «nly if

‘o fogeece) By (. T Thowyows) and  d4(py.wey) = p.
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The basis j = 0 is mivial, since p = pg,g = qo.n = 1.T; = Icp.w; = e. For

induction let the statement be true for ; — 1. Then we have
(lgo, Pol, 100, &, wrwa) =37 ([¢'i P T1- .. T X' ze, w2) Ear ([g:p). Ta. o Yooz ies)
where w, = z¢. By induction hypothesis,

(g0, 100, €, wrwa) =571 (¢ p], T1-.. T X' zc,wy) and  6.4(po,twy) = p.

By the definition of § we have

(¢ T1... 0 Y zz.wa) Ear (¢ T1. .- Tho s ws)

and 6 4(p’. z) = p. Thus the induction hypothesis will hold for ; = i also. The converse

can be shown similarly.
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3.3 The Power of epda’s

In order to help understand the relationship between recognizing powers of the epda
and nsa (which accepts Indexed Languages), and why the epda is only slightly more
powerful than a pda, we show the equivalence berween epda’s (and thus TAG’s) and a

linear version of Indexed Grammars.

Although both the epda and the nsa have a store made up of stacks of stacks of stack
elements, the moves of a epda are more like those of a pda rather than a nsa. A move
of a pda may be characterized as replacing the top stack element by. a sequence of stack
symbols. The move of a epda may be characterized in a similar way, the top element
of the stack is replaced by a sequence of stacks elements first and then in a second step.
this top stack is replaced by a sequen:e of stacks. [hus, the epda may be viewed as a
second order pda. In fact, this generalizaton may be carried on further, leading to an
it — order pda for any : > 12, as has been done in [Weir 87]. The nsa on the other
hand allows the stack pointer to leave the top of the stack. The nsa can thus be used to
copy unbounded amount of information by a sequence of moves. To understand this and

to see how the epda is more restricted, we will consider Indexed grammars with which

the nsa is equivalent in the following section.

3.3.1 Tree Adjoining Grammars and a Linear Version of Indexed

Grammars

In this section, we describe a linearized version of Indexed Grammars which was con-
sidered by Gazdar [Gazdar 85a] for its possible linguistic applicability. We call this
grammatical formalisms Linear I1dexed Grammars (LIG) and show that the class of

languages generated by LIG’s is exactly TAL’s.

9. N ) ~ .
-1 = 0 would correspond to a finilc state automaton
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The productions in an Indexed Grammar can be written as (refer [Gazdar 85a], the

original definition of Indexed Grammars appears in [Aho 68])

X[]—Xilz,] ... Xa[¢, -] (push) or

X[z, ]=X,[]... X;[-] (pop) or

X[-+]—a

In an Indexed Grammar, a stack of svmbols (called the indices) is associated with
nonterminals during derivations. [-] is used to represent the present stack associated
with a nonterminal. In the first production the parent (1.h.s of the production) distributes
copies of its stack to its children after pushing the symbol ; at the top of the stack. Thus,

we can see how the stack information is shared by all the svmbols in the right-hand side

of the production.

In an LIG the productions have the form
X[]—=X1f]..- X[z, ) - .. X2[] (push) or
X[, ]—=Xi]... X,-[--] ... X.[] (pop) or
X[j—a

LIG differs from IG in that the stack is passed on to only one of the children. [] corre-

sponds to a new but empty stack. The productions of LIG’s can be generalized to be of

the form
.Y["]—).Yl{ll .o lm'].] . .Yj[i. ] e -X’n[ln ce Im.n} (pUSh) or

X[ ]=Xillio ] X Xl - Lnn] (pOP) OF

X[]—a
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Let G be a LIG. Then a = a1 4[/;...ljaz is a semential form of G °. The derives
relation is defined as follows. ~

o If 4[] = Xi[)... X[l.-]... X[]is a production of G then
«a ? Ql.Yl[] e .Yj[ll cen lnl] ven .Ym[]ag

o If A[ln,] = Xu[]..-Xj[]... Xnl]is a production of G then

(84 =G=’ al.\’l[] .. -\-J[ll N 1,,__1] eea m[]ag prOVided n > 0.

o If A[--] — ¢ is a production of G then

a => oay

The language generated by G is defined as
LG)={w|we=" 5] = w}

The linearity in the copying of stacks in LIG is captured by the epda. Note that in an
epda no unbounded amount of information is copied. The single copy of the top stack
(which is unbounded in sizé) is passed onto to the new configuration. This differentiates
the epda from the automata for indexed grammars. We can observe the similarity of
moves of epda’s with a leftmost derivation in LIG’s by noting that the stack associated
with a leftmost nonterminal in a sentential form in LIG will be the topmost stack, with
the nonterminal information at its top. When a push production is used in LIG. then
the index used is pushed on the top stack of the epda, new stacks with just the nonter-
minal information are inserted above and below this stack, depending on whether these
nonterminals (with new but empty stacks) are to the left and right of the nonterminal
(on the right hand side) inheriting the stack from the nonterminal in the left hand side.
For example, let a sentential form be 4,[T"}]... A,[[,]. After the use of the push pro-

duction, let the sentential form be B,[I'}]... B[, ]42[T2" ... 44[C,). Then the store

31f we write A[l; ...l,], we mean that the stack associated with the nonterminal 4 has /., at the top
and /, at the bottom.
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configuration in the epda will transform t0 iI'nAn... 02420, Bm ... tI' B, from the
store configuration iI',A4,... i 4;. To detect the bottom of every stack in an epda is

the “; ”’ symbol.

3.3.2 Inclusion of LIL’s in TAL’s

To show the inclusion of the class of languages (LIL’s) generated by LIG’s in the class
recognized by epda’s, we show that for each LIG, G, there is a epda, M, such that

following proposition holds.

- Proposition 3.4

.‘1[]?] ;= u'-'ll{ll.l “ o lml,I] e .-1,-{1-‘11‘,' e lm‘_i] o ~'ln[ll.n “e lmn.ni

)

in a leftmost fashion if and only if

(q, i,‘.F.—l, €, w) #..W (q, i:ll.n . lm...,nfln e ;:Fh, e lm.»','.'li . :ill.l e lm;.l-"-l* w. E)

Given an LIG, G, we define the epda, 1/, as follows. Each stack in the epda will have
a nonterminal symbol on top. Below this nonterminal will be the contents of the stack
associated with this nonterminal in the sentential form. Thus, if there are n nonterminals

in a sentential form, the epda will have n corresponding stacks. The stack corresponding

to the leftmost nonterminal will be the top stack. Thus,
o If Al] — Ay[]... A{l.-]... A¥(] is a production in LIG then the epda will have
the following move
(q. 824n . B a4 124)) € 0(q.ec d)
Thus, the stack associated with A is passed on to 4,.
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o If A{l.] = Ayy...4il]... An]] is a production in LIG then the epda will have
the following moves
(g<tidy s dn>1 €€ €) € (g €. d)
where

+

(g:33Adn. Hidip, A fdinr . 1AL € 6(gerayar a0 61 >)

The pop production is simulated in two steps. In the epda, we have to check if /
is immediately below the nonterminal 4. Thus, we first remove the top symbol A,
record the righthand side of the production in the state, and then check if the index
on the top of the side is ! before creating new stacks. However, since the present

top stack has to be passed on to 4;, we mark 4; in the state information.

e A[} — ais a production in the LIG. Then the epda will have the following moves

in which we pop symbols off the top stack (associated with A4) until it becomes
empty. Thus, '

(Qera:e’ ¢ €, e) € 5(q. €, A),
(q»:raaes e? €. (.-) e 5(qtr33c. €. l)

(q.€.€.€) S 8 Gerase . 2)
e We include (q,€,:5,¢€) € 4(q, €,00) Where o4 (0o & nonterminal set of the LIG) is
the starting symbol on the store of the epda.

Lemma 33 L(G)C V(W)

To prove this lemma, we show by induction that for all j, if

.‘1[1-‘] % lL’.'ll[l[_l e lm|.l] PN .'i,‘[ll_.‘ e lm..l} “e .'1,1{1[_,; .

.. lm...n;

§2
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then (Q: iild e, w) =" <Qe It dmpndn. .. Tha... lm..z'-'li caihae lml.l-'ll- w. €.

The base case corresponds to j = 0 and is obviously true. Let us assume that the

above hypothesis holds for all ; < & and suppose

1
. lmn.n_l

AT = wAylliy ] o ATl ] Al

~3 —3 773

Then several cases arise.

Case 1 In the final step let the leftmost nonterminal be rewritten using a push production.

Then we can assume that the following & — 1 ﬁtep derivation took place.

AN) & wB[l . ) Al gl - Anllin e L]

{m
Also let the push production used be
Bl = 4. Ae{llo] A4

There are two cases to consider, when ¢ < ¢ or ¢ > .

case la q < i:-Since the last production used is

B[] b d Al[] o A,’r[ll, ] [P .47-1{]

it has to be the case that I' = I, , 0. 11 ... [, =11 ... ltm,, -1).» and

n

k=1 ¢ ) ’ N .
-'!.[F] -;_-—""—? UJB[IL"' . [{m‘,_”."'}:‘l?ill_,’ ce lm,’_.li e lm..ij ‘e -4-'2;,[1.71. cend

Thus,

AN = wAil]. Aollis ] A4l g

coilmga) o ATl ] e AR

By inductive hypothesis, we can assume that

1
Mn.nj

(g, 1204 e w) = (g 1l dmpndn o 22T i 2l L oA,

i:ll.i' e Im,:-l.i'B' w, 6)

and because of the push production used, by the definition of the epda, we have
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(@ 5T ew) = (g izhin . dmndAn. o 220l dgidi o E2lg e, g4y

24,y i:'lur N lm'.,_,'r.-:l," cen I‘.—ll, w. 6)

as required.

case 2 ¢ > 1: Since the last production used is

Bl = Al Al ] Ag]]

“Lo9-1t
it has to be the case that I =1, ;, 01 ... L, = lii. . dimi=1)i- 4] = A; and

AN £ wB[h . dmy -l Al gl - An{lin - Ima]
Thus,

AN o wA ] Adl o] Al g Al

By inductive hypothesis, we can assume that

(g 2T A ew) B (0, 22ln - lmmndn- o E2lg o ompqAdaizlia o Imm1.Boc g
and because of the push production used, by the definition of the epda, we have

(@, 1TA, e, w) B (¢, hn - JmnmAn o 22lg Iy 0l
Sidgcy Bl DA AL w. e

as required.

Case 2: In the last step of the derivation, let the leftmost nonterminal be rewritten using
a pop production. Then we can assume that the following &£ — 1 step derivation touk

place.

A[D] = wBll .. LAl ) Anflin

NN S

Also let the pop production used be

Bll')«] = A} - Avl) .o A2l

coedge
There are two cases to consider, when ¢ < ¢ or ¢ > ..

case 2a q < i: Since the last production used is
Bll'.--] = A ... Al - Ay

84
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—3 T3

it has to be the case that ' = lm‘,._v..l,,‘l. lll v I:‘: = 11','/ . l(mt,-i-l)‘i’ and
AT & wBlls .. im0 dallig Dl -+ Ailliie i - Aallia gl

Thus,
A[I‘] T—'L;-“> w.41[] “oe .-lil[ll’g e lm"'il] e .‘lq_l[]
.'17[11'(] e e lmq.Q] “ e .'1{[1—‘11"’ o lm“i] .« .‘1"’{[1_"’ e lmn.nz

By inductive hypothesis, we can assume that

(@, 5Td ew) B (g 2lin - dmpndn BTG i 22l gy

tthy. o dmyp,0Bow,e)
and because of the pop production used, by the definition of the epda, we know that
(q<l'..4|....-l",....-l.,-;>- €. €.€) € 8(q.e. B)

and

+a +3 +s ;
(g, 834,4...... s Ao 3idey i) € 5(Q<l'..-n....4;,....44_,>= €.€)
Thus, we have

- - L) 1 +a -
(q, ~,,F.‘L €. w) ;l-_—' (q. '?,b,l‘n e ‘,mn.n-"\n ek rll_,‘ e .’m"i.'li . i Il.q e lmq.q:i?

