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Abstract 

A Study of Tree Adjoining Grammars 

K Vijayashanker 

Supervisor: A. K. Joshi 

Const:rained grammatical system. have been the object of study in computational lin­

guistics over the last fe\v years, both with respect to their linguistic adequacy and their 

computational properties. A Tree Adjoining Grammar (TAG) is a tree rewriting system 

whose linguistic relevance has been extensively studied. A key propeny of these sy~tcms 

is that a TAG factors recursion from the co-occurence restrictions. 

In this thesis, we study some mathematical properties of TAG's. \Ve show that 

TAG's have several interesting properties and are a natural generalization of Context Free 

Grammars. We show the equivalence of the classes of languages generated by TAG' s with 

those generated by Head Grammars and a lin~ar version of Indexed Grammars, which 

have been studied for their linguistic applicability. We define the embedded pushdown 

automaton, an extention of the pushdown automaton, and prove that they are equivalent to 

TAG's. We show that the class of Tree Adjoining Languages fonn a substitution closed 

abstract family of languages, and that each Tree Adjoining Languiage is a semilinear 

language. We show that a TAG can be parsed in polynomial time by adapting the 

Cocke-Kasami-Younger algorithm for CFL's. 

Feature structures, essentially a set of attribute value pairs, have been used in compu­

tationallinguisrics to to make statements of equality to capture some linguistic phepomena 

such as subcategorization and agreement. We embed TAG's in a feature structure based 

framework. We show that the resulting system has several ad:v~tages over TAG' ~~. \Ve 

give a mathematical model of this system based on the logical calculus developed by 

Rounds, Kasper, and Manaster-Ramer. Finally,' we propose a restriction of this system 

and show how parsing of such a system can be done efficiently. 
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Chapter 1 

Introduction 

Constrained grammatical systems have been the object of study in computationallinguis­

tics, with repect to their linguistic adequacy as well as their computational properties. 

Tree Adjoining Grammars (TAG) is a constrained grammatical system \vhich \vere first 

introduced by Joshi, Levy, arid Takahashi [Joshi 75] and by Joshi [Joshi 85]. Tree Ad­

joining Grammars is a tree rewriting system that is slightly more powerful than Context 

Free Grammars in their generative capacity. This system has the feature of factoring 

recursion from the statement of co-occurence relations. yIuch of the linguistic relevance 

follows from this factorization. In this thesis, we study some mathematical properties of 

this 2Tammatical svstem. .... . ~ 

1.1 Constrained Grammatical Systems in Mathematical 

Linguistics 

Constrained grammatical systems have! been the object of study in mathematical lin­

guistics. Some examples of constrained systems include Generalized Phrase Structure 

1 
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__ ,,'-14 ,J\J), .Head Grammars (HG), Lexical Functional Grammars ,LFGj. CL'l1 'm I 

siderable research has been done in the formalization of snuctures arising in [he analysi! 1 1 

1 

II 
I 

II 
, I ,i 
\ I 

I 

of natural languages, from the descriptive as well as the processing poiht of vie\v .. ~l­

though construction of such systems al\vays involves some degree of absrraction. it is 

important that we do not depan from the structures actually arising in natural languages. 

Such research is iInponant because it not only provides insights inco the srructure of 

nat~ languages, but it may also help in the design of efficient algorithms for naturai 

language processing. A totally unconstrained system may not provide much insight into 

the structure of language. II 

l 
I 

Grammatical systems for natural language have two aspects, the mathematical for­

malism and the linguistic theory instantiated in that formalism. The latter com!Jonent i.~ 

a set of linguistic stipulations that place some further constraints on the set of strucr Ires 

derived by the fonnalism. If the grammatical formalism is too powerfuL then the number 

of linguistic stipulations will increase. In constrained systems, a clearer distinction can 

be made betwee~ the linguistic constraints and the constraints enforced by the formal­

ism itself. The number of linguistic stipulations could be reduced, as some linguistic 

stipulations could become corollaries of the constraints of the formalism itself ~nd other 

linguistic stipulations. For example, in TAG's, the principle of subjacency is a necessary 

consequence of the formalism itself [Kroch 85]. Kroch [Kroch 87] notes that the empty 

category principle (ECP) receives a natural formulation in a TAG, and that the eonc.irion 

on extraction domains can be collapsed with ECP in a TAG. 
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1.Z Introduction to Tree Adjoining Grammars 

Tree Adjoining Grammars (TAG), unlike other grammatical systems used in computa­

tional linguistics, is a tree re\vriting system. Tree Adjoining Grammars wer~ rirst intro­

duced by Joshi, Levy, and Takahashi [Joshi 75]. The early study of this system, from 

the point of view of its properties and linguistic applicability was carried out by Joshi 

in [Joshi 85]. A more detailed study of the linguistic relevance of TAG's \vas done by 

Krach and Joshi [Kroch 85]. Since then, many papers ([Kroch 86,Kroch 87.Sanronni 86]J 

have appeared in \vhich linguistic analysis of natural language constructions using T.-\G 

have been ~iven . .... 

Unlike the string rewriting fonnalisms which writes recursion into th~ rul~s that 

generate the phrase structure, a TAG factors recursion and dependencies into a finite set 

of elementary trees. A TAG is defined by a finite set of simple sentence eienzenrary trees 

and uses an operation called adjoining to compose the trees. The elementary trees in a 

TAG correspond to minima/linguistic; structures and localize the dependencies such as 

subcategorization and filler-gap. The unbounded distance between the dependent items in 

the surface constituent structure is a corollary of the operation of adjoining and the theory 

of sentential embedding. Thus, in a sense, there are no unbounded dependencies in a 

TAG. The TAG notation forces the embedded structures to be composed out of elementary 

structures that correspond to the minimal linguistic objects. The co-occurence relation 

between elements can be stated locally within the eiementary trees. In this manner. the 

expression of recursion is partitioned from the co-occurence restrictions. Recursion is 

introduced by the use of adjoining. 

A TAG is specified by a finite set of elementary trees. There are t\VO kinds of 

elementary tree: the initial trees and auxiliary trees.- The initial trees correspond to the 

structure for a simple sentence, one in which no recursive derivation occurs. Thus. the 

root of an initial tree is labelled by the symbol S. They are required to have a frontier 

3 



made up of tenninal symbols. The structure of an initial cree, along \virh an example is 

given in Figure 1.1. 

s 

w 

s 
~p/ 

/ \ 
DET N 

I 
the man 

Figure 1.1: Initial Trees 

met DEf 

I 
the woman 

The auxiliary trees correspond to recursion on a nonterminal. Therefore. if the root 

of an auxiliary tree is labelled by a nontenninal symbol, _Y, then there is a node in the 

frontier of this tree which is labelled by the same symbol _Y'. The rest of the nodes in [he 

frontier are labelled by tenninal symbols. The node in the frontier which is labelled by 

the nontenninal symbol, .. "(, is called the foot node of the auxiliary tree. Again, we expect 

the auxiliary tree to correspond to a minimal recursive structure that must be brought 

into the derivation when we recurse on the nontenninal _Y'. In Figure 1.2, we give the 

structure of any auxiliary tree along with an linguistic example. 

x 

~----

w1 w2 

NP ,/ 's 
NP /' "-

WH S 

I N~ 'yp 
who I I 

e V 

I 
left 

Figure 1.2: A i '(iliary Trees 
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~. 

We \vill now define the operation bf adjpnction. Let At be a tree with a node labelled 

by _Y. Let 3 be an auxiliary tree, \vhose root and foot node is labelled by _Y. Then~ 

adjoining 3 at the node labelled by _Y in i' will result in the following tree. The tree 

below the node labelled by _Y in Ai is excised, and the auxiliary tree .3 is inserted in its 

pla~e. The excised subtree is then insened below the foot node of 3. This operation is 

illustrated in Figure 1.3. In Figure 1.4, we show the result of adjoining the auxiliary tree 

s X s 

~ footnode 

v~v I 2 

. .~ 

U 
2 

Figure 1.3: The operation of adjoining 

/31 in the elementary tree 01' The node in 01 where adjoining takes place is marked with 

an asterisk. 

So far, the only restriction we have placed on the set of auxiliary trees that can 

be adjoined at a node is that the label of the node must be the same as the label of 

the root (and the foot) node of the auxiliary tree. Further restriction on this set of 

auxiliary trees, based on the so-called proper analysis context and domination contexts. 

was investigated by Joshi [Joshi 85]. But the full power of this definition was never used. 

and the context needed to determine the choice of trees for adjunction was localized within 

an elementary tree. In the present definition of TAG's, these local constraints are specified 

by enumerating with each node the subset of auxiliary trees which can be adjoined at that 
. . . 

node. This enumeration of the set of auxiliary trees is called the Selective Adjoining (SA') 

constraints. ~f.the set is an empty set then we say· that the node has a ~Vllll Adjoining (NA) 

constraint. In general, it is understood that any of the trees in the selecti,ve adjoining 

5 
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~ --------NP 

the 

~ --------s 

WH/ "-s 
I N~ 'w 

who I 

NP 

/ \ 
DET N 

I 
man 

met DET 
I 

the woman 

e V 

1 
L 

eft 

Figure 1.4: Adjoining 31 in Q 1 

constraints of a node can be used for adjunction. It is possible to insist that adjunction is 

mandatory at a node. In such a case, we say that the node has an Obligatory Adjoining 

(OA) constraint. Consider the initial tree given in Figure 1.5. The sentential tree is not 

complete yet as it is an untensed sentence. However, on adjunction of /32 at the root of 

0'2 (as shown in Figure 1.5), we obtain a complete sentence. Therefore, we say that the 

root of Q2 has an OA constraint. 

0<:2 S OA f2 S 

/ " 
/ '" NP VP 

~p VP 

I / " ~ n V S 

I I 
PRO John tries 

to win 

Figure 1.5: Use of obligatory adjoining constraint 

In a TJ. J, the standard (capturing the intuitive ·norion of derivation) way of derivarion 
.. ' . 
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that has been used thus far proceeds as follo\vs. Vie initially stan \vith an initial tree 

and allo\v adjunction by an auxiliary tree. The sentential tree that is derived may receive 

further adjunctions by auxiliary tree. At the end of the derivation we expect the final tree 

to have no nodes \vith an OA constraint. 

We have so far discussed the local constraints at the nodes of elementary trees. \Ve 

use Figure 1.6 to illustrate how constraints are propogated to the nodes of derived trees. 

As shown in Figure 1.6, the adjunction of 3 is allowed only if 3 is a member of the 

set C. In the resulting tree the nodes corresponding to that contributed by ~. (nodc!s in 

the unshaded pan) have the same constraint as the corresponding nodes in "";. Ho\vever. 

the nodes introduced due to 3 (nodes in the shaded part) are given the constraints of the 

corresponding nodes in 3. 

s X C1 
s 

Figure 1.6: Propagation of Constraints 

The tree set generated by a. TAG is the set of sentential trees that do not have nodes 

with OA constraints. The string language corresponds to the terminal strings at the 

frontier of the sentential trees in the tree set generated" by the TAG. The fonnal definition 

of TAG's is given in Section 1.4. 
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1.2.1 i\ ~ote on the Linguistic Theory underlying Tree ~-\.djoining 

Grammars 

We now describe some of the salient points of the theory that is used currently \vhile 

designing TAG's for natural languages. The most important point of this theory is that it 

treats the principles of stating co-occurence facts stated on simple sentences as orthogonal 

to the those governing the generation of complex. sentences. Thus, it is assumed that 

the elementary trees of a TAG are minimal linguistic structures. The dependencies are 

localized as far as possible to these elementary trees. Thus the elements that are dependent 

on each other due to some co-occurence relation are pan cf the same elementary cree. 

Thus, for example, the filler and the gap belong to the same tree. The elements that are 

subcategorized by a verb belong to the same elementary tree to which the verb belongs. 

A variety of constraints can be checked easily because the entire elementary tree. that is 

the domain of the constraints, is available as a single unit at each step of the derivation. 

Thus, the lexical insemon in the tree Qa (given in Figure 1.7) violates the agreement 

constraints. The lexical insenion in the initial tree ct4t shown in Figure 1.7, is not an 

acceptable, since subcategorization constrints of the intransitive verb, fell, are violated. 

This principle is also used in the statemnt of the local constraints. Thus, the structure of 

Q'2, given in Figure 1.5, is enough to specify that the SA constraint at the root allo\vs only 

trees such as 32 (which have its main verb subcategorizing for an infinitival sentence) to 

be adjoined. 

Complete localization is not always possible. For example, the verb in the relative 

clause structure given by 31 in Figure 1.2 agrees in number with the NP node it gets 

adjoined at (e.g., the subject NP 0 ~ the initial tree Ql as in Figure 1.3). 

In a TAG, the dependencies . I! localized, and adjunction simply preserves these 
. . 

relations. Thus, another stipulatic r made in a TAG is that the grammatical relations 

(according to the tree derived) muse not be disrupted due to an adjunction. For example 
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s 

~ 
NP VP 

I A 
n v NP 

I 
fell n 

Figure 1.7: Unacceptable lexical insertion 

in the derivation of the sentence 

i\1ary thought John saw Bill hit Jill 

the derivation given in Figure 1.8 is not acceptable, since in the intennediate tree obtained 

s 

~ 
NP VP 

s 

~ 
~p VP 

I A I~ n v S 

N V NP I I ~ 
I 

~lary thought ~p VP 

I ~ 
Bill hit n ~ v ~p 

I 
Bill hit n 

Jill I 
Jill 

Figure 1.8: An unacceptable sequence of adjunctions 

" . 
we expect the proposition that Mary thought Bill hit Jill to hold. In a TAG, we will insist 

that the foot node of auxiliary trees such as 3.1 to have an NA constrainc. Thus. from the 

intennediate tree corresponding to 
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}!ary thought Billizit Jill 

the sentence given above can not be derived, and the only sequence ullo\\'ed is [he one 

which derives [he intennediate sentence 

John saw Bill hit Jill. 

.. : .. 
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1.3 A Brief Description of the Results in the Thesis 

In Section 1.4, \ve give a formal definition of TAG's. We introduce the notion of 

derivation crees which may be used to capture the derivation history in a TAG. 

Pollard [Pollard 84] introduced a grammatical formalisms, called Head Grammars 

(HG), which is an extension of Context-Free Grammars. This formalism has an operation 

of ~\/rapping strings in addition to the concatenation operation on strings. These operations 

are partial functions, not defined when one of the arguments is the empty string. Bas\!d \111 

a suggestion made in [Roach 84] (\vhich studies the formal properties of Head Grammars). 

we alter the definition to allow the operations to be defined on all strings. This fonnalism. 

which 'W'e call yfodified Head Grammars, is sho\vn to be ~quivaient to TAu's in Chi.~pre:- .:. 

In Section 3.3, \ve consider a formalism which is a linearized version of Indexed 

Grammars. This formalism was studied by Gazdar (Gazdar 85a] for its linguistic appli­

cability. We ,show that this formalism is equivalent to TAG's in Section 3.3. 

Joshi [Joshi 85] has a characterized a class of fonnalisms called mildly context­

sensitive formalisms by a giving a set of propenies that should hold of the formalisms and 

the languages they generate. Although this definition is not formalized, it was an attempt 

to characterize the propenies of formalisms that interesting in the context of constrained 

formalisms for natural languages. Tree Adjoining Grammars, Head Grammars and Linear 

Indexed Grammars, the three systems whose equivalences we have considered. satisfy 

these set of propenies. Although the three formalisms are based on different linguistic 

motivations and i4eas; and have varying notations, the results showing the equivalences 

may provide insight into the nature of 'the structures in natural languages besides the 

insights provided by the individual systems. It is in t,his light ~h,at we would like to vie\v 

our results on equivalences. 

In Chapter 3, we give the definition of an embedded plIslu.iiJwn autornalOIl and show 

11 



that it is equivalent to T~-\G' s. This .automaton characterization of TAG' s gives us insight 

into the po\ver of T.AG' s, and \vhy it generalizes CFG' s and yet is constrained when 

compared to Indexed Grammars. 

In Chapter 4, \ve prove a fe\v :esults about TAL's. First, in Section 4.1, \\'e study 

the closure results of TAL's and show that they fonn a substitution closed Full .-\bstract 

Family of Languages (Full AFL). In Section 4.2, we give a pumping lemma for TAL's 

adapting the ltVU'XY theorem for CFL's. The constrained nature of TAL's is further 

observed when we sho\v that every TAL is a semilinear language. The question of 

whether the propeny of semilinearity (and a closely related propeny 'of linear gro\vth) is 

relevant in the study of natural languages has been addressed in [Joshi 85,Benvick 84 j. It 

is postulated that the growth of structures in the derivation of naturallangu:!ge sentenc.:s is 

linear. Semilinearity add the linear growth propenies are approximations of this propeny. 

In Section 4.4, we give a parsing algorithm for TAL's which works in O( n'» time 

where n is the length of the input. The space complexity·is O(n4). 

In Chapter 5, we develop a formalism called Feature Structure based Tree Adjoining 

Grammars (FfAG). Several grammatical formalisms incorporate the notion of feature 

structures and the unification operation on them, to specify the co-occurence constraints of 

features of dependent items. FTAG embeds TAG's in such a framework. In Section 5.~.5, 

we give a denotational semantics of the fonnalism. \Ve sho\v that FfAG is useful in [h~ 

description of natural languages, avoiding the specification of local constraints as they 

are present in TAG's. We are also able to avoid duplication of trees needed in the TAG 

formalism to handle some constructions. We show, in Section 5.2.7, that FTAG in its 

full generality is a very. ,owerful tool, and propose a restricted use of feature structures 

(in Section 5.3) in order ~o make the parsing problem more tractable. 

Finally, in Chapter 6, }Ie make summarize our study of Tree Adjoining Grammars. 

and discuss some problerrl; which arise out of OUr work. 
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1.4 Definitions of Tree Adjoining Grammar 

In this section, we will define Tree Adjoining Grammars (TAG) and give a normal 

fonn for TAG's. But first, we define a notation for trees. This notation is due to 

Gom [Gorn 62]. Let J/- be the free monoid generated by .. \ .. (the set of natural numbers l. 

whose binary operation is given by . and identity is E. For p. fJ E .. \ "' •. p :5 q iff there is 

arE .. V- such that q = p . r. p < q iff p < q and p ¥- q. 

Definition 1.1 Definition of a Tree. 

The addressing scheme for nodes of a tree is as follo\vs. The address of the :-CCt of : 

tree is given by €. The addresses i . 1 ..... i . I represent the j children (in the left to right 

order) of the node addressed i. 

For every tree", the tree domain of " D.." is is a finite subset of .. \i"'. such that the 

following holds. 

• if q E D-,. p < q then p E D-,. 

• if p . j E D-n j E ..'/, then p . 1. ... ,P . (j ~ 1) E D-, 

If V is finite alphabet used to label the nodes of trees, then '{ is a tree over V if it is a 

function from D ... , into V. 

We shall now define subtrees and supertrees. 

Definition 1.2 Subtree and S upertree. 

Let '{ be a tree and p E D-, then, 

13 



-r / p = {< q . . -1. >; < p . a . . '. > E -' . q E . \ -. } , 

-f \ p = {< 1] , .-1. > I < q . . -1. > E -r· p i q} 

are subtree and supemee at p respectively. 

If -f is a tree, then we use the notation < -f .! > to represent the node In . with 

address i. 

Definition 1.3 Preliminary Definition of TAG's 

A Tree P.djoining Grammar G is a qu intuple (S. ~. S. I. A. 'I where 

,V is the finite set of nonter:ninal symbols 

~ is the finite set of terminal symbols 

I is the finite se t of illitial trees 

.-1. is the finite set of auxiliary trees 

S is a distinguished nonterminal symbol called the start symbol. 

An initial cree is a tree with the label of the root being S, and the yield belonging to ~., 

An auxiliary tree is a finite tree whose root is labelled with a nonterminal symbol. .-\ 

node in the frontier called the foot node is labelled by the same nontennin~1 symboL "["he 

, ld b I ". \ , ,,. YJe e ongs _ . ' _ . 

A tree is called an elemenrary tree if it is an initial tree or an auxiliary tree. 

Definition IA Preliminary Definition of Adjoining 

Let i be the address of ~ node in some cree -' . Let this node be 1~i:Jeikd by a nontermin~l 

symbol X. Then we can adjoin an auxiliary tree} whose root node (and foo t node ) IS 
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I 

labei1e~ with X . L.:t j b.: me address of the foO[ node of I . Adjoining j3 at th.: node 

given by address i gives rise [0 the cree represented as -,-[i . .3]. 

where we define i /J as {< i · k .. -1. >1< k,.-1. >E .3}. Similarly, ( i· j) · (~ /I) == {< 

i . j . k..-1. >1< k ,.-1. >E -;Ii }. The effect of adjoining an auxiliary cree, fl . is shown in 

the figure 1.3. Note that the definition of adjoining does not specify mat the bbel s of 

the root and foot nodes of the cree used for adjunction should match with the labd of 

the node where adjunction takes place. This is a requirement placed by TAG' s and nO[ 

by the definition of adjoining. 

l. .. U Constraints on Adjoining 

In the prevIOus definition, we said that any auxiliary cree can be adjoined at a node 

provided me labels at the node and the root (and hence the foO[ node) are the same. 

However, we can further restrict the choice of auxiliary trees that can be used for adjunc· 

tion at a node. With every node we specify a set of auxiliary trees (whose root symbol 

is the same as the label of this node). Only one of these trees may be used for :ldjoining 

:It this node. We call the set of auxiliary trees :lssociated with the node as the Se!eCll\ 'e 

Adjoining consrraims (SA conscraints) of the node . If the set is an empty set. then it \II:lS 

tenned the Null Adjoining consrrainrs (NA constraints). We specify the SA constrJims 

by a function , denO[ed by C, specifying the mapping from nodes to these sets of tree s. 

Further, we also specify whether adjunction is obliga[Ory at a particular r ode. Thi s is 

specified by the function (] mapping the nodes [0 the boolean set. We sav th:lt a node 

has Obligatory Adjoining consrrainrs (OA constraints) when (] .specified that adjunctior. 

is compulsory at a node. 

On adjunction, the node, in me resulting cree have [0 be assigned constrJinrs . Thi s is 

15 



SNA 

~ 
a S d 

s 

I 
b SNA £ c 

SNA 

~ 
a SNA d 

SNA ~ 
~ a S d 

~ 
b SNA C b SNA c 

I I 
E 

Figure 1.9: A Sample Grammar 

L( G) = {w i w is the frontier of "'l E T( G)}. 

We generalize the notion of sentential trees, and describe derived trees. Derived trees 

are those which can be . derived staning from any elementary tree, not ne ;essarily from 

an" initial tree. 

• An elementary tree, -:, itself is a tree derived from f' written as A; E "D( Ai ). 
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• Adjoining in[O a derived cree in D ( -.. ) yields a derived tree tn DI -: I . 

Notice that a cree, -;" derived from an auxiliary tree, jJ, will be simil;u- [0 jJ in th:u it will 

have a root and foot node with the same label as the root and foor node of J. 

The definition of adjoining can itself be generalized [0 allow adjoining by derived 

auxiliary crees. If '7 is a node in some derived cree -: (represented as < -;'. i », and C: 1/ i 

includes p then any derived auxili;u-y cree -/ E D (P ) can be used fo r adjoining o. t I) . The 

rest of the definition remains the same. Nore a tree is a sentential cree if it be longs [0 

D ( Q ) for some initial cree Q . 

Generalizing further, we can talk of crees that ;u-e derived from subcrees o f ekmenrary 

tre<!s. Thus if, -: is an element;u-y tree with a node addressed i , then the definition of 

crees derived from the subtree rooted at i is given by D( ( -; . i) ). 

• The subtree, -r/i , is a member of D ( (;, i)) . 

• Adjoining into a derived cree in D( h, i)) yields a derived cree in D ( (-; . i )) . 

We now present a scheme of presenting a derivation hi s[Ory in which deri vation 

proceeds inside OLt!. This gives a canonical way of defining a derivation sequence which 

we will use extensively in showing some properties of TAL's. In thi s scheme , adjoining 

is allowed only in the nodes or'dem<!nrary crees. Bur we ailow the adjunction of derived 

auxiliary crees in an elementary cree. The derivations may be thought as occuring in 

the following sequence. The trees ;u-e built inside out. First, all the adjunctions take 

place in auxiliary crees, deriv ing derived auxili;u-y crees. These derived auxili;u-y crees 

are then used in adjunction into elementary crees [0 give new derived <!l<! men rary trees. 

This process conti'llJes until we adjoin into initial cree. Thus, the derivation in Figure 1.9. 

may be represented by adjoining f3 into itself :J.nd using the derived auxiliary rree tn[o 

the initial tree as shown in the figure 1.10. 
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SNA 

SNA 

~ 
a SNA d 

~ 
a S NA d 

~ 
a S d 

SNA ~ ~ 
~ 
a S d 

a S d 

~ 
b SNA c 

b S NA c 

~ 
b SNA c 

~ I 
b SNA c b SNA c 

Figure 1.10: An insideout derivation 

We now give a method of presenting a derivation history of trees generated by TAG' s. 

These derivation histories will be given by trees which tell uS 'which trees were adjoined 

and their sequence, and will be called derivation trees. In CFG's, the der'.ved tree itself 

gives us the derivation history. Thus, the derivation cree is the s"me as derived trees. 

The derivation trees of TAG 's will be similar to those of CFG's. Each level of t.le 

derivation trees of CFG's describe the combination of symbols manipulated according 

to the rules of the grammar. To give an analogous description for TAG' s, \vc ha\e to 

. give rules of the grammar describing the combination of objec ts in a TAG. The objects 

that are composed by a TAG are the elementary crees as well as derived trees. But note 

that for each elementary tree, I , Db) gives us the set of crees generated from ;. Thus, 

analog JUS to the concept of nonterrr.inals in a CFG, if -;' is an elementary cree, the symbol 

=; is wed to describe the set of trees derived from -,. . Thus, if a d~rived auxiliarv tree. , ' . 

derivel 'rom the auxiliary tree p. is adjoined at a node addressed i uf an elementary tree 

20 



~, I , then this derivation is captured by a rule of the form 

"i --+ ·-lb, (.3. i).) 

In this scheme, we wish to give a se t of rules which can be used to capture all the: 

possible derivations. For this to be possible, we can only use the addresses of nodeS in 

elementary trees in the rules, and not those of derived trees (as they are not known before 

their derivation). Thus, if there is a sequence of adjunctions which take place at dist inct 

nodes of s ome elementary tree, we must consider all the adjunctions to have been done 

in parallel. Then, all the addresses used in these rules will be those of elementary :re~s. 

The derivation sequence given by the adj unction of 131" ... f3k (or trees derived from 

them) at distincr nodes addressed i l ... .. ik of an elementary tree -, is given by the rule 

Since, mentioning -( and .-l is redundant, we sometimes represe nt this rule in one of the 

following two ways. 

