An O(n) Method for Max Entry of ST1S

If T = LDLT then
ST-1S = S(LDLT)"'S = SL~TD'L~1S = —(X8)T(XS)

where X = D~Y/2L~'. So the problem is to find which column of XS has the largest 2-norm. If

0 —o 0 0 0
(65} 0 — Q9 0 0
S = 0 (65) 0 —Qs3 0
0 0 Qs 0 —0Oy
0 0 0 0y 0

then
XS = [ a1 X(:,2) | —on X (5, 1) + a2 X(:,3) | -2 X(:,2) + a3 X(:,4) | —a3X(5,3) + aa X(:,5) | —oy X(:,4) }

So for k = 1:n we have to compute

o 2] X (5,2) 13 if k=1
Ye=3 || —ar 1 X(k—1)+axX(E+1) 3 ifk=2m—1
o1 2 X (on = 1) 5 if k=n
ie.,
o 2 X (:,2) [13 ith=1
e =S laeoal X (k= 1) 5+ a2l Xk +1) |3 — 200106 X (k= DTX (5, + 1) if k=2m—1
o1 2 X (:n— 1) |5 ith=n

The function maxElement must return the largest ;. Each X(:, k) can be computed in O(n) flops and so there
is an obvious O(n?) implementation.

But the matrix X has some critical patterns and if they are exploited we can obtain an O(n) implementation
of maxElement. Let’s look at the inverse of

1 0 0 0 O 0 0 0 0 O
—e 1 0 0 O es 1 0 0 O
L= 0 —e 1 0 0| =I-]0 e 1 0 O0|=1I-F
0 0 —es 1 O 0 0 e 1 0
0 0 0 —es 1 0 0 0 e 1
then L-'=I+FE+FE?>+---+E" 1 eg.,
1 0 0 0 0
el 1 0 0 0
L_l = €1€2 €9 1 0 0
€1€2€3 €9€3 €3 1 0
€1€2€3€4 €2€3€4 €364 €4 1



If D = diag(dy,...,d,) then

[ 1/V/dy 0 0 0
61/\/@ 1/\/£ 0 0

X = D'2L7 = | erex/Vds e2/V/ds 1/y/ds 0
ereses//dy esez/\/dy es/\Vds 1/v/dy
| ereseses/Vds  eseses//ds  eses/\ds  es/\/ds 1/v/ds |

Note that || X(:,n) ||> = 1/d, and for k = 1:n — 1

0
0
0
0

1
— 4 || X(k+1n,k) |2
dy,

| X k)13 = || X(kn,k) |3

1
— + & | X k+1)];

1
— + & X(E+Lnk+1)]3 y
k

dy,
Thus, if ux = || X(:, k) ||§ then we can compute p1,..., 4, in O(n) flops:
fork=n—-1:-1:1
pr = (1/dr) + ejpni

end

Looking back at the recipe for the ;, we need a quick method of evaluating X (:, k— )T X (:, k+1), k = 2:n—1.
Here it is:
Xk —1D)TX(0k+1) =epren]| X E+1) |5 = en_reniini

So the recipe for the v, transforms to

o 2o ifk=1
Y =R low—1]?mr—1 + |owPprt1 — 20— 10keR_1€k K41 ifk=2mn-1
|t 11t ifk=n