DAccthe oo g, e de o 24w €) as required.
case 2b ¢ > 2 Since the last production used is
B[] = Auf] ... Aell'o ] 4]

it has to be the case that U'=lpnly- =l dmysryin 42 = 4, and

k- .
AlL] =5 wBllii. - Ayl dgflg -

* lmq'QJ e '{H:Lll.n e lmn.nj

Thus,

.'1[1?} WU)-'ll(]"'flllll.x""'m..l}'"-4-7—ll]~'l']|,ll.q'-'lm,,.qj"'-'1':5.11.11"""': vl

oo
th



By inductive hypothesis, we can assume that

(q, i:l".-l. €. 7.0) ;=' (q. i:ll.n NN lmn.n"!-n coe 25[1'4 oo lmq,q-'lqiill.i e lm.-i-l.iB- w. 6:)

and because of the push production used, by the definition of the epda, we have
(. T ew) B (0. 8200 dmpindn . Eilig . lmg 04,
A b dmadi 4L e

as required.

Case 3: The leftmost nonterminal was rewritten using a terminal production. Let this
production be B{.:] — z. Then if

AT = wdi{lig - dmga) oo AdTh ] Anflin o lga]

then it has to be the case that

AT S5 w0, BT A [l dnga] o ATl ]

r H
codnlia el aj

, where w,c = w. By the inductive hypothesis, we can assume

(q, ijl".-l, €, ll.’l) l=. (q, Ifll'n . lmn,n‘4n . 1311'1 e lml.l:lli:rB- wi. 6)

Because of the production used, we will have (g.,55e,€.€.€) € 8(q. €. B), [ fopnse. €. 6.61 £

O(Qerase-€.7%) (v #2) and (g.€.€.€) € 8(opqse. £.2) and thus we see the inductive state-
ment used holds for this case too.

To show the inclusion of the language generated by the LIG in the language accepred
by the epda, we have to consider a derivation of « from S{] and from the initial confg-
uration of (g, icg, €, w) from which we can gencrate the ID (q.:1:S.e.w). To show tae
inclusion in the other direction, we have to use the implicadon in the other direction >f

the proposition iven above. Thus the induction hypothesis is that

s tmgng

.'l.l:r] ﬁ.—"’U-{l{ll.l"'lml.l]"'-'L'[Fll}z"'lvn..t]"'°'l'1{ll.n L !
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only if
(g, 1:TA e, w) =* (g, 32hm - Ampndn . ETh D idic By a e 6)

We assume that this induction hypothesis holds when the epda makes less than & moves.
The same 5 cases (but as moves of the epda) will arise and can be dealt with in similar

fashion. For example, let the following computation take place.
(0,404 & w) =* (@ 33hm - Lmmndn oo B0 didic o 2l a0

Then depending on the last move of the epda one of the possible cdmputations would be
(q.1:T4, e.w) R (20 34 | WA MO VRS .4 FYPRNPY SR 7 P A - JETLNY -
=g, 2l dmpnAn BT i EEL g D 0y

At A B2 wee)

where I{ ... I, = ly4...l;n,-1,0. Therefore the LIG will have the production
B[] - .-11[] o A-i[lmi,,i’; ] e .-17_1
. With the use of this production and the inductive hypothesis, we get '

.'1[1-] i% wB[ll,,-: ‘e lm‘,_l‘,’l].‘lq[ll‘q NN lmq.q] NN .'1,'[1‘11.,' e l.,,.‘ Joo 4. [ll_,. e ,.,1,1__—‘:

)

as required. The other four cases can be similarly worked out.

So far, we have seen that for every LIG there is an epda which accepts the language
generated by the LIG. Hence the class of LIL’s are included in the class of TAL's. Now
we will show the inclusion of TAL’s in LIL’s. We can show that for every epda there
is a LIG which gererates the language accepted by the epda. The LIG constructed will
satisfy a similar proposition as considered above. However, as in the case of constructing
a MHG from an epda, we will consider nonterminals which will have 4 states of the epda
in its name. Again, there will be several cases to consider. Since we have already gone
through that exercise in constructing a MHG from an epda, we can directly convert an

MHG to a'LIG, and thus show the inclusion of TAL's in LIL's.

87



3.3.3 Inclusion of TAL’s in LIL’s

Theorem 3.7 For every MHG, G = (\N,X,P,S), there is a LIG, G’, such that
L(G) = L(G").

The nonterminals used in G’ are just S’ (the start symbol), X" and X (X. X: € . The
set of indices used in G’ are the nonterminals of G and a special symbol : which does
not belong to V. 2 and X? are used to detect the bottom of the stack associated with the

nonterminals in G’. The proposition that G and G’ satisfy is as follows:

Proposition 3.5

A %? u'”wg if and Only if .Y[P.-l] %} lL’l.\-{r!’L'g

2. X{4,--] — Xi[--] The bottom of the stack has been reached.

3. XZ[] — € Any nonterminal of G, which is to be rewritten. will be represented on

the stack. Thus, if we have reached the bottom of the stack, which is denoted by

the nonterminal X'Z, we remove it.
4. 4 —1Wi(B.C)ifand only if X[ 4.--i — X' C'B.-!
5. 4 = C1UB.C) if and only if X[A. -'-] — X{B.--|XI[C"]
6. A — C2(B.C) if and only if X[d. ] — X[B:].Y[C. -]
7. 4 — 1 if and only if XA, -] = =X[-] where s € S U {e}

8. 4 — z;if and only if X[d.-] — X[-]¢
" Lemma 34 L(G)C LG
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To show this inclusion, we assume that for all £, < & the following holds:

If 4 = wipw, then X{T4] = wiX([Tjws @

The base case corresponds to & = 1 and an application of the production of the form
4 — jgor 4 — z;. Then the production X{d4,] — X[} or X[4.-:] — X7~

respectively will be in G’ and thus the base case holds.

. . k .
For the induction case, let us say 4 = wywa. Then one of the following holds.

1. 4 — ‘V(B,C), B Z:l u”"lt'g, and C' % L‘lrvz. Then Wy, = Wwyty, uH =
vouz, and &k = Ak, + k» + 1. Hence, the inductive hypothesis holds for B and
C. Thus, X{I';B] —-c:='> u X [T]us and X{I'C] —G'—=> vy XLy for all T,.T.
Also, X[4.-] — X[BC. . Thus, X[[4] = XTCB] == ,\TClu: =

u1v1.X [T')vau, as required.

2. 4 =-C1(B.C), B -—LG—‘—> uyjus, and C -%2*—» vitva. Then wy = uy, wa = uqry s,
and k¥ = k, + k, + 1. Hence, the inductive hypothesis holds for B and C.
Thus, X[I'; B| G='> u1 X ([I'1)us and X[T'C] G_-'=> v X[[v, for all T,.T. Also,
X[4,] = X[B,~]X[:C]. Thus, X[T4] => X[[B]X[iC] = u X {Tua XfzC]

=c.-'= u1 X [Tluav X{i]ve -:'.7" ur X [TJuov,vs as required.

3.4 = CAB.C)L B 25 ujuz, and € =5 vypep. Then wy = wyasry, wy =
vy, and & = k; + k; + 1. Hence, the inductive hypothesis holds for B and
C. Thus, X[T'B] G=> u X{[juy and XTC| G==v X' Tles for all T,.T.
Also, X[4,] — X[:B|X|[C.-]. Thus, XT4] ;—-» Xz, YTy =

———

L

u uav; X [[)v, as required.

If S| %_:' wyjwa, then X[*5] ,_é> w Y [2]w, % wyw,. Since, we have the produc-
tion, S" — X[25], we have L(G) C L(G").

Lemma 3.5 L(G') C L(G)
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To prove this lemma, we inductively assume that if &, < & then 4 == wy;w. only if

m

X{T4] ’;=> w1 X [Tlwa. |
ﬂ-}!'l

The base case §

- k - : ™

Suppose X(I'A4] = 01X [T']w,. Then one of the following case holds. |

I X[4,] = X[CB.~], X[[1B] =% w;X[[1)us X[[2€] =2 v, XTjry where
I'h =TC.TIl'y =T, w, = uyvy, :Ug = v;uq, and & = &y J—- k> + 1. Then the )
inductive hypothesis holds for B.C. Thus, B == ujjuzand C' = v 2. Since. ‘
X[A. ] = X[CB.~], 4 = W(B.C). Thus, 4 = W(B.C) == uyry-v.m: as

required.

[ ]

. X[4.+] = X[CB.~], XT[1B] =% u,X[[Jus XTaC! = 1, X T, x, where

Iy =: T.T2 = 2, wy = ujuqsvy, wy = v, and & = k; + ks + 1. Then the

inductive hypothesis holds for B,C. Thus, B % uyjus and C ? vy,

Since, X[, ] — X[B,]X[{C], 4 - C1(B,C). Thus, 4 = C1(B:C) == "
uy Uz, v, as required.
m
3. X[d.] - XEBIXIC.-), XITuB] 2% wX[Tius XToC] 2 n X T |
where ') = :.I» =T, w, = vyusrry, wqg = vq, and & = &, + b, = 1. Then ‘W}‘
the inductive hypothesis holds for B.C. Thus, B ? wy-uy and C = ryns. |
Since, X{A.+] — X{BJX{C.+], A — CAB.C). Thus. 4 == C2AB.C) = "
U Uty aS required.
| A
Thus, if X[15] -;—'7-> w1 X [F]w, —G-":- wywa, then S G='> wypwa. Since we have the e
production, S’[-] — X[;S], we have snown L(G’) C L(G). "
-
Thus, we have L(G) = L(G'). 1
~
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Chapter 4
Other Results About TAL’s

In this chapter, we establish some results about TAL’s. First we examine the closure
properties of TAL’s and show that TAL’s form an Abstract Family of Languages. In
addition to their closure results, we characterize TAL’s by giving a pumping lemma,
similar to the uvwzy theorem for CFL’s. Another characterization of TAL’s is given by
showing that every TAL is a semilinear language and ther=fore has the consrant-growth
property. There has been some interest in showing the above properties for grammatical

systems for natural languages (see [Joshi 85,Berwick 84]). Finally, we show that parsing

of TAL’s can be done in polynomial time.
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4.1 Closure Properties of Tree Adjoining Languages

In this chapter, we shall study the closure properties for TAL’s. Some of these properties
“have been proved in [VijayShanker 85]. We shall show that the class of Tree s.djoining
Languages, like the class of Context-free Languages, form an substitution closed Full
Abstract Family of Languages (AFL). Thus, they are closed under the set operations of
union, concatenation, Kleene-star, intersection with Regular Languages, homomorphism.
inverse homomorphism, and substitution. In this chapter, we prove these closure results
(except for the closure under intersection with Regular Languages which is proved in
Section 3.2.3). Also, using a pumping lemma for TAL's, which we shall prove in

Section 4.2, we show that TAL’s are not closed under intersection, and intersection with
CFL's.

Theorem 4.1 TAL'’s are closed under union.

Let L, and L, be TAL's. Let G, and G, be TAG’s such that L, = L(G,) and -

L, = L(G;). Let G; = (N, &, Si, Ii, A;) for i € {1,2}. Without loss of generality, we
may assume that .V, N .V, = o. Further, we also assume that I;.i € {1.2} contin one

inidal tree, «;, each of the form described in Section 1.15.

We can give a TAG, G = (VU N, U{S}.S, U, ST ) (where S £V, C Vo,
such that L(G) = L, U L,. G is obtained as follows. We let 4 = 4, U 4.. I contains

two initial trees, ay, and ar,, which are given in Figure 4.1. Showing L(G) =L, U L,

is straightforward.

Theorem 4.2 TAL'’s are closed under concatenation.

Let L, and L, be TAL’s. Let G, and G, be TAG’s such that L, = LiG,) and
L,= L(G;»_)-..»"Lct G, =(N.Z,..S5..1,4,) for i '€ {1.2}. Without loss of generality, we
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SNA SNA
S1C1 S2C2
ar € ar €

Figure 4.1: Closure under union

may assume that .\, N Vo = o. Further, we also assume that ,.; € {1.2} contain one

inidal tree each of the form described in Section 1.15.

We'can give a TAG, G = (N U N2 U {S}SiUZ,, ST A4) (where § € N \2),
such that L(G) = L, - L,. G is obtained as follows. We let 4 = 4, U 4.. [ contains

one initial tree which is given in Figure 4.2.

SNA

N

S1 C1 S2 C2

€ S

Figure 4.2: Closure under concatenation

Showing L(G) = L, - L, is straightforward.

Theorem 4.3 TAL'’s are closed under Kleene closure.

Let I‘l be av'TAL. Let Gl = (.\.-1’ Slesls-[ls:'l‘l) be a TAG SUCh [hat Ll = L(Gl). \Ve

assume that I, contains one initial tree of the form described in Section 1.15.
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We can give a TAG, G = (VU {S}.Z,.5. 1. 4) (where S € \y), such that Li &) =
L3. G is obtained as follows. We let 4 = 4, U {3}. I contains one initial ree a. The

elementary trees a and J are given in Figure 4.3. Showing L(G) = L7 is straightforward.