"i -+ ((31 , i l ), ... , (.3k, ik) or 

"i--+ ~gi l, .... JkQ;ik 

If in a derivation sequence, no tree is adjoined in an elementary tree -" we represent this 

derivation as "i ~ E or "i -+ o . Note that in any derivation involving a tree l eVery 

node with OA constraints has to receive an adjunction. Thus, we stipulate that everY 

rule for the derivations from -( must include the addresses of all the nodes in 75 with OA 

constraints. 

Considering an elementary tree and the constrai nts at nodes of this tree, we can write 

a set of rules to capture all the poss ible derivation seque nces of derived trees starting 

from this e lementary tree. For example , let r is an elementary tree . and {i t . ...• i,} be 

I if (3 can be adjoined al J node. then every tree deri ved from /J can be adjoined at the same node 
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the <lddresses of <l subset of nodes of ?5 (which includes every node of with 1n 0.-\ 

constraint) . Let f3k be adjo in:tble at the node in 1 addressed ik (1 :s k :s n). Then we 

will have a rule 

- -3 Q)' -j' 0:' -;' -+ . l _l l : · ··· , n - ' Ln 

The collection of the set of rules for all the elementary rrees of a TAG. G. is called ,he 

derivalion ntles of G. 

Given the derivation rules of:t TAG. we c:tn represent derintions by derivacioll crees. 

The derivation crees of <l TAG are like the deriv<ltion rrees of CFG except ,he edges of 

the rree are l<lbelled by the addresses where :tdjunction t:tkes pbce and the frontier is a 

series of nodes labelled by E (or 0). 

Derivation rrees are now defined formally . 

• if -r is an elementary rree with no OA consrraints. then the following cree IS a 

derivation rree 

y 

I 

Figure 1.11: Definition of derivation rrees - base case 

• If Y j is a derivation tree with the roOt labelledl ) for 1 :s j :s k. then given the 

derivation rule 

the following is also a deri 'ation cree. 

If G is a TAG. then the se t of derivation rrees is denoted by T o( G ). 
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Figure 1.12: Definition of derivation trees - inductive case 

As an example, we can consider the derivation of the tree in Figure 1.10 anc! gi';"e ::3 

derivation tree. Note that eve.ry derivation tree y2 corresponds to a derived tree -. \vhicb 

aL 
Is -
~ 
12 -
~ 
I 
8 

Figure 1.13: An example derivation tree 

has no OA constraints. We can obtain --; by traversing it in bottom-up or top-do\vn 

fashion, and perfonning the required adjunctions at the appropriate nodes. In this casc!o 

we say that 7 is described by Y. 

If i is the address of a node in an elementary tree -I, then we can give the derivation 

'2 We use the· symbols T,T 1: ... for derivation trees 
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trees of trees in D( (A;'. i)) by considering derivation L.-ees \vhose root symbol is j' and 

ignoring the adjunctions at nodes other than i and its descendants. 

We have seen that everY derivation tree describes a derived tree \vith no nodes havinQ: .. --
OA constraints. We no\v sho\v that for every tree i' \vhich has no 0.-\ constraints, there 

is a derivation tree T which describes it. Thus, we will show that for every tree in Ti G, 

derived in the standard way (Le., starting from an initial tree), there is a derivation tree 

that describes it. Note in that the standard derivations, we could have built trees \vith 

OA constraints. Therefore, to describe the derivation of these panially built trees, \ve 

will define incomplete derivation trees. Suppose we are considering the derivation tree 

i,n a top-down fashion, and that we have a node labelled ,... If a node addressed i In -

has an OA constraint, then every rule \vhich expands "';' is of the fonn 

for some VI, v2 and /3 adjoinable at the node addressed i i~ "'i. Consider tI,e derivation 

tree which specifies that f3 has been adjoined at this node. If we want to describe the 

tree where adjunction at this node, with the OA constraint, has not taken place. This can 

be described by the derivation tree the subtree below the edge labelled i (corresponding 

to the adjunction of the tree derived from 13) is removed. Such a tree is inco:nplete since 

it does not have the information about the subtree below the edge labelled i. This tree 

can be completed if and only if a derivation tree is inserted belo\v the dangling edge. 

This will not be the case if the node addressed i does not have an OA constraint. A 

tree with m incomplete edges is called an m - incomplete derivation tree. Note that a 

O-incomplete derivation tree is a derivation tree. 

Definition 1.8 m-Incomplete Derivation Trees 

• Any de.~vation tree is an O-incomplete derivation tree. 

24 

1 
1 
l 

1 
l 
1 

I 

1 

1 

..., 
I 

1 
1 
1 
1 
1 

l 
I 

1 



r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 

• Let i' be an elementary cree. Let {i 1- ••• , i k} (k > 0) be the addresses of a subset 

of nodes in Af with OA constraints. Let {n1' ... , nq} be the addresses of the other 

nodes in AI with OA constraint. Let {it, ... , il} (l > 0) be the addresses of a 

subset of nodes in ""/ not having OA constraints. Let the auxiliary tree !:p be 

adjoinable at the node addressed jp in I and Tjp be a nljp-incomplete derivation 

tree with the root symbol Jjp for 1 < P < I. Similarly, let the auxiliary tree 

j3np be adjoinable at the node addressed np in 7 and Y np be a nl, TIp -incomplete 

derivation tree with the root symbol Jnp for 1 < P < q. Then the foIlo\ving tree is 

an m = (k + mil + . + mj, + mn! +. + mnq)-incomplete derivation tree. 

-
~n1 

6 
~nq 

6 
Figure 1.14: An m-incomplete derivation tree 

Theorem 1.1 For every tree A/ derived (using the most general definition of derivation 
in TAG's) with· k (k > 0) adjunctions such that there are nl nodes in - with OA 
constraints, there is a nl-incomplete derivation tree Y which describes i 

We prove this result by inducting on the number of adjunctions perfonned in deriving 1. 
Base Case: k = 0 

Then AI is an elementary tree which has rr. nodes with OA constraints. The required 

derivation tree is a tree has one node labelled Af with m edges dangling labelled by 

addresses of the nodes with OA constraints. 

Inductive Step: 

Assume the··statement of the theorem holds for all 1/ < k. ~O\v let -6 be derived using 
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k adjunctions lnd th~,t there are n7, nodes in ;' with OA constaints. \Ve can assume that 

some derived auxiliary tree "'(I was adjoined at a node 17 in a derived ~ee "';"~ to give 

""(. Let us assume the number of adjunctions in ""(I ~ "'(2 are k1 • k2 respectively and that 

""(I' "'(2 have m1, m2 (respectively) nodes with OA constraints. Thus, h~ = kl ~ h'~ ~ ~. 

m = ml + m2 or m = ml + m2 - 1 depending on whether the node 'I in ; had an 

OA constraint. The inductive hypothesis holds for the derivations of "';1 and "';"2- Let the 

ml-incomplete derivation tree describing "'(1 (respectively n12-incomplete derivation tree 

describing 72) be called T 1 (respectively T 2). Our goal now is to find the m-incomplete 

derivation tree T which describes "';'. The first step is to find out \vhich elementary ~ree. 

"";'3, contributed the node 'I in "';'2 and where this instance of ""/3 appears in T ~ so that \ve 

can insen T 1 below it. 

The identification of ;'3 and its location in T 2 is done using the follo\ving procedure. 

Using any normal order (sa) prefix) traversal procedure, traverse T:2 building up ~. I in 

the following way. If the traversal leads u~ to a node in the derivation tree (addressed p) 

such that we have to consider adjoining ,8 at some node addre"ssed i in an elementary tree 

"'1", adjoin a tree which has the same structure as p except that the nodes are now labeled 

( ,3 . j ~ .1[ ~ p) where the node addressed j in the auxiliary tree 3 is labelled X. ~ ore rhar ~ , 

will have the same structure as "';'1 except ·.:or the fact that the labels of nodes in .:' are 

given by the 4 - tuple. We can have a 1-1 mapping from the nodes of -; I to the nodes 

of "';'1 by mapping the 4-tuple to the label (the 3rd element of the tuple) of nodes in -: 1. 

We can then find the node in "'/' '",hich corresponds to 'I. Let this node be labeled by the 

4-tuple (7",j,.Y,p). Then T is obtained by insening the ml-incomplete derivation tree 

T 1 in the m'2-incomplete derivation tree T 2 below the node which is (p) th node visited 

in the prefix traversal of T 2 (then p is its address). The:"e are two cases to consider 

1). There is an edge dangling below this node whicn is labeled j. This case then 

corresponds to m = ml +- m2 -1. We insen T 2 below this node and complete this edge. 

2) This case corresponds to 17 not having an OA constraint. If the derivation rule used ar 
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then j tt {il~"" in}, othenvise ;3 could not have been adjoined at 1]. Note then that 

there is also a derivation rule 

(II) 

Then, T is the same as T 1 except that the derivation rule (II) is used instead of (1) and r T 2 is inserted below the link labeled by the address j. T then describes i as required. 
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1.4.2 A Normal form for Tree Adjoining Grammars 

We now give a simple normal form for TAG grammars which simplify the proofs while 

proving some properties of TAL's. In this normal form we have only a single initial tree. 

Theorem 1.2 

For every TAG, G = (_·V~~. S. I . .4.) there is a TAG, G1 = (_\ .. ~. S. {a}. A.d such 
that L( G) = L( Gd. 

For each Q: in I, we have an auxiliary tree, IB~:" as shown in Figure 1.15. \Ve let 

.-11 = A. U {;1~ I Q: E I}. Q:b the only initial tree in G 1 is given in Figure 1.15 

It is straightfonvard to show that L( G) = £.( Gd. For every 3 E A. if Y is a 

derivation tree such that the root is labeled by .3 then T also belongs to T o( G 1)' ~ow 
- . 

considering a derivation tree, T b in T D( G) given in Figure 1.16, there is a derivation 

tree, Y'2, in TDl G1 ) (as shown in Figure 1.16); such that boch describe trees with [he 

same frontier. Thus, L ( G) = L ( G 1 ). 
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Figure 1.15: Single initial tree nonnal form 

-
rX -
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Figure 1.16: Equivalence of G and G 1 
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Chapter 2 

Tree Adjoining Grammars and Head 

Grammars 

In this .chapter we discuss the relationship between TAG's and Head Grammars (HG's). 

HG's were introduced by Pollard [Pollard 84] to capture cenain structural propenies 

of natural languages; HG's have a completely different motivation from that of TAG's. 

These formalisms are notationally quite different. HG's maintain the essential character of 

context-free string rewriting rules, except for the fact that in addition to concatenation of 

strings, string \vrapping operations are permitted. Fonnal propenies of HG's \vere inves­

tigated by Roach [Roach 84]. It was observed that the two systems seemed to possess sim­

ilar generative power and have the same closure properties [Roach 84, VijayShanker 85] 

as well as similar parsing algorithms [Pollard 84,VijayShanker 85], a significant amount 

of indirect eviden~e existed to suggest that they were fonnally equivalent. In this chap­

ter, we will discuss the relationship between HG's and TAG's. The complete details can 

be found in [Joshi 86,VijayShanker 86b]. The lin~istic impli~ations of this study are 

in [Weir 86]. 

Vijay-Sh~ru,ker and Joshi [VijayShanker 85] provided a brief description of the intu-
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irion behind the inclusion of Tree AdjQining Langages (TAL) in the class of languages 

generated by a variant of HG's called Modified Head Grammars (1-!HG). We give a proof 

of this result as well as a proof for the inclusion of Modified Head Languages (MHL) in 

TAL, hence showing that MHG's and TAG'~ are equivalent. This result is presented in 

. section 2.2. In Section 2.2.4, we discuss the relationship between HL's and MHL's, and 

hence the relationship between TAL's and HL's. 

Before presenting the results of this section, we first define the grammatical for­

malisms. At the end of section ??, we present a brief explanation of the relationship 

between the operations of string wrapping and tree adjunction. 

2.1 Head Grammars and Modified Head Grammars 

In this section we define Head Grammars and Modified Head Grammars and describe 

how they generate string languages. 

2.1.1 Definition of Head Grammars 

We first introduce the notion of a headed string. A headed string is a string of symbols 

containing one distinguished symbol referred to as the head of the string. Formally, this 

can be represented as a pair consisting of a string w and an integer that indicates the 

position of the head in the string. When we wish to explicitly mention the head, we use 

the representation WtaW2 where WtaW2 = w; alternatively, we can denote the he\ded 

string by w. This allows us to denote the headt'd empry string as X. JIM? 

In a Head C.rammar (H G), productions are like those in aC FG except that ins ( ad 

of just concatenating the strings derived from the constituents, we may use another sr. ng 

.operation called the wrapping op'!ration. Further the rules will also have to state wh ch 
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constituent's head is the head of the resulting phrase. 

Productions are of the form: A. -+ f(Cl:t, ••• ,Cl:n ) or .. 4 -+ al where A. E v:v, Cl:i either 

belongs to l,: v or is a headed string and 

f e U{ LCi,LLi,LRi,RCi,RLi,RRi} 
i~l 

Roach [r84] has shown that there is a nonnal fonn for Head Grammars which only 

uses the operations given below. Definitions of the other operations can be found 

in [Pollard 84]. 

The language generated by a HG G is defined as follows: 

L(G)={w/S ~w} 
G 

We now define the 6 operations that were mentioned above. 

LCl(UlatU 2, v1b1V 2) = Uta t U2, Vt bt V 2, 

LC2(Uta l U 2, Vt bl V2) = UlatU 2, Vt btV2' 

LLl(ulat U 2,v1bt V 2) = ulalv~blu2U2' 

LL2(ulat U 2,VtbtV 2) = Ulat Vl bl V2 U2, 

LR1(uta l U 2, Ut bl V2) = utvlbtU2alu2, 

LR2(ulalu2, Vl~V2) = Ulvlblu2alu2 

Both Pollard [Pollard 84] and Roach [Roach 84] have defined these operations as 

partial functions. Pollard's definition of headed smngs includes the headed empty string 

(A). However, mathematically, these do not have the same status as other headed strings; 

for example, LCl(A, w) is undefined. In general, the tenn fie Wb ••• , Wi, .••• W n ) is un­

defined when 'Wi = ,\. This nonunifonnity has led to difficulties in proving cenain fonnal 

results about Head Grammars (discussed in Roach [Roach 84]), and has caused problems 

in showing the equivalence of ivlHG's and HG's (see [Joshi 86,VijayShanker 86b]). The 

relationship between MHG's and HG's is discussed later. 
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We now give a sample He:ld Gra nmar, G t • 

51 -+ LC2(O:, 53, d) 52 -+ gh 

53 --+- LL2(SI, be) 53 ~ LL2(52, be) 

The language generated by this grammar is 

2.1.2 Modified Head Grammars 

We define a formalism which we shall call Modified Head Grammars (MHG's). This 

formalism closely resembles HG's. Instead of headed strings, MHG's have split strings. 

A split string has a distinguished position between two strings in v;:, about which it may 

be split. We will denote a split string as WI rW2 where WI W2 E V;. Notice that we can 

represent the split empty string as ArA, though this will be denoted by A ... In MHG's, 

there are three operations on split strings - W, Cl and C2, defined as follows: 

'ttV(WtT W 2, UU U 2) = Wt UU U2W2 

Cl(wuw 2, Un U 2) = WtT W 2 U I U 2 

C2(WlTU'2, UlT U 2) = W1W2 U lT U2 

The operations CI and C2 correspond to the operations LCI and LC2 in HG's. The 

operation 'ttV has been defined such that the split point of its second argument becomes 

the split point of the string resulting from application of the operation. 

Since the split point is not a symbol but a position between strings, separate opera­

tions corresponding to LL2 and LR2 a ~e not needeq.. In ad~~on, unlike HG' s, which 

distinguish the two wrapping operations LL 1 and LL2, lV suffices as a substitute for 

both of these; operations. When we want the split point of the first argument to become 

32 

l 
1 
1 

) 

1 

l 
l 

J 

l 
l , 

I 

l 

" i 

l 
l 
1 
1 
1 
1 
1 

.I 



r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 

the split point of the derived string, we must also specify whether the split point should 

be to the right or left of the second argument. In either case, we can simulate such op­

erations using l-V, CI, and C2. For example, suppose y" ~ U'lrW2 and Z ~ tlnll:1 

and we want _\ to derive WUUIU2W2. This can be achieved using the follov,"ing t\VO 

productions: Z fr -+ CI( A, Z) and .. 1( -+ l-V(y", Z fr). 

Productions of a MHG are of the fonn: A, -+ I( Ct.}, Ct.2) or .-1 -+ ab where Ct 1 

and 0.2 either belong to t-·:v or are split strings. and A. E v:v, and I E {Cl. C2. Tr }. 

Definitions of the operations CIt C2 and l-V are given above. 

The language generated by a MHG G is defined as follows: 

We now give a MHG generating L1 

. 5 -+ vV(51 , IT) 5 -+ W(S2, IT) 

51 -+ C2( aT, 53) 52 -+ gTh 

53 -+ l-V(Sl' brc) S3 -+ l-V'(S2' bTc) 

2.2 Tree Adjoining Grammars and Modified Head Gram-

mars 

In this section we show the equivalence of Tree Adjoining Grammars and Modified Head 

Grammars in their" "ability to generate string languages. First, we will give an infonnal 

discussion about the similarity of the tree adjoining and wrapping operations in the 'Nay 

they combine strings. 
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2.:.1 Tree .~djunction and ,\-Vrapping 

Before showing the fonnal equivalence of MHG's and TAG's, we consider the relation­

ship between the wrapping operation tV of MHG's and the adjoining operation of TAG's. 

Suppose we have the production p = .Y ~ l-V(Y, Z) in a MHG G, and that we have t\VO 

derivations from the nonterminals Y and Z deriving the headed strings wlTw2 and t'lit·::! 

respectively. Give~ the production p, we can derive the split string Wl VI TV2U:2 from -Y. 

Consider the Figure 2.1. Suppose there is a derived auxiliary tree A{ in some TAG 

G, corresponding to the above derivation of WI TW2 from Y where the foot node appears 

at the split point, as shown in the figure below. Also assume that there is a node '1 

dominating a subtree that corresponds to a derivation of VlTV2 from Z where, as before, 

we assume that the foot node appears at the split point. Consider the tree resulting from 

the adjunc ion of AI at the node 11, as shown in the figure. The resulting tree can be 

thought of as corresponding to the derivation of the split string Wl L'l TV2W2 from .. X. This 

A 
t W2 V1 t V2 

Figure 2.1: Adjunction and wrapping 

example illustrates ~e basic intuition Jehind the constructions involved in the following 

proofs showing the equivalence of MilG's and TAG's. 
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2.2.2 Inclusion of TAL in l\tIHL 

Based on the above observation concerning the similarity between the wrapping and 

adjoining operations, we shall now present an algorithm (convert) for transforming a 

given TAG G = CY:v, VT , 5~ I, A.) to an equivalent MHG G' = CY:v, VT, 5, P). In this 

section, we have generalized the concatentation operations of MHG's to be of the fonn 

Cj for j > 1. These operations can always be simulated using just Cl and C2. 

We shall first describe the algorithm convert informally. If convert is applied on rJ, a 

node of some elementary tree 7, convert returns a sequence of productions in the ~vIHG 

formalism capturing the structure of the subtree of .-of rooted at-1]. The wrapping operation 

is used to simulate the effect of adjunction, and the concatenation operations Cl and C'2 

to concatentate the strings derivable from the left and right children of a node. The 

choice of either Cl or C2 depends on which child is the ancestor of the foot node. The 

exact structure of a tree can be captured by using nonterminals that are named by the 

addresses of nodes of elementary trees rather than the nontenninals labelling the nodes. 

Convert works as follows. Let ({3, i) be the address of a node in an auxiliary tree 3, 

and 7 belongs to 1)( ({3, i)) with a frontier WI .. Y'W2. We have a nontenninal corresponding 

to this node (denoted by (13, i) which derives the split string l.L'UW2. In particular, when 

(f3, i) is the root of ;; (Le., i = e), then the nontenninal (;3, e) should derive the split 

strings WI rW2 whenever there is a tree in 1)(.8) with frontier WI .. Y W2. That is, the split 

point appears in a position corresponding to the foot node. 

Thus, the wrapping operation }V can be used to simulate the effect of adjoining in 

the following manner. If (7, i) is a node at which !3 is adjoinable, we have a production 

corresponding to adjunction of f3 at ("'I, i) 
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where (""/~ i) derives strings derivable from the children of ( .... 1, i). We also have the rule 

for the case when no adjunction takes place at (i, i). Since {i, i} is supposed to derive 

strings derivable by the concatenation of the frontiers of subtrees dominated by the 

children of (7, i), we have the production, 

(AI, i) --. C j ( (AI, i . 1), ... , (i, i . j), ... , (i, i . k) ) 

where {7, i . I}, ... , (A" i . j) , ... , (""', i . k) correspond to the k children of (; ~ i I and w he:e 

the jth child is the ancestor of the foot node. By convention, we let j to be 1 when (-;. i) 

itself is not the ancestor of the foot node. We used the operation C j, since we \I.,'ould 

like to put the split point in the position where the foot node is. 

We are now in a positon to define the conversion process. The algorithm is as follows: 

add S --. (/3, e) for each auxiliary tree adjoiDable at the root of the initial tree, 

add S --. ,\ if the root of the initial tree does not have an 0 A constraint· 

for each auxiliary tree {3, call convert( (f3, e) ) 

where the procedure convert is as defined below. 

define convert ( (/3, -i); 

case 1: ({3, i) is a leaf node 

if (/3, i) has label e E VT U {~\} then 

add (/3, i) --. < (3, i> to P (1) 

add < (3, i > --. e T to P (2) 

else { ({3, i) is the foot node} 

add (/3, i) -+ vV( (/31-:;)' < ,8. i » (3) 

for each {31 in SA constraint of (p, i) 

add (8, i) -+ < (3, i > (4) 
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if (;3, i) does not have an OA constraint; 

add < (3. i > ~ e T. (5) 

case 2: (/3, i) is an internal node and has k children 

add ((3, i) ~ ~V( ({317 e), ({3, i) (6) 

for each /31 in SA constraint of {!3, i} 

add (!3,.i) -+ (;9, i) (7) 

if {/3, i} does. not have OA constraint; 

if (/3, i) is ancestor of foot node then 

add ((3, i) ~ Cj( ({3, i - 1)~ .... (,8~ i - k}) (8) 

where j th child dominates foot node; 

else add ({3,i) ~ C1((,B,i -I), ... ~(p,i· k)) (9) 

for 1 < j < k do convert( ({3, i . j). 

Lemma 2.1 L( G) C L( G') 

To prove the inclusion of L( G) in L( G'), we induct on the height of the derivation 

trees characterizing trees derived from auxiliary trees and on the addresses of nodes in 

these auxiliary trees to prove the following proposition. 

Proposition 2.1 For all auxiliary trees, ,3, let T E TD(G) be of height hb describing 
the derivation of AI E D(f3). Let the node denoted by (,3, i1) have kil children. Let 
AliI E D( (/3, it)) and lid E D( ({3, i l }) for 1 < } < k t be described by T. Then one of 
the following two cases holds. 

• Let the node denoted by ((3, it) dominate the foot node (which is labelled by _\ 
say). If the frontier of IiI is Wt-t' W2, and the concatenation the frontiers of the 
trees ""{iIi for 1 < j < kil be W3-Y' w .. , then 
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• Let the node denoted by ({3, i1) not dominate the foot node If the frontier of ;';1 

is WIt and the concatenation the frontiers of the trees lid for 1 < j < ki1 be U'2, 

then 

- <{3,i1 > ~W2 
G' 

The base case corresponds to considering the frontier node of J, i.e., height of the 

derivation tree is one. By the productions introduced by step 1 and 2, the base case 

holds. 

For the inductive step, consider --Ii E V( ((3, i)) whose derivation is represented by Y 

of height h. Let the inductive hypothesis hold for all hI < hand i l < i. We will have 

tht production 

< 8, i> -+ Cj ( <{3, 11> ... </3, im> 

and for 1 < k < m, (/3, i k) satisfies the inductive hypothesis condition. Thus, < /3, i > 

will satisfy the ind\1ctive hypothesis. In considering </3, i>, we have to take into account 

two cases. If according to T, no adjunction takes place at (13, i), then since there is a 

production 

</3, i> -+ < 8. i > 

<;3, i> derives the string desired. If on the other hand, adjunction takes place at (3. i) 

according to the T which has the fonn shown below. 

Then the height of T I is less than h. We have already seen that inductive hypothesis 

will hold for < {3. i >. Since (;' has the production 

and the fact that the induction hypothesis will hold fot <;31, e>", gb',;n that wrapping and 

adjunction have the same effect on strings, we h~ve shown that the inductive hypothesis 
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holds for <3, i> as well. When we reach the root of the tree, Le., i = €, then we \vould 

have shown the inductive hypothesis holds for the derivation"trees of height h also. 

To show that L( G) C L( G'), we have to just consider the rules 

S -+ ({3, €) for each auxiliary tree adjoinable at the root of the initial tree, 

add S -+ A if the root of the initial tree does not have an 0 A constraint. 

Lemma 2.2 L(G') C L(G) 

We prove this result by proving by induction the following proposition. 

Proposition 2.2 Assume that a node (,8, i) in an auxiliary tree ;8 has k i children. If 

</3, i> :,; WI TW2 then there is a A{ E D( ((3, i») whose frontier is Wl..:YW2 (if the node 

(/3~ i) dominates the foot node whose label is .. Y) or WI w2 (if this node does not dominate 
the foot node). 
If < 8, i > ;': Wl rW2 then there are Ii E D( (~, ij)) for 1 < j < k i which are described 

by the same derivation tree T such that the concatenation of the frontier of these trees is 
WtX W2 (if the node (f3, i) dominates the foot node whose label is ",Y) or WI W2 (if this 
node does not dominate the foot node). 

The base case corresponds to the node (~, i) being a leaf node, and the hypothesis 

holds because of the productions given in step 1. For the inductive case, we assume that 

for all k < m the above proposition holds. If < B. i > ~ WI T W2 then the last production 
G' 

used is that given in step 8 or 9. We will then have to consider the derivations from 

<{3, ij> for 1 :5 j < kit each of which has to be less than m steps. Thus, the inductive 

step holds for these derivations and using the productions in steps 8 or 9, we are assured 

the hypothesis holds for the m step derivation too. If <;3, i> -4 WI rW2 then the the 
. r,/ 

last step used must have been that given by 6 or 7. In either case we can be guaranteed 

that the hypothesis holds for this m step derivation too. 

As an illustration of the conversion procesS, we will consider the TAG (whose ele-
.: . 

mentary trees are given in Figure 2.2) generating the language L I given in Section 2. 1.2 
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SNA 

s (~1) 

I 
f 

a S (~1,~2) 

~ 
b SNA c 

d 
SNA 

~ 
g SNA h 

Figure 2.2: A TAG which generates Ll 

can be converted into a Modified Head Grammar that generates this language. 

S --i> (0:, e) 

(0:, e) --+ loVe (,817 e), (0:, e}) 

hl:-+ (0:, I) 

(0:, 1) --i> IT 
{P17 e} --+ (,817 e) 

({3b e) --i> C2( (,8b 1), (Pb 2) ) 

({3t, 1) --+ aT 

{,8t, 2) --+ W( (,at, e), (,8t, 2)) -----(,8t,2) --+ C2( (,817 2 . I), (,81,2 . 2), (,817 2 . 3}) 

{,8t,2· I} --i> bT 

(P17 2 . 3) --i> Ct 

({31,2 . 2) --i> A 

{f32, f} ~ (,82' e) 
--(,82' e) --i> C2( (/32, I), ({32, 2), (/32, 3) ) 

{,82' I} --i> 9r 

{,82' 3) --i> hT 

(,82,2) --+ A 

We can simplify ~lis grammar, replacing (P17 e) by SI; (132, e) by S2; and other such 
. . 

minor renaming to produce exactly the same grammar for LIas given in Section 2.1.2. 
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2.2.3 Inclusion of MHL in TAL 

When we convert a TAG into an MHG, each elementary tree generates a set of produc­

tions. The sets generated by any two distinct elementary trees are disjoint and, funher­

more, have a constrained fonn encoding the hierarchical structure of the tree. The task 

of convening an MHG to a TAG cannot simply involve the inversion of this construction 

since it is not in general possible to find groupings of productions in an MHG that have 

the required structure. 

The approach used to convert MHG's to TAG's is based on satisfying the following 

requirement: for each derivation in the MHG there must be a derived tree in the TAG 

for the same string, in which the foot is positioned at the split point. The first problem 

that will be addressed is representing derivations in a MHO as a derived tree in a TAG. 

We can describe the relationship between these two fonns of representation by induction 

on the length of th~ derivation. The derivations 

or 

using the productions 

A. -+ TC or .. 4 -+ cT 

have the following associated derived trees: 

ANA ANA 

A ~ 
£ A NA ANA £ 

Figure 2.3: Derived trees for tenninal productions 

Given derived trees corresponding to derivation.s for Band C, use of the productions 

or A -+ C2(B, C) 
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would generate the following trees representing derivations from A.: 

A A 

Figure 2.4: Derived trees for eland c 2 productions 

Given a derivation tree for C, use of the production: 

A ~ ~V(B,C) 

would generate the following tree representing a partial derivation from A into which a 

derived tree for B most be adjoined before the tree is complete. We use an OA constraint 

to ensure that the tree is completed. 

A 
I 
B 

L~ 
I 
A 

Figure 2.5: Derived trees for ~V productions 

Notice that we are positioning the foot node in these d ~rived trees in such a way as to 

ensure that the string is split in the correct place. 

We now discuss how to construct a TAG that generate· all the derived trees mentioned 

above. In o~er worJs we should establish the following ,roposition: 
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Proposition 2.3 

In the TAG G there is a derived auxiliary tree; having no OA constraints, with root 
labelled A. and frontier wIA.W2 if and only if . .-1. ~ WI rW2. 

G 

Given an ~IHG G = (l~v, VT, S, P), we show that there exists an equivalent TAG 

G' = (V:V~ VT , S, I, . .4.). Without loss of generality, we assume a nonnal fonn thac uses 

productions of the following fonn: 

A -+ f ( B, C) or A -+ rc or A. --+ C r 

where A., B. C E Vv, e E Vi- U {'\} and f E {CI, C2~ lV}. The conversion 

proceeds as follows: 

1. If A. -+ re E P then 

ANA 

~ 
ANA £ 

Figure 2.6: A -+ re 

2. If A. -+ e T E P then 

ANA 

A 
E ANA 

Figure 2.7: A. -+ er 

3. If A. -+ tI( B. C') E P then 
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ANA 

~ 
BOA COA 

I I 
ANA £ 

Figure 2.8: .4 --J> Gl(B, C) 

ANA 

~ 
BOA COA 

I I 
e ANA 

Figure 2.9: A --J> C2(B,G) 

4. If A --J> C2(B, C) E P then 

5. If A. --J> liV( B, C) E P then 

The set I of initial trees consists of the single tree a: 

We have used OA constraints to ensure that nontenninals introduced by the )'-IHG 

productions are rewritten and NA constraints to ensure that once a nontenninal is rewrit­

ten, it is not used again. We prove the equivalence of L( G) and L( G') by showing that 

Proposition 2.3 is satisfied. 

Lemma 2.3 L( G) C L( G') 

To prove this lemma we have to show that if .. r E Vv and .. Y ~ WnW2 then. lere is 
G 

a derived tree,- with no OA c( nstraints as shONn below: 
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ANA 

I 
BOA 

I 
COA 

I 
ANA 

Figure 2.10: .4 -.. ~V( B, C) 

SOA 

I 
Figure 2.11: Initial tree 

We carry out the induction on the length of derivations of strings in G. Suppose we 

assume that if B ~ UUU2 and C -k VUV2 then there are derived auxiliary trees .... 11 
G G 

and 12 as shown in Figure 2.13. We must consider each type of production in P. 

For example, if the production A -.. Cl( B, C) E P then.4. ::b Ul rU2ul u'2 where 
G 

k = i + j + 1. Since ..4. -to Cl ( B ,C) E P we have the auxiliary tree ,8. Adjoining "'(I 

and A{2 into (3 we obtain the required derived auxiliary tree I shown in Figure 2.13. 

The other cases can be handled in a similar manner to show that lemma.l holds. 

Lemma 2.4 L( G') ~ L( G) 

We show by induction that 

For all ""f E V({3) having no 0.4. constraints where the frontier of { is 
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X NA 

NA 

Figure 2.12: Proposition for MHO to TAG 

A NA 

S C 

a..-___ S'---.. ----c---...... I v2 u1 I u2 

A NA 

v1 

S 

Figure 2.13: TAG derivation corresponding to use of A. -+ Cl( B ~ C) 

Wl""Y W2 and the height of the derivation tree T, corresponding to a 

derivation of A{, has a height k then .. "( ~ WlTW2. 
G 

For the inductive step, we assume that the above statement, holds for all derivation 

trees of height < k. Consider a derived auxiHary tree A, e V(j3) whose frontier is wlA.W2' 

Let the derivation tree T corresponding to tle derivation of -y have height k + 1. Since 

A/ e 1)( (3), the root of T is labelled by /3 an·l T is of the fonn shown in Figure 2.14. 

There are several cases to be considered. If., 1 was introduced because of the production 

A, -+ Cl(!1" C) e P and if U1Bu2 and VI ("V'2 are the frontiers of the trees that are 
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Figure 2.14: Derivation tree for 7 

adjoined at the nodes labelled B and C respectively, then Wt = Ul and W2 = U2 Vl t'1. 

Since the height of II and 72 are :5 k by the inductive hypothesis: 

and 

Since A ~ Cl(B-C) E P, 

In a similar way, we can deal with each of the other possible auxiliary trees (3 that could 

label the root of T. We can then conclude that by the above induction lemma 2 holds; 

and hence by lemma 1 and lemma 2 we show L(G) = L(G'). 

2.2.4 Comments on the Relationship between Tree Adjoining Lan­

guages and Head Languages 

In this section, we established that the two grammtical fonnalisms, Tree Adjoining Gram­

mars and rvlodified Head Grammars, generate the same class of languages. Uvw86,Ywj86] 

discusses the relationship between MHG' s and HG' s and describe a proof showin!! the 

inclusion of Head Languages (HL) in TAL. The remaining inclusion of MHL in HL. that 

would demonstrate the equivalence of HG' s and MHG' s, has not yet been established in 

the general case. It has been shown in [Joshi 86,VijayShanker 86b] that the relationship 

~7 



be .. ween HG's and MHG~s is very close, the differences hinging on the status of heads 

of empty strings and whether one deals with the heads directly Qr with the left and right 

wrapping positions around the head. Aside from this minor notational variation, there is 

not much difference in the class of languages generated. A linguistic view of the rela­

tionship betWeen TAG's and HG's pas been discussed in [Weir 86], where the question 

of the strong generative capacity of the two formalisms and their ability to give certain 

linguistic analyses has been addressed. 

The inclusion relationship that exists between the three fonnalisms is pictorially sho\vn 

below. 

[ TAL' s J'-..... c1:-:.-:.-:.-:.-:.-:.-:.-:.-:.~- _.l...-M_H_L f--..S ...." 

? 

HL's 

Figure 2.15: Summary of the relationship between TAG, MHG, and HG 
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Chapter 3 

Automata for TAL's 

In this chapter, we continue the study of Tree Adjoining Grammars by giving automata 

characterization for the class of languages generated by them. This characterization helps 

us understand the TAG fonnalism and its ability to generate languages. We make compar­

isons with corresponding automata for Context Free Grammars and Indexed Grammars, 

so that we can see how TAG's fit between them. In Section 3.1, we define a class of 

string automata, called the Embedded Pushdown Automata, and show that they are equiv­

alent to TAG's. We then prove two results about TAL's using epda's, its equivalence 

to a linear version of Indexed Grammars and closure of TAL's under intersection with 

regular languages. 

3.1 Embedded Pushdown Automaton 

In this section we define a class of automata, called the embedded pushdown automata 

(epda) , and show that the class of languages they recognize is exactly TAL's. An epda 

is an extep"sion of the pda and may be thought of as a second order pushdown acceptor. 
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A epda consists of a finite state control, a one way input tape, and a s~ore that is 

made up of a pushdown of nonempty pushdown stores containing stack symbols. Like 

the pda, the stack pointer always points to the topmost element in the store; thus, in the 

case of epda, the stack pointer points to the top element of the top stackl
. 

input 

fInite state 
control 

Figure 3.1: Embedded pushdown automaton 

A move of a pda may be described as replacing the top element of the stack by a 

finite sequence (possibly empty) of stack symbols based on the input, the state of the 

finite state control,. and the top stack symbol. After this move takes place, the stack 

pointer moves to point to the new top of the stack. A move of an epda may be depicted 

in a similar way, except that the move of this second order pushdown recognizer has to 

be explained in two stages, one for each of the two orders of stack. As in the case of 

pda, based on the input, the state, and the top element, (J', of the the top stack, Y t the 

top element is replaced by a finite St quence (possibly empty) of stack elements to give 

a new top stack T'. This resulting ; 'ushdown T' is then replaced by a sequence of k t 

1 Though the epda has a nested stack sto 'f like the nested ~tack auto~~ (the nested stack automata 

(nsa) was introduced by Aho [Aho 69], a ont Nay nondetenninistic nsa characterizes the class of Indexed 

languages), it differs from the nsa in that the tack pointer is always at the topmost position. 
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(Ie > 0) pushdowns (which includes T' if it is nonempty). This move is illustrated in 

. Figure 3.2, and is expressed by defining the transition function, S, of the epda as follows. 

In the notation .we use, the top of the stack is on the right. 

The marker, t, does not belong to r, the set of stack symbols. It is used to separate 

strings of stack symbols belonging to different stacks. This move therefore replaces the 

top symbol, ~, of the top stack, T, by ~1'" • ~n., to give a new stack T'. New stacks, T), 

containing O'j for i + 1 < j < n above T' and new stacks given by too} for 1 ~ j ~ i 

immediately below T'. As in the pda, the stack pointer moves to the topmost position, 

i.e., it now points at the stack element given by ~ n,ln • 

I 

1<11 I : ., 
IOj I 

en 

1~11 
., 

10k I 

~ 

Figure 3.2: Epda after a move 

When the top stack empties, the stack pointer automatically moves to the top of the 
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stack below it. Acceptance by an epda can be defined in tenns of empty store or final 

state. As in the case of the pda, we shall show that the two definitions are equivalent 

.We are now in a position to fonnally define an epda. 

Definition 3.1 An epda, lvI, is a 7-tuple (Q, E, r, 8, qo, Q F, 0'0) where 
Q is a finite set of states 
Q F C Q is the set of final states 
E is finite set of input symbols 
r is a. finite set of stack symbols 
qo E Q is the start state 
0'0 is the symbol on the stack initially 
8 is the transition function mapping Q x E x r to finite subsets of 
Q x Y- x r- x Y- where Y correspond t6 pushdowns 
of stack symbols and hence are members of r-. 

Definition 3.2 Instantaneous Descriptions (ID) 

The snapshot of an epda is given by the instantaneous description. An ID is of 

type Q x Y- x E- x E-. An example of an instantaneous description (also called a 

configuratio~l) is given by: 

where q E Q; Wl is the initial part of the input that has already been consumed by the 

epda; W2 is the pan of the input that is yet to be read, with the head positioned on the 

leftmost symbol of W2; and to'l,l .. • 0'1,11 t ... to'i,l .. . 0',,1, is the store configuration where 

to'i,l' • . 0',.1, is the topm< st stack with the O'i.l. at the top. 11: starting 10 is given by 

(qo, +0'0, €, w) where w is the input to be read. 

Definition 3.3 
store: .:.V ( ~vI). 

Language accepted by epda, ,\1 = (Q,!:, r 5. qo, Q F, 0'0)' by empty 
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N (-',f ) = {w I (qo , tao, E, w) po (q , E, w , ~) for some q E Q. 

Definition 3.4 
state: LUvI). 

Language accepted by epda, }vI = (Q , E , r, 8, qo, QF, ao ), by final 

L(M ) = {w I (qO , tao, E, w) F (qj, Y l' .. Y n, W, E) for some q! E Q F and some 

store configuration Y 1 ... Y n' 

We now give a normal form for epda' s. In this normal form, every new stack added 

in a move has just one stack element. The number of elements that can be added to the 

top stack (before the move) is at most two. 

Theorem 3.1 

For every epda, lvI, we can effectively find an epda, :vI', such that N (M ) = ;V ( -,/ ' ) 
and L(}vf ) = L(M'), where the moves of lvI' have the following form. For c E E u {e}, 

we have ,. Y~G 
(p, talt · · · tai, al . . . a n, tai+lt · ·· tak) E 8 (q, c, a ) h tJ{ 

i.e:, the size of each new stack added is one , and number of elements added to the stack ~ 
which was on top is at most two, i.e., n ~ 2. 

We now give the construction of lVI' . For each move in ;vI of the form 

,vI' has the following moves. 

( +' + + ' O.n +' .. + ' ) '( ~ ) p , +CTl,ot ·· · +C7j ,O' Cf , tOi+l,O+· ·· +O"k.O E u q ,,-,G 

(r , E, a j.iai.i+l , E) E 8(r , E, ai. i) VI' E Q, 1 ~ j ~ k, 0 ~ i ~ Ij - 1 

(r , E, a iai+1.n, E) E 8( r , E, a i.n) Vr E (} ) ~ i ~ n . 

As an example, we give the transition function of the epda. lvI, which recognizes the 

language {anb"cndn I n ::::: O} by empty store. 
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6(qo, a, eTo) = {(qo,tD,B,e)} 

6(qo,a,B) = {(qo,tD,BB,e)} 

6(qo, b, B) = {(qb tC, e, e)} 

6(ql, b, B) = {(ql, tC, e, e)} 

6(ql, c, C) = {(Q2, e, e, e)} 

6(Q2,C,C) = {(Q2,e,e,e)} 

6(Q2, d, D) = {(Q3, e, e, e)} 

6(Q3,d,D) = {(q3,e,e,e)} 

6(Qo, e, eTo) = {(qO, e, e, e)} 

The automata works as follows. When it encounters the initial a's it pushes in B' s 

in the top stack so th.at it can check that the number of a's and b's are the same. At the 

same time it ensures that the number of a's and d's are the same by pushing new stacks, 

with just the symbol D on them, below the top most stack. The number of b's and c's 

are checked in the same manner. 

Theorem 3.2 For every epda, lvi, we can effectively find an epda, lvI', such that 
L( 1vI) = J.V( ]v['). 

Let At! = (Q,E,r,6,Qo,QF,eTO)' NI' is defined by (Q u {q'},!:~r.6',qo,QF'O'O) 

where q' ¢ Q. 6' is given by adding to 6 the following moves. 

NI' simulates 1vI except that when 1.vI reaches a final state, .J."[' can noncietenninistically 

choose to empty its stack. Clearly N( .. vJ') = L(.vI) as required. 

Theorem 3.3 For every e',da, 1\;1, there is an epda 1.'vI', such that l.V(JtJ) = L(J['). 

Let .'vI be defined as (Q,! r, 6, qo, QF, eTo). Then .. 'vI' = (QU{q~}, E, rU{eT~}, 6', q~, 

{ q'}, eT~) wge,re q', q~ ¢ Q, eT. ¢ r., AI' works' as follows. It has a new initial stack 
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symbol, O'~, on top of which .'vI' immediately adds the initial stack symbol of :.\1. Then, 

lvI' uses the same moves as J.\I. When .:.'\11 reaches the empty store configuration, J/' will 

have only one stack which contains just O'~. AI' can then choose to go to the final state q, 
(from which there are no moves defined) and accept the string. However, if lvl has not 

completely consumed the input, then ;.Yl can continue to recognize the rest of the string 

if there are moves defined which do not look at the top of the stack (since the stack is 

empty), Le., independent of the symbol pointed to by the stack pointer. This move can 

be simulated by NI' in the following way. We can not let any new stacks be inserted 

below the top stack if the top stack has O'~ at its top (since this stack has always got to 

be at the bottom). Thus, the move is simulated by checking if the top stack symbol is 

an element of r, and if it is then to perform exactly as lvI. But if the top stack symbol 

is O'~ then 1."1' makes a similar move· except to insert a stack containing just O'b at the 

bottom. Thus, S' is defined as follows. In addition to the moves given in 6, 6' contains 

the moves 

(qo, to'~, 0'0, e) E S'C q~, e, O'~) 

(q', e, E, e) E 6'( q, E, O'~) \:Iq E Q 

If S is defined such that (p, to'I+ ... +O'i, 0'10'2, to'i+l+ ... to'k) E 6( q, :, e) for e E ~ U {€} 

then 8' has the moves: 

{p, to' 1 + . . . + 0' i, 0' 1 0' ~h to' i + 1 + . . . to' k} E 8' ( q , e, 0' ) V 0' E r 
(p, +O'b+O'l+ ... to'i, 0'10'2, +O'i+l+ ... +O'k) E 6'{ q, e, O'b) 

3.2 TAG's and epda's 

In this section, we show that TAG's and epda are equ.ivalent, i.~'.' every TAL is recognized 

by an epda, and every language recognized by an epda is a TAL. In Sect~on 3.2.1, we 

infonnall~. ~scuss the relationship between TAG's and epda's. 
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3.2.1 Informal Discussion on TAG's and epda's 

We now informally discuss the equivalence of epda's and TAG's. We can relate the 

moves of an epda to the expansion of nodes 1ft 31' top down left-to-right order derivation 

in a TAG. When an epda imitates a TAG derivation, a stack is associated with each node 

as shown in Figure 3.3. 

x 

/ 

Figure 3.3: Association of subtrees of TAG with stacks in epda 

The stack associated with the node to be expanded is assumed to be at the top. If we 

adjoin at this node, then new stacks are placed above and below the present top stack 

encoding the parts of the auxiliary tree to the left and right of its spine. Thus, the epda 

will recognize the left part of the auxiliary tree, expand the subtree below the node where 

l 
1 
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l , 
I 
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adjunction took place, before recognizing the string to the right of the foot node of the 1 
auxiliary tree. This correspondence is illustrated by the Figure 3.4 below. 

We can give constructions from a TAG to' an epda and vice versa (based on the 

above discussiolt) to establish the equivalence of the classes of languages generat~d by 

TAG's and thos.! recognized by epda's. However, th: proofs involving TAG's are long 

and tedious, involving two inductions for the struct u e of the derivation tree and the 

structure of the elementary trees. Note that there is a j .milarity in our discussions about 

the correspondence between TAG's and epda's (givel above) and the correspondence 
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Figure 3.4: Move corresponding to adjunction 

between TAG's and MHG's. We give constructions showing the equivalence between 

l\fiiG's and epda's and having already established the equivalence between MHG's and 

TAG's, we can then conclude that TAG's and epda's are equivalent. 

The main idea behind the equivalence of epda's and MHG's is as follo~s. Suppose 

we use the production 

.. 4 ---. vV ( B, C) · 

and suppose B ~ UqU2' Then A will derive a string in which Ul rU2 wraps around the 

string derived by C. In order for an epda to recognize this string, we assume that the top 

stack is tC B. Seeing B at the top of the store, the epda can insen stacks T k+ 1 ••• T n 

above and the stacks T 1 ••• T k below this stack. Thus the stacks on top of the store of 

the epda is given by T 1 ••. T." tCT k+l ••. T n (see the figure below). The stacks above 

will be emptied while reading the input u 1; the epda will then work to accept the string 

derived bye (note that even if new stacks are introduced below this stack because of 

the symbol C on the top of the store, they will be emptied before the stacks T 1 ••• T~, 

57 



introduced because of B. At the top of the store now are the stacks T 1 ••• T Ie, which will 

be emptied when the epda scans the input U2. Thus, the epda simulates the derivation 

from A of the string corresponding to the use of th.e production .4 ~ TtV(B, C). 

Ul{ U 
U 

Tn 

~ lJ 
~ U2{ U 
~ U \.. 

~ 

~ 
Figure 3.5: Simulating the wrapping operation 

3.2.2 Equivalence of epda's and MHG's 

In this section we show that the class of MHL's (and hence TAL's) is exactly the class 

of languages recognized by epda' s. 

In order to sh,')w .the inclusion of MHL's jn the class of languages recognized by 

epda's, for every I1HG we construct an epda based on the above discussion. 

Theorem 3.4 F: ~every MHG, G = (;.V~~. P, S)'-there is an'epda, JI = {{q}~~ . • YLJ 
E U {'\}, 0, q,{q}, t'), such that L(G) = iV(.\tI) .. 

; , 
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We will build 1."1 suc~ that it obeys the following proposition. \Ve ·say that when 
. . 

A ~ WI TW2, then the epda with A as its topmost symbol, will insert some new stacks 

T 1 ••• T n below this top stack when consuming the input Wt and the stack pointer returns 

to just below the position where A. was initially. These new stacks T 1 .•• Tn are erased 

from the store when the epda consumes the input W.2' Thus, suppose the store of the epda 

is given by T~ ... T~tO'~ .. . 00j .. 4. initially, then the epda makes transitions such that 

and that (q, T~ ... T~ T I ... Tn, e, W2) t=- T~ ... T~, W2€' In order to be precise, we 

have to insist that when WI is consumed that the stacks T I ••• Tn used above are those 

which were added below the stack that was on top when the computation started, meaning 

the stack given by to'~ ... O'j is the same stack as before and not a stack with the same 

elements. Thus, we use a new stack symbol, say:, for which the transition function is 

not defined both for reading from or writing on the store. Thus the precise statement is 

given below. 

Proposition 3.1 A ~ Wt TW 2 if and only if (q, t~A, €, Wt) FM (q, T I" • T ntj, Wl, e) 

for some stacks T 1 .•. Tn and (q, T 1 .•• Tn, e, W2) FM (q, e, W2, e). 

The moves of the epda are given as follows. 

• If A ~ aT then M has the following move. 

(q,e,e,ta) E 8(q,e~.~) 

• If A ~ fa' then M has the following move. 

(q,ta,e,e) E 8(q,e.A.) 

• If .4 ~ eTe then M has the following move. 

(q,e,e,e) E 8(q,e,A.) 
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• If A. -+- Cl(B, C) then M has the following move. 

(q, +C, B, e) E S( q, e, A) 

• If A -+- C2( B ,C) then M has the following move. 

(q,e,~,+13) E S(q,e,A) 

• If A -+- VV( 13, C) then M has the following move. 

(q,e,CB,e) E S(q, e, A.) 

• In addition, J,v! has one move. For every a E E, (q, e, e, e) E Seq, a~ a). 

Lemma 3.1 L(G) ~ lVe."!) 

For the inclusion of L( G) in N (lvl), we induct on the length of the derivation in G. The 

proposition we prove by induction states that if A ~ WI fW2 then 
G 

for some stacks T 1 •.• Tn and (q, T 1 .•. T TH e, W2) FM (q, e, W2, e). 

Base Case: the length of the derivation is one. 

Case 1: A. ~ er Then, (q, e, e, te) E Seq, e, A.) and (q, e, e, e) E <S(q.~. ~). Thus, 

(q, t~A, e, e) F (q, t~+e, e, e) F (q, t~, e, e) as required. 

Case 2: A ~ re Then, (q, te, e, €) E Seq, €, A.) and (q, €! €, €) E S(q.~. ~). Thus, 

(q, +~, t, €, €) F (q, tettt, e, e) as required., a \d (q, +e, e, e) F (q, t~, e.' €) as required. 

Inductive Step: Assume that for all kl < k ve have 
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for some stacks T 1 ••• T" and (q, T 1 .• , Tn, E, W2) FM (q, €, W2, €). Then several cases 

arise. 

1. Let A ~ WI rW2, A. --+ ~V(B, C), B ~ U1 rU2, C :: VI r V2 ' Then, WI = U1 Vlt 

W2 = V2U2, and k = kl + k2 + 1. Thus the inductive hypothesis holds for B, Ct. 

Therefore, by the inductive hypothesis, (q, t~A~ €, WI) F.Y (q, t;CB~ €, WI) p~[ 

(q, T 1.1' .• T "1.1t~C, Ub VI) FA-I (q, T 1.1 •.• T "1.1 T 1.2' •. T "2,2t:, U1 Vb €) 

where T I .•. T" = T 1.1 •.. T "1.1 T 1.2' •• T "2,2 and 

(q, T 1,1.' . T "1,1 T 1.2' .. T n'l,2€, V2 U 2) FM (q, T 1,1 •.. T nl,t, V2, U2) F~[ (q~ €~ W2. e} 

as required. 

Ie kl C k, Th 2. Let A. 7 w1Tw~,.4 .. --+ Cl( B, C), B 7 Ut TU 2, 7 VI TV~' en, WI = tll, 
W2 = U2V1V2, and k = k1 + k2 + 1. Thus the inductive hypothesis holds for B. C. 

Therefore, by the inductive hypothesis, (q, t~.4, €, WI) F.Y (q, tCt;B, €, WI) 

Flt (q, tCT 1,1'" T "l,lt~, Ut, €) and T 1" • Tn = T 1.1'" T nl.1· 

(q, tCT 1,1 ••• T nl,IE, U2V l V 2) FM (q, tC, U2, VlV2) FM (q, T 1.2'" T n2,2, U2 V 1, V2) 

Fit (q, €, W2, e) as required. 