SNA
S{B}
| SNA S1Ct
o: € 3 €

Figure 4.3: Closure under Kleene closure

Theorem 4.4 TAL'’s ‘are closed under substitution.

Let L be a Tree Adjoining Language and let the TAG, G = (V... 4.5 generate
L. Let T be a subsdtution such that 7(a) = L,. Let G, = (N,, Z,, [,. 4,. 5, be a TAG
generating L,. We want to show that r(L) is a TAL. Let G’ be a TAG whose elementary

trees are given by the following construction. We show that G’ generates 7(L(G)).

For each elementary tree, v € U 4, all nodes in frontier of + labelled by the terminal

a, are replaced by an initial tree «, € I,.

We can show that GG’ indeed generates ~(L(G)j) = L.

Corollary 4.1  TAL'’s are closed under arbitrary homomorphism.

Theorem 4.5  TAL'’s are c'osed under intersection with Regular Languages.

In Chapter 3, we describe an automata called the Embedded Pus' down Automata. an

extension of the Pushdown Automata, and show they recognize exa tly TAL's. We can
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extend the proof which uses the pda to show that CFL’s are closed under intersection
with Regular Languages to a proof using the epda instead for this theorem. The proof is

given in Section 3.2.3.

Corollary 4.2 TAL’s are closed under inverse homomorphism.

The class of regular languages is contained in the class of Tree Adjoining Languages.
Thus, TAL’s are closed under regular substitution. Using a theorem in [Ginsburg 66.

pages 121-122], we have closure under inverse homomorphism.

Thus, we have shown that TAL’s form a substitution closed Full Abstract Family
of Languages since we have shown that they are closed under the operations of union.
concatenation, Kleene-star, homomorphism, inverse homomorphism, intersection with
Regular Languages and substitution. We know turn our attention to showing some non-

closure results for TAL’s.

Theorem 4.6 TAL’s are not closed under intersection or intersection with CFL’s and
complementaton.

In Section 4.2, we give a pumping lemma for TAL’s and show {a™h"c*d ¢ * 2 > ()
is not a TAL. This allows us to prove that TAL's are not closed under intersection or
intersection with CFL’s. It can be shown that the languages {a"b"c"d"e™ ! m.n > 0}
and {a™b™c™d"e™ | my, ma, ma,n > 0} are TAL’s. The latter language is a CFL too.
The intersection of these two languages is {a™h"c"d™e™ | n > 0} which is not a TAL.
Thus, TAL’s are not closed under intersection with CFL's or intersection with TAL's.

Since TAL’s are closed under union and not closed under intersection. TAL’s are not

closed under complementation.
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4.2 Pumpiug Lemma for TAL’s

We now give a pumping lemma for TAL’s, adapting the uwvwzy-theorem for CFL's. In
a CFG, generating an infinite language, any derivation of a string of length more than a
fixed number must involve the use of a nonterminal,.X’, such that .X’ % w1\ wa. Hence
this subderivation may used any number of times, leading to the derivation of arbitrarily
long strings. In a TAG, G, the derivation trees (given by Tp(G')) are similar to derivation
trees in CFG, and hence it suggests that if the language derived by G is infinite, then
so must Tp(G). Just as in CFG’s, there will be a derived auxiliary trees which can be
adjoined with itself. Thus, in TAL’s, derived auxiliary trees play the role in a recursive

derivation which nonterminals do in CFG’s.

To discuss the derivations in a TAG, we have to consider the derivation trees. e
will first show that if there is a sufficiently large derivation tree, then there are arbitrarily
large derivaton trees. We will then consider the derivation of strings (in the frontier of

the derived trees described by these derivation trees).

Without loss of generality, we will assume that the only elementary trees containing a

terminal symbol in the frontier are auxiliary trees of the following form. This assumption

X NA
a X NA

Figure 4.4: Auxiliary trees with terminal symbols

can be made because if there is any other form of ele:nentary tree which has a terminal
symbol “a” in the frcatier then that frontier node is replaced by a subtree of the form
given in 4.5, where J, is also given in 4.5. Once we have made this assumption. we can

assume that if + is a derived tee with the frontier containing & terminal svmbols. then
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Xa NA

. N

I a Xa NA
€

Figure 4.5: The auxiliary tree beta,

every derivation tree that describes v will have exactly & occurences of nodes labelled
3, (a € T).

Let us assume that the maximum length of the right-hand side of a derivation rule is
m. Let us also assume that the number of elementary trees is £. First we will show that
if there is a derivation tree, [, with no path of length greater than /, then the number of
occurences, j, of subtrees of the form given in figure 4.5 is not greater than m=!. We
shall prove this result by induction. Base Case: : =1

Then the derivation tree is of the form given below. Therefore j = 1 if v = 3, for some

}p

/<\

Figure 4.6: Derivation tree of height one

a € Xelse y=0.

Inductive Case: The derivation tree is of the form given below. No path in T,
is of length greater than { — p — 1. Thus, by inductive hypothesis, j, < m!=#=2 for

1 <q <UL Thus, j <1 mb== < pli=i=1) < =1 g5 required.
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Rl

ININ
L

;o

I

P

ZAN

Figure 4.7: Derivation tree of height :

AN

Now consider the derivation of a tree whose frontier is the string - € . Let

4y
AV

e
where n = m*. Every derivation tree which describes a derived tree with frontier = must
have izl occurences of nodes in the frontier labeled 3, for some a € T. Then, these
derivation trees must have a path of length at least £ + 2. Leaving aside the node in
the frontier, there must be at least k£ + 1 vertices, and hence for some auxiliary tree, J,
two nodes in this path must be labeled by 3. Let the derivation tree be represented as in
figure 4.8. Consider the string viu. If it does not have at least one occurence of 3, as
a substring, then consider the derivation tree T” obtained by removing the subtree with
voy in the frontier. Obviously, T" is a valid derivaton tree and T" describes a derived
tree whose frontier is still =. Thus, in v{vjus, there are still |=| occurences of substrings
of the form J3,. Repeating the above argument, we will find a derivation tree Y, given
in Figure 4.9, which describes a tree ~ With frontier = such thar v,e, has at least one
occurence of subtr:e 'given in Figure 4.5. We can ther conclude for every : > 0, the
following derivation tees are valid derivation trees. N)w consider the derivation tree
(partial) and the tree it describes as shown in Figure 4.1}. Since v,u, contains at least

one occurence of a subtree given in Figure 4.5, we can c nclude that «'iv” € ©~. Now
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ol

ol

P

Figure 4.8: Derivation tree with recursion

consider the other two partial derivation trees in Figure 4.11 and the trees thev describe.
We can conclude that w,w, € £~ and |z| > n. According to Y. T;, the derived auxiliarv
wee v, € D(3) is adjoined in some node addressed ; in +,. The resulting tree is adjoined
in -, at the same node addressed j. This process is repeated : times. There are three

cases to consider — when node addressed ; in +, lies

1. on the spine (the path from the root to the foot)
2. to the left of the spine

3. to the right of the spine

Case 1: derivation of + when node addressed ; is on the spine of ~,. =, can be written
as in figure 4.12. Considering the derivation tree from bottom-up, we will have -, first

adjoining in the nodé addressed j in +, if : > 1.

This tree is adjoined into <, at the node addressed ;. the process is repeated / times.

Now the derived tree obrtained is adjoined in ~s, the derived tree described by T,.

The final derived tree has a frontier given by u,viw,viusviwsviug We can therefore

conclude that if - € L and |z| > n, then = can be written as WU el el (U,
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ol

P

o
AN

Figure 4.9: Derivation Tree in a recursive derivation

where |vjw vvzworyl < noand |vyvpuzvyl = 1 and for all ¢« > 0 it is tue that

uytjwytiusviworius € L.

Case 2: The node addressed ; is to the left of the spine of -;. Then <, can be written as
in Figure 4.13.

~, and <3 remain the same as before. We can thus conclude that with the same condi-

tions as that 1n the Case 1, we will have for i > 0, u,ri* wyvqwa( varary) vauasryus < L.

Case 3: The node addressed ; is to the right of the spine of ~;. Working out similar to
Case 2, we can thus conclude that with the same conditions as that in the Case 1. we

will have for i > 0, u v uqta(vyvsty) witawqari ™ us € L.

Note that the original string and the strings obtained after pumping in cases 2 ¢ad 3.

may be rewr.tten such that they correspond to subcases of case 1. Thus, the pun ring

lemma may be stated as follows.
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Rl

NN
L

;
AN
a\

Figure 4.10: Derivation Tree with :-fold recursion

AN

Theorem 4.7 If L is a TAL, then there is a constant n such that if - € L and
[z] > n 'then z may be written as = = u v wrauavawatug With fojwyvavswary, < n.
[vivavavy] > 1 such that for all @ > 0, uyvjwiviueiiearius € L.

With this pumping lemma we can show that the language {a"b"c"d"e" | 0 < n}
is not a TAL. If k£ is the constant of the pumping lemma, then consider the string
akbkckdke®. Since we have |vyw,vavawsvy| < K, this substring can have at most four
different symbols, and has length of at least one. Thus pumping these substrings will
result in the occurence of at least one symbol remaining the same while increasing the
number of occurences of some other svmbol. Thus, the string we will obtain will not

have equal number of a’s. b's.¢’s.d’'s. €'s. Thus, this language is not a TAL.

4.3 Semi-Linearity of TAL’s

In this section we show that every TAL is a semilinear language. The property of semi-
linearity (and a closely related property called the constant growth property) of languages

has been discussed in the context of natural languages in literature (see Joshi [Joshi 83]
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X
N

w i Xw2

S
12/)(\\
ui u2 u3d

1 3 /X\ |

wi xw2

Figure 4.11: Trees described by partial derivation trees

and Berwick and Weinberg [Berwick 84]). The property of semilinearity is concerned
about the occurence of the different alphabet symbols in strings of a language and whether
this count is ultimately periodic. Hence, it suggests that as long as only the alphabet count

is concerned, a semilinear language can not be distinguished from Regular Sets.

Parikh [Parikh 66] first discussed the semilinearity of languages. He showed that any

CFL is a semilinear language. Later [Ginsburg 68] studied AFL’s which contain only

semilinear languages and what properties follov' from it.

We shall first define the semilinear property

Definition 4.1 Semilinear Sets

3 2

.3 __3

I _

3y .31 _.3 3 3

3



X
//X\
X
Vi V2 V3

Figure 4.12: Case 1: j is on the spine

N\

X

X

X

V4

Vi1

V2

V3

V4

Figure 4.13: ; to the left of the spine

Let B and P be finite sets over .N". We define

L(B.P)={b+py~---+p:b€B.k>0.py....p; € P}

Any set L(P,B), where B and P are finite subsets of .\"", is said to be linear. A

semilinear set is a finite union of linear sets.

Definition 4.2  Parikh Mapping

The Parikh mapping ‘' maps strings over £ (where T =

{a,

natural numbers, .V", and is defined recursively as follows

Pla;) =

where p, = 1 if j=i or 0 otherwise.

.....
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"’he Parikh mapping, ‘I, can then be extended to mappings for a swring in the following

way.

\Il(wl...wm) = ‘I’(wl)"i"'"i“:[’(wm)

The definition of ¥ can be extended to languages as follows
U(L)=S,erU(w)

Definition 4.3  Semilinear Languages :

A language L is said to be a semilinear language if V(L) is a semilinear set. From the
definition of semilinearity, it follows that every semilinear language is letter equivalent to

a regular language, i.e., if L is a semilinear language then there exists a regular language.
R, such hat (L) = V(R).

Definition 4.4  Constant Growth Property

The length of a string, denoted by | w | is a mapping from T- to .\. We can extend this
mapping to mappings for sets of strings in the obvious manner. A language is said to
have constant growth property if this mapping of strings ot this language to a subset of

.\" (denoting lengths of strings in the language) vields a semilinear set.

Semilinearity and constant growth property (a consequence of semilinearitv) has re-
ceived attention in the context of natural languages (for example, Joshi [Joshi 83] and
Berwick and Weinberg [Berwick 84!). As noted by [Joshi 85,Berwick 84] although these
properties are not structural propertes, they depend on the structural prc perty that sen-
ten:"es can be built from a finite set of clauses of bounded structure. In nat1 al languages,
it seems reasonable to assume that there are no sudden jumps in the lengtl . of sentences

and that the set of lengths of the sentences is- ultimately periodic. The property that
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we would like to capture, however, is the linear growth in stucture. Semilinearity and

constant-growth properties are only approximations to this property we wish to capture.

Parikh (Parikh 66] had shown that every CFL is a semilinear language. Thus. in
order to show that a language is a semilinear language, it is sufficient to show that it is
letter equivalent to a CFL. Since we know that every TAL is also a MHL, we can show

that every TAL is a semilinear language if we show that every MHL is semilinear.

Theorem 4.8  Forevery MHG, G = (V,Z,S. P), thereisa CFG, G' = (N.Z.S5. P,
such that U(L(G)) = T (L(G")).

We assume that every production in P has the form
4 - f(B.C) fe{W.C1.C2}

A>T weT

P’ is defined as follows:
A— fiB,C)e P Lff A—-BCeP
A—-wTeP off A—-weP

Lemma 4.1 O¢(L(G)) = Y(L(G"))

’ . . k o . <
We show by induction that 4 = wypwy 1f and only if 4 == 1w such that

‘I/(u'lwg) = P(w).

The base case corresponds to the productions A — @ € P and iff 4 — w € P’ and

is true by definition.

Inductive step: Let us assume that B == u,u; and C' == 1y, where ;. < &. By
the inductive hypothesis this is true if and only if tne following is true. B = u and

J . ’
C = where W(wu,u;y) = Piu) and ‘P(c.:lt'-;) = Ple) Let 4 — fiB.Ci £ P and

hence A — BC' € P’. Regurdless of the function f used in the production, 4 == TR

h
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where T(wiwz) = Wiuyuz) + (v es); and A % w where ¥(w) = U{u)— Ujr) =

P(ujuz) + T(vys).
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4.4 Parsing Algorithm for TAL’s

The algorithm, we present here to parse Tree Adjoining Languages (TALs), is a modi-
fication of the CYK algorithm (which is described in detail in [Aho 73b]), which uses
a dynamic programming technique to parse CFL’s. For the sake of making our descrip-
tion of the parsing algorithm simpler, we shall present the algorithm for parsing without

considering local constraints. We will later show how to handle local consmaints.

We shall assume that any node in the elementary trees in the grammar has at most
two children. This assumption can be made without any loss of generality, because it can
be easily shown that for any TAG G there is an equivalent TAG G such that any node
in any elementary tree in G, has atmost two children. A similar assumption is made in
CYK algorithm. We also assume that the frontier of each auxiliarv tree has at least one
terminal symbol. We use the terms ancestor and descendant, throughout the paper as a

transitive and reflexive relation: for example, the foot node may be called the ancestor
of the foot node.

The algorithm works as follows. Let q,...a, be the input to be parsed. The algo-
rithm is an extension of the CKY algorithm and is based on the dvramic pregramming
technique. In the CKY algorithm to parse CFG’s, a two-dimensional array, say 4. storing
subsets of nonterminals. 4 is used to keep track of the boundaries in the input substring
which are derived from nonterminals. Thus if a nonterminal, X, of the grammar derives
the substring ¢, ...a; of the input @, ...a,, then X is stored in the element 4[i.} of
the input. Since concatenation is the only operation that is used in CFG’s, given a rule
Z — XY ina CFG, G, we let Z be stored in A[i.j] if X € A[/.Ajand ¥ € Ak - 1.
for some k, since Z 'T._> a;a, if it is the case that ¥ ;: a;a, and Y’ ~= Apay@,.
We extend this algorithm to parse TAG’s. We chose to use a four-dimensional array for
the following reason. Unlike the concatenation operation in CFG's, adjuncticn does not

operate on contiguous substrings of the input. Suppose a node in some tree dominates
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a frontier which has the subsuing a;a; to the left or the foot node of this wee and the
substring a;a;, on the right of the foot node. These substrings need not be a continous
part of the input; in fact; when this tree is used for adjunction then a string is inserted
between these two substrings. Thus, in order to represent a node, we charact rize it oy
two strings that appear to the left and right of the foot node, and is in the case of the
CKY algorithm we need two indices for each substring. Thus, in our algorithm, we use
a four-dimensional array A; each element of the array contains a subset of the names of
nodes of elementary trees. We say a node, addressed n, of an elementary tree - belongs

to A[i,j.k,1] if it satisfies the following proposition
Proposition 4.1

The node given by (v.n) € A[i,j,k.1] if and only if there is a wee -’ € i~ .y,
whose frontier is given by either a;4y...a;Y ai41...a, (Where the foot node of - is labeiled
by Y) or a;;,...a, (i.e., j = k). This corresponds to the case when - is a sentential twree.
or (v,n) does not dominate the foot node). The indices (i,j,k,l) refer to the positions
between the input symbols rather than refer to input symbols, and hence range over 0
through n. If i = § say, then it refers to the gap between a; and ae.

We initially fill Afi,i+1,i+1,i+1] with those nodes in the frontier of the elementary
trees whose label is the same as the input ¢;,, for 0 < i < n-1. The foot nodes of

auxiliary trees will belong to all A[i,i,j,j], such that i < j.

We are now in a position to fill in all the elements of the array A. There are five

cases to be considered.

Case 1. We know that if a node y, in a derived tree is the ancestor of the foot node,
and node p, is its right sibling, such that x, € A[i,j,k,l] and x, € A{l,m,m,n], then their
parent, say, u should belor g to A[i,j,k,n], see Figure 4.14.

Case 2. If the right sibling u, is the ancestor of the foot node :uch that it belongs to
A(l,m,n,p] and its left sibling 4, belongs to A[i,j,j,l], then we kn:w that the parent y of

uy and pa bp!bngs to A[i,m,n,p], see Figure 4.15.
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Figure 4.14: Parsing algorithm case 1

18 1 TmEn p

Figure 4.15: Parsing algorithm case 2

Case 3. If neither y, nor its right sibling u+ are the ancestors of the foot node ( or there is

no foot node) then if z, € 4jz.j.j.1] and p. € A[l. m.m.n} then their parent x belongs
to Afi,j.j,n].

Case 4. If a node u has only one child u;, and if x, € A[i. . k. [}, then obviously
€ Afi,jk.1].

Case 5. If a node 4, € A[i,j,k,1], and the root y, of a derived tree - having the same
label as that of p,, belongs to A(m,i,l,n], rhen adjoining ~ at sz, makes the resulting node

to be in A[m,j,k,n], see Figure 4.16.

Since the €élements of the array contain a subset of the addresses of nodes in the elementary
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IR
Figure 4.16: Parsing algorithm case 5

trees, the the siue of any set is bounded by a constant, determined by the grammar. The
complete algorithm is given in [VijayShanker 85]. It has been shown in that paper that

the complexity of the algorithm is O(n®) where n is the length of the input.

4.4.1 The Parsing Algorithm

The complete algorithm is given below .

Step 1 For i=0 to n-1 step 1 do

Step 2 put all nodes in the frontier of elementary trees whose label is a, — 1 in
Ali,i+1,i+1,i+1].

Step 3 For i=0 to n-1 step 1 do

Step 4 for j=i to n-1 step 1 do

Step 5 put foo nodes of all auxiliary trees in A[i,i,],j]

Step 6 For 1=0 to n step 1 do

Step 7 For i=l to O ste> -1 do

Step 8 For j=i i: 1step 1 do

Step 9 For k=l to j step -1 do
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Step 10 do Case 1
Step 11 ) do Case 2
Step 12 do Case 3
Step 13 do Case 5
Step 14 do Case 4

Step 15 Accept if root of some initial tree € A[0,j,j,n], 0 £j<n

where,

(a) Case 1 corresponds to situation where the left sibling is the ancestor of the foot ncde.
The parent is put in A[i,jk,l] if the left sibling is in A[i,j,k,m] and the right sibling is in
A[m,p,p,l], where k < m < I, m < p, p £ l. Therefore Case 1 is written as
for m=k to I-1 step 1 do
for p=m to 1 step 1 do
' if there is a left sibling in A[i,jk,m] and the right sibling in
A[m,p,p,l] satisfying appropriate restrictions then put their parent in A(i,j,k,1].

(b) Case 2 corresponds to the case where the right sibling is the ancestor of the foot node.
If the left sibling is in A[i,m,m,p] and the right sibling is in A[p,j,k,]]l,i < m < pand p
< j, then we put their parént in A[i,j,k,I]. This may be written as
for m=i to j-1 step 1 do '
for p=m+1 to j step 1 do
for all left siblings in A[i,m,m,p] and right siblings in A[p.j.k.I]

satisfying appropriate restrictions put their parents in A[i,j.k,l].
(c) Case 3 corresponds to the case where neither chi;dren are ancestors of the foot node.

If the left sibling € Al[i,j,j,m] and the right sibling € A[m,p,p,l] then we can put the

parent in A[.i‘,j,j,l] ifitisthecasethat (i<j<mori<j<m)and(m<p<lorm
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< p < 1). This may be written as
form =jto 1-1 step 1 do
forp=jtolstep 1do
for all left siblings in A[i,j,j,m] and right siblings in A[m,p,p,]

satisfying the appropriate restrictions put their parent in A[i.j,j,1].

(e) Case 5 corresponds to adjoining. If y4, is a node in A[m,jk,p] and u, is the root of a
auxiliary tree with same symbol as that of p,, such that u, is in A{i,m,pl] (1< m <p
<lori<cm<p<Dand(m <j<k<porm < j<k < p)). This may be written as
form=1itojstep 1 do
forp=mtolstep 1 do
if a node u; € A[m,jk,p] and the root of auxiliary tree is in
A[i,m,p,l] then put y, in A[i,j,k.1] |

(d) Case 4 corresponds to the case where a node u, has only one child 4,

If 4, € Ali,jk.]] then put g, in A[i,jk,1]. Repeat Case 4 again if u, has no siblings.

4.4.2 Parsing with Local Constraints

So far,we have assumed that the given grammar has no local constraints. If the grammar
has local constraints, it is easy to modify the above algorithm to take care of them. Note
that in Case 5, if an adjunction occurs at a node u,, we add u; again to the element of
the array we are computing. This seems to be in contrast with our definition of how to
associate local constraints with the nodes in a sentential tree. We should have added the
root of the auxili ry tee instead to the element of the array being computed, since so
far as the local cunstraints are concerned, this node de :ides thé local constraints at this
node in the derived tree. However, this scheme cannot 'ie adopted in our algorithm for

obvious reasons. Therefore, we let pairs of the form (:{,C) belong to elements of the
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array, where u; is as before and C represents the local constraints to be associated with

this node.

We then alter the algorithm as follows. If (X,C)) refers to a node at which we attempt
to adjoin with an auxiliary tree (whose root is denoted by (Y,C3)), then adjunction would
determined by C,. If adjunction is allowed, then we can add (X,C3) in the corresponding
element of the array. In cases 1 through 4, we do not attempt to add a new element if

any one of the children has an obligatory constraint.

The proc_>f of correctness of this algorithm is given in [VijayShanker 85]. It has
been shown that the algorithm works in O(n®), where n is the length of the input.
Note, however, that this algorithm works only for the Tree Adjoining Grammars whose
auxiliary trees have at least one terminal symbol in the frontier. In order to take care of
the general case, we can find an equivalent TAG such that every derived auxiliary tree
(without OA consagints) has at least one terminal symbol in the frontier. One procedure
to find such a TAG works as follows. Given a TAG, we find a MHG for it. We can
then remove nonterminals from this grammar which derive empty split strings. We can
then convert this MHG back into a TAG (similar to the procedure used in showing the
equivalence of TAG’s and MHG’s) such that every derived auxiliary tree without OA
constraints has at least one terminal in the frontier. Once such a TAG is found, with

minor modifications to the above algorithm, we can prove the algorithm works correctly

for any TAL.

4.4.3 Retrieving a Parse

Once it has been determined that the given string belongs to the language, we can find
the parse in a way similar to the scheme adopted in CYK algorithm.To make this process
simpler and more efficient, we can use pointers from the new element added to the

elements which caused it to be put there. For example, consider Case ! of the algorithm
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(step 10). If we add a node u to A[i,j.k,l], because of the presence of its chiidren 4, and
u2 in A[i,j,k,m] and A[m,p,p,l] respectively, then we add pointers from this node y in
A[i,j,k,1] to the nodes u,s, u, in Ali,j,k,m] and A[m,p,p,l]. Once this has been done, the

parse can be found by traversing the tree formed by these pointers.