3. Let .. 4 ~ WI rW2, A -f' C2(B, C), B ~: Ul rU2, C :: VI r V 2' Then, WI = 
UI U2Vb W2 = V2, and k = kl + k2 + 1. Thus the inductive hypothesis holds for 

B, C. Therefore, by the inductive hypothesis, we obtain the following 

(q, t~A, e, WI) t=~W' (q, t~CtB, €, WI) Fi.t (q, t~CTI.l'" T "1.17 U17 U2 V I) ~~I 

(q, tUC, UI U 2, VI) I=lt (q, T 1.2'" T n'.2~' UIU2 VI, €) 

where T I ••• Tn = T 1.1 ••• T nt.1' Also, (q, T 1.2' •. T "'l.2, e, V2) Fi.r (q, e, V2, e) as 

required 

Thus, the inductive statement holds for k step ?erivatio~s too. By considering the 

derivation from S, we thus show that L( G) ~ J.V( .!vJ). 

We can 'now show rhat J.V( AI) ~ L( G). The proposition we prove is the following. 
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( +". ) L- kt , T T +. } .J: k T "'r d q, +jt ... "i, €, Wt r-AJ {q, 1 • •• n+~, Wl, € Lor some stac s 1 • •. n an 

(q, T t ••• Tn, €, W2) Fi} (q, e, W2, e) implies that A ~ WI rW2' 

Induction is on the pair (kb k2 ). We define the following ordering on these pairs as 

follows. We say (i17 i 2) ~ (i}'i2) iff it < il and i2 < i2' 

The base cas~ corresponds to one of the following two computations of Jl. 

1. (q, t#A, €, e) F (q, tUte, €, e) F (q, t~e, €) and (q, €, €, e) FO (q, €, €, €) 

In this case, because of these 1 step computations, we have A -. e r and thus we 

obtain A. ~ cr as required. 
G 

2. (q,t~A .. ~,~) t= (q,tet~,e,€) and (q,te,€,e) t= (q,€,€,€). 

In this case, we have A. ~ re and hence A. ~ re as required. 
G 

Now suppose (q, t~A, €, Wt) F~ (q, T 1 ••• T "t~, WI, €) 

for some stacks T 1 ••• T" and 

(q, T 1 ••• T '" €, W2) F~ (q, €, W2, €) implies that A ~ WI rW2' Consider the first step 

of this computation. The different cases are as follows. 

1. The first step of the computation uses (q, tC, B, e) E 8( q, €, .4.). (q, +=_-1. e. WI) F 
(q, +C+~'B, €, WI) t=it (q, tCT 1,1'" T 7It,lt~, WI, e) and (q, teT 1.1'" T Fll.1~ e. w:!) 

Fi2 (q, tC, U2, VIV2) t=il (q, T 1.2' .• T 712,2, U2Vtt V2) t=.12 (q, €, U2VIV2, e) where 

W2 = U2 V I V2' Thus, Ci17 i2), (ibi2) ~ (k17 k2) and therefore the inductive hyp-oth­

esis holds for these computations. Thus, B ~ UI rU2 and C ~ VlTV2. Also 

A --io C1( B, C). Thus A ~ WI rW2 as required. 
G 

2. The first step of this computation involves (q, €, C, tB) E 8( q, e, -4.). (q, t:--!, €, wt} 

F <1 t~CtB,e,wI} Fit (q,t~CT1,l'" T"l.t,Ut,U2Vt} t=i2 (q,t~'7,Ulu2,vd Fi1 
(q'~"_.2". Tn2~2t~,u1U2Vl) where WI = UIU2~1 and (q', TI •2 ••• T n2 .2,e,w2) t=J2 

(q,e~v2,e) where W2 = V2. Thus, (i},i2),(it,i2) ~ (kt,k2) and therefore the 
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inductive hypothesis holds for these computations. Thus. B ~! UqU2 and C ~ 

VlTV2 • • ~so A -+ C2(B,C). Thus .. 4. ~ WlrW2 as required. 

3. The first step of this computation involves (q, €, C B, €) E 6( q, €, .4). (q, t:.4, €, WI) : 

(q, ~~CB, €, WI) Fil (q, +T 1.1 .•• T ntt1+=C, Ut, VI) Fit 
(q~tT1.1 .. . 1 n1 ,lT1,2'.' ln2.2+',Ut V17€) where WI = UIVI and 

(q, T 1.1". T n1 ,}' 11.2 .•. 1 n2,2€, W2) F.12 (q, 11,1.'. T nl.lt V2, U2) t=i2 (q, €, V2 U 2, e) 

where W2 = V2U2. Thus, (it, i2 ), (i1,j2) ~ (Tei, k2 ) and therefore the inductive hy­

pothesis holds for these computations. Thus, B ~ UqU2 and C ;; Uq U2. 

Also .4 -+ lV( B, C). Thus A. ~ wIT W2 as required. 
G 

Theorem 3.5 Every language accepted by an epda is a TAL. 

We prove this result by showing that for every epda there is a MHG which generates the 

same language that is accepted by the epda. Having shown that the class of languages 

" generated by TAG's and MHG' s are the same, we can conclude that every language 

accepted by an epda is a TAL. 

~ote that a push move of an epda will insert new stacks above and below the present 

topmost stack. This can be considered to be equivalent to a wrapping operation, where ... 
we wrap the split string corresponding to pans of the input used in erasing the new 
-.--~--~--~~--~--~~------~--------~~-----

stacks around the string used in erasing the topmost stack. For example, if T were the 
.-
top stack before the push move, and as result of the push move, stacks T 1 and T 2 are 

added above and below this stack. For such a derivation, the epda goes through four 

crucial configurations with their associated states; 

1. a configuration in which we begin proce ;sing the new top stack (Le., T 1), 

.. 
2. a configuration in which we have considered the stacks that were introduced above 

the topmost stack, and once again the topmost stack before the push move (i.e., T) 

is the top stack, 
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3. a configuration in which this stack has also been considered and the epda has now 

T 2 as its topmost stack, and 

4. finally a configuration in which we have finished considering T 2 also. 

The nontenninals of the MHO constructed have the form (qb q2, U, Q3, q4) where the four 

states corresponding to the four configurations described above and U is the sym bol on 

top of the stack T. The MHO constructed satisfies the following proposition. 

Proposition 3.2 

(ql, U1'" UrnU, €, U'lW2 W3) F- (q2, T 1',' T n+U l'" Urn, Wb W2W3) 1=­
(q3, T 1 ••• Tn, Wt W 2, W3) t=- (q4, €, W1 W 2W 3, €) 
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Any move of an epda can be written in the following fonn. 

where e E !: U {e}, 0' E r U {e}, 0 < m < 2. The MHG, G, (corresponding to this epda) 

will have the following set of productions to simulate this rule. If this move applies then 

consider the sequence of computations of the epda involyed in the erasing of 0' (and all 

the symbols introduced and deleted in the process). We use the following symbols in 

the MHG. The symbol7J is used to correspond to the computation with the new store 

after seeing the sym,bol e. Thus the states associated with (j are p, q2, q3, q4. We use 

the symbol 0' above (respectively O'below) corresponding to the computation of the epda that 

erases the new stacks introduced above (respectively below) the top stack. Thus the states 

associated with this symbol is p, q' (respectively q", q .. ). The derivations from 0' 'lbove and 

O'below are combined (given by the symbol fT) and wrapped around the pan introduced 

on the top stack. The derivation resulting in the erasure of the symbols O'm ___ 0'1 is 

fron:t the nontenninal using the symbol!Z. which naturally will have the states q', Q2, q3! q" 

associated with it. Thus, the MHG will have the following set of productions. 

• (qb q2, 0', q3, q4) -to t-V( er, (p, q2, (i, q3, q4) ) (1) 

where q = qt-

(4a) 

where p = qL 1 ~ k ~ i - 1, q: = q~+\ q~ = q' 

if i = 0 then (p, q', 0' above) --+ ere (4b) 

with p = q'. 

if n > i (q" q r.r ) C'1( (qi+l i+l i+l i+l) (i n n~)) " ,4, beloUl --+ 1 ,Q2 ,O'i+l,q3 ,q4 , ... , Ql,q'2·O'n.q3·q~ 

(5a) 
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where q4 = q~, q" = qi+1 and i + 1 < k < n, q! = qf+l 

if n = i then (q",q4,(1'below) -io ere (Sb) 

where q" = q4 

(6a) 

Then, q' = qt,!, q2,2 = q2, q3,2 = q3, q4,l = q", q2,1 = Qt,2, q4.2 = Q3.1· 

If m=l then (q', q2,~, q3, q") -io (qt.b q"'.b (1'1, Q3.b q4.1) 

where q' = qt,b Q4.1 = Q", Q2 = Q2,b q3 = Q3,l' 

(6c) 

I if ' " on y q = q2, q3 = Q -

·(6b) 

We prove that L( G) ~ J.V( .\1) by showing that for all k, if l ql, q2, (1'~ Q3, q..) 

(Qh :#0', E, Wt) 1=- (Q2, T t ••• T ,,:~, w}, e) and 

(Q3, T t - •• T ", e, W2) ~. (q~, E, W2, e) 

.' 
.; J 

The base case corresponds to (qll Q2, (1', Q3, Q4) => cr- Therefore, the follow~ng set 

of productions would have been used. 

{ql, Q2, (1', Q3Q4) -to t-V(cr, (p, q2, 71, Q3, Q4)) 

(p, q2, f!, q3, q4) -io }V( (p, q', iF, q", q4), (q', q2,a:, q3, q") 

(p, q', iF, q", q4) -io C2( (p, q', (1'/lbove) , ere, (q", q4, (1'be/ow))' 

(p, q', (1' a.bove) --.. erE where p = q' 

I q", q4, (1'below) -to ere ~here q" = q4 

, ") · q , q2, a:, q3, q --.. e. 

''''us, we have p = q2 = q', q3 = q" = Q4' Therefore the epda 'las the move (p. e, e. e) E 

l((l1~e,(J'). Thus, (ql,t~(1',e,e) F (p.t:,E,e) and (q3:e,e,e) ~o·(q3.e~e.e) as required. 

.: . 
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For the inductive step, let 

The first production used in this derivation has to be 

for some p. This implies that the following k - 1 step derivation took place. 

where WI = cw. Since the first step in this derivation must have used the production 

given in (2), 

Th will h th d · . ( ,... " ) k. d ( , ") k, us we ave e envattons p, q ,{7, q ,q4 ===> Ul rU2 an q ,q2, fl., q3, q ===> 

VI fV2 where UIVI = W,V2U2 = W2, and kl + k2 + 1 = k - 1. In the derivation from 

(p, q', iT, q", q4), we would have used the production, 

(p, q' , 7f, q", q4) -+- C2( (p, q', (7 above) • (q", q4, (7belotll) ) 

first. Thus we can assume the following derivations took place. (p. q'. (j :lbove) 

( 
" ) k" _ q ,q4, (jbe/ow ===> U2 

where k3 + k4 + 1 = k1• For the derivation, (p, q', (7above) ~ iri, we would have 

used either production 4a or 4b in which case we would obtain the derivations, d1 or d2 

respectively, given below. 

Derivation d1: The first production used is that given in 4a. Note in this case p = 
qt,q~ = q',l :5 r < i -1,q2 = q3,q" = qr+ l

. Then for 1 <r:5 i it must be 

the case that (qr, q2' (717 q;, q~) ~ tLl.rrU2.r where Ul.lU2.1Ul.~U2.2'" Ul,iU2.i = Ul and 

II + ... + h = k3 - 1. 

Derivalion d2 The first (and only) production used was (p. q'. (joJ.bove) --+ € where p = q'. 
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Similarly for the derivation, (q", q4, (7below) ~ U2, we would have used either production 1 
J 

5a or 5b in which case we would obtain the derivations, d3 or d" respectively, given 

below. 

Derivation d3 : The first production used is that given in Sa Note in this case q" -

q~+I,q4 = q4,i + 1 < r < n - 1,q2 = q3,q~ = qr+l. Then for i + 1 < r ~ n it must 

be the case that (qr, q~, (7r, q3' q~) ~ Ul,rrU2 ,r where Ul,i+lU2,i+l ••• Ul,nU2.n = U2 and 

Ii+1 + ... + In = k" - 1. 

Derivation d4 The first (and only) production used was (q", q4, (7below) -r e where q" = q-t. 

Finally, (q', q2,!Z., q3, q") ~ VlTV2. Then three more cases arise, depending on whether 

m = 0, m = 1, m = 2. 

Derivation ds m = 2. In this case the first production applied is that given in 6a, 

where q' = ql,t, q2,2 = q2, q3.2 = q3, q4,1 = q", q2.1 = ql.2, q4.2 = q3.1' It must be the 

case that (ql.b q2.1, (717 Q3,l, Q4,l) ~ Xl rX2 and (QI.2, Q2.2, (72, q3,2, Q4.2) ~ YI rY2 where 

ks + ks = k2 - 1, VI = XIYb V2 = Y2 X2. 

Derivation ds m=l. In this case the first production used is that given in 6b, where Q' = 

Qt.l, Q2,t = Q2, Q3,l = q3, Q4,1 = Q". It must be the case that {ql,}, Q2.b (71, Q3.b Q".I) ~-~ 

VI rV2e 

Derivation d1 m=O. In this case the first (and only) production used is (Q', q2, fl., Q3, q") --to 

e. Thus, VI = V2 = e and Q' = Q2, Q" = Q3. 

In the k .. step derivation starting from (Q.Q2, (j~ Q3, Q4), anyone of the following se-

quence of subderivations are possible: 

(db d3 , ds), (db d3 , ds ), (db d3 , d1 ), 

(d2 , d3 , ds), (d2 , d3 , ds ), (d2 , d3, d1 ), 

(db d", ds), (db d", ds ), (db d4 , d1 ), 

(d2 , d", ds), (d2 , d", ds ), (d2 , d4 , d7 ). 

Let us now consider t 1! sequence (d1 , d3 , ds ). In order to' prove the result by induc­

tion, we must show that 
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• (ql, +~O'., e, WI) F- (Q2, T 1 ••• T nt~, WI, e) and 

• (q3, T 1 •.• T n e, W2) F- (q4, e, W2, e). 

Because of the productions involved in this derivation, it must be the case that 

(p, to'n ••• to'i+17 0'20'1, to'i ••• to'I) E 8(ql,e, 0'). Thus, 

• (q17 t:O', e, WI) F (p, to'n· •• to'i+h t~0'20'1, to'i • •• to'17 e, w), where WI = eWe 

Since we are considering the subsequence db we have i > O. Thus, for 1 < r :5 i, we 

have 1,. = 11 ,1' + 12,,. < k, and therefore the inductive hypothesis holds for the following 

I,.-step derivations. 

Thus, we have the following computation. 

• (p, to' n •.• to'i+lt~0'20'ItO'i ... tO'b e, w) 

where Ul,1U2,1 ••. Ul,iU2.iX1Yl = W 

F- (q2' to'n··. to'i+lt~0'20'1tO'i'" to'r+l Ti ... T~f" 

eUl,lU2.1 ••• Ul.r-l U 2.r-l U l,1" U2.r· •• Ul.iU2,iX IYl) since q2 = q3 

1=- (q~, to'n ..• +O'i+lt~0'20'1+O'i'" to'1'+b 

':;Ul,lU2.1 ... U1,r-1 U2.r-l Ul,1'u 2,1" U1,r+l U2,r+l .•. Ul.iU2.iXIYl) 

L-O ( 1'+1 + +. +01 2 1 +. + r- ql ,+O'n···+0',+1+,,0' 0' +0',···+0'1'+1, 

Now considering the subsequence ds, we have m = 2~ . The inductive hypothesis 

holds for the following two derivations in this. ks-step derivations. 
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· --? Xl j.V2 

dJ.,J· Q2.2. 0'2, Q3.2~ Q4.2} - '. :.11 jY2 

L-- ( ~ ~ "Y"1 "Y"nl ~~ 2 - ) b . d . h h' r ,Q2.h +O'n ••• +O'i+l J. 1 ..• J. 1 + .. 0" ,eUIXt, Yl Y In uctlve ypot eSlS, 

Since WI = !i1'iX IYto we have proved one half of what is required roo be shown 1 
'd' h . f (~ ~ TI "'rnlTI "r~2 " canst enng t e computatIon rom Q3, +O'n· •• +0'£+1 1.0. 1 2'" 2' e.I.l:~', sin 

have q3 = Q3.2 and by the second part of the k.s-step derivation 

(q3,tO'n .. ·tO'i+lT~ '0. T~lT~ ... i 22 ,e,Y2x 2u2) 

1=- (Q4.2, to'n • .. to'i+l T} ... T~l, Y2, X2U2) where we write U'2 as !J2:C2 U 2 

1=0 (Q3.h +O'n .•• +O'i+l iI .. · i~l, Y2, X2 U 2) sinc..e Q4.2 = Q3,1 

F=* (Q4,b to' n ••• to'i+b Y2 X2, U2) and since Q4.1 = q" we have 

FO (q", tUn ... to'i+l. Y2 X2, U'2) 

" \ 

Now considering the derivation in d3, 'lie have n > i. Identical to the derivation 

since the inductive hypothesis holds for the derivation of u l.r T U2.r for i-I ::; r :.;: ,'i. 

we have (q3, to'n ... to'i+l, e~ W2) J=- (q;. €~ W2 e). Since '1: = 'l.h we have shown all 

required pans for showing that the inductive hypothesis holds of the k-step deriv:uion 

considering the subsequences (rl1, d3 , ds ). The other cases can be shown similarly. 

Thus we have shown by induction that 
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if (qb q2, O"~ Q3'. q4) k. WI rW2 then (qb t~O"~ E, wd F- (q2~ T 1 •• • Tnt:· U'l. €) and 

(q3, 11" . Tn, E, W2) 1=- (q4' E, W2, E). 

Considering the derivation from (qo,p, (J'o,p, q) for some p. q, we can establish L{ G) ~ 

~V· (.J,f). 

Lemma 3.2 ~V( JI) ~ L( G) 

In order to prove this lemma, we show by induction that for all pairs i J.: 1. /.: 2 I the 

proposition given below holds. 

Proposition 3.3 If ('11~ t:(J'~ E, wr) I=kl (q2~ 11 ... 1 nt:. Wl~ E) and 
('13,11 ... 1 n, E. U'2) I=k2 (1] .. , E~ W2, €) then 
(qb q2, O"~ Q3, q4) ~ letrW2 where (J' E r U {E}. 

In the most general case, the first move in this computation sequence is due to 

(p, t(J'n ... to"i+b (J'rn ... (J'l, t(J'i ... t(J'l) E 8( q}, e, (J') 

where e E!:U {E}, ~w = WI and 0 <m:5 2. 

Thus, we have (fJl~ t:(J'. €~ led l= (p. tan ... tUi+l~:O"m ... U1tO"i ... ~0"1'~' U', 

~kl-l (Q2, to-n ... tUi+1 T~ ... T~m ... Tt ... T71 t:. WI. E). The 1.:1 -l-step computation 

can be divided into the following subcomputations. 

I= k
3 (q - 4i

, tUn··. tUi+lt:o-
m 

••• 0'1 ~ eiTi, X1.1 ... xm.d where Wt = ~'il'l.rL.I .... t" m.l 

1=0 ( I + +. +.. m 1 -- ) h I i q ,+(J'n'" +Ua+I+ .. (J' ... 0' • .:oUI, XI.1 ... Xm.l were q = 14 

I=k4 (q2, tUn ... tUi+l T~ ... T~'" ... T~ ... T~lt:, Wl~ E), 

where to-n . .. tUi+1 T~ ... T~'" ... T~ ... T~l = T 1 ',' . Tn. 

Similarly, the k2-step computation is broken up into the following subsequences 

• ({/ +,... " +,... T 1 Tnm T t Tnl ) 
l3~+""'n'''+'JI+l m'" m'" t .. • l'€'W2 
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We will consider the k1 - 1-step computation first. Of this suucqmputation, we will 

consider the subcomputation \vith k3-steps. We say, p = q~ and k3 = 11.1 + 11.2 + ... + 

li,l + li.2' We have .two cases corresponding to i > 0 and i = O. 

Computation C 1, i > 0 

We say, p = qf, Ul,I U2.1··· lll.i U2.i = Ui and k3 = ILl + 11.2 + ... + li.1 + [i.2' Then. 

(p, to'n ... ;O'i+lt:O'm ... 0'1+0'; ..• to'l'~' w) Fll (q~~ to'n ..• to';+lt:O'm ... ,.,.It""I'" tt7,.. 

where I' = 11•1 + 11.2 + ... + Ir-1.1 + Ir -1.2 .In Ir.1 computation steps \ve \vill obtain the 

ID ( r .:. .:. ':''' m 1.:. .:. yl yr 
q2,+O'n"'+0';+I+:0' .•• 0' +O'i···i-O'r+l 1'" nr~ 

this is the same as the ID 

( 
r .:. .:. ':'100 m 1.:. .:. VI Vr 

Q3' +O'n'" +O'i+l+ .. O' •.• ,.,. +O'i'" +O'r+1.11··· .1 nr' 

eUl,lU2,l •.• U1,r-lU2,r-lUl,r, U2.r' •. u2,d Flr2 

(q~, to'n ••• to'i+l+:O'm •.• O'ltO'j ... to'r+b CUl,lU2,l'" Ul.r-lU2.r-lU1.rU2.r~ Ul.~+1 ... tJ2.d 

L-12 ( i +_ +no + .. _m no 1 -u U ute) r- Q4' +Vn' •• +v i+1+ .. v ••• v ~.:. 1.1 2.1'" 1.; t2.i, 

where 12 = Ir+1.1+lr+1.2+·· ·l i •1+/i•2 • Since we write q~ = q' andUi' = Ul.IU2.1'" Ul.ill·~,: 

we have 

If we assume inductively that for each of the Ir •1 + Ir •2 computations the proposition 

holds, then we know that for 1 :5 r :5 i the following holds 

Th . h'· d . (' ) C'l( ( 1 -I 1 . I') I I: • .) , en uSing t e!) 0 ucnon p.fJ ,""fJ.bove ~ fJI.'l2. l71.Q3,'l-4 •.... \ql.q~.t7:.trl.'i4 " 
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we have (p. q' ~ U !1bot:e) ~ "iLl, 

COlnputation C2 i = 0 

. h ,.. b' 1 th th t (. • +;; .... m ,...1 - tc I Thus wIt ,p = q It IS 0 VI0US Y e case a .P, +U n' •• +(7i+I+ .. V ••• V !.:.. , 

1=0 (q'. +Un ... tUi+lt:U m ••• u 1.e, w) where 'Ul = €. k3 = O. Correspondingly, since 

i = 0, we have the production (p, q', U above) ~ € 

• erasing of 17 m ... 17 1• We have three cases to consider, nl = 2. m = 1, or rn = O. 

Computation C'3 m·= :2 
.. 'h (,.:. .• .:..;~1_ ) By wnung 11.1 as q we ave,. q ~ +(jn .•. +Ui+l+ .. U 17 ,:. Ul· "I I 2 

: k7 (q2.1~+O"n' .. ~Ui+lYi ... T~'1+:0"2.~'lllXl'.r~) 

1=0 (q1.2, tUn ... +Ui+l T~ ... T~l t:U 2
. 2UIXl, x·;d with Q'2.1 = Q1.2 

t- ka ( .:. .:. "r 1 TIT 'l T'2 +.. -u 'r'" ~ ) 
I .Q2.2,+O"n···+U i+l 1'" nl 1'" n2+"!:' lwlw2'~ 

,-0 (.:. .:. vI Tl "r'2 T2 +oO - ) r- Q2,+U n ···+Ui+ll.1··· nl 1'" n2+ .. !.:.Ut X I X 2!€ 

with q2 = q2,2, WI = eUlxlx2 ~d k i + kg = k4• 

Computation C4 m = 1 

With q' = qt.l, Q2.1 = q2, we can write this subcomputation as 

( 
, . . .:... 1 ) 

q ! ~Un'" +Ui+l.j.:U • ~lLl' Xl 

Computation C; m = 0 

In this case q' = q2' and ].;4 = O. 

• We now consider the rest of the computation, i.e., the final k.~-steps of the computation. 

First we consider the removal of stacks introduced above Ui+l' As before there are three 

cases to consider corresponding to the three possible values for rn. 

Computation C'I; m = 2. 
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We let q3 = Q3.2' q" = q ... l· Then, (Q3, too n ... to'i+l Tt ... T~l Tf ... T~2 ~ E. Y2Yt ll '!) 

L- kg ( + +. TIT 1 ) r- q4,2, +0' n ' • ,+0'1+1 1'" n1 ' Y2, Yl U2 

1=0 (Q3.b to'n'" to'i+l T~ ... T~1' Y2, YI U2) letting q ... ~ = Q3.1 

L-k1o I " + +. ) I tun' /I -r- l'1· +0' n • , . +0"1+1' Y2, Yl U2 e g q - q4.1 

Computation C6 will be used if and only if computation sequence C'3 is used earlh:r. 

If these two sequences are used, then m = 2 and therefore the NIHG will have the 

production 

with q' = ql,l~ '12.1 = '11.2· q~.2 = q2~ q3 = q3.2~ q".2 = q3.1~ q ... l = q". If we assume that 

the length of the computations resulting from (j '2. (j 1 satisfy the inductive clause. then we 

have 

Thus we have 

Computation Co; m = 1 

(q1.}, fj2.1. 0'1, q3.b Q4.1) ~ Xl r!l1 

(q1.2, q2,'2, 0'2, Q3,2, Q4.2) ~ X2TY'2 

In this case, we have "[~ ... 'T~l introduced because of 17
1 on the stack. which is remo\'~d 

by the epda on consuming the in;:)Ut Yl and changing from state q3 to 1/'. 

As in the above discussion, Co; is used if and only if C' .. is used. Using the appropriate 

production (corresponding to m = 1) and assuming the lengths of computrl.tions ('-t, ('~ 

satisfy the inductive clause, we have 

Compulalion C's m = 0 

In this case, the length of the computation is 0, and with q3 = q" we have alot1{! with the 
.,' . '-" 
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computation Cs, 

The next sequence of computations that we consider are the erasing of O'i+1 ••••• t7fl. 

As in the case of computations C1 and C2, there are two cases, computations C·~). C' lO , that 

we have to consider. They correspond to whether n > i or not and can we \vorked out 

identically to computations C1 and C'2' As in the those two cases we will then conclude 

that 

( " ). -q ,q .. , O'below ==> tL2 

Th . h cd . ( I'" II ) C"') ( (' ) ( " '" us gIven t e pr ucnon p.q .O'!q .q .. -+- - p.fj 'O''lbut:e .er€. '1 .'1-1.f]'L'-:!'-"L'j!' \\e 

can conclude that 

The different sequences of subcomputations are : 

(C1, C3 , C6 , C9 ), (C}, C .. , C1 , C9 ), (C), Cs, Cs, C9 ), 

(C), C3 , C6 , ClO ), (C1 , C .. , C7 , CIO), (C}, C s, Cs, CIO), 

(C2 , C3 , C6 , C9 ), (C2 , C .. , C-;, C9 ), (C2 , Cs~ Cs, C9 ), 

(C2 , C3 , C6 , ClO)~ (e2 ! C'4, Co;, CIa)' (C2~ C',5' C's, C'lO). 