Palis, Shende, and Wei [Palis 86] have also given a way of retreiving the parse from
this array. -
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Chapter 5

Feature Structure Based Tree Adjoining

Grammars

Several different approaches to natural language grammars have developed the notion of
feature structures to describe linguistic objects. These include lingusitic theories such
as Generalized Phrase Structure Grammars (GPSG) [Gazdar 85b], Lexical Functional
Grammars (LFG) [Kaplan 83] and formalisms such as Functional Unification Grammars

(FUG) [Kay 79] and PATR-I [Shieber 85] which were developed as computational tools.

A feature structure is essentially a set of attribute-value pairs where values may be
atomic symbols or another feature structure. Feature structures can also be character-
ized as either constants (atomic values) or partial functions from labels to feature struc-
tures (reference [Pereira 84]). The name “unification-based grammatical formalisms” or
“unificational grammars” have been used in literature because unification of the feawre

structures is the primary operation used in combining feature structures.
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5.1 Unification Grammars

In order to capture certain linguistic phenomena such as agreement, subcategorization,
etc., a number of recent grammatical systems have added, on top of a CFG skeleton,
a feature based informational element. Example of such systems include Generalized
Phrase Structure Grammars (GPSG), Lexical functional Grammars (LFG), and Head-
driven Phrase Structure Grammars (HPSG). Although the notation for these informational
elements may differ between formalisms, in all the above-mentioned systeris, the infor-
mational elements may be thought of as feature structures with unification as the main
operation on these feature structures. In the rest of our work, we will consider PATR-II as
a representative of the unificadon-based grammatical systems which are based on a CFG-
skeleton. PATR-II was developed as a language to express the various linguistic theories
found in these unification based approaches, and is the least common denominator of

these unification systems.

5.1.1 Feature Structures and the PATR-II system

In the PATR-II system, equations are expressed along with the productions of an under-

lying context free grammar. For example,

5 - Xl.Yz
Xo.cat=S
Xl.cat =.NP
Xacat=VP

X, .agr = Xs.agr
Xa.subject = X,
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states that S rewrites to NP and VP, with the agreement feature of the NP being the same
as that of the VP and that the subject of the VP is the NP. This statement is represented

by the following feature structure.

-
cat: S
cat: NP
1: 3]
agr: [3
cat : VP
2: |} agr: &
subject : [b] ]

The notation of the co-indexing box ([3J and [+] in this example) is used to express the fact
that the values of two subfeatures are the same. For example, the agr values of X'; and
X, are co-indexed by [7] to state that their agreement values are the same; and [5] is used to
state that the subject of X, is the the entire feature structure corresponding to .X,. Feature
structures with co-indexing boxes have also been called reentrant feature structures in the
literature. Co-indexing boxes are used to state that two or more feature structures have the
same value as distinguished from the weaker notion of similar values(see [Shieber 85]).
As will be clear from the discussion later, the two feature structures (example taken
from [Shieber 85]) below have to be distinguished.

: [k : h:
foothia] [0 mneal
g: [h:q] g: [
For example, on unifying with the feature structure, [g : [{ : b]], results in following two

different feature structures.

f: [h:a]. . h: a
and d II'[1: b}

[h:a] .
g:
l: b g: [
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We can define a partial ordering, C, on a set of feature structure; using the notion

of subsumprtion (carries less information or is more general). Using the partial function

representation of feature structures, we say

1. [a] € [a] for each atomic value a

2. F} C F;, if the partial function F;, is defined for all the labels for which F; is
defined and furthermore for each label [ such that Fi(!) is defined, F () C Fal(¢).

We use [ ] to represent the totally unspecified feature structure. Then, [ ] € F for all
feature structures F'. Unification of two feature structures (if it is defined) corresponds to
the least feature structure that has all the information contained in the original two feature
structures. Thus, unifiying two feature structures gives rise to the feature structure that
is the least upper bound of the original two feature structures (i.e., l.u.b according to the
subsumption relation). Note, however, that the unification of two feature structures may

be undefined. Two feature structures which have different values for the same attribute

cannot be unified. For example,
ll ¢ a 11 a
I3: b and ls :
12 . 3 12 : i ¢
14 . c 14 . d

cannot be unified because the feature structures that are the values of the [, attribute

cannot be unified (since the values for the attribute [/, are ¢ and d).

The unification algorithm works as follows. The feature structure, f, obtained by

unifying the feaure structures f, and f, is defined as follows:

e If fi and f, are both defined for the attribute [/, then the value for the attribute / in

f is t:> unification of the values for the attribute [ in f, and f,.
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¢ If one of the feature structures, f; and f,, is not defined for an attribute /, then
the value for the attribute [ in f is the the value of the attribute [ in the feature

structure which is defined for this attribute.

¢ An atom, a, does not unify with a complex feature structure or the atom b, where

£
a #b.

o if fy = fo then f = f, = fa.

For more details on the feature structures and unification, see [Shieber 85].

Feature structures can be encoded as a directed acyclic graph (DAG), where the edges
are labeled by the labels in the feature structure. Shared values (represented in feature
structures by co-indexing boxes) are represented by the joining of arcs. We shall using

the two representations interchangeably.

Derivations in PATR-II are similar to those in CFG’s except for the derivations of
feature structures. ifX . and X, derive strings w; and w, and feature structures F; and
F), respectively, then given a rule X, — X,.X, with an associated set of equations E,
then if Fj is the unifier of F; and F; according to the equations in E then X derives
the string w,w, and the feature structure F,. On the other hand, if unification fails then

the rule is not applicable.

We will now show the derivation of the sentence John sleeps assuming the association
of feature structures with the lexicon given below. We also show why the string John

sleep is not generated by the grammar, whose productions are given by

S — NP VP (1

S.subject = NP
S.pred = NP
NP.agr = VP.agr
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VP.subject = NP

NP - N (2)
NP.agr = N.agr
VP—=V )
VP.agr = V.agr

John - [agr:[number:singular]]
sleeps — [agr:[number:singular]]

sleep — [agr:[number:plural]]

For the derivation of the sentence John sleeps, we derive the following feature structure
subject : [agr : [number : singular]m]lg
: agr :
pred : I o
subject : [5]

whereas, the sentence John sleep is not derivable because the following two feature

structures are not unifiable according the equations associated with the productdon (1).

- agr : [number : plural]
[agr : [number : singularl]

subject : [ ]
5.1.2 Logical Representation

So far, we have given an informal -lescription of feature structures and the unification
of feature structures. Pereira and Sh eber [Pereira 84] have given a semantics of feature
structures using Scott’s domain theo 7' [Schmidt 87] ‘and modeling feature structures as

partial functions. Lauri Kartunnen [K-urttunen 85] has argued for the need of disjunctive
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specification, which is used extensively in FUG and Systemic; Grammars. To model fea-
ture structures with disjunction, would involve the power set construction, as observed
by Pereira and Sheiber [Pereira 84]. A simpler definition can be made using the logical
formulation of feature structures given by Rounds and Kasper [Rounds 86,Kasper 86].
Feature structures in this system are specified as formulae in a version of modal proposi-
tional logic (henceforth referred as Rounds-Kasper logic). These formulae can be reduced
to a normal form using logical equivalences given in [Rounds 86,Kasper 36]. Extending
on the work of Ait-Kaci [AitKaci 85], they show that deterministic finite state automata
(whose transition graph is a DAG) can be used to form a logical model and the satisfia-

bility of the formulae can be given in terms of these automata.

We now describe the logic of Rounds and Kasper briefly. The details may be found
in [Rounds 86,Kasper 86]

Rounds-Kasper Logic

The work of Rounds and Kasper [Rounds 86,Kasper 86] was motivated to give a complete
algebraic account of the logical properties of feature structures, which can be used for
computational manipulation and mathematical analysis.. Their model was developed to
give a precise account of feature structures that also include disjunctive specification.
The need for adding disjunctive specification to feature structures have been discussed by

Kartunnen [Karttunen 85]; disjunctive specification have also been used in FUG [Kay 79].

Rounds-Kasper logic is a version of propositional modal logic. In addition to con-
junction, disjunction, the logic uses a modal operator “:”” and allows equality statements
between paths. A formula [/ : ¢ is a logical representation -of a feature structure whose

value for attribate [ is a feature structure satisfying the formula ¢.

Given‘_the set of atoms, C, and the set of labels, L, the following are the well formed
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formulae in the Rounds-Kasper logic:

NIL
TOP
a
l:¢
PAY
oV

{pla see apn}

where 4 € C, ! € L, ¢,y are well-formed formulae. .NIL and TOP convey “no
information” and “inconsistent information” respectively. Each p; represents a path of the
form l; : l;2:...:1;,, respectively. This formula is interpreted as p; = ... = p,.. For
example, the formula f: g :aA {h: j, f : g} represents the feature stucture below. The

formulae in this logic are only notational variant of the feature structure representation.

[f= [gzm[an],
h: [7:0d

As suggested in [AitKaci 85], deterministic finite state automata (dfa) model the

feature structures. Satisfiability of the formulae may be defined in terms of these finite

state autornata.

As noted in [Rounds 86], deterministic finite state machines have the following de-
sirable properties as domain for feature structures (see [Kasper 86,Rounds 86])
1. The value of any defined path can be denoted by the state of the aitomaton

2. Finding the value of a path is intcrprefed by running the automaton on the path
string

. The DFAs captures the crucial properties. of shared structure
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(a) two paths which are unified have the same state as a value

(b) unifiaction is equivalent to a state-merge operation -

Let A = (Q,L,C,6, A, g0, F) be a dfa whose transition graph is a directed acyclic
graph, where L is a set of labels, C is a set of atoms, and A is an output functon with

the output alphabet C. A satisfies a formula ¢ (A = o) if the following is the case.

o=NIL
o=a iff AMgo) =a
o=10:¢ iff A/l = oy

é=01A¢2 iff Al:élmdA}:ég
6=¢,Vdy iff AR ¢ or A= ¢,
AEA{p1,...,pn} iff p1,---,Pn are in the same Nerode-equivalence class of A.

A/l is the automaton obtained by making the state §(qo,!) as the initial state. p,, p, are
in the same Nerode-equivalence class if §(go, p1) = 6(go, p2). No automaton satisfies the

formula TOP since TOP conveys inconsistent information.

[Rounds 86,Kasper 86] also give a list of logical equivalences which may be used to
reduce any formula to a normal form. If the formula is not satisfiable then it reduces to
TOP. We now list the algebraic laws for manipulating the logical formulae which have

been given in [Rounds 86,Kasper 86].

Failure
l:TOP=TOP (1
Conjunction (unification)

6ATOP.= TOP | @)
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OANNIL=¢ 3)
aAb=TOP,Va,b€ Aand a#b (C))
aAl:¢=TOP )
lioAl:p=1:(dAY) (6)
Disjunction

¢VNIL=NIL @)
®VTOP = ¢ (8)
l:oViip=1:(¢.VY) )
Path Equivalence

E, AN E, = E, whenever E;, C F, (10)
EI/\E2=E1/\(E2U{ZIJ|ZEE1}) (11)
for any y such that 3z : z € E; and zy € E;
EAz:c=FEA(Ayegy:c) wherez € E (12)
E = E A {z} if z is a prefix of a string in E (13)
I:E={lw|we E) (14)
{e}=NIL (15)

31 -1 __3

3

3 3 3 1

4 __3

3

E = TOP for any E such that there are strings (16)
r,zy€ Eand y # ¢

In addition to laws (1)-(16), there are laws for commutativity of and and or, distribu-
tivity, associativity, idempotence, and absorption. The consistency and completeness of
these equivalences has also been shown in [Rounds 86]. [Rounds 86,Kasper 86] also

show that the consistency problem for these formulae is an NP-complete problem.

-3 3 .13

3
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5.1.3 Unification Systems and Domain of Locality

Most of the recent unification-based grammatical formalisms can be viewed as notational

variant of CFG-based unificational approaches. These systems are very powerful and can

.express most of the theories for natural language syntax. They have the advantage of

being declarative, with facility to state the linguistic phenomena directly. Equality testing.
pattern matching and feature passing are found in a wide range of linguistic analyses —
in concurrence with the reliance of unification in these systems. The interpretation of the

formalism is order independent because of the associativity of its operations.

Although the generality of these unificational systems is attractive, they suffer from
being computationally inefficient. Some of this inefficiency arises out of the limited
“domain of locality” in CFG’s!. In the CFG based unificational systems, equations
are associated with individual rewrite rules. Thus, in order to check constraints between
different constituents, feature structures have to be passed around extensively. Features of
the “dependent” items have to be passed to their parents. In fact, they have to be passed
upto the common ancestor, since the constraints are stated with respect to individual
productions. For example, to check that the agreement features of the head noun and
the main verb, the agreement features are passed upto the topmost S node (or the node
immediately dominating the subject VP and V' P nodes. The extent of feature passing is
decided by how far apart they are in the derivation tree. The feature passing mechanism
is one of the main causes of the inefficiencies of the unification based systems. Some
grammatical systems, e.g., GPSG, y to restrict the size of the feature structures that are

unified and passed around in order to restrict the power of the systems.

Tree Adjoining Grammars is a grammatical formalism which provides a larger domain
of locality. The theory underlying grammars for natural languages expressed in TAG

formalism assumes that the dependencies between lexical items are encapsulated within

! We use the term *“domain of locality” 1o denote the domain over which equations expressing constraints

may be spe(:’iﬁed.
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the elementary trees. This assumption may be sum: 1arized as

e Verbs and their complements are localized and are part of the same elementary

tree.

¢ Dependent items belong to the same elementary tree or are in an elementary tree

and the immediate tree adjoined into it.

Our major goal in embedding TAG’s in an unificational framework is to capture this
localization of dependencies. This is important for two reasons. First it is of linguistic
interest to see the extent to which localization can be carried out.” Secondly, it is of
significance from the point of view of efficient computation due to constrained feature
passing. Therefore, we would like to associate feature structures with the elementary trees
themselves (rather than break these trees into a CFG-like rule based sys:ems, and then
use some mechanism to ensure only the trees produced by th: TAG itself are generated?).
In the feature structures associated with the elementary trees, we can state thé constraints
among the dependent nodes directly. Hence, in an inital sentence corresponding to a
simple sentence, we can state that the main verb and the subject NP (which are part of
the same initial tree) share the agreement feature. Thus, in principle, we do not have
to pass the agreement features of the verb to its parent, the VP node, aad then check
the agreement feature of the siblings, the NP and VP nodes. No matter what tree is
derived from this initial tree, the agreement of the verb and subject remains. Thus.
this checking can be precompiled (of course only after lexical insertion) and need not
be done dynamically as is the case in CFG-based unificational grammars. A similar
situation arises in the case of subcategoﬁzaﬁon. In linguistic theory underlying TAG's,
every element which is subcategorized by a verb, is a part of the same elementary tree th:t

the verb belongs to. Thus, in the feature structures associated with this elementary trec,

2Such a scheme would be an alternate way of embedding TAC ’s in an unificational framework. How-

ever, it does not capture the linguistic inwitions underlying TAG's, and' loses the auractive feature of
localizing dependencies.
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constraints regarding the subcategorization can be directly stated. T'hus; we do not have
to simulate a stack to capture the subcategorization information. Note, that the examples
used above only suggest the advantages of associating feature structures with elementary
trees as the building blocks of the formalisms. Considerable research in formalizing the
linguistic theory for this system needs to be done before any formal investigation of the

relative efficiency of processing can be done.

5.2 TAG?’s in an Unificational Framework

In this section, we will describe a method of embedding TAG’s in an unificational frame-
work. We will call this formalism Feature structure based Tree Adjoining Grammars or
FTAG in short.

In an unificatdon based grammar, equations stating some constraints among the ele-
mentary structures manipulated by a rule of the grammar are associated with the rewrite
rule. Thus, these rules give the “domain of locality” to state the constraints. In TAG’s,
we wish to state the constraints among the nodes in the elementary trees, so that we
can utlize the larger domain of locality of a TAG. In doing so, we hope, to the extent
possible, minimize the flow of information and the number of linguistic stipulatons that

have to be made due to the limited domain of locality.

5.2.1 Domain of Locality in TAG’s

As stated earlier, the linguistic theory underlying TAG’s assumes that the elementary
trees in a TAG give minimal linguistic structures and that the dependencies are captured
locally. For example, even the so-called long distance dependencies are captured within

a single elementary tree; the gap and the filler are a part of the same elementary wee,
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and the arbitrary distance between the gap and the filler in the sming generuted is only
due to any adjoining in this tree. The fheory underlying TAG's states that the verb and
all its complements are a part of the the same elementary tree, and the dependent items

are either in the same elementary tree or are found in a tree and the auxiliary tree which

gets adjoined in it3,

We state equations over the feature structures of nodes of an elementary wee. For
example, the identity of the agreement features of the subject and the main verb is stated
in the elementary tree. This identity can thus be checked at lexical insertion and need
not be done by feature passing as is the case in PATR-I, GPSG, etc. As in the case of
PATR-II, where the equations associated with a rewrite rule result in a feature structure
associated with the rule, equations over an entire elementary tree results in an elementary
feature structure associated with this elementary tree. An example of an elementary tree

with its associated feature structure (given by its graphical representation) is given be:ow.

n v num

Figure 5.1: An elementary tree and associated feature structures

This example shows that inequality of agreement features of n and v nodes is known
at lexical insertio « and before its use in a derivation. In the derivation of the s:ntence

The man who eats sleep

3For example, this 1appens when there is an obligatory adjunction constraint in a tree.
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we do not have to attempt the adjunction of the relative clause auxiliary tree. However,
in a CFG based unificational systems only after the complete derivation (since the top S

node is the first common ancestor for the two nodes) is this fact known.

5.2.2 General Schema

Any node in an elementary tree is related to the other nodes in the elementary tree in
two ways which will influence the features of the node. Attribute-value or feature-value

statements (F-V statements in short) about a node can be made on the basis of:

1. the relation to its siblings and the ancestor, i.e., the view of the node from the top.

Let us call this F-V statement as ¢.

2. the relation to its descendants, i.e., the view from below. This F-V statement is

written as b.

Note that both the ¢ and b F-V statements hold of the node. Ordinarily we would expect
to state one F-V statement with a node, and since both the statements, ¢ and b, together
hold for the node, we would expect to merge them (i.e., unify them). However, on
adjunction, there is no longer a single node; since ¢ is a view from the top, it must now
be a statement that holds for the root of the auxiliary wee. Similarly b is now a statement
about the foot node of the auxiliary tree that gets adjoined there. We believe that this
approach of associating two statements with a node in the auxiliary tree is in the spirit of
TAG’s because of the O constraints in TAG’s. A node with O A constraints cannot be
viewed as a single node and must be considered as something that has to be replaced by
an auxiliary tree. ¢ and b are restrictions about the auxiliary tree that must be adjoined
at this node. Note that if the node does not have O 4 constraint then we should expect

t and b to be compatible since in the final sentential tree, this node remains as a single
node.
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Thus, in general, with every node labeied by a nonterminal, », (i.¢.,where adjunction
could take place), we associate two F-V statements, ¢, and b,. With the terminal nodes,

we would associate only one F-V statement, which is unified with the F-V statement of

the lexical item on lexical insertion.

Let us now consider the case when adjoining takes place as shown in the figure 3.2.
The notation we use is to write alongside each node, the ¢ and b statements. Firsily. to
allow for adjunction, the root and foot nodes of the auxilary trees too will have the  and
b statements associated with them. Let us say that ¢,,,:,b,00 and #4,.¢,0 ¢, are the # and 4
statements of the root and foot nodes of the auxiliary tree used for adjunction at the node
n. Based on what ¢+ and / stand for, it is obvious that on adjunction the statements .
and t,,,; hold of the node corrésponding to the root of the auxiliary tree (see figure 3.2;.
Similarly, the statements b, and by, hold of the node corresponding to the foot of the
auxiliary tree. Thus, on adjunction, we unify ¢, v+ith ¢,,,, and b, with 5.,,,. Thus, this
adjunction is permissible only if ¢.,, and ¢, are compatible as are s, and 5,. On the

other hand, if we do not adjoin at the node, n, then we unify ¢, with b,,.
t
root
t X broot
X t
N fo
X b
/\ foot

Figure 5.2: Feature structures and adjunction

We now give an example of an initial tre2 and an auxiliary tree and follow it up (in

Secticn 5.2.4) with some examples of FTAG can be used.
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NP

N

Np !l a9ral S

S /\
NP, . VP wh VP
I[aQﬂQI
n [ agriq] v[ agr:q] - v[agriq]

Figure 5.3: Example of feature structures associated with elementary wees

5.2.3 Adjoining and Function Application

The elementary feature structure associated with each elementary tree encodes certiin
relationships between the nodes. Among these relationships the sibling and ances-
tor/descendent relationship are included; in short, the actual structure of the tree. Thus,
associated with each node is a feature structure which encodes the subtree below it. We

use the attributes : € .V to denote the :** child of a node.

Consider the adjunction sequence shown in the figure 5.2. The feature structure
associated with the node where adjunction takes place should reflect the feature structure
after adjunction and as well as without adjuncton (if the constraint is not obligatorv).
Further, the feaure structure (corresponding to the tree structure below it) associated with
the foot node is not known but gets specified upon adjunction. Thus, we assume that the
bottom feature structure associated with the foot node is by,,. conjoined with a feature
structure for the tree that will finally appear below this node. Since this is not known
at this moment, we will teat it as a variable that gets instandated on adjunction (raking
the value of the feature structure of the subtree below the node where adjunction takes

place). Thus, we can think of the auxiliary tree as corresponding to functions over feature

131



structures (by \-absmacting the variabie corresponding to the teaure structure for the ree
that will appear below the foot node). Adjunction correponds to applying this function
to the feature structure corresponding to the subtree below the node where takes place.

We shall discuss this aspect later in Section 5.2.5, when we give a logical formulation of
FTAG’s.

5.2.4 Unification and Constraints

In earlier versions of TAG’s [Joshi 75,Joshi 85], any auxiliary tree could be adjoined
at a node as long as the labels of the node of adjunction and those of the root and
foot nodes of the auxiliary tree used for adjunction matched. Local constraints were
added to TAG’s since the category symbol information was linguistically not sufficien.
to restrict the choice of auxiliary trees that can be adjoined at a node. Foi example, the
subcategorization information is sometimes needed to decide the set of auxiliary trees
that can be adjoined at a node. Since there are linguistic reasons determining why some
auxiliary wee can be édjoined at a tree and why some cannot, or why some nodes have
O+l constraint, we would like to express these constraints in the F-V statements, so that

local constraints (as they are expressed now) need not be stated at all.

We will now discuss how local constraints are expressed as F-V stutements in FTAG.
Notice, from figure 5.2, ¢, and ¢,,,, and b, and b;,,, must be compatible for adjunction

to occur. We hope to specify some feature-values in these #, 5 statements to specify the

local constraints so that

1. if some auxiliary tree is not adjoinable at a node (because of its S.4 constraint)
tten some unification involved (¢, with t,,,, Or by, with b, in our attempt to

ac join this auxiliary tree will fail, and

2. if node has O constraint, we should ensure that an appropriate auxiliary tree
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does get adjoined at that node.

Obligatory Adjoining Constraints

O constraints can be easily stated in FTAG. There may be several reasons why nodes
have O constraint, which we will have to express via the F-V statements individually.
However, we give a general methodology to express the constraint that adjunction is

mandatory at a node.

As we have stated before, if there is no adjoining at a node, the # and » statements
associated with the node have to be compatible. The reason is that this node remains as a
single node in the final tree derived, and hence, the view from the top and the view from
below have to be compatible. Hence, we will attempt to unify the two F-V statements.
Thus, if a node has O constraint, the only way to ensure adjunction is to have the #
and b statements incompatible. Therefore, both ¢ and b must have at least one atmribute

in common such that the values are not unifiable.

We now give an example of O.4 constraint and show how they can implemented in
FTAG. This example is an oversimplification of the actual linguistic phenomenon. but
will serve its purpose as an illustrative example. The node marked with an asterisk has
an O 4 constmraint because we expect adjunction with an inverted question. Thus. in the
view from below, the sentential subtree (corresponding to John saw) is not inverted. This
can be implemented naively in the following way using an attribute :nverted which takes
values from {+.—}. The b statement for this node asserts that inverted : —. In the
view from the top, we expect an inverted sentential component. Thus. the # assertion
is inverted : +. If we now try to unify ¢ and b, it will fail because the values for
inverted feature are not the same and hence we know that adjunction is mandatory at
this node. In the auxiliary tree we know that tro0c has to be inverted : + and by,,, has

to be inverted : —. Without considering rurther adjunctions at the root and foot nodes
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and merging their ¢ and b asserticns, we see adjuncdon is allowed as desired.