The computation sequence (C'2~ C's. C'g~ C'lO) corresponds to the base case. In the other 

sequences, as we have seen, if the lengths of the various subcomputations satisfy the 

inductive clause, then we will be guaranteed that by induction we have shown 

and have thus p~oved the lemma. In order to show that .Y( .1[) ~ L( .1/), we have [0 

consider the derivation from (fjo, q! 0'0, q, p) for some q. p. 

Thus .V( ;,\1) ~ L( G). 
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3.2.3 Closure under Intersection \vith Regular Languages 

In this section we show that TAL's are closed under the operation of intersection with 

a Regular Language. By restricting epda's appropriately, we are also able tC' get an 

automaton charaterization of languages generated by linear TAG's. 

Theorem 3.6 TAL's are closed under intersection with Regular Languages. 

In order to show. that TAL's are closed under intersection with. Regular Languages .. 

we extend the proof used for CFL's. Thus, let L be a TAL recognized by an epda . 

• \1 = (Q. "£', r, 8! qo, Q F. 0"0) by final state. Let R be a regular language recognised by a 

fsa A. = (Q.-t~~, 8.-t, Po· F.-t). In order to show that L n R is a TAL, we can show there is 

an epda .lIl such that ,\11 recognizes L n R. Since every string, U:, in 1 ;-' R is a string 

of L and a string of R, tv must be recognized by .\1 and also by A .. Therefore, we let 

.VIl' defined by j,\tI' = (Q x QA,!:,r,8',[qo,PO)'QF x F~O"o), be a machine which runs 

J.vI and R in parallel. 8' is defined by 

if and only if 

and c5.-t(p. a) = Pl' 

Inducting on j, we can show that for all j, 

if ana (·nly if 
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The basis j = 0 is trivial, since p = Po, q = qo. n = 1. T 1 - ;0'0. u"l - E. For 

induction let the statement be true for i-I. Then we have 

where WI = xe. By induction hypothesis, 

( J. .) 1-i-l ([' '] iii' ~ ) qo, +Cio, €, 'Wl W2 r .vf q • p, 1'" k ,x ... ,W2 

By the definition of 8 we have 

(q', T 1 .•• i k i', x~. W2) 1=.\/ (q, i 1 ••. T n' X~. W2) 

and 6.4(P'~~) = p. Thus the induction hypothesis will hold for j = i also. The converse 

can be shown similarly. 
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3.3 The Po\ver of epda's 

In order to help understand the relationship between recognizing po\vers of the epda 

and nsa (which accepts Indexed Languages), and why the epda is only slightly more 

P9werful than a pda, we show the equivalence between epda's (and thus TAG's) and a 

linear version of Indexed Grammars. 

Although both the epda and the nsa have a store made up of stacks of stacks of stack 

elements, the moves of a epda are more like those of a pda rather than a nsa. A move 

of a pda may be characterized as replacing the top stack element by a sequence of stack 

symbols. The move of a epda may be characterized in a similar way, the top element 

of Lhe stack is replaced by a sequence of stacks elements first and then in il second step. 

this top stack is replaced by a sequen ~e of stacks. Thus, the epda may be vie\\.'ed as a 

second order pda. In fact, this generalization may be carried on funher, leading to an 

ith - order pda for any i > 12 , as has been done 1n [Weir 87]. The nsa on the other 

hand allows the stack pointer to leave the top of the stack. The nsa can thus· be used to 

copy unbounded amount of infonnation by a sequence of moves. To understand this and 

to see how the epda is more restricted, we will consider Indexed grammars with which 

the nsa is equivalent in the following section. 

3.3.1 Tree Adjoining Grammars and a Linear Version of Indexed 

Grammars 

In this section, we describe a linearized version of rndexed Grammars which was con­

sidered by Gazdar [Gazdar 8Sa] for its possible linguistic applicability. We call [his 

grammatical formalisms Linear 1'1dexed Grammars (LIG) and show that the class of 

languages generated by LIG's is exactly TAL's. 

2 i = 0 wouldcorrcspond to a finite Slate automaton 
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The productions in an Indexed Grammar can be written as (refer [Gazdar 85a], the 

original definition of Indexed Grammars appears in [Aho 68]) 

.Y'[··]--+ .. Ydi, .. ] ..... Yn[i, .. ] (push) or 

.Y [ i, .. ] --+.\ 1 [ •• ] ..... Y n [ •• ] (p~p) or 

In an Indexed Grammar, a stack of svmbols (called the indices) is associated \vith . . 

nontenninals during derivations. [ .. ] is used to represent the present stack associated 

with a nonterminal. In the first production the parent (th.s of the production) distributes 

copies of its stack to its children after pushing the symbol i at the top of the stack. Thus, 

we can see how the stack information is shared by all the symbols in me right-hand sid~ 

of the production. 

In an LIG the productions have the fonn 

.. "'( [ i, .. ] --+ ."'( 1 [] • • •. ,:r j [ .. ] . . .• "'( n [] (pop) or 

LIG differs from IG in that the stack is passed on to only one of the children. [] corre­

sponds to a new but empty stack. The productions of LIG' s can be generalized [0 be of 

the form 
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Let G be a LIG. Then 0: = CqA.[ll .. . In ]a2 is a senlential form of G .3. The derives 

relation is defined as follows .. 

• If .. 4[··] ~ ... YtfJ ... . Yj[l • .. J .... Ym[]is a production of G then 

a => al.\l[] ...• Yj[ll .. . /n/J ••• )( mOa2 
G 

• If A.[/n' .. ] ~ .. YdJ ... }{j["] .•.• YmOis a production of G then 

a => al}{l[] ...• Yj[ll ... In-d ... _Ym[]a2 provided n > O. 
G 

• If A. [ .. ] ~ E is a production of G then 

The language generated by G is defined as 

L(G)={wlwE~·. S[] --=";·w} 
G 

The linearity in the copying of stacks in LIG is captured by the epda. Note that in an 

epda no unbounded amount of information is copied. The single copy of the top stack 

(which is unbounded in size) is passed onto to the new configuration. This differentiates 

the epda from the automata for indexed grammars. We can observe the similarity of 

moves of epda's with a leftmost derivation in LIG's by noting that the stack ussociated 

with a leftmost nontenninal in a sentential fonn in LIG will be the topmost stack. \vith 

the nontenninal information at its top. When a push production is used in LIG. lhen 

the index used is pushed on the top stack of the epda, new stacks with just the nonter­

minal information are insened ab.ove and below this stack, depending on whether these 

nontenninals (with new but empty stacks) are to the left and right of the nonterminal 

(on the right hand side) inheriting the stack from the nonterminal in the left hand side. 

For example, let a sentential form be A 1 [r d ... An [r 71]' After the use of the pus/z pro­

duction, let the sentential form be Bl[r~] ... Bm[r~]A.2[r2' .... -!n[r "J. Then the store 

3If we write .4(11 .. . /71 ], we me::m that the stack associated with the nonterminaJ .-l has 1'1 at the top 

and /1 at the bottom. 
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configuration in the epda will transform to tr n.-i n ... tr2.-i2tr~Bm ... tr~Bl from the 

store configuration tr n.-in ... tr 1.-i1• To detect the bottom of ~very stack in an epda is 

the ": " symbol. 

3.3.2 Inclusion of LIL's in TAL's 

To show the inclusion of the class of languages (LIL' s) generated by LIG' s in the class 

recognized by epda's, we sho\v that for each LIG, G, there is a· epda, -'1, such that 

following proposition holds. 

Proposition 3.4 

in a leftmost fashion if and only if 

Given an LIG, G, we define the epda, -'1, as follows. Each stack in the epda will have 

a nontenninal symbol on top. Below this nonterminal will be the contents of the stack 

associated with this nonterminal in the sentential form. Thus, if there are n nonterminals 

in a sentential fonn, the epda will have n corresponding stacks. The stack corresponding 

to the leftmost nontenninal will be the top stack. Thus, 

• If .-i[ .. ] -+.-ll[] ... . 4i [/ • .. J .... -iN[] is a production in LIG then the epda will have 

the following move 

Thus, 'the stack associated with A is passed on to AI' 
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l 
• If .-i.(l ... ] -;. A'I U ... . -1i[··] ...• -1 n n is a production in LIG [hen [he epda will have 1 

the following moves 

where 

(q, t:··t'1 ... t:·-ii+ I, .-t. i, tt.-1i-l ... t~·-ll) E S( q <1.Al ... A~ ... An ,e.l » 

The pop production is simulated in nvo steps. In the epda, we have to check if I 

is immediately below the nontenninal .-1. Thus, we first remove the top symbol A. 

record the righthand side of the production in the state, and then check if the index 

on the top of the side is I before creating new stacks. Ho\vever, since the presenr 

top stack has to be passed on to Ai, \ve mark .-li in the state information. 

• .-i[] -+ a is a production in the LIG. Then the epda will have the following moves 

in which we pop symbols off the top stack (associated with .-1) until it becomes 

empty. Thus, 

(qera~e, e, e, e) E 6( q, e, A), 

(qf!rfJ~e~ e, e. e) E S( qer'3.~e. e.!) 

( q. €. e. e) \~ 6 ( q e r 'l~ e' a. :) 

• We include (q, e, :S, e) E 6·( q, e, 0'0) where 0'0 (0'0 rt. nonterminal set of the LIG) is 

the staning symbol on the store of the epda. 

. Lemma 3.3 L( G) ~ .V( J.,f) 

To prove this lemma, we .how by induction that for ,all j, if .. 
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The base case corresponds to j = 0 and is obviously true. Let us assume that the 

above hypothesis holds for all j < k and suppose 

Then several cases arise. 

Case 1 In the final step let the leftmost nontenninal be rewritten using a push production. 

Then \\'e can assume that the following k - 1 step derivation took place. 

Also let the push production used be 

There are two cases to consider, when q < i or q > i. 

case 1 a q < i: -Since the last production used is 

it has to be the case that I' = lm.,.i,.l~ ... l~, = 11.i' ... l(m.,-l).i l and 

Thus, 

k 
.4.[rJ ~ w.4d]··· .4 i,[I1.i' ... lm./.:']'" .47- 1 [].47 [/l.q 

.. . lmq,q]'" A.i[r11.i .•• lm •. :] ... . -!nlll.n .. . lmn.n} 

By inductive hypothesis, we can assume that 

<q, t:r .. 4. e, w} t=- (q~ t:ll.n" .lmYl.n.4n ... +:f/l,i .. : Im •. iAi .... -t: 11.1 ·, .lm1"r-!-~ 

t:ll.i' ... lm.'-l.i/~. w. e) 

and because of the push production used. by the definition of the epda. we have 
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as required. 

case 2 q > i: Since the last production used is 

it has to be the case that I' = Imili,/~ ... /~, = 11.i ... /(mi-I).i.A.~ = .-t.; and 

Thus, 

By inductive hypothesis, we can assume that 

and because of the push production used, by the definition of the epda, we have 

•.• t J. 'I It· . t ) 
~=·"'17-1 ••• +: I,i· .. mi,i·"'1i··· ~:·"'11' w~ € 

as required. 

Case 2: In the last step of the derivation, let the leftmost nontenninal be rewritten using 

1 
J 

l 
l 
l 

I , 
) 

~ 
I, 

1 
J 

~ 
i 

1 
1 

, 
a pop production. Then we can assume that the following k - 1 step derivation (ouk 4 

place. 

A.[r] ~:~ wB(l~ ... l~,]A.'l[/l.q ... lm'l.q] ... • -inUt.n . . . lmn,n] 

Also let the pop production used be 

There are two cases to consider, when fJ. < i or q :"~ i. 

case 2a q < i: Since the last production used is 
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it has to be the case that [' = lm,/~l.il.[~ •• . l~, = [l.il .• • /(m,/+I).i l and 

Thus, 

A.[r] ,:; wA·d]··· .-li'(11.:1 •• • lmi/,i/] ••.• 4q-d] 
·-l1[ ll,q ... lm1,q] ..• A.i[r lI,i ... l m ,.d ... . -1n [ll.n ... 1m" .Il] 

By inductive hypothesis, we can assume that 

and because of the pop production used, by the definition of the epda, \\t'e know that 

. ~fj<II •• -l1 ..•• -l~/ .•• A1_1>.e,e~e) E 6(q.e.B) 

and 

Thus, we have 

( +Oir t ) 1..-- (,:,,,,' 1 t +"rl ' t ·"'1 I ' q, +'" ."1.. e. W I fJ~ +""l.n··· 'mn,n-"l.n··· +- 1.i··· -m,.i-"1.i·· . +'" l.q'" mq.~-"1.7 

case 2b fj 2: i: Since the last production used is 

it has to be the case ~hat I' = lm,+l,i, l~ ... l~, = Il. l •• • l(m,+l).i, .-1: == AI and 

Thus, 
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By inductive hYPothesis, we can assume that 

and because of the pu.sh production used, by the definition of the epda, \ve have 

(q ~ t:f .4. e, w) 1=- (q, t:ll,n ... lmn ,n.4n ... t:ll,q ... lmq,q.41 

t:.-lq-1." t:ll.I" .lmi.i.4 i ••• t:·41' tc. e) 

as required. 

Case 3: The leftmost nonterminal was rewritten using a terminal production. Let this 

production be B [ .. ] --+ ~. Then if 

then it has to be the case that 

, where WIC = W. By the inductive hypothesis, we can assume 

Because of the production used, we will have (q~rase, e. e. e) C 8{ fJ.. e. B), ('l'?r'lsf:' t:. f.171 ~ 

8(fJerlJ.se~e."":'J (A( #-:) and ('l.e.e.e) E 6('l~r'1se.~.:) and thus we see the inductive state­

ment used holds for this case too. 

To show the inclusion of the language generated by the LIG in the language accepted 

by the epda, we have to consider a derivation of w from S[] and from the initial conf g­

uration of (q,tO'o,e,w) from which we can gent'rate the ID (q.t:S.e. 1.1.'). To show t.le 

inclusion in the other direction, we have to use the implication in the other direction )f 

the proposition l.iven above. Thus the induction hyp<?thesis is .t~at 
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only if 

We assume that this induction hypothesis holds when the epda makes less than k moves, 

The same 5 cases (but as moves of the epda) will arise and can be dealt \\'ith in similar 

fashion. For example, let the following computation take place. 

Then depending on the last move of the epda one of the possible computations would be 

(q. t:r.-l.~ E. w) F k
-

I (q, t=ll.n" .1mFl.n.-l.n." t:11.q" .lm'l.?.-l.?~:l~ .. ,1~B. w. e; 

F (q, t~/l.n .. . lmn.nA.n ... t:r11. i •• • lm"i.-l.i' .. t:11.q ... lm1.r-l·{ 

where l~ .. ,/~, = l1.il .• '/ml/-I,il • Therefore the LIG will have the production 

. With the use of this production and the inductive hypothesis, we get 

as required. The other four cases can be similarly worked out. 

So far, we have seen that for every LIG there is an .epda which accepts the bnguage 

generated by the LIG. Hence the class of LIL's are included in the class of TAL ·s. ~o\v 

we will show the inclusion of TAL's in LIL' s. We can sho\v that for every epda [here 

is a LIG which generates the language accepted by the epda. The LIG constructed will 

satisfy a similar proposition as considered above. However, as in the case of constructing 

a MHG from an epda, we will consider nonterminals which will have 4- states of the ~pda 

in its name. Again, there will be several cases to consider. S irice we have already gone 

through th':lt exercise in constructing a NIHG from an epda, we can directly convert an 

MHG to a: iJG, and thus show the inclusion of TAL's in LIL's. 
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3.3.3 Inclusion of T.-\L' s in LIL ~ s 

Theorem 3.7 For every wIHG, G = (;.V~ L, p~ 5), there is a LIG, C', such that 
L(G) = L(G'). 

The nontenninals used in G' are just 5' (the start symbol), .Y and ~Y: (.Y .. Y: t¢. .Y L The 

set of indices used in G' are the nontenninals of G and a special symbol: which does 

not belong to .:.V. : and .Y: are used to detect the bottom of the stack associated with the 

nontenninals in G'. The proposition that G and G' satisfy is as follows: 

Proposition 3.5 

A. ~ WI rtL'2 if and only if .\"'[r A.] ;,: tCl.Y~rl't.'~ 

1. S'[··] ~ .. Y[;, .. ] 

2. X (~, .. ] ~ X: [ .. ] The bottom of the stack has been reached. 

3 .• \"':0 ~ € Any nontenninal of G, which is to be rewritten. will be represented on 

the stack. Thus, if we have reached the bottom of the stack, which is denoted by 

the nontenninal .Y:, we remove it. 

4 . ...1. -- lV( B, C) if and only if _\~A ... i - .Y·C'B. ··1 
• I. ~ ... # 

5. A. ~ CI( B. C) if and only if .Y[...1 .... ] --. .Y[B. ··].Y[C':) 

6 .. -1 ~ C2( B. C) if and only if .Y[.,L .. ] --. .\,,[B:].\,,[C . .. ] 

7 .. -~ ~ TC if. and only if .y[.-!. .. ] --. ~.y[ .. ) where: E ~ U {e} 

8. A. --. e T if and only if .Y[ A .. .. ] --. .Y[ .. ]: 

Lemma 3.-1 
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To show this inclusion, \ve assume that for all 1.:1 < I.: th~ follo\ving holds: 

If A. ~ WI rW2 then _,,\[fA.] ~ wl_Y[f]W2 (I) 
G G' 

The base case corresponds to I.: = 1 and an application of the production of the form 

.-1 -;. re or .-1'-;. ~r' Then the production _Y[A.! ,.J --+ _Y[oo]e or .Y[.-1. oo} --. .:.\~ .. : 

respectively will be in G' and thus the base case holds. 

For the induction case, let us say A. ~ WlfW2' Then one of the following holds. 

• ) kl , k2 
1. A. --+ lV (B, C , B 7 UlflL:;!, and C 7 VI rU2, Then tel = UI','l, U'.! = 

V2U2, and k = 1.:1 + k2 + 1. Hence, the inductive hypothesis holds for Band 

C. Thus, "\lff1BJ ~ uI_Y[fl]u'l and .YflfC'] or .- t'l.y;rh·, for all rl.r. 
G' .. a" ... 

Also, .. Y(.-I.. 00] -;. .. Y[BC' . .. ]. Thus, .Y[f.-lJ~, :- _\LfC BJ -:;-. Ul_\:rC'}u~ _-. 
'J 'J '''';' 

UI vI_Y[f] U2U2 as required. 

2. A. --+ C'l(B~ C), B -;: ulfu~, and C' ;: u1Tv~, Then WI = Ub W2 = U2':1{'~, 
and k = kl + k2 + 1. Hence, the inductive hypothesis holds for Band C', 

Thus, X[rlB] ~ UIX[r1]U2 and .. Y[fC] ~ Vl .. \"'[r]V2 for all fl' r. Also, 
~ ~ . 

.\",[A, .. ] --+ .. \,,[B,··]}[[;C]. Thus, .. Y[f.-!] :,; .. \[fB] .. Y[~C] ;,: uI-,Y[fJU2 .. Y[:C'J 

;,: ul .. Y[f]U2 Ul .. Y'[;]V2 ;,; ul",y[r]tl2UIV:;! as required. 

3 ' C' kl z., . A. --+ C2( B~ ), B ===> uITu2, and C ==> VI rV2. Then WI = lllll',!'.·[, I.l'~ = a G' 

1.,'2, and k = ~:l + k2 + 1. Hence, the inductive hypothesis holds for Band 

C. Thus, .Y'[rIB] ;,; ul.Y[f dU2 and _\."[fC'] ;" '''l_\:r;t'~ for all r 1. r. 
Also, .. \",[.-1, .. ] --+ _Y[:B] .. Y[C'~ .. ]. Thus, .Y[fA.] ~ ul-\"[:1111t'1-Y~r:{'2 -

G' ~' 

If 5[] ;; WITW2, then .. 1[[:5] ;,; WI-Y[;]W2 

tion, 5' --+ -\"'[:5J, we have L( G) ~ L( G'). 

Lemma 3.5. L(G') ~ L(G) 
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To ~rove this lemma, we inductively assume that if kl < k then.-1. ~ tCI'W" onlv if v ! - ., 

't.- rr i] kl 't.- rr 1 ·'l.l ."1 7' WI·\' t JW'2' 

The base case 

,Suppose ... \'[r A.] :,; Wl ... y[r]-W2' Then one of the following case holds. 

1. .\,,[A., .. ] ~ ,:r[CB~ .. ], .\"'[rlB] ~ uI.1{[rdu2 _Y[r '2C'] k2,: UI_\"'~r 1~1.·2 where 
G' G 

r l = rc~ r 2 = r, WI = U!'Vb W2 = lJ':U2, and k = kl 7 k2 +- 1. Then the 

inductive hypothesis holds for B ~ C'. Thus, B i=> ttl rU 2 and C' ~; ':1 r t'2' Since . 

• Y[A.~ .. ] ~ .\:,[C'B.,,], A, ~ Tr(B~C'). Thus, A, =§=> Tr(B.C') : lil"l'I.'.:"2 as 
u ~ 

required. 

r 1 :.~ r. r 2 = :, WI = UIU'2 V ., W2 = t':h and k = kl + k'J + 1. Then the 

inductive hypothe~is holds for B, C'. Thus, B i=> Ul rtl2 and C' ~ l'l ~/:2' 

Since, X[A, .. ] ~ ... :r[B, ··] ... \"'[;C], A. ~ Gl(B, G)~ Thus, A. ~ C'l(B:C') 
, G 

Ul rU2Vl V2 as required. 

the inductive hypothesis holds for B. C', Thus, B • d C' .. ) I.ll·ll 1 an /'1 '1.' l. 
;: ,- ~ -
.I J 

1 
~ 

I 

1":"9 
I 
! 

~ 

\ 

1 
\ 

l 
,." 

I 

~ 
! 

S'" ,.-r I' ,-, "B 1 ,.rC . I C"'( B C') Th I =-_- C··_~( B, C' J • " In\..C, ·\.l·~· "J ~ .\. toO J·\'l . "J, .~ ~ - . • us .. ~ , I, 
~ ~ 

Thus, if .\"[~S] Since we have the 
~ 

I 

production, 5'[ .. ] -+ .. '\[;5], we have S10wn L( C;') ~ L( G). 

~ 

Thus, we have L( G) = L( G'). I 

.,' . 
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Chapter 4 

Other Results About TAL's 

In this chapter, we establish some results about TAL's. First \Ve examine the closure 

propenies of TAL's and show that TAL's fonn an Abstract Family of Languages. In 

addition to their closure results, we characterize TAL's by giving a pumping lemma, 

similar to the uvw·xy theorem for CFL's. Another characterization of TAL's is given by 

showing that every TAL is a semilinear language and therefore has the constant-gro'rvclz 

propeny. There has been some interest in showing the above propenies for grammatical 

systems for natural languages (see [Joshi 85,Benvick 84]). Finally. we show that parsing 

of TAL's can be done in polynomial time. 
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4.1 Closure Properties of Tree Adjoining Languages 

In this chapter, \ve shall study the closure properties for TAL's. Some of these propenies 

. have been proved in [VijayShanker 85]. We shall show that the class of Tree "~djoining 

Languages, like the class of Context-free ~anguages, form an substitution closed Full 

Abstract Family of Languages (AFL). Thus, they are closed under the set operations of 

union, concatenation, Kleene-star, intersection with Regular Languages, homomorphism. 

inverse homomorphism, and substitution. In this chapter, we prove these closure results 

(except for the closure under intersection with Regular Languages. which is proved in 

Section 3.2.3). Also, using a pumping lemma for TAL's, which we shall prove in 

Section 4.2, we show that TAL's are not closed under intersection, and intersection \\/it/z 

CFL's. 

Theorem -1.1 TAL's are closed under union. 

Let L1 and L2 be TAL's. Let G1 and G2 be TAG's such that L1 = L( Gd and' 

L2 = L(G2). Let Gi = (.~Vi' Ei , Si, Ii, Ad for i E {1,2}. Without loss of generality, we 

may assume that .Vl n .\r2 = o. Further, we also assume that Ii. i E {1.:2} contain one 

initial tree, ai, each of the fonn described in Section 1.15. 

We can give a TAG, G = (.Yl U ~V."!. U {S}. ~1 U ~2' S. I . .-l) .(\vhere 5 $ .Y1 ....... Y~), 

such that L(G) = Ll U L 2• G is obtained as follows. We let A. = Al U A.~. I contains 

1 
1 
\ 

( 

1 
I 

1 
) 

I 

1 

l 

, 
I 

P9 
r 

I 
I 

two initial trees, a II and a I,2' which are given in Figure 4.1. Sho\ving L (G) = L 1 U L ~ l 
is straightforward. 

!'-l 
I 

\ 

Theorem 4.2 TAL's are closed under concatenation. , 
J 

Let Ll and L2 be TAL's. Let C;1 and G 2 be TAG's such that Ll = LiC;l) and ~ 

L2 = L(C;2).Let G i = (.VI" ~I~ Si. I" Ad for i'E {l. 2}. Without loss of generality, we 
. .' . 
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SNA SNA 

I I 
SI C1 52 C2 

I I 
£ £ 

Figure 4.1: Closure under union 

may assume that .Yl n .Y~ = f). Funher, we also assume that It. i E {1.:2} contain one 

initial tree each of the fonn described in Section 1.15. 

We' can give a TAG, G = (.'·1 l.J -:-Y."1. U {5}. ~I u ~2~ 5. I. A.) (\vhere 5 tf. .Y1 . ...; .YJ. 

such that I( G) = II . I 2 • G is obtained as follows. We let A. = A'1 U A~. I contains 

one initial tree \vhich is given in Figure 4.2. 

SNA 

~ 
SI C1 S2 C2 

E 

Figure 4.2: Closure under concatenation 

Showing I( G) = L 1 • L2 is straightforward. 

Theorem 4.3 TAL's are closed under Kleene closure. 

Let Ll be a TAL. Let G 1 = (.VI' ~h 51, II, A.·d be a TAG such that Ll = L( C;d. \Ve 

assume that II contains one initial tree of the fonn described in St!ction 1.15. 
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We can give a T.AG, G = (.Vl U {S}. 2: 1. S. I . . -1.) (where S ~ .\-1)' such that Li G) = 
Li. G is obtained as follows. \Ve let .-1 = .-11 U {.3}. [contains one initial tree 0:. The 

elementary trees a: and 3 are given in Figure 4.3. Showing I( G) = Ei is straightfof\vard. 

SNA 
s {~} 

I 
~ 
S NA S1 C1 

, 
a: .3 E 

Figure 4.3: Closure under Kleene closure 

Theorem -1.-1 TAL's are closed under substitution. 

1 

1 
~ 

I 

'i 
! 

Let L be a Tree Adjoining Language and let the TAG, G = (.Y.~. I . .4 .. S I generuce 1 
L. Let T be a substitution such that 7(a) = L'.1' Let G'.1 = (.V'.1' ~'.1' ['.1' .4.'.1' S'.1i be a TAG 

generating La.. We want to show that r(L) is a TAL. Let G' be a TAG whose elementary 

trees are given by the following construction. We show that G' generates 1"( L( e;) ). 