S S inverted:+]
COMP slinvert :g*} AUX s
wh NP VP do NP vp
,I, v/\NP 'l‘ v/\s[invert ed:-]
| | |
John saw e you think

Figure 5.4: Illustration of the implementation of OA coastraints

Selective Adjoining Constraints

To attempt adjunction at a node 7 is to y to unify ¢, with ¢, and b, with b;.,,. Thus.
these F-V statements constrain adjoining. S constraints are implemented by suitably
specifying these statements so that an auxiliary tree not licensed by the 5S4 constraint

cannot be adjoined. We now give an example to illustrate how S.4 constraints can be
implemented.

This example illustrates the implementation of both the O.4 and S A constraint. The
view of the root node from below suggests that 5 statement for this node makes the
assertion that the value of the tense attribute is — (or untensed). However, the # statement
should assert tense : + (since every complete sentence must be tensed)*. Thus, an

auxiliary tree whose root node will correspond to a tensed sentence and whose foot

4 statement is more complicated than just “view from the top”. ¢ statement i a statement about the
node while viewing the node from the top, and hence is a statement conceming the entire subtree below
this node (i.e., including the part due to an auxiliary tree adjoined at the node), and how it constrains the
derivation of the nodes which are its siblings and ancestors. b remains the same as before. and is the

statement about this node and the subtree betow it, without considering the adjunction at this node.
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node will dominate an untensed sentence can be adjoined at this node. Therefore, only
those auxiliary trees whose main verb subcategorizes for an untensed sentence (or an
infinitival clause) can be adjoined at the root node of this initial tree. This shows why
only auxiliary tree such as 3 whereas an auxiliary tree corresponding to John thinks §

can not be adjoined since the verb thinks subcategories for a tensed sentence.
S )
S Ne.d
/\ NP VP
NP VP | /\
| /\ n v S [ tense:-]

PRO to leave John - tries

Figure 5.5: Illustration of implementation of SA constraints

Null Adjoining Constraints

2V 4 constraints are just a special case of S.4 constraints and hence can. in general. be
weated as S.4 constraints. However, some comments are in order. In section 3.3.1.
we discuss a linguistic stipulation made in TAG grammars that only the foot nodes of
auxiliary trees have .V 4 constraints, and further, that all foot nodes have \" 4 constraints.

One possible way to implement this lingistic stipulation is to incorporate it in the definition

_of FTAG, and not state the constraints ‘(via the features) individually with all the foot

nodes. Thus, we associate only one F-V statement with the foot node of everv auxiliary
wee. Let us call this statement £ 4,,,. We have to alter the definition of the svstem suitably
in order to capture this stipulation. On adjunction at a node, 1, we unify ¢, with #..,, as
before, but unify 5, with ... This solution is consistent then with the spirit in which

TAG’s are used, since the formalism itself embodies the linguistic stipulation and we



do not ever have to ever state the \".4 constraints. Derai.s of the justification for this

linguistic stipulation and its implementation is given in section 5.3.1.

Comments on the Implementation of Constraints in FTAG

Earlier, we had presented some reasons why local contraints had to be introduced in
the TAG formalisms. Since the number of elementary trees is finite, speciﬁcation by
enumeration is possible. However, specification by enumeration is not a linguistically
attractive solution. On the other hand, in FTAG we associated with each node two feature
structures which are declarations of linguistic facts. The ‘vct that only appropriate tress

get adjoined is a corollary of the fact that only trees consistent with these declarations

are acceptable trees in FTAG.

We have just seen how O A4 and S 4 constraints are implemented in FTAG. However.
there are some differences in the specification of constraints in the TAG's and FTAG's.
In a TAG, the local constraints specify a finite number of trees that can be adjoined at
a node. These constraints are pre-specified and not dynamically instantiated. However,
the implementation of constraining adjunctions in FTAG is quite different. In a FTAG,
constraints are dynamically instantiated and are not pre-specified as in a TAG. This can
be advantageous and useful for economy of grammar specification. We now give two

examples, giving their implementations in a TAG and an FTAG.

In the first examplé, we will consider the derivations of sentences like
What do you think Mary thought John saw
In the TAG formalism, we are forced to replicate some auxiliary trees. As seen in the
TAG fragment below, since the intermediate phrase whar Mary thought John saw is not
« complete sentence, we will have to use O 4 constraints at th: root of the auxiliary tree

3 3. However, there should not be O constraints for this tree.when it is used in some

-

*For convenience, we will assume that we have implemented the stipulauon that the foot nodes have
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other context; for example, in the case of the derivation of
"Mary thought John saw Peter

Thus, we will need another auxiliary tree with exactly the same tree structure as .3, except
for the constraints at the root node. As seen in the figure below, we can make use of the
fact that constraints are dynamically instantiated and give only one specification of 3.
When used in the der'ivzition of

What do you think Mary thought John saw
t,.0: inherits the feature inverted : + which it otherwise does not have, and 5., inherits
the feature inverted : —. Thus, this node, by the dynamic instantiation of the feature
structure, gets an O.4 constraint. Note that there will not be any O 4 constraint in nodes
of the final tree corresponding to

What do you think Mary thought John saw.
Also, the root of the auxiliary tree, corresponding to Mary thought S, does not get O 4
constraint, when this tree is used in the derivation of the sentence

Mary thought John saw Peter.

The second example illustrates the case where lexical insertion instantiates the con-
straints. Elementary trees having the subtree correponding to a VP node domination
a .V node, must not allow the adjunction of relative clauses at the NP nodes if the a
pronoun is lexically inserted at the V' node, but must allow adjunction if a plural noun.
or a proper name is used. In a TAG, in order to implement this fact, we will need two
copies of the tree for the two possiblties, whereas it can be implemented in FTAG in a

straightforward manner without any duplication in the specification.

.V A constraints and hence we associate only one F-V statement with oot nodes.
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5.2.5 VMathemati al Model of FTAG -

In order to define the structures manipulated by FTAG’s, we will give a mathematical
model of these stuctures and how they are composed. The model presented below is

based on that presented by Rounds and Kasper [Rounds 86] and a related model by
Ohori [Ohori 87].

First we present the exact syntax we use for structures used in FTAG. The feature
structures themselves are represented as formulae in Rounds-Kasper logic. We show how
to extend the syntax to cope with structures that are actually used.in FTAG’s. Let us
consider the Figure 5.2, where 3 is adjoined at node n in some tree -~. We adopt the
convention that if f is some feature structure then it’s representation in R-K logic is

given by f’. Thus, the feature structure t, will be represented by the formula #/, for
example.

The formula for + will be of the form

(.t AfaADLA L)

where f, is some formula used to connect the view from the top (¢]) and the view from

below (b,). The formula for the auxiliary tree J will be of the form

The tree obtained after adjunction will then be represented by the tormula

(B A (e A by ) AL A L)

This can be obtained by considering (as suggested in Section 5.2.3) auxi.iary mees as

functons over feature structures. Under this treatment, the representation of 3 is a

funcdon, say fj3, of the fo:m
Nt Nty A f)

1°8
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To allow the adjunction of 3 at the node n, we have to represent v by .

(..thAfa(b)A L)

Thus, corresponding to adjunction, we have function application. In this case, we will
obtain the required formula. But note that if we do not adjoin at n, we would like to
obtain for + the formula

(...tgAbyA L)

which can be obtained by representing « by
(.t NI )AL LL)

where I is the identity function. Similarly, we may have to attempt adjunction at n by
any auxiliary tree (SA constraints are handled by success or failure of unification). Thus,

if 3,... 8, form the set of auxiliary tree we have a function, F', given by

F=Mfa(HAV...V (VI =Afa(H)V...VIa(f)V )

and represent v by

(g AF()ALLD

This is our representation of feature structures used in FTAG's. We have extended
R-K logic by adding A-abstraction and application. We give the precise syntax for
representing a grammar in FTAG. The same syntax as in R-K logic is used for fza-
ture structures (e; A e, ! : e, etc.) except for the clause for reentrancy. In R-K
logic, this is represented by a syntactic clause of the form {pi,...,p.} where for

1 < ¢ < n, pi € L" represent paths which lead to the same feature structure. We

use the notation rec < z,...,z, >< €,...,€e, > tO represent reentrancy, where
z,...,ZI, are varables, e;,...,e, are formulae which could involve these variables.
The formula rec < z,...,T, >< e€;,...,e, > represents a set of equations given
oy z; = ¢; for 1 < i < n. The exact syntax we use to represent feature struc-

tures is given by those used in R-K logic except that to specify reentrancy, we use
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first(rec < z1,....2, >< e3,..

.y€a >), whe.e first is the projection function pick-

ing out the first element of an n-tuple. For example, the following feature structure

cat :

| subject :

is represented as

Note that using this notation, we can represent any directed graph, not just acyclic ones.

NP

agreement : [1]

0

number : singular

person: third

first(rec < zy,z7>

< cat : NP A agreement : z, A subject : z,,

number : singular A person : third >)

The motivation for using cyclic graphs has been given in [Shieber 85].

5.2.6 Modeling the structures used in FTA > *

* Please ignore this section.
will be issued as a seperate paper at a later date.

been removed.
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5.2.7 Undecidability of FTAG

In this section, we show that the logical calculus that we have set up is undecidable.
The proof uses the undecidability of FUG’s. Rounds and Manaster-Ramer [Rounds 87]
give a logical formulation of FUG’s and showed that the logical system developed is

undecidable by reducing it to the halting problem.

The logical formulation of FUG’s, as given in [Rounds 87], has in addition to the

Rounds-Kasper logic, the clause of the following form.
¥ where [X) ::=dq,..., X, 1= 8,])

where Xs are called typed variables. We will not consider other clauses which can be
used to represent word order as they are not crucial for our purpose. Type variables are

introduced to capture recursion in grammars. An example formula using this clause is

given below.

S where ,
S::=(1:.a/\2:S)V(1:b/\2:T)
Su=(1:6A2:5)V(1:aN2:T)

This formula captures the following productions

S —aS | 6T
T —bS | aT

We can encode any formula in this logic in the logic we have developed. All clauses
remain the same except those using type variables. Wherever a type variable X appears.

we replace it by X’(nil). Thus, if there is a subformula of the form defining the type
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variable X as X' ::= ¢, then the type variable X is replaced by a function X' which is
written as X' = A f(f A ¢") wherever ¢’ is obtained by changing every type variable 1 in
@ by Y'(nzl). Since we have the equivalence ¥ Anil «— v, we have encoded the formula
in FUG in our logic. Since, satisfiability of FUG (its logical version) is undecidable, so

is the case for the logic we have developed.

5.3 Restricted use of the Feature Based System

We have seen in Section 5.2.7 that the unrestricted use of feature structures when coupled
with a grammar which allows for generation of arbitrarily large structures leads to a svs-
tem which is undecidable. There are several ways of restricting the power of the svstem.
For example, LFG assumes the offfine-parsabiliry constraint which places restrictions on
the size of the trees generated in its ¢-structure. GPSG restricts the growth of the feature
structures in a derivadon. In this section, we consider a restricted version of FTAG under
the assumption that a TAG with its larger domain of locality does not require a feature
based unificational system in its full glory. In this restricted system (henceforth called
RFTAG), the ¢t and b F-V statements are not recursive structures. This resmiction is
similar to that made in GPSG. Thus, we insist that no F-V statement allows paths with
recursion of labels, i.e., paths of the form .../ : .../ :.... Furthermore, the cardinality
of the set, C, of atoms is finite. Thus, the subject attribute cannot be used in these F-V
statements since the value for the artribute is the feature structure corresponding to the
entire subject .V P tree and hence is not bounded in size. We had noted earlier that feature

structures correspond to the equation F' = (L — F) + C, where C is the set of atomic

values, and L is the set of labels (or attributes). But we can give a more fine-grainei -

characterization of feature structures. For example, a feature structure number : o cor -
tains the informa‘ion that ¢ is a value from the set {singular, plural} C C. Similarly,

in the feature structure of the form agr : o, o can take only certain values corresponding

156



3

3

3

&

‘]
to the attributes number, person, ges Thus,-a more fine-grained equation for feature

-~

structures would be

F=(Lgr—F)+F,+...+ F + Fp for somen
F,=Li— Fi, 1<:<n

F=C atomic values

Examples of L, are number. person, etc., an example L. is the atribute agr, and
examples of Lg are subject, subcat, 1, 2, etc. This approach is like giving a typing
for feature structures where the feature structure corresponding to Lp — F will have a
recursive type, and F; = L; — F;_; would have a nonrecursive type. In RFTAG, we
allow unification of feature structures which are of nonrecursive types (or finite types).
Note, unification of nonrecursive feature structures will result in another nonrecursive

feature structure.