For each elementary tree, -I E Iu .4., all nodes in frontier of -;' labelled by the tenninal 

a, are replaced by an initial tree Q!l E I!l' 

We can show that G' indeed generates 71 L( en j = L. 

Corollary 4.1 TAL's are closed under arbitrary homomorphism. 

Theorem 4.5 TAL's are c·.osed under intersection with Regular Languages. 

In Chapter 3, we describe an automata called the" Embedd~d Pll,j I down AlllornaI£l. an 

extension of the Push~own Automata, and show they recognize exa· .dy TAL ·s. \Ve can 
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extend the proof which uses the pda to show that CFL's are closed under intersection 

with Regular Languages to a proof using the epda instead for this theorem. The proof is 

. . S . 3"3 gIven In eeoon .-.. 

Corollary 4.2 TAL's are closed under inverse homomorphism. 

The class of regular languages is contained in the class of Tree Adjoining Languages. 

Thus, TAL's are closed under regular substitu~on. Using a theorem in [Ginsburg 6tS. 

pages 121-122], \ve have closure under inverse homomorphism. 

Thus, we have shown that TAL's form a substitution closed Full Abstract Fanlily 

of Languages since we have shown that they are closed under the op~rations of union. 

concatenation, Kleene-star, homomorphism, inverse homomorphism, intersection \\'ith 

Regular Languages and substitution. We know ttu11 our attention to showing some non­

closure results for TAL's. 

Theorem 4.6 TAL's are not closed under intersection or intersection with CFL's and 
complementation. 

In Section 4.2, we give a pumping lemma for TAL's and show {ft n ,)", c·'lr:('1 r. n ' n 2: O} 

is not a TAL. This allows u~ to prove that TAL's are not closed under intersection or 

intersection with CFL's. It can be shown that the languages {anbncndnem 1m. n 2: O} 

and {amlbm2cm'dnen I ml,m2,m3,n 2: O} are TAL's. The latter language is a CFL too. 

The intersection of these two languages is {anbncndnen I n 2: O~ which is not a TAL. 

Thus, TAL's are not closed under intersection with CFL's or intersection with TAL's. 

Since TAL's are closed under union and not closed under intersection. TAL's are not 

closed under complementation. 

95 



4.2 PUmpilJg Lemma for TAL's 

We now give a pumping lemma for TAL's, adapting the utttexy-theorem for CFL ·s. In 

a CFG, generating an infinite language, any derivation of a string of length more than a 

fixed number must involve the use of a nontenninal,.Y, such that}{ ;; Wl-\ tc:!. Hence 

this subderivation may used any number of times, leading to the derivation of arbi trarily 

long strings. In a TAG, G, the derivation trees (given by TD( G» are similar to derivation 

trees in CFG, and hence it suggests that if the language derived by G is infinite. then 

so must TD ( G). Just as in CFG's, there will be a derived auxiliary trees which can be 

adjoined \vith itself. Thus, in TAL's, derived auxiliary trees play the role in a recllr~i\'e 

derivation which nontenninals do in CFG' s. 

To discuss the derivations in a TAG, we have to consider the derivation trees. \\'e 

will first show that if there is a sufficiently large derivation tree, then there are arbitrarily 

large derivation trees. We will then consider the derivation of strings (in the frontier of 

the derived trees described by these derivation trees). 

Without loss of generality, we will assume that the only elementary trees containing a 

tenninal symbol in the frontier are auxiliary trees of the following tonne This assumption 

XNA 

A 
a XNA 

Figure 4.4: Auxiliary trees with tenninal symbols 

can be made because if there is any other fonn of ele! !lentary tree which has a terminal 

symbol "au in the frc:ltier then that frontier node is replaced by a subrree of the form 
. . . 

given in 4.5, where .3'1 is also given in 4.5. Once we have made this assUlTIption. \ve CJn 

assume that if "'( is a derived tree with the frontier containing ". renninal symbols. [hen 
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a Xa NA 

I 
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Figure 4.5: The auxiliary tree betaa 

every derivation tree that describes --I will have exactly k occurences of nodes labelled 

3a (a E !:). 

Let us assume that the maximum length of the right-hand side of a derivation rule is 

m. Let us also assume that the number of elementary trees is k. First we will show that 

if there is a derivation tree, T, with no path of length greater than i, then the number of 

occurences, j, of subtrees of the form given in figure 4.5 is not greater than nl :-1, \Ve 

shall prove this result by induction. Base Case: i = 1 

Then the derivation tree is of the fonn given below. Therefore j = 1 if --I = 3~ for som~ 

Figure 4.6: Derivation tree of height one 

a E ~ else j = O. 

- .. 
Inductive Case: The derivation tree is of the form given belo\v. No path in Tlo .. . , T; 

is of length greater than i - p - 1. Thus, by- inductive hypothesis, j7 :S m(i-f.'-~I for 

1 ~ fJ ~ (" Thus, j $ I . In(l-J-.!I ~ 111(1-;-1) ~ n1(,-l) as required. 
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Figure 4.7: Derivation tree of height i 

No\v consider the derivation of a tree whose frontier is the string = E ~. Let,,:' 2 ,'1 

where n = mk. Every derivation tree which describes a derived tree with frontier = must 

have Izi occurences of nodes in the frontier labeled prJ for some a E E'. Then, these 

derivation trees must have a path of length at least k + 2. Leaving aside the node in 

the frontier, there must be at least k + 1 vertices, and hence for some auxiliary tree, 3, 

two nodes in this path must be labeled by 3. Let the derivation tree be represented as in 

figure 4.8. Consider the string l.'~v~. If it does not have at least one occurence of ,j! as 

a substring, then consider the derivation tree T" obtained by removing the subtree \\'irh 

v;v~ in the frontier. Obviously, Til is a valid derivation tree and T" describes a deri\'~d 

tree whose frontier is still =. Thus, in r.:~ l'; l.'; , there are still 1=1 occurences of substrings 

of the fonn ,3'1' Repeating the above argument, we will find a derivation tree T, given 

in Figure 4.9, which describes a tree -( with frontier = such that l'~l.'-t has at least one 

occurence of subtr ~e given in Figure 4.5. We can ther. conclude for every i 2:: 0, the 

following derivation trees are valid derivation trees. N)w consider the derivation tree 

(panial) and the tree it describes as shown in Figure 4.1 }. Since l'21.'-4 contains at least 

one oecurence of a subtree given in Figure 4.5, we can c ·nelude that lC"l''' E ~-. \Tow 
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Figure 4.8: Derivation tree \vith recursion 

consider the other two partial derivation trees in Figure 4.11 and the trees they dcscrih~. 

We can conclude that WIW2 E~· and /=/;:::: n. According to Y. Y b the derived auxiliary 

tree All E V(.:3) is adjoined in some node addressed j in -fl' The resulting tree is adjoined 

in -(I at the same node addressed j. This process is repeated i times. There :lre three 

cases to consider - when node addressed j in 71 lies 

1. on the spine (the path from the root to the foot) 

2. to the left of the spine 

3. to the right of the spine 

Case 1: derivation of -l when node addressed j is on the spine of ";'1' "/1 can be written 

as in figure 4.12. Considering the derivation tree from bottom-up, we will have ~'.'3 first 

adjoining in the node addressed j in 71 if i ;:::: 1. 

This tree is adjoined into ""II at the node addressed j. the process is repeated i times. 
. . . 

Now the derived tree obtained is adjoined in "';3, the derived tree described by T '3. 

The final derived tree has a frontier given by UIV~ WIL'~U'.!t·~tL".!V~lL3 We can therefore 

conclude 'that if = ELand 1=1 2: 11, then = can be written as LLll.·11.1.'1r'2ll.!/··~lC~/·11I:3' 
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Figure 4.9: Derivation Tree in a recursive derivation 

where \t'IWIU2V3W2V",1 :5 nand \l.'IU2U3U",1 ~ 1 and for all i ~ a it IS true that 

ttl t:~ WI V~U~V;W2V~U3 E L. 

Case 2: The node addressed j i~ to the left of the spine of '";'1' Then '";'1 can be written as 

in Figure 4.13. 

12 and ;3 remain the same as before. We can thus conclude that with the same condi­

tions as that In the Case 1, we will have for i ~ 0, UI,:~+11.CIl.·2W~(l:3l.·2l:.dlt·3U~t·4U3 ~ L. 

Case 3: The 'lode addressed j is to the right of the spine of ":"1. Working out similar to 

C.lse 2, \-lIe can thus conl:lude that with the same conditions as that in the Case 1. '.ve 

will have for i ~ 0, UIUIU2L':z( l.·11.'3t·2)IWIL'3U'2l.·~·lU3 E L. 

Note that the original string and the string.:; obtained after pumping in cases 2 ~ fld 3. 

may be rewritten such that they correspond to subcases of case 1. Thus, the pun r ·ing 

lemma may be stated as follows. 
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Figure 4.10: Derivation Tree with i-f<?ld recursion 

Theorem 4.7 If L is a TAL, then there is a constant n such that if = ELand 
1=1 ~ n "then z may be written as = = ttlL'lWll,':!1l~V3W2l~4lL3 with !Ull.Clt'2l.·1'"C~t·-t, :5 n. 

/VIV2V3V4/ ~ 1 such that for all i ~ 0, lLIUfwIV~U2t'~1oV2t'~tL3 E L. 

With this pumping lemma we can show that the language {anbncndnen I a :5 on} 

is not a TAL. If k is the constant of the pumping lemma, then consider the string 

akbkckdkek. Since we have IVIWIU:!U3W3V .. 1 < k, this substring can have at most four 

different symbols, and has length of at least one. Thus pumping these substrings will 

result in the occurence of at least one symbol remaining [he same while increasing [he 

number of occurences of some other symbol. Thus, the string we will obtain will not 

have equal number of a'". /)' s. c'". d',s. c' .. ,. Thus, this language is not a TAL. 

4.3 Semi-Lirlearity of TAL's 

In this section we show that every TAL is a semilinoear langu"age. The property of semi­

linearity (and a closely related property called t~e constant growth property) of languages 

has been discussed in the context of natural languages in literature (see Joshi [Joshi 851 
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Figure 4.11: Trees described by partial derivation trees 

and Benvick and Weinberg [Berwick 84]). The property of semilinearity is concerned 

about the occurence of the different alphabet symbols in strings of a language and \vhether 

this count is ultimately periodic. Hence, it suggests that as long as only the alphabet count 

is concerned, a semilinear language can not be distinguished from Regular Sets. 

Parikh [Parikh 66] first discussed the semilinearity of languages. He showed that any 

CFL is a semilinear language. Later [Ginsburg 68] studied A~L's which contain only 

semilinear languages and what properties follov' from it. 

We shall first define the semilinear property 

Definition ~.l Semilinear Sets 
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V1 0 V2 V3 V4 

Figure 4.12: Case 1: j is on [he spine 

x 

V1 V2 V4 

Figure 4.13: j to the left of the spine 

Let B and P be finite sets over .i,V n. We define 

L(B.P) = {b+Pl"':'" ... +Ps. : bE B.k ~ O·Pl····PS. E P} 

Any set L( P~ B j, where Band P are finite subsets of . \ -n, is said to be linear. .-\ 

semilinear set is a finite union of linear sets. 

Definition 4.2 Parikh Mapping 

The Parikh mapping \l! maps strings over !:- (where ~ = {al ..... an}) to n-tuples over 

natural numbers, . Vn, and is defined recursively as follows 

where Pl ~ 01 if j=i or 0 otherwise. 
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",ne Parikh mapping, Itt, can then be extended to mappings for ~ string in [he following 

\vay. 

where WI ••••• Wm E ~. 

The definition of 'l1 can be extended to language,s as follows 

\11( L) = ~wEL 'l1( w) 

Definition 4.3 Semilinear Languages 

A language L is said to be a semilinear language if '¥( L) is a semilinear set. From ~he 

definition of semilinearity, it follows that every semilinear language is letter equivalent to 

a reszula:- lanszua~e, i.e., if L is a semilinear lan~ua~e then there exists a re1!uiar bn~ua~e . ...- ....... '-' .... ..... .......... ..... 

R, such lhat 'l1( L) = 'l1( R). 

Definition 4.4 Constant Growth Property 

The length of a string, denoted by I w i is a mapping from ~. to .. V'. We can extend this 

mapping to mappings for sets of strings in the obvious manner, A language is said to 

have constant growth property if this mapping of strings of this language to a subset of 

.. \ .. (denoting lengths of strings in the language) yields a semilinear set. 

Semilinearity and constant growth property (a consequence of semilinearity) has re­

ceived attention in the context of natural languages (for example, Joshi [Joshi 851 and 

Berwick and Weinberg [Berwick 84~). As noted by [Joshi 85,Berwick 84] although these 

propenies are not structural propen1es, they depend on the structural pre perty that sen­

ten~'es can be built from a finite set of clauses of bounded structure. In nal J al languages, 
. , , 

it seems reasonable to assume that there are no sudden jumps in the lengtl . of sentences 

and that the set of lengths of the sentences is· ultimately periodic. The property that 
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we would like to capture, however, is the linear growth in structure. Semilinearity and 

constant-growth propenies are only approximations to this propeny we wish to capture. 

Parikh [Parikh 66] had shown that every CFL is a semilinear language. Thus. in 

order to show that a language is a semilinear language, it is sufficient to sho\v that it is 

letter equivalent to a CFL. Since we kno\v that every TAL is also a ~1HL, \ve can sho\v 

that every TAL is a semilinear language if we show that ·every NIHL is seMilinear. 

Theorem :4.8 For every ~lHG, G = (.v! ~~ S. P), there is a CFG, G' = (.Y. ~. S. p') 
such that w(L(G)) = 'l1(L(G')). 

We assume that every production in P has the form 

A. ~ f( B. C) f E {n: C'1. C2} 

A. ~ TV tv E~· 

P' is defined as follows: 

.-! --+ f( B ~ C') E P if f 

A~wEP iff 

Lemma 4.1 q,(L(G)) = w( L(G')) 

A. --+ Be E pI 

.. 4. ~ w E pI 

We show by induction that A. 

'¥( U'lW2) = \¥( tv). 

tL'1 r 1l.'1 if and only if A ~ 

-' Ii' such that 
.j' 

The base case corresponds to the productions A. --;. IT-" E P and iff A - t.C E P' and 

is true by definition .. 

Inductive step: Let us assume that B ~; tlITU2 and C' ,~: r:lTt':h where i.j :::; ~.'. By 

the inductive hypothesis this is true if and only if tne followiflg is true. B ;,. u and 

C' :' » U where \{I(1l1lt2) = \{I( rt) and 'V( Vlt'~) = 'V( l.' ,. Let A - it B. C'; E P and 

hence A . ......; 13C' E P'. Regardless ofrhe function f u~ed in the production . .-l. .- ;-.i 1/'1:1('~ 
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where l]'(U'ltC::) = '¥(tLl{t2) + '¥(1..'11..'2i; and.-1 i~~/~l tv where 'l'(tc) = W(tt) 7 '¥(t:j = 
\l!(UIU2) + \l!(l.,'lV2). 

.. : ... 
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4.4 Parsing Algorithm for TAL's 

The algorithm, we present here to parse Tree Adjoining Languages (T:~Ls), is a modi· 

fication of the CYK algorithm (which is described in detail in [Aho 73b]), which uses 

a dynamic programming technique to parse CFL's. For the sake of making our descrip· 

tion of the parsing algorithm simpler, we shall present the algorithm for parsing without 

considering local constraints. We \vill later show ho\v to handle local constraints. 

We shall assume that any node in the elementary trees in the grammar has at most 

two children. This assumption can be made without any loss of generality~ because it can 

be easily shown that for any TAG G there is an equivalent TAG C; 1 such rhatany nodt! 

in any elementary tree in G1 has atmost two children. A similar assumption is made in 

CYK algorithm. \Ve also assume that the frontier of each auxiliary tree has at least ant! 

tenninal symbol. We use the terms ancestor and descendant, throughout the paper as l 

transitive and reflexive relation: for example, the foot node may be called the ancestor 

of the foot node. 

The algorithm works as follows. Let at ... an be the input to be parsed. The algo· 

rithm is an extension of the CKY algorithm and is based on the dynamic prOI,Jranllnillg 

technique. In the CKY algorithm to parse CFG' s, a two-dimensional array, say A. storing 

subsets of nontenninals . .-1, is used to keep track of the boundaries in the input substring 

which are derived from nontenninals. Thus if a nontenninal, .\, of the grammar derives 

the substring ai ... a J of the input al ... an, then .Y is stored in the element Ali.)J of 

the input. Since concatenation is the only operation that is used in CFG's, given a rule 

Z --p .Yr- in a CFG, G, we let Z be stored in A.[i.}] if.Y E A.[i.,q and l- E A.[A· -1.jJ 

for some k, since Z ~ aiaJ if it is the case that.Y ~ aiak and }- ~ (ll; .... lCL,. 
(3 (3 ,_,. 

We extend this algorithm to parse TAG's. We chose to use a four·dimensional array for 

the following reason. Unlike the concatenario~ operation in CFG ·s. adjuncticn does no( 

operate on contiguous substrings of the input. Suppose a node in some (ree dominares 
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a frontier which has the substring a ia i to the left or the foot node of chis cree and the 

substring a:..:a{, on the right of the foot node. These substrings need not be a continous 

part of the input; in fact; when this tree is used for adjunction then a string is insened 

between these two substrings. Thus, in order to represent a node, we characterize it by 

two strings that appear to the left and right of the foot node, and is in the case of the 

CKY algorithm we need two indices for each substring. Thus, in our algorithm, \ve u~e 

a four-dimensional array A; each element of the array contains a subset of the names of 

nodes of elementary trees. We say a node, addressed 17, of an elementary tree - belongs 

to A[i,j,k,l] if it satisfies the following proposition 

Proposition "'.1 

The node given by (A;'. 17) E A.[i~j,k.l] if and only if there is a tree -.' ~ '1)1 ::-. .. 11; I 

whose frontier is given by either ai+l ... aj}'· ak+l ... an (where the foot node of -, is labelled 
by Y) or ai+ 1 ••• a n (Le., j = k). This corresponds to the case when -: is a sentential tree. 
or (A(, 17) does not dominate the foot node). The indices (i,j,k,l) refer to the positions 
between the input symbols rather than refer to input symbols, and hence range over 0 
through n. If i = 5 say, then it refers to the gap between as and a6' 

We initially fill A[i,i+ 1,i+ l,i+ 1] with those nodes in the frontier of the elementary 

trees whose label is the same as the input ai+l for 0 < i ~ n-1. The foot nodes of 

auxiliary tree:; will belong to all A[i,i,j,j], such that i ~ j. 

We are now in a position to fill in all the elements of the array A. There are fi \'e 

cases to be considered. 

Case 1. We know that if a node J.ll in a derived tree is the ancestor of the foot node, 

and node J.l2 is its right sibling, such that J.ll E A(i,j,k,l] and J.l'2 ~ A[l,m,rri,n], then their 

parent, say, J.l should belor g to A[i,j,k,nj, see Figure 4.14. 

Case 2. If the right sibling J.l2 is the ancestor of the foot node ~ uch that it belon~s to .. . . .... 

A(l,m,n,pj and its left sibling J.ll belongs to A(i,j,j,l), then we kn : w that the parent JI of 

J.ll and J.l'2 ~~~ongs to A(i,m,n,pj, see Figure 4.15. 
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Figure 4.14: Parsing algorithm else 1 

Figure 4.15: Parsing algorithm case 2 

Case 3. If neither J1.1 nor its right sibling J1.2 are the ancestors of the foot node ( or there is 

no foot node) then if J1.l E A.[i.j.j.l] and J1.'1 E ...1.[/. m. m. n] then their parent Ii belongs 

to A[i,j,j,n]. 

Case 4. If a node J.I. has only one child J.l.1t and if /-il E ...1.(i. j. k .1], then obviously /-l 

E A[i,j,k,l]. 

Case 5. If a node /-i 1 E A[i,j,k,l], and the root J1.2 of a derived tree -: having the same 

label as that of J.l.l, belongs to A[m,i,l,n], then adjoining A/ at ~l~ makes the resulting node 

to be in A[m,j,k,n], see Figure 4.16. 

Since the elements of the arrav contain a subset of [he addresses of nodes in [he elementarv 
" . 
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Figure 4.16: Parsing algorithm case 5 

trees, the the siJ,le of any set is bounded by a constant, detennined by the grammar. The 

complete algorithm is given in [VijayShanker 85]. It has been shown in that paper that 

the complexity of the algorithm is O( n 6) where n is the length of the input. 

4.4.1 The Parsing Algorithm 

The complete algorithm is given below. 

Step 1 For i=O to n-l step 1 do 

Step 2 put all nodes in the frontier of elementary trees whose label is at ~ ~ in 

A[i,i+ 1 ,i+ 1,i+ 1]. 

Step 3 For i=O to n-l step 1 do 

Step 4 for j=i to n-l step 1 do 

Step 5 put foo' nodes of all auxiliary trees in A[i,i,j,j] 

Step 6 For 1=0 to n step 1 do 

Step 7 For i=1 to 0 ste') -1 do 

Step 8 For j=i i: 1 step 1 do 

Step 9 Fe)r k=l to j step -1 do 
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Step 10 do Case 1 

Step 11 do Case 2 

Step 12 do Case 3 

Step 13 do Case 5 

Step 14 do Case 4 

Step 15 Accept if root of some initial tree E A[O,jj,n], 0 < j < n 

where, 

(a) Case 1 corresponds to situation where the left sibling is the ancestor of the foot nede. 

The parent is put in A[i,j,k,l] if the left sibling is in A[i,j,k,m] and the right sibling is in 

A[m,p,p,l], where k < m < 1, m < p, p < 1. Therefore Case 1 is written as 

for m=k to 1-1 step 1 do 

for p= m to 1 step 1 do 

if there is a left sibling in A(i,j,k,m] and the right sibling in 

A[m,p,p,l] satisfying appropriate restrictions then put their parent in A[i,j,k,l]. 

(b) Case 2 corresponds to the case where the right sibling is the ancestor of the foot node. 

If the left sibling is in A[i,m,m,p] and the right sibling is in A[p,j,k,l], i :5 m < p and p 

< j, then we put their parent in A[i,j,k,l]. This may be written as 

for m=i to j-l step 1 do 

for p=m+l to j step 1 do 

for all left siblings in A[i,m,m,p] and right siblings in A[p,j,k,l] 

satisfying appropriate restrictions put their parents in A(i,j,k,l]. 

(c) Case 3 corresponds to the case where neither children are ancestors of the foot node. 
, , 

If the left sibling E A[i,j,j,m] and the right sibling E A(m,p,p,l] then we can put the 

parent in A(i,j,j,l] if it is the case that ( i < j < m or i < j < m) and (m < p :5 I or m 
" . 
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< p < I ). This may be written as 

for m = j to 1-1 step 1 do 

for p = j to 1 step 1 do 

for all left siblings in A[ijj,m] and right siblings in A[m,p,p,l] 

satisfying the appropriate restrictions put their parent in A[ijj,l]. 

(e) Case 5 corresponds to adjoining. If J.l.l is a node in A[m,j,k,p] and J.l.2 is the root of a 

auxiliary tree with same symbol as that of J.l.h such that J.l.2 is in A[i,m,p,l] «i < m :5 p 

< I or i < IIi < P < 1) and (m < j < k < P or m < j < k < p». This may be written as 

for m = i to j step 1 do 

for p = m to 1 step 1 do 

if a node J.l.l E A[mj,k,p] and the root of auxiliary tree IS In 

A[i,m,p,l] then put J.Ll in A[i,j,k,I] 

(d) Case 4 corresponds to the case where a node J.I.'}. has only one child J.Ll 

If J.l.l E A[i,j,k,l] then put J1.2 in A[i,j,k,l]. Repeat Case 4 again if J.l.2 has no siblings. 

4.4.2 Parsing with Local Constraints 

So far, we have assumed that the given grammar has no local constraints. If the grammar 

has local constraints, it is easy to modify the above algorithm to take care of them. ~ote 

that in Case 5, if an adjunction occurs at a node J.Llt we add J.Ll again to the element of 

the array we are computing. This seems to be in contrast with our definition of how to 

associate local constraints with the nodes in a sentential tree. We should have added the 

root of the auxili IIY t!·ee instead to the element of the array being computed, sinc\! so 

far as the local cunstraints are concerned, this node de ;ides the local constraints at this 

node in the derived tree. However, this scheme cannot I Ie adopted in our algorithm for 
- .. 

obvious reasons. Therefore, we let pairs of the fonn (~~,C) belong to elements of the 
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array, where J.Ll is as before and G represents the local constraints to be associated \vith 

this node. 

We then alter the algorithm as follows. If (X,GI ) refers to a node at which we attempt 

to adjoin with an auxiliary tree (whose root is denoted by (y,C2), then adjunction would 

detennined by C l' If adjunction is allowed, then we can add (X,G 2) in the corresponding 

element of the array. IIi cases 1 through 4, we do not attempt to add a new element if 

anyone of the children has an obligatory constraint. 

The pm<?f of correctness of this algorithm is given in [VijayShanker 85]. It has 

been shown that the algorithm works in O( n 6 ), where n is the length of the input. 

Note, however, that this algorithm works only for the Tree Adjoining Grammars whose 

auxiliary trees have at least one tenninal symbol in the frontier. In order to take care of 

the general case, we can find an equivalent TAG such that every derived auxiliary tree 

(without OA constraints) has at least one tenninal symbol in the frontier. One procedure 

to find such a TAG works as follows. Given a TAG, we find a MHG for it. We can 

then remove nontenninals from this grammar which derive empty split strings. We can 

then conven this MHG back into a TAG (similar to the procedure used in showing the 

equivalence of TAG's and MHG's) such that every derived auxiliary tree without OA 

constraints has at least one tenninal in the frontier. Once such a TAG is found, with 

minor modifications to the above algorithm, we can prove the algorithm works correctly 

for any TAL. 

4.4.3 Retrieving a Parse 

Once it has been detennined that the given string belongs to the language, we can find 

the parse in a way similar to the scheme adopted in CYK algorithm.To make this process 

simpler and. more efficient, we can use poin~ers from the new element added to the 

elements which caused it to be put there. For example, consider Case I of the algorithm 
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(step 10). If we add a node J.1. to A[i,j,k,l], because of the presence of its children J.L 1 and 

J.L2 in A[iJ,k,m] and A(m,p,p,l] respectively, then we add pointers from this node 11- in 

A[i,j,k,l] to the nodes J.L1S, 11-2 in A[i,j,k,m] and A[m,p,p,l]. Once this has been done, the 

parse can be found by traversing the ~e fonned by these pointers. 

Palls, Shende, and Wei [Palis 86] have also given a way of retreiving the parse from 

this array .. 
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Chapter 5 

Feature Structure Based Tree Adjoining 

Grammars 

Several different approaches to natural language grammars have developed the notion of 

feature structures to describe linguistic objects. These include lingusitic theories such 

as Genera1iz~d Phrase Structure Grammars (GPSG) [Gazdar 85b], Lexical Functional 

Grammars (LFG) [Kaplan 83] and fonnalisms such as Functional Unification Grammars 

(FUG) [Kay 79] and PATR-II [Shieber 85] which were developed as computational tools. 

A feature structure is essentially a set of attribute-value pairs where values may be 

atomic symbols or another feature structure. Feature structures can also be character­

ized as either constants (atomic values) or panial functions from labels to feature struc­

tures (reference [Pereira 84]). The name "unification-based grammatical fonnalisms" or 

"unificational grammars" have been used in literature be<.;ause unification of the feature 

structures is the primary operation used in combining feature structures. 
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5.1 Unification Grammars 

In order to capture cenain linguistic phenomena such as agreement, subcategorization, 

etc~, a number of recent grammatical systems have added, on top of a CFG skeleton, 

a feature based infonnational element. Example of such systems include Generalized 

Phrase Structure Grammars (GPSG), Lexical functional Grammars (LFG), and Head­

driven Phrase Structure Grammars (HPSG). Although the notation for these infonnational 

elements may differ between fonnalisms, in all the above-mentioned systerns, the infor­

mational elements may be thought of as feature structures with unification as the main 

operation on these feature structures. In the rest of our work, we will consider PATR-II as 

a representative of the unification-based grammatical systems which are based on a CFG­

skeleton. PATR-IT was developed as a language to express the various linguistic theories 

found in these unification based approaches, and is the least common denominator of 

these unification systems. 

S.I.1 Feature Structures and the PATR·II system 

In the PATR-II system, equations are expressed along with the productions of an under­

lying context free grammar. For example, 

}(o.cat = S 

}(locat = 1VP 

X 2·cat = ~p 
X1.agr = X 2 .agr 

}(2.subject = "'Y1 
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states that S rewrites to NP and VP, with the agreement feature of the NP being the same 

as that of the VP and that the subject of the VP is the NP. This statement is represented 

by the following feature structure. 

cat: S 

1: [I] [ cat: J.V P 1 
agr: [!] 

cat: VP 

2: agr: 

subj ect: IT] 

The notation of the co-indexing box (0 and [!] in this example) is used to express the fact 

that the values of two subfeatures are the same. For example, the agr values of -"(1 and 

... Y' 2 are co-indexed by [!] to state that their agreement values are the same; and [!] is used to 

state that the subject of ... Y 2 is the the entire feature structure corresponding to .Y 1. Feature 

structures with co-indexing boxes have also been called reentrant feature structures in the 

literature. Co-indexing boxes are used to state that two or more feature structures have the 

same value as distinguished from the weaker notion of similar values(see [Shieber 85]). 

As will be clear from the discussion later, the two feature structures (example taken 

from [Shieber 85]) below have to be distinguished. 

[ 
f: [h: a] 1 and [ f: ITJ[ h : a] 1 
g: [h: a] g: EJ 

For example, on unifying with the feature structure, [g : [1 : b]], results in following two 

different feature structures. 

f: [h: a] 

g: [h: a] 
1: b 

and [
h' a 1 f: ITJ . 
1: b 

g: EJ 
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We can define a panial ordering, C, on a set of feature structurel using the notion 

of subsumptiof!, (carries less information or is more general). Using the panial function 

representation of feature structures, we say 

1. [aJ C [aJ for each atomic value a 

2. FI C F2 if the partial function F2 is defined for all the labels for which Fl is 

defined and funhennore for each labell such that FI(l) is defined, FI(l) C F},(:). 

We use [ ] to represent the totally unspecified feature structure. ~hen, [ ] C F for all 

feature structures F. U nmcation of two feature structures (if it is defined) corresponds to 

the least feature structure that has all the information contained in the original two feature 

structures. Thus, unifiying two feature structures gives rise to the featu~ structure that 

is the least upper bound of the original two feature structures (Le., l.u.b aCCOTl ling to the 

subsumption relation). Note, however, that the unification of two feature structures may 

be undefined. Two feature structures which have different values for the same attribute 

cannot be unified. For example, 

and 

cannot be unified because the feature structures that are the values of the 12 attribute 

cannot be unified (since the values for the attribute 14 are c and d). 

The unification algorithm works as follows. The feature structure, f, obtained by 

unifying th: feaure structures f 1 and f 2 is defined as follows: 

• If /1 a'1d /2 are both defined for the attribute I, then the value for fle attribute I in 

/ is t 1! unification of the values for the attribute I in fl" and 12' 
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• If one of the feature structures, 11 and 12, is not defined for an attribute I, then 

the value for the attribute I in I is the the value of the attribute I in the feature 

structure which i C) defined for this attribute. 

• An atom, a, does not unify with a complex feature structure or the atom b, where 

a :f: b. 

For more details on the feature structures and unification, see [Shieber 85]. 

Feature structures can be encoded as a directed acyclic graph (DAG), \vhere the edges 

are labeled by the labels in the feature structure. Shared values (represented in feature 

structures by co-indexing boxes) are represented by the joining of arcs. We shall using 

the two representations interchangeably. 

Derivations in PATR-II are similar to those in CFG's except for the derivations of 

feature structures. If Xl and X 2 derive strings Wl and W2 and feature structures Fl and 

F2 respectively, then given a rule Xo -+- X 1.Y'2 with an associated set of equations E, 

then if Fo is the unifier of Fl and F2 according to the equations in E then .Yc. derives 

the string WI w2 and the feature structure Fo. On the other hand, if unification fails then 

the rule is not applicable. 

We will now show the derivation of the sentence John sleeps assuming the association 

of feature structures with the lexicon given below. We also show why the string John 

sleep is not generated by the grammar, whose productions are given by 

S -+- NP VP 

S.subject = NP 

S.pred = NP 

NP .agr = VP .agr 

(1) 
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VP.subject = NP 

NP -.. N (2) 

NP.agr = N.agr 

VP-.. V (3) 

VP.agr = V.agr 

John - [agr:[number:singular]] 

sleeps - [agr:[number:singular]] 

sleep - [agr:[number:pluralll 

For the derivation of the sentence John sleeps, we derive the following feature structure 

subject: [agr: [number : singularJC!J]~ 

Fed: [ :::j~ct: ~ 1 
whereas, the sentence John sleep is net derivable because the following twO' feature 

structures are net unifiable according the equatiens associated with the production (1). 

[agr : [number: singular]] 
[ 

agr : [number: plural] 1 
subject: [] 

5.1.2 Logical Representation 

SO' far, we have given an infennal .lescriptien of feature snuctures and the unification 

of feature structures. Pereira and Sh eber [Pereira 84] have given a semantics of feature 

structures using Scott's domain theD':' [Schmidt 87] -and modeling feature Smlctures as 

partial functions. Lauri Kanunnen [K' ntunen 8~] has argued for the need of disjunctive 
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specification, which is used extensively in FUG and Systemic Grammars. To mcxiel fea­

ture structures with disjunction, would invoive the power set construction, as observed 

by Pereira and Sheiber [Pereira 84]. A simpler definition can be made using the logical 

fonnulation of feature structures given by Rounds and Kasper [Rounds 86,Kaspe~ 86]. 

Feature structures in this system are specified as formulae in a version of modal proposi­

tionallogic (henceforth referred as Rounds-Kasper logic). These fonnulae can be reduced 

to a normal fonn using logical equivalences given in [Rounds 86,Kasper 36]. Extending 

on the work of Ait-Kaci [AitKaci 85], they show that detenninistic finite state automata 

(whose transition graph is a DAG) can be used to fonn a logical model and the satisfia­

bility of the fonnulae can be given in terms of these automata. 

We now describe the logic of Rounds and Kasper briefly. The details may be found 

in [Rounds 86,Kasper 86] 

. Rounds-Kasper Logic 

The work of Rounds and Kasper [Rounds 86,Kasper 86] was motivated to give a complete 

algebraic account of the logical properties of feature structures, which can be used for 

computational manipulation and mathematical analysis. Their model was developed co 

give a precise account of feature structures that also include disjunctive specification. 

The need for adding disjuncave specification to feature structures have been discussed by 

Kanunnen [Karttunen 85]; disjunctive specification have also been used in FUG [Kay 79]. 

Rounds-Kasper logic is a version of propositional m~ logic. In addition to con­

junction, disjunction, the logic uses a modal operator ":" and allows equality statements 

between paths. A fonnula I : ¢> is a logical representation ·of a feature structure whose 

value for attribute I is a feature structure satisfying the fonnula cpo 

Given ~e set of atoms., C, and the set of labels, L, the following are the well fonned 
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fonnulae in the Rounds-Kasper logic: 

J.VIL 

TOP 

a 

I : t/> 

t/>At/J 

</>V'tj; 

{Pb .. . ,Pn} 

where . .4. E C, I E L, <p, rt' are well-formed formulae. :,V'IL and TOP convey "'no 

information" and "inconsistent information" respectively. Each Pi represents a path of the 

fonn li,I : li,2 : ••• : li,ni respectively. This fonnula is interpreted as PI = ... = PT.' For 

example, the fonnula f : g : a A {h : j, f : g} represents the feature Sl -ucture below. The 

formulae in this logic are only notational variant of the feature structure representation. 

[ 
f: [g: lIJ[a]] 1 . 
h: [j:m1 

As suggested in [AitKaci 85], detenninistic finite state automata (dfa) model the 

feature structures. Satisfiability of the fonnulae may be defined in terms of these finite 

state automata. 

As noted in [Rounds 86], detenninistic finite state machines have the following de­

sirable properties as domain for feature structures (see [Kasper 86,Rounds 86]) 

1. The value of any defined path can be denoted by the state of the a ltomaton 

2. Finding the value of a path is interpreted by running the automaton on the path 

string 

The DFAs captures the crucial propenies. of shared structure 
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(a) two paths which are unified have the same state as a value 

(b) unifiaction is equivalent to a state-merge operation' 

Let A = (Q, L, c, 8, A, qo, F) be a dfa whose transition graph is a directed acyclic 

graph, where L is a set of labels, C is a set of atoms, and ,\ is an output function \vith 

the output alphabet C. A satisfies a formula 6 (A F= (!) if the following is the case. 

¢ = l.VIL 

o=a iff ,\( qo) = a 

d> = I : <P1 iff All F= 4>1 

6 = 01 A 4>2 iff A F= ¢ 1 and A F= 62 

6 = 4>1 V <1>2 iff A F= </>1 or A F= 4>2 

PI, ... ,Pn are in the same Nerode-equivalence class of ...4. 

Allis the automaton obtained by making the state 8 ( qo, 1) as the initial state. PI ~ P2 are 

in the same Nerode-equivalence class if 8(QO,Pl) = 8(qo,P2). No automaton satisfies the 

fonnula TOP since TOP conveys inconsistent infom!ation. 

[Rounds 86,Kasper 86] also give a list of logical equivalences which may be used to 

reduce any fonnula to a nonnal fonn. If the fonnula is not satisfiable then it reduces to 

TOP. We now list the algebraic laws for manipulating the logical fonnulae which have 

been given in [Rounds 86,Kasper 86]. 

Failure 

I: TOP = TOP (1) 

Conjunction (unification) 

d> A TOP.:= TOP (2) 
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ol\:.VIL=¢ 

a 1\ b = TOP, 'Va, b E A. and a :F b 

a 1\ 1 : ¢> = TOP 

1: <P 1\ 1: 1/J = 1: (¢> 1\ 1/J) 

Disjunction 

if> V J.VIL = NIL 

¢>VTOP=t!> 

1 : <P VI: 1/J = 1 : (<p. V 1/J) 

Path Equivalence 

E1 1\ E2 = E2 whenever E1 ~ E2 

E 1 1\ E2 = E1 1\ (.22 U {=y I z EEl} ) 

for any y such that 3x : x E E1 and xy E E2 

E 1\ x : c = E 1\ (I\YEEY : c) where x E E 

E = E 1\ {x} if x is a prefix of a string in E 

1 : E = {lw I wEE} 

{e} = NIL 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

E = TOP for any E such that there are strings (16) 

x, xy E E and y :f: e 

In addition to laws (1)-(16), there are laws for commutativity of and and or, disaibu­

tivity, associativity, idempotence, and absorption. The consistency and completeness of 

these equivalences has also been shown in [Rounds 86]. [Rounds 86,Kasper 86] also 

show that the consist~ncy pJoblem for these fonnulae is an NP-complete problem. 

124 

, 
} 

I 
! 

'1 
I 

i 
i 

l 
I 

" I 
l ., 

) 

l 

~ 
I 

1 

l , 
I 

1 
\ 

1 
.I 

I 
I 

~ 
i 
i 

l 
I 



r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 
r 

5.1.3 Unification Systems and Domain of Locality 

Most of the recent unification-based grammatical fonnalism!:l can be viewed as notational 

variant of CFG-based unificational approaches. These systems are very powerful and can 

. express most of the theories for natural language syntax. They have the advantage of 

being declarative, with facility to state the linguistic phenomena directly. Equality testing. 

pattern matching and feature passing are found in a wide range of linguistic arialyses -

in concurrence with the reliance of unification in these systems. The interpretation of the 

formalism is order independent because of the associati v ity of its operations. 

Although the generality of these unificational systems is attractive, they suffer from 

being computationally inefficient. Some of this inefficiency arises out of the limited 

"domain of locality" in CFG'SI. In the CFG based unificational systems, equations 

are associated with individual rewrite rules. Thus, in order to check constraints between 

different constituents, feature structures have to be passed around extensively. Features of 

the "dependent" items have to be passed to their parents. In fact, they have to be passed 

upto the common ancestor, since the constraints are stated with respect to individual 

productions. For example, to check that the agreement features of the head noun and 

the main verb, the agreement features are passed upto the topmost S node (or the node 

immediately dominating the subject .V P and V' P nodes. The extent of feature passing is 

decided by how far apan they are in the derivation tree. The feature passing mechanism 

is one of the main causes of the inefficiencies of the unification based systems. Some 

grammatical systems, e.g., GPSG, try to restrict the size of the feature structures that are 

unified and passed around in order to restrict the power Of the systems. 

Tree Adjoining Grammars is a grammatical fonnalism which provides a larger domain 

of locality. The theory underlying grammars for natural languages expressed in TAG 

fonnalism assumes that the dependencies between lexical items are encapsulated within 

1 We use the tenn "domain of locality" to denote the domain over which equations expressing constraints 

may be spedfied. 
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the elementary trees. This assumption may be sum; larized as 

• Verbs and their complements are localized and are part of the same elementary 

tree. 

• Dependent items belong to the same elementary tree or are in an elementary tree 

and the immediate tree adjoined into it. 

Our major goal in embedding TAG's in an unificational framewo~k is to capture this 

localization of dependencies. This is important for two reasons. First it is of linguistic 

interest to see the extent to which localization can be carried out.' Secondly, it is of 

significance from the point of view of efficient computation due to constrained feature 

passing. Therefore, we would like to associate feature structures with the elementary trees 

themselves (rather than break these trees into a CFG-like rule based sys:ems, and then 

use some mechanism to ensure only the trees produced by th! TAG itself are generated2). 

In the feature structures associated with the elementary trees, we can state the constraints 

among the dependent nodes directly. Hence, in an initial sentence corresponding to a 

simple sentence, we can state that the main verb and the subject NP (which are part of 

the same initial tree) share the agreement feature. Thus, in principle, we do not have 

to pass the agreement features of the verb to its parent, the VP nocie, a·:ld then check 

the agreement feature of the siblings, the NP and VP nodes. No matter what tree is 

derived from this initial tree, the agreement of the verb and subject remains. Thus. 

this checking can be precompiled (of course only after lexical insertion) and need not 

be done dynamically as is the case in CFO-based unificational grammars. A similar 

situation arises in the case of subcategorization. In linguistic theory underlying TAG~s, 

every element which is subcategorized by a verb, is a pan of the same elementary tree th~ [ 

the verb belongs to. Thus, in the feature structures associated with this elementary tree, 

2Such a scheme would be an alternate way of embedding TA( ·'s in an unificational framework. How­

ever, it does not capture the linguistic intuitions underlying rAO's, and'loses the attractive feature of 

localizing dependencies. 
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constraints regarding the subcategorization can be directly stated. Thus, we do not have 

to simulate a stack to capture the subcategorization fnfonnation. Note, that the examples 

used above only suggest the advantages of associating fea~ structures with elementary 

trees as the building blocks of the formalisms. Considerable research in fonnalizing the 

linguistic theory for this system needs to be done before any fonnal investigation of the 

relative efficiency of processing can be done. 

5.2 TAG's in an Unificational Framework 

In this section, we will describe a method of embedding TAG's in an unificational frame­

work. We will call this fonnalism Feature structure based Tree Adjoining Grammars or 

FTAG in short. 

In an unification based grammar, equations stating some constraints among the ele­

men~ structures manipulated by a rule of the. grammar are associated with the rewrite 

rule. Thus, these rules give the "domain of locality" to state the constraints. In TAG's, 

we ,wish to state the constraints among the nodes in the elementary trees, so that we 

can utilize the larger domain of locality of a TAG. In doing so, we hope, to the extent 

possible, minimize the flow of information and the number of linguistic stipulations that 

have to be made due to th~ limited domain of locality. 

5.2.1 Domain of Locality in TAG's 

As stated earlier, the linguistic theory underlying TAG's assumes that the elementary 

trees in a TAG give minimal linguistic structures an~ that the, ~ependencies are captured 

locally. ,For example, even th\! so-called long distance dependencies are captured within 

a single e~eTDentary tree; the gap and the fHler are a part of the same elementary tree. 
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and the arbitrary distance between the gap and the filler i~ the string gener~ted is only 

due to any adjoining in this tree. The theory underlying TAG's states that the verb and 

all its complements are a part of the the same elementary tree, and the dependent items 

are either in the same elementary tree or are found in a tree and the auxiliary tree which 

gets adjoined in it3 • 

We state equations over the feature structures of nodes of an elementary tree. For 

example, the identity of the agreement features of the subject and the main verb is stated 

in the elementary tree. This identity can thus be checked at lexical insertion and need 

not be done by feature passing as is the case in PATR-II, GPSG, etc. As in the case of 

PATR-II, where the equations associated with a rewrite rule result in a feature structure 

associated with the rule, equations over an entire elementary tree results in an elementary 

feature structure associated with this elementary tree. An example of an elementary cree 

with its associated feature structure (given by its graphical representation) is given be! J\V. 

NP VP 

n v 

Figure 5.1: An elementary tree and associated feature structures 

This example shows that ineqUality of agret:ment features of n and u nodes is known 

at lexical insenio \ and before its use in a derivation. In the derivation of the St~ntence 

Tht' '1Uln who eats sleep 

3For example t this lappens when there is an obligatory adjunction constraint in a tree . 

. " . 
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we do not have to attempt the adjunction of the relative clause auxili~ tree. However, 

in a CFG based unifica'tional systems only after the complete derivation (since the top 5 

node is the first common ancestor for the two nodes) is this fact known. 

5.2.2 General Schema 

Any node in an elementary tree is related to the other nodes in the elementary tree in 

two ways which will influence the features of the node. Attribute-value or feature-value 

statements (F-V statements in shon) about a node can be made on the basis of: 

1. the relation to its siblings and the ancestor, i.e., the view of the node from the top. 

Let us call this F-V statement as t. 

2. the relation to its descendants, i.e., the view from below. This F-V statement is 

written as b. 

Note that both the t and b F-V statements hold of the node. Ordinarily we would expect 

to state one F-V statement with a node, and since both the statements, t ana b, together 

hold for the nocie, we would expect to merge them (i.e., unify them). However, on 

adjunction, there is no longer a single node; since t is a view from the top, it must no\v 

be a statement that hold~ for the root of the auxiliary tree. Similarly b is now a statement 

about the foot node of the auxiliary tree that gets adjoined there. We believe that this 

approach of associating two statements with a node in the auxiliary tree is in the spirit of 

TAG's because of the 0...1. constraints in TAG's. A node with OA., constraints cannot be 

viewed as a single node and must be considered as something that has to be replaced by 

an auxiliary tree. t and b are restrictions about the auxiliary tree that must be adjoined 

at this node. Note that if the node does not have 0 A. constraint then we should expect 

t and b to be compatible since in the final sentential tree, this node remains as a single 

node. 
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Thus, in general, with every node labeu.!d by a nonrenninal, '7, (i.e., where adjunction 

could take place), we associate t\VO F-V statements, tTl and bTl' With the terminal nodes, 

we would associate only one F-V statement, which is unified with the F-V statement of 

the lexical item on lexical insertion. 

Let us no\v consider the case when adjoining takes place as shown in the figure :5 .2. 

The notation we use is to write alongside each node, the t and b statements. Firstly. to 

allow for adjunction, the root and foot nodes of the auxilary trees too \vill have the t and 

b statements associated with them. Let us say that troot,broot and t foot,b I'Jot are the f and i) 

statements of the root and foot nodes of the auxiliary tree used for adjunction at the node 

'1. Based on what t and b stand for, it is obvious that on adjunction the statements f. 

and trout hold of the node corresponding to the root of the auxiliary tree (see figure 5.2). 

Similarly, the statements b." and b foot hold of the node corresponding to the foot of [he 

auxiliary tree. Thus, on adjunction, we unify t." \/ith trout. and b,., with b/ov;' Thus, this 

adjunction is permissible only if t root and t." are compatible as are b f-jut and br,. On the 

other hand, if we do not adjoin at the node, 7], then we unify tTl with b.". 

Figure 5.2: Feature structures and adjunction 

We now give an example of an initial tre! and an auxiliary tree and follow it up (in 

Section 5.2.4) with some examples of FTAG can be used. 
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s 

~ 
NP I [agr:q] 

VP 

I 
n [ agr:q] v [ agr:q] 

NP 

N~S 
A 

wh VP 

v [ agr:q] 

Figure 5.3: Example of feature structures associated ~'ith elementary trees 

Adjoining and Function Application 

The elementary feature structure associated with each elementary tree encodes certain 

relationships between the nodes. Among these relationships the sibling and ances­

tor/descendent relationship are included; in short, the actual structure of the tree. Thus, 

associated with each node is a feature structure which encodes the subtree below it. We 

use the attributes i E • V to denote the ith child of a node. 

Consider the adjunction sequence shown in the figure 5.2. The feature str!J~ture 

associated with the node where adjunction takes place should reflect the feature structure 

after adjunction and as well as without adjunction (if the consrraint is not oblig:uory:l. 

Funher, the feaure structure (corresponding to the tree structure below it) associated with 

the foot node is not known but gets specified upon adjunction. Thus, we assume that the 

bottom feature smJcture associated with the foot node is b foot conjoined with a feature 

structure for the tree that will finally appear below this node. Since this is not known 

at this moment, we will treat it as a variable that gets instantiated on adjunction fr'lking 
. . . 

the value of the feature structure of the subtree below the node where adjunction takes 

place). Thus, we can think of the auxiliary tree 'as corresponding to functions over feature 
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structures (by ,\-absrracting the variable corresponding to the feaure structure for rhe rre~ 

that will appear beIO\\! the foot node). Adjunction correponds to applying this function 

to the feature structure corresponding to the subtree belo\v the node where takes place. 

We shall discuss this aspect later in Section 5.2.5, when we give a logical formulation of 

FTAG's. 

-'4 ~.-.' Unification and Constraints 

In earlier versions of TAG's [Joshi 75,Joshi 85], any auxiliary tree could be adjoined 

at a node as long as the labels of the node of adjunction and chose of the root and 

foot nodes of the auxiliary tree used for adjunction matched. Local constraints were 

added to TAG's since the category symbol infonnation was linguistically not sufficienL 

to restrict the choice of auxiliary trees that can be adjoined at a node. FOl example, the 

subcategorization infonnation is sometimes needed to decide the set of auxiliary trees 

that can be adjoined at a node. Since there are linguistic reasons determining why some 

auxiliary tree can be adjoined at a tree and why some cannot, or why some nodes have 

0 .. -1 constraint, we would like to express these constraints in the F-V statements. so chat 

local constraints (as they are expressed now) need not be stated at all. 

We will now discuss how local constraints are expressed as F-V statements in FTAG. 

~otice, from figure 5.2, t,., and t root , and b,.., and bf~ot must be compatible for adjunction 

to occur. We hope to specify some feature-values in these t. h statements to specify the 

local constraints so that 

1. if some auxiliary tree is not adjoinable at a node (because of its SA. constraint) 

tt en some unification involved (t TJ with troott or b f~ot with hTJ: in our attempt to 

a{ j lin this auxiliary tree will fail, and 

2. if node has 0 A. constraint, we should ensure that an appropriate auxiliary tree 
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does get adjoined at that node. 

Obligatory Adjoining Constraints 

0.-1 constraints can be easily stated in FrAG. There may be several reasons why nodes 

have 0.-1 constraint, \vhich we will have to express via the F-V statements individually. 

Ho\vever, \ve give a general methodology to express the constraint that adjunction is 

mandatory at a node. 

As we have stated before, if there is no adjoining at a node, the t and b stJtements 

associated with the node have to be compatible. The reason is that this node remains as a 

single node in the final tree derived, and hence, the view from the top and the view from 

below have to be compatible. Hence, we will attempt to unify the [\\'0 F-V statements. 

Thus, if a node has 0.-1 constraint, the only way to ensure adjunction is to have the f 

and b statements incompatible. Therefore, both t and b must have at least one attribute 

in common such that the values are not unifiable. 

We now give an example of 0.-1 constraint and show how they can implemented in 

FTAG. This example is an oversimplification of the actual linguistic phenomenon. but 

will serve its purpose as an illustrative example. The node marked with an asterisk has 

an 0.-1 constraint because we expect adjunction with an inverted question. Thus. in the 

view from below, the sentential subtree (corresponding to John saiv) is not inverted. This 

can be implemented naively in the following way using an attribute inl:erif.ci which takes 

values from {+. - }. The b statement for this node asserts ,that in uert€d : -. In the 

view from the top, we expect an invened sentential component. Thus. the t assertion 

is inverted : +. If we now try to unify t and b, it will fail because the values for 

inverted feature are noc the same and hence we know that adjunction is mandatory at 

this node. In. the auxiliary tree we know that t root has to be inl.'ert€d : + and b 'out has . , 

to be i.nt'F:rterl : -. Without considering further adjunctions at the root and foot nodes 
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and merging their t and b assenit ns, we see adjunction is allowed as desired. 

s 

co~sf.!nverted:+} I ~ted:.} 

wh NP VP 

I ~ 
n v NP 

I I 
John saw e· 

~ed:+} 
AUX S 

I~ 
do NP vp 

I 
n 0sfinverted:.} 

you think 

Figure 5.4: Illustration of the implementation of OA constraints 

Selective 6~djoining Constraints 

To attempt adjunction at a node" is to try to unify tTl with troot and b", \vith b !;'/j" Thus. 

these F-V statements constrain adjoining. SA. constraints are implemented by 'suitably 

specifying these statements so that an auxiliary tree not licensed by the S.-i constraint 

cannot be adjoined. We now give an example to illustrate how S.-i constraints can be 

implemented. 