5.3.1 A Restricted System

We now describe a restricted version of FTAG’s, called RFTAG’s, which allows unifi-
cadon of the nonrecursive feature structures only. The notation used in RFTAG is as
follows. As before, we write the ¢ and b statements alongside the nodes, using the matrix
notation of the PATR-II system. However, b F-V statement is not of finite type if we
consider the the attributes {1,2,...}. Since the values are obvious for these attributes
are obvious from the tree structure and need not be mentioned explicitly. Leaving aside
such attributes (which have recursive structures for values), we write finite type feature
structures ! (lower) and u (upper) along with each node. On adjunction, we unify u,,,,
with u, and {,,, with [,. Note that we never have to alter the feature structures which

are values of the auributes 1,2, etc. Note all the examples we have given thus far fall

under this restricted case.
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It is obvious that the resuiting system, i.e., RFTAG, is decidable. Since C and L are
finite, we can find out for every [ and u feature structure all the possible structures they
could become (after unifications during a derivation). By multiplying out the different
possibilities for each feature structure used, we can obtain as many trees as required and

assigning constraints appropriately, we obtain an equivalent TAG.

Discussion on the Restrictions made in RFTAG system

We have defined RFTAG's in such a way that they are closer to TAG’s in the way they
describe the syntax of natural languages. By insisting that we can unify only feature
structures of finite type, we are considering only finite number of possible trees which
can be adjoined at a node. RFTAG’s may be then thought of as a reformuladon of
the local constraints in TAG’s. Like TAG's, iaformational content in every elementary
tree is bounded and finite. Thus, like the local constraints, the feature structures and
unification only describe a finite amount of information about the trees which may be
adjoined at a node. However, as we have seen earlier, the terminology used in RFTAG’s
adds to the ability to make linguistic statements in the description of a grammar; the local
constraints then are a consequence of these statements, rather than notations whose use
are not self-evident (as are the S4 and OA constraints). Further, the feature structures
used in RFTAG’s can be used to describe the co-occurence of features of dependent items

and the grammatical relations that are localized within the elementary trees.

Recursive feature structures have been used in the linguistic literature. For example,
an analysis of coordinadon in Dutch in LFG [Bresnan 82], uses unificatdon of unbounded
feature structures (encoding entire derivations). Such a Aevice is need¢d if arbitrary
number of pairs ( or n-tuples) of dependent elements lie in different branches of a tree

as in the tree structures generated for this analysis in LFG.

However, there is still questions whether such analysis are needed (see, for example,
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Figure 5.6: Coordination in Dutch

[Berwick 84]). Furthermore, allowing recursive types increases the power of the system

drastically. Thus, it is worth questioning the use of such machinery before adopting it.

Recursive feature structures have also been used to capture the subcategorization
phenomenon by having feature structures that act like stacks (and hence unbounded
in size). However, in TAG’s, the elementary trees give the subcategorization domain.
As noted earlier, the elements subcategorized by the main verb in an elementary tree
are part of the same elementary tree. Thus, with the feature structures associated with
the elementary trees ‘we can just point to the subcategorized elements and do not need
devices in addition to the nonrecurive feature structures. Note, that the stacking device
needed for subcategorization is given by the TAG formalism itself, in which the tee sets
generated by TAG’s have context free paths (unlike CFG’s which have regular paths).

This additional power provided by the TAG formalism has been used to an advantage in
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giving an account of West Germanic verb-raising [Santorini 86].

We would like to point out a shortcoming of RFTAG's. A restriction made in RF-
TAG'’s is the cardinality of the set of atoms is finite. Under this restriction, it will not be
possible to state the coindexing of NP’s for example, since we will have to assume an

unbounded (infinite) number of indices to account for it. This matter will be considered
in future.

Some Possible Stip;xlations in RFTAG

In this section, we will discuss some possible stipulations in a RFTAG. However, at
this stage, we do not want to consider these stipulations as a part of the formalism of
RFTAG. First, some of the linguistic issues pertaining to these stipulations have not vet
been settled. Secondly, our primary concern is to specify the RFTAG formalism. Further
as we shall see, if the formalism has to incorporate these stipulations, it can be done so,

without altering the mechanism significantly.

We said that a b feature structure is a statement made about a node when its viewed
from below. In order to be consistent, we would expect that the b statement for the foot
node of the auxiliary tree will be an empty statement. However, we are hesitant about
making this stipulaton in the definition of RFTAG until we are sure about the linguistic
issues involved. The implementation or the semantics of the formalism does not change

significantly even if we incorporate this stipulation into the definition.

The cuﬁent linguistic theory underlying TAG’s assumes that every foot node has a
N A constraint. The justification of this «tipulation is similar to the projection principle
in Chomsky’s transformation theory. It is appealing to state that the adjunction operation
does not alter the grammatical relations defined by the intermediate tree structies. For

example, consider the following derivadon (given in figure 1.8) of the sentence
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Mary thought John saw Bill hit Jill.
If the derivation results in the intermcdiz;.te tree corresponding to Mary thought Bill hir
Jill, then we would expect to obtain the relation of Mary thinking that Bill hit Jill”.
This reiation is altered by the adjunction at the node corresponding to the foot node of

the auxiliary tree corresponding to Mary thought S.

If we wish to implement this stipulation, one solution is to insist that only one F-V
statement is made with the foot node, i.e., the t,,; and by,,; are combined. The definition
of adjunction can be suitably altered. Again, for the same reasons as above, in studying

the system we do not incorporate it into to our definition.
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Chapter 6

Conclusions and Future Work

In this thesis, we have studied severa' properties of Tree Adjoining Grammars. These
results allow us to conclude that TAG s, although more powerful than CFG’s, are only
mildly so. In fact, we can realize from a number of results suggest that TAG’s are a natural
generalization of CFG’s. Both systems are constrained in their generative capacity, with
similar closure and decidability results. The class of TAL’s, like the class of CFL’s are
both substitution closed full AFL’s. Furthermore, both the formalisms have a recognition
algorithm with polynomial time complexity. There are other results which point at a
progression in the properties of CFG’s and TAG’s. We have defined an automaton, which
we call embedded pushdown automaton, and show that it recognizes exactly TAL’s. The

epda may be thought of as a second order pda, leading to the definition of an ;** order
pda.

The equivalence , which we establish between TAG’s and Linear Indexed Grammars,
is one of weak equivalence, i.e., equivalence of the string languages generated by the
two formalisms. But our results iadicate that it is possible to establish a stronger noton
of equivalence. The tree sets of a CFG are recognized by a finite state tree automaton

(defined by Thatcher [Thatcher 71]). It appears that it is possible to develop a pushdown
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automaton to recognize the tree set of TAG’s and LIG’s. The point to note is that there
is a stacking of symbols as we proceed along a path in trees generated by either ;ystem.
Weir [Weir 87] has presented a hierarchy of grammatical systems which carry on this
progression (of complexity of paths). It is interesting to note that this ﬁierarchy fits in
with the automaton hierarchy (as shown in [Weir 87]). There is a geometric progression
in the complexity of the language hierachy, with each class in the hierarchy being a full
AFL.

We have established the equivalence of TAG’s with a slightly modified version of
Head Grammars. The three grammatical formalisms, which we have shown to be equiv-
alent, are apparently based on different linguistic ideas. The fact that they turn out to
be equivalent suggest that these systems describe some fundamental property of natural
languages. We hope that this research activity will help us in providing us fresh insight

about natural languages and grammatical formalisms that describe them.

We need to study a study a stronger noton of equivalence. Since these systems
have widely varying notations, it is necessary to abstract away from the details of the
individual formalisms. We have made a preliminary study elsewhere [VijayShanker 87]
where we characterize these systems to possess properties of context-free rewriting with
linear operatons. We describe a meta-level notation for such systems and conluded
that any formalism that falls in this clas can be.recognized in polynomial time and will

generate only semilinear languages.

We have given a parsing algorithm for TAG’s with polynomial time and space com-
plexity and proved that every TAL is a semilinear language. We have also given a

pumping lemma for TAL’s adapting the pumping lemma for CFL’s.

Finally, we have shown a method of embedding TAG’s in a feature structure based
framework. This system allows lingusitic statements about cooccurence of featares of

dependent. items which are localized in eleméntary trees in a TAG. FTAG has several
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advantages over TAG’s. The specification of local constraints in a TAG is by enumeration,
which is not satisfactor}" from the linguistic point of view. We show that in FTAG, we
can avoid such specifications, instead the declarative statements made about nodes are
sufficient to ensure that only the appropriate trees get adjoined at a node. Furthermore, we
also illustrate how duplication of informaton can be avoided in FTAG’s in comparison
with TAG’s. Finally, extensions to TAG's have been proposed that use multi-component
adjoining (simultaneous adjunction of a set of trees in distinct nodes of an elementary

tree) as defined in [Joshi 87b,Kroch 87]. Such extensions can be easily stated in FTAG's.

In order to make the problem of parsing this system more tractable, we propose a

restriction of the use of feature structures. The resulting system, RFTAG, generates the
same language as TAG’s.

6.1 Future Work

There are several problems that aﬁse out of our study of 'fAG’s. As mentioned earlier, the
equivalence of different formalisms that we have established led us to consider a stronger
notion of equivalence, one in which we consider how the structures are composed in a
derivation. Although the formalisms have different notations, we can verify that they
share the property that rewriting is context-free. For example, in a TAG, the derivation
trees are similar to those of a CFG. The reason for this is that there is a finite number
of trees that can be adjoined at any node and this choice is pre-determined. Since the
choice does not depend on the derivation sequence, we can say that the rewriting is
context-free. Further the operations used in composing these structires are linear and
nonerasing, i.e., no information is duplicated or lost. This led us tc define a class of
‘ormalisms called linear context free rewriting systems (in [VijayS: ¢ nker 86a]). We
have shown, in [VijayShanker 86a], that any formalism in this class 1as the property

that the languages generated by them are semilinear languages and can be recognized in
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polynomial time . We would like to examine this class in more detail and would like
to place, more precisely, the class of languages generated by them in complexity class

hierarchy.

A related issue corresponds to the study of the tree sets generated by TAG’s. The
equivalence with Linear Indexed Grammars suggests that we could develop a pushdown
based tree automaton to characterize the tree sets generated by TAG's. We conjecture
that a restriction of tree pushdown automaton ( [Schimpf 85,Guessarian 81]) which has

linear moves would yield an automaton characterization.

We can observe that the structures composed in TAG's are done in a linear fashion.
We used this property to show that every TAL is a semilinear language. It has been
observed in [Joshi 85,Berwick 84] thgat this property of linear composition of bounded
structures is a desirable property of formaulisms used to describe natural languages. We

would like to study this property and make precise this intuitive idea.

. The automaton characterization of TAG’s opens up a host of problems. In particular
we would like to examine the deterministic epda and the parsing problem of the languages

they recognize. We would also like to consider the introduction of lookaheads in the

parser for TAG's.

The parsing algorithm that we have developed is an extension of the CKY algorithm
( [Aho 73a)) for CFL’s. We would like to examine this extension more closely and to

examine whether a Valiant-style ( [Valiant 75]) parser can be developed for TAG’s.

We embedded TAG's in a unificational framework. We have shown that the system
is too powerful, and have proposed a restriction on the use of feature structures, placing
a bound on the size of feature structures used. The other restriction placed was that the
set of atoms should be a finite set. We would like to relax the second restriction and
allow the set to be infinite. A potential use of this relaxation is in making statements .

about co-indexing of nodes. We would like to examine how the power of the system Iis
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altered by this relaxat.on.

The linguistic theory of feature structures is being developed. When it is developed
to the point where it can be formalized, we would like to make a study of the complexity
issues involved. The key problem is to determine the complexity of parsing with respect
to grammar size. A formal study of the complexity issues will help us understand the

extent to which the enlarged domain of locality (due to the localization of dependencies)

plays a part in efficiency of parsing.

TAG’s have been extended in [Joshi 87a] to allow the generation of languages with
free word order. We would like to extend FTAG to allow sp=cification of word order in

a way similar to that adopted by Rounds and Manaster-Ramer [Rounds 87].

Finally, we would like to build a framework around TAG’s so as to enable us to have a
compositional semantics for n.tural languages. There have been many theories developed
for expressing the semantic content of natural language constructions. The theories that
we are interested in are those of the discourse representation theory of Kamp [Kamp 81]
and the situation semantic theory of Barwise and Perry. Our interest in this problem is
due to the question whether the localization of dependencies (for example, a predicate
and all its arguments are part of the same elementary tree) and factorization of recursion

will help in providing a simpler process for compositional semantics.
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