This example illustrates the implementation of both the OA. and SA. constraint. Th~ 

view of the root node from below suggests that b statement for this uoue makc!s th~ 

assertion that the value of the tense attribute is - (or untensed). However, the t statement 

should assen tense : + (since every complete sentence must be tensed)". Thus. an 

auxiliary tree whose root node will correspond to a tensed sentence and \vhose foot 

4 f. statement is more complicated than just "view from the topU. t statement i·· a statement about the 

node while viewing the node from the top, and hence is a sta£ement concerning the entire subLrce below 

this node (i.e., including the pan due to an .luxiliary tree adjoined at the node), and how it constrains the 

derivation of the nodes which arc its siblings and ancestors. b remains the same as before. and is the 

statement about this node and the subtree betow it, without considering the adjunction at Lhis node. 
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node will dominate an untensed sentence can be adjoined at this node. Therefore, only 

those auxiliary trees whose main verb subcategorizes for an untensed sentence (or an 

infinitival clause) can be adjoined at the root node of this initial tree. This sho\vs why 

only auxiliary tree such as J whereas an auxiliary tree corresponding to John thinks 5 

can not be adjoined since the verb thinks subcategories for a tensed sentence. 

VP 

~ 
to leave 

s . 
~e:+] 

NP VP 

1 0s{ tense:-] 

I 
John tries 

s 

~ 
NP 

PRO 

Figure 5.5: Illustration of implementation of SA constraints 

Null Adjoining Constraints 

.\. A. constraints are just a special case of SA. constraints and hence can. in general. be 

treated as SA. constraints. However, some comments are in order. In section 5.3.1. 

we discuss a linguistic stipulation made in TAG grammars that only the foot nodt!s of 

auxiliary trees have .V.-1 constraints, and further, that all foot nodes have .Y A. constraints. 

One possible way to implement this lingistic stipulation is to incorporate it in the ddinition 

of FTAG, and not state the constraints '(via the features) individually with all the foot 

nodes. Thus, we· associate only one F-V statement with the foot node of everv auxiliarv ." . . 
tree. Let us call this statement t foot. We have to alter the definition of the system suitably 

in order to capture this stipulation. On adjunction at a node, 'T}t we unify t 1'/ with t ~ -.;.r as 

before, but unify b-ry with t r.l,-A' This solution is consistent then with the spirit in \vhich 

TAG' s ar~ used, since the fonnalism itself embodies the linguistic stipulation and \Vt! 
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do not ever have to ever state the .Y A constraints. DeraLs of (he justification for this 

linguistic stipulation and its implementation is given in section 5.3.1. 

Comments on the Implementation of Constraints in FTAG 

Earlier, we had presented some reasons why local contraints had to be introduced in 

the TAG fonnalisms. Since the number of elementary trees is finite, specification by 

enumeration is possible. However, specification by enumeration is not a linguistically 

attractive solution. On the other hand, in FTAG we associated with each node t\\'o feature 

structures which are declarations of linguistic facts. The ~':'ct that only appropriate tre~s 

get adjoined is a corollary of the fact that only trees consistent with these declarations 

are acceptable trees in FTAG. 

We have just seen how O.-! and SA. constraints are implemented in FTAG, Howe\'er, 

there are some differences in the specification of constraints in the TAG~s and FTAG's. 

In a TAG, the local constraints specify a finite number of trees that can be adjoined at 

a node. These constraints are pre-specified and not dynamically instantiated. However, 

the implementation of constraining adjunctions in FTAG is qlJite different. In a FT.-\G, 

constraints are dynamically instantiated and are not pre-specified as in a T£-\G. This can 

be advantageous and useful for economy of grammar specification, We no\v gi ye tWO 

examples, giving their implementations in a TAG and an FTAG. 

In the first example, we will consider the derivations of sentences like 

What do you, think. lvl ary thollg ht John saw 

In the TAG formalism, we are forced to replicate some auxiliary trees. As seen in the 

rAG fragment below, since the intermediate phrase what iv[ary thought John sal-'" is not 

\ com plete sentence, we will have to use 0 A constraints at th ~ root of the auxiliary tree 

~ '>. However, there should not be OA constraints for this tree. when it is used in some 

~ For convenience. we will assume Lhat we have implemented the stipuluuon that th~ loot nodes have 
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other context; for example, in the case of the derivation of 

. Alary thought John salV Peter-

Thus, we \vill need another auxiliary tree with exactly the same tree structure as .31 exc~pt 

for the constraints at the root node. As seen in the figure below, we can make use of the 

fact that constraints are dynamically instantiated and give only one specification of '1-
When used in the derivation of 

What do you. think A1ary thought John saw 

traoe inherits the feature inverted: + which it othenvise does not have, and h:-~",;: inherits 

the feature in'L'erted : -. Thus, this node, by the dynamic instantiation of the feature 

structure, gets an 0 A. constraint. Note that there will not be any 0 A. c,onstraint in nodes 

of the final tree corresponding to 

~Vhat do YOlt think lvlary thought John saw. 

Also, the root of the auxiliary tree, corresponding to /v1ary thought S, does not get O.-! 

constraint, when this tree is used in the derivation of the sentence 

Mary thought John saw Peter. 

The second example illustrates the case where lexical insenion instantiates the con­

straints. Elementary trees having the subtree correponding to a.'· P node domination 

a .V node, must not allow the adjunction of relative clauses at the .Y P nodes if the a 

pronoun is lexically insened at the .Y node, but must allow adjunction if a plural noun. 

or a proper name is used. In a TAG, in order to implement mis fact~ we wiiI need t\VO 

copies of the tree for the two possiblties, whereas it can be implemented in FTAG in a 

straightforward manner without any duplication in the specification. 

.V.-\ constraims and hence we associulC only one F-V Slalcmcm with foot nodes. 
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~[athemati ~al ~Iodel of FT .. -\G 

In order to define the structures manipulated by FTAG' s, \ve will give a mathematical 

model of these structures and how they are composed. The model presented below is 

based on that presented by Rounds and Kasper [Rounds 86] and a related model by 

Ohori [Ohori 87]. 

First we present the exact syntax we use for structures used in FTAG. The fearure 

structures themselves are represented as formulae in Rounds-Kasper logic. \Ve show how 

to extend the syntax to cope with structures that are actually used.in FTAG's. Le~ us 

consider the Figure 5.2, where 3 is adjoined at node TJ in some tree -;". \Ve adopr the 

convention that if f is some feature structure then it's representation in R-K logic is 

given by f'. Thus, the feature structure tTl will be represented by the formula t:
l

, for 

example. 

The fonnula for "'/ will be of the form 

( ... t~ 1\ f T] 1\ b~ 1\ ... ) 

where f,., is some fonnula used to connect the view from the top (t~) and the vie\v from 

below (b,.,). The formula for the auxiliary tree 3 will be of the form 

The tree obtained after adjunction will then be represented by the fonnula 

This can be obtained by considering (as suggested in Se( tion 5.2.3) auxijary trees as 

functions over feature structures. Under this treatment. the representation of .3 is a 

function, say 1.'3, of the fO:ln 
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To 3.11ow the adjunction of ;3 at the node '1, we have to represent "'f by 

c ... t~ /\ f;3Cb~) /\ ... ) 

Thus, corresponding to adjunction, we have function application. In this case, \ve will 

obtain the required formula. But note that if we do not adjoin at '1, we \vould like to 

obtain for "'f the formula 

( ... t.~ /\ b~ /\ ... ) 

which can be obtained by representing "'/ by 

c ... t~ /\ I( b~) /\ ... ) 

where I is the identity function. Similarly, we may haye to attempt adjunction at 17 by 

any auxili~ tree (SA constraints are handled by success or failure of unification). Thus, 

if ,81 ••• ,Bn form the set of auxiliary tree we have a function, F, given by 

F = Af.(fth(f) V ••• V fp,,(f~ V I(f)) = Af·(fp, (f) v ... V f;3,,(/) V j) 

and represent i by 

( ... t~ /\ F( b~) /\ ... ) 

This is our representation of feature structures used in FTAG's. We have extended 

R-K logic by adding A-abstraction and application. We give the precise syntax for 

representing a grammar in FTAG. The same syntax as in R-K logic is used for fea­

ture structures (el 1\ e2, I : e, etc.) except for the clause for reentrancy. In R-K 

logic, this is represented by a syntactic clause of the fonn {PI,"" Pn} where for 

1 < i < n, Pi E L· represent paths which lead to the same feature structure. \Ve 

use the notation rec < XI'''',X n >< el, .. ·.,en > to represent reentrancy, where 

Xl, ... ,Xn are variables, el,"" en are fonnulae which could involve these variables. 

The fonnula rec < Xl, ... ,Xn >< el, ... ,en ~ represe~~r. a set of equations given 

by Xi = ei for 1 :5 i < n. The exact syntax we use to represent feature struc­

tures is .~ven by those used in R-K logic ·except that to specify reentrancy, we use 
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first(rec < =1, ... ~ Xn >< el,'" , en », whe~e first is the projection function pick­

ing out the first element of an n-tuple. 'For example, the following feature structure 

cat: J.VP 

[

number: DJ . 
person: 

agreement: 

subject: II] 
is represented as 

singular 1 
thjrd 

first(rec < x!) X2 > 

< cat: J.V P "agreement: X2" subject: X2, 

number: singular" person: third> ) 
Note that using this notation, we can represent any directed graph, not just acyclic ones. 

The motivation for using .cyclic graphs has been given in [Shieber 85]. 

- ~ 6 .:>._. Modeling the structures used in FTA:; * 

140 
* Please ignore this section. A completely revised versio I of this section 

will be issued as a seperate paper at a later date. Pag~s 141-154 have 
been removed. 
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Undecidability of FTAG 

In this section, we show that the logical calculus that we rave set up is undecidable. 

The proof uses the undecidability of FUG's. Rounds and Manaster-Ramer [Rounds 87] 

give a logical fonnulation of FUG's and showed that the logical system developed is 

undecidable by reducing it to the halting problem. 

The logical fonnulation of FUG' s, as given in [Rounds 87], has in addition to the 

Rounds-Kasper logic, the clause of the following fonn. 

where -tIs are called typed variables. We will not consider other clauses which can be 

used to represent word order as they are not crucial for our purpose. Type variables are 

inttoduced to capture recursion in grammars. An example fonnula using this clause is 

given below. 

S where 

S ::= (1 : a 1\ 2 : S) V (1 : b 1\ 2 : T) 

S ::= (1 : b 1\ 2 : S) V (1 : a 1\ 2 : T) 

This fonnula captures the following productions 

S --. as I bT 

T --. bS I aT 

We can encode any fonnula in this logic in the logic we have developed. All clauses 

remain the same except those using type variables. Wherever a type variable .Y appears. 

we replace it by X'(nil). Thus, if there is a subfonnula of the fonn defining the type 
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variable X as X ::= 6, then the type variable X :s replaced by a function Y' which :; 

written as X' = )..f(J II ¢i') wherever 9' is obtained by changing every type variable }' in 

¢ by Y'(nil). Since we have the equivalence if; II ni l ..... rp , we have encoded the formula 

in FUG in our logic. Since, satisfiability of FUG (its logical version) is undecidab le , S0 

is the case for the logic we have developed. 

5.3 Restricted use of the Feature Based System 

We have seen in Section 5.2.7 that the unrestricted use of feature structures when coupk d 

with a grammar which allows for generation of arbitrarily large structures leads to a sys­

tem which is undecidable. There are several ways of restricting the power of the system. 

For example, LFG as~umes the offiine-parsability constraint which places resnictions on 

the size of the trees generated in its c-structure. GPSG resnicts the growth of the fea ture 

structures in a derivation. In this section, we consider a resnicted version of FfAG under 

the assumption that a TAG with its larger domain of locality does not require a feature 

based unificational system in its full glory. In this resnicted system (hencefonh called 

RFTAG) , the t and b F-V statements are not recursive structures. This restriction is 

similar to that made in GPSG. Thus, we insist that no F-V statement allows paths with 

recursion of labels, i.e., paths of the form . . . I : . .. I : . . .. Furthermore, the cardinality 

of the set, C, of atoms is finite. Thus, the subject atnibute cannot be used in these F· V 

statements since the value for the atnibute is the feature structure corresponding to the 

entire subject N P tree and hence is not bounded in size. We had noted earlier that feature 

structures correspond to the equation F = (L -+ F ) + C, where C is the set of atomic 

values, and L is the set of labels (or atnibutes). But we can give a more fine-graine i 

characterization of feature strucrures. For example, a feature structure number: 0 cor . 

tains the informa"ion that <P is a value from the set {singular,plural} C C. Similarl~, 

in the feature structure of the form agr : (1), " can take only certain values correspondln\' 
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to the attributes number~ person, ~ Thus, a more fine-grained equation for feature 

structures would be 

F = (LR --+ F) + Fn + ... + Fl + Fo for some n 

Fo=C 

l<i<n 

atomic values 

Examples of L1 are number. person, etc., an example L'2 is the attribute agr, and 

examples of LR are subject, s'ubcat~ 1. 2, etc. This approach is like giving a typing 

for feature structures where the feature structure corresponding to LR -+ F will have a 

recursive type, and Fi = Li --+ Fi - 1 would have a nonrecursive type. In RFfAG, we 

allow unification of feature structures which are of nonrecursive types (or finite types). 

Note, unification of nonrecursive feature structures will result in another nonrecursive 

feature structure. 

5.3.1 A Restricted System 

We now describe a restricted version of FfAG's, called RFTAG's, which allows unifi­

cation of the nonrecursi ve feature structures only. The notation used in RFT A G is as 

follows. As before, we write the t and b statements alongside the nodes, using the matrix 

notation of the PATR-II sys:em. However, b F-V statement is not of finite type if \\t'e 

consider the the attributes {I, 2~ ... }. Since the values are obvious for these attributes 

are obvious from the tree structure and need not be mentioned explicitly. Leaving aside 

such attributes (whi~h have recursive structures for values), we write finite type feature' 

structures 1 (lower) and u (upper) along with each node. On adjunction, we unify Ur~ot 

with U'1 and 1 foot with 1'1' Note that we never have to alter the feature structures which 

are values of the attributes 1, 2, etc. Note all the e'xamples we have given thus far fall 

under this restricted case. 
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It is obvious that the resulting syste,n, i.e., RFTAG, is decidable. Since C and L are 

finite, we can find out for every I ·and u feature structure all the possible structures they 

could become (after unifications during a derivation). By multiplying out the different 

possibilities for each feature structure used, we can obtain as many trees as required and 

assigning constraints appropriately, we obtain an equivalent TAG. 

Discussion on the Restrictions made in RFTAG system 

We have defined RFrAG's in such a way that they are closer to TAG's in the way they 

describe the syntax of natural languages. By insisting that we can unify only feature 

structures of finite type, we are considering only finite number of possible trees which 

l 
~ 

I 
I 

j 
! 

1 , 
! 

can be adjoined at a node. RFfAG's may be then thought of as a reformulation of l 
the local constraints in TAG's. Like TAG's, i lfonnational content in every elementary 

tree is bounded and finite. Thus, like the local constraints, the feature structures and 

unification only describe a finite amount of information about the trees which may be 

adjoined at a node. However, as we have seen earlier, the tenninology used in RFTAG's 

adds to the ability to make linguistic stateInents in the description of a grammar; the local 

constraints then are a consequence of these statements, rather than notations whose use 

" I 
I 

are not self-evident (as are the SA. and 0 A. constraints). Funher, the feature structures ~ 

used in RFTAG's can be used to describe the co-occurence of features of dependent items 

and the grammatical relations that are localized within the elementary trees. 

Recursive feature structures have been used in the linguistic literature. For example, 

an analysis of coordination in Dutch in LFG [Bresnan 82], uses unification of unbounded 

feature structures (encoding entire derivations). Such a hevice is needt d if arbitrary 

number of pairs ( or n-tuples) of dependent elements lie in different branches of a tree 

as in the tree structures generated for this analysis in LFG. 

However, there is still questions whether such, analysis are needed (see, for example, 
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Jan NP VP v' 

I ~ /".... 
Piet NP VP Y v' 

I I I /".... 
Marie NP zag Y Y' 

A I A 
de kinderen helpen Y v' 

I I 
laten V 

I 
zwemmen 

Figure 5.6: Coordination in Dutch 

[Berwick 84]). Furthennore, allowing recursive types increases the power of the system 

drastically. Thus, it is wonh questioning the use of such machinery before adopting it. 

Recursive feature strucrures have also been used to capture the subcategorization 

phenomenon by having feature structures that act like stacks (and hence unbounded 

in size). However, in TAG's, the elementary trees give the subcategorization domain. 

As noted earlier, the elements subcategorized by the main verb in an elementary tree 

are pan of the same elementary tree. Thus, with the feature structures associated with 

the elementary trees we can just point to the subcategorized elements and do not need 

devices in addition to the nonrecurive feature structures. Note, that the stacking device 

needed for subcategorization is given by the TAG fonnalism itself, in which the tree sets' 

generated by TAG's have context free paths (unlike CFG's which have regular paths), 

This additional power provided by the TAG fonnalism has been used [0 an advantage in 
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giving an account of West Gennanic verb-raising (Santorini 86]. 

We would like to point out a shortcoming of RFTAG's. A restriction made in RF­

TAG's is the cardinality of the set of atoms is finite. Under this restriction, it will not b~ 

possible to state the coindexing of NP's for example, since we will have to assume an 

unbounded (infinite) number of indices to account for it. This matter will be considered 

in future. 

. 
Some Possible Stipulations in RFTAG 

In this section, we will discuss some possible stipulations in. a RFTAG. However, at 

this stage, we do not want to consider these stipulations as a pan of the fonnalism of 

RFTAG. First, some of the linguistic issues pertaining to these stipulations have not yet 

been settled. ~econdly, our primary concern is to specify the RFTAG fonnalism. Funher 

as we shall see, if the fonnalism has to incorporate these stipulations, it can be done so, 

without altering the mechanism significantly. 

We said that a b feature structure is a statement made about a node when its viewed 

from below. In order to be consistent, we would expect that the b statement for the foot 

node of the auxiliary tree will be an empty statement. However, we are hesitant about 

making this stipulation in the definition of RFfAG until we are sure about the linguistic 

issues involved. The implementation or the semantics of the fonnalism does not change 

significantly even if we incorporate this stipulation into the definition. 

The current linguistic theory underlying TAG's assumes that every foot node has a 

1V A constraint. ~e. justification of this ~ tipulation is similar to the projection principle 

in Chom~ky's transfonnation theory. It is appealing to state that the adjunction operation 

does not alter the grammatical relations defined by th.e intenn~~ate tree struct 1 :-es. For 

example, consider the following derivation (given in figure 1.8) of the sentence 
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Mary thought John saw Bill hit Jill. 

If the derivation results in the intermediate tree corresponding to Mary thought Bill hi! 

Jill, then we would expect, to obtain the relation of Mary thinking that "Bill hit Jill". 

This relation is altered by the adjunction at the node corresponding to the foot node of 

the auxiliary tree corresponding to Mary thought S. 

If we wish to implement this stipulation, one solutIon is to insist that only one F-V 

statement is made with the foot node, Le., the t foot and b loot are combined. The definition 

of adjunction can be suitably altered. Again, for the same reasons as above, in studying 

the system we do not incorporate it into to our definition. 
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Chapter 6 

Conclusions and Future Work 

In this thesis, we have studied several properties of Tree Adjoining Grammars. These 

results allow us to conclude that TAG s, although more powerful than CFG's, are only 

mildly so. In fact, we can realize from a number of results suggest that TAG's are a natural 

generalization of CFG's. Both systems are constrained in their generative capacity, with 

similar closure and decidability results. The class of TAL's, like the class of CFL's are 

both substitution closed full AFL's. Funhermore, both the formalisms have a recognition 

algorithm with polynomial time complexity. There are other results which point at a 

progression in the propenies of CFG's and TAG's. We have defined an automaton, which 

we call embedded pushdown automaton, and show that it recognizes exactly TAL's. Tne 

epda may be thought of as a second order pda, leading to the definition of an i th order 

pda. 

The equivalence, which we establish between TAG's and Linf'lI' Indexed Grammars, 

is one of weak equivalence, i.e., equiValence of the string langu 1ges generated by the 

two formalisms. But our results i ldicate that it is possible to establish a stronger notion 

of equivalence. The tree sets of a CFG are recognized by a finite state tree automaton 

(defined by Thatcher [Thatcher 71 D. It appears ~hat it is possible to develop a pushdown 
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automaton to recognize the tree set qf TAG's and LIG's. The point to note is that there 

is a stacking of symbols as we proceed along a path in trees generated by either system. 

Weir [Weir 87] has presented a hierarchy of grammatical systems which carry on this 

progression (of complexity of paths). It is interesting to note that this hierarchy fits in 

with the automaton hierarchy (as shown in [Weir 87]). There is a geometric progression 

in the complexity of the language hierachy, with each class in the hierarchy being a full 

AFL. 

We have established the equivalence of TAG's with a slightly modified version of 

Head Grammars. The three grammatical fonnalisms, which we have shown to be equiv­

alent, are apparently based on different linguistic ideas. The fact that they turn out to 

be equivalent suggest that these systems describe some fundamental propeny of natural 

languages. We hope that this research activity will help us in providing us fresh insight 

about natural languages and grammatical fonnalisms that describe them. 

We need to study a study a stronger notion of equivalence. Since these systems 

have widely varying notations, it is necessary to abstract away from the details of the 

individual fonnalisms. We have made a preliminary study elsewhere [VijayShanker 87] 

where we characterize these systems to possess properties of context-free rewriting with 

linear operations. We describe a meta-level notation for such systems and conluded 

that any fonnalism that falls in this clas can be.recognized in polynomial time and will 

generate only semilinear languages. 

We have given a parsing algorithm for TAG's with polynomial time and space com­

plexity and proved that every TAL is a semilinear language. We have also given a 

pumping lemma'for TAL's adapting the pumping lemma for CFL's. 

Finall}, we have shown a method of embedding TAG's in a feature structure based 

framework. This system allows lingusitic statements about cooccurence of feat..rres of 

dependent: items which are localized in elementary trees in a TAG. FTAG has several 
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advantages over TAG's. The specificadon of local constraints in a TAG is by enumeration, 
. . 

which is not satisfactory from the linguistic point of view. We show that in FTAG, we 

can avoid such specifications, instead the declarative statements made about nodes are 

sufficient to ensure that only the appropriate trees get adjoined at a node. Funhennore, we 

also illustrate how duplication of information can be avoided in FTAG's in comparison 

with TAG's. Finally, extensions to TAO's have been proposed that use mUlti-component 

adjoining (simultaneous adjunction of a set of trees in distinct nodes of an elementary 

tree) as defined in [Joshi 87b,Kroch 87]. Such extensions can be easily stated in FT.AG's. 

In order to make the problem of parsing this system more tractable, we propose a 

restriction of the use of feature structures. The resulting system, RFI'AG, generates the 

same language as TAG's. 

6.1 Future Work 

There are several problems that arise out of our study of TAG's. As mentioned earlier, the 

equivalence of different formalisms that we have established led us to consider a stronger 

notion of equivalence, one in which we consider how the structures are composed in a 

derivation. Although the fonnalisms have different notations, we can verify that they 

share the propeny that rewriting is contexr-free. For example, in a TAG, the derivation 

trees are similar to those of a CFG. The reason for this is that there is a finite number 

of trees that can be adjoined at any node and this choice is pre-determined. Since the 

choice does not depend on the derivation sequence, we can say that the rewriting is 

context-free. Funher the operat;ons used in composing these strucn res are linear and 

nonerasing, i.e., no infonnation is duplicated or lost. This led us tc define a class of 

:Oormalisms called linear context free rewriting systems (in [VijayS, , :tker 86a]). We 

have shown, in [VijayShanker 86a], that any formalism in this class las [he property 

that the languages generated by them are semil~ear languages and can be recognized in 
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polynomial time . We would like to examine this class in more detail and would like 

to place, more precisely, the class of languages generated by them in complexity class 

hierarchy. 

A related issue corresponds to the study of the tree sets generated by TAG's. The 

equivalence with Linear Indexed Grammars suggests that we could develop a pushdo\vn 

based tree automaton to characterize the tree sets generated by TAG's. We conjecture 

that a restriction of tree pushdown automaton ( [Schimpf 85,Guessarian 81]) which has 

linear moves would yield an automaton characterization. 

We can observe that the structures composed in TAG's are done in a linear fashio~. 

We used this property to show that every TAL is a semilinear language. It has been 

observed in [Joshi 85,Berwick 84] thgat this propeny of linear composition of bounded 

structures is a desirable property of fonn~isms used to describe natural languages. We 

would like to study this property and make precise this intuitive idea. 

. The automaton characterization of TAG's opens up a host of problems. In particular 

we would like to examine the detenninistic epda and the parsing problem of the languages 

they recognize. We would also like to consider the introduction of lookaheads in the 

parser for TAG's. 

The parsing algorithm that we have developed is an extension of the CKY algorithm 

( [Aho 73a]) for CFL' s. We would like to examine this extension more closely and to 

examine whether a Valiant-style ( [Valiant 75]) parser can be developed for TAG's. 

We embedded TAG's in a unificational framework. We have shown that the system 

is too powerful, and have proposed a restriction on the use of feature structures, placmg 

a bound on the size of feature structures used. The other resniction placed was that the 

set of atoms should be a finite set. We would like to relax" the second resnicrion and 

allow the set to be infinite. A potential use of this relaxation is in making statements . 

about co-indexing of nodes. We would like to examine how the power of [he system is 
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altered by this rela..xaL.on. 

The linguistic theory of feature structures is being developed When it is developed 

to the point where it can be formalized, we would like to make a study of the complexity 

issues involved. The key problem is to determine the complexity of parsing with respect 

to grammar size. A fonnal study of the complexity issues will help us understand the 

extent to which the enlarged domain of locality (due to the localization of dependencies) 

plays a part in efficiency of parsing. 

TAG's have been extended in [Joshi 87a] to allow the generation of languages with 

free word order. We would like to extend FTAG to allow s;'ecification of word order in 

a way similar to that adopted by Rounds and Manaster-Ramer [Rounds 87]. 

Finally, we would like to l'uild a framewJrk around TAG's so as to enable us to have a 

compositional semantics for nc..turallanguages. There have been many theories developed 

for expressing the semantic content of natural language constructions. The theories that 

we are interested in are those of the discourse representation theory of Kamp [Kamp 81] 

and the situation semantic theory of Barwise· and Perry. Our interest in this problem is 

due to the question whether the localization of dependencies (for example, a predicate 

and all its arguments are pan of the same elc:mentary tree) and factorization of recursion 

will help in providing a simpler process for compositional semantics. 
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