’

&

       $

       %

ILP Formulation of Loop Transformations

1

’

&

       $

       %

Goal:

1. formulate correctness of permutation as integer linear programming (ILP) problem 2. formulate code generation problem as ILP

2

&

       $

       %

3

&

       $

       %

4

&

       $

       %

5

’

&

       $

       %

Let us formulate correctness of loop permutation as ILP problem. Intuition: If all iterations of a loop nest are independent, then permutation is certainly legal.

This is stronger than we need, but it is a good starting point. What does independent mean? Let us look at dependences.

6

&

       $

       %

Input dependence is not usually important for most applications.

7

&

       $

       %

8

&

       $

       %

9

’

&

       $

       %

Dependences in loops

 DO 10 I = 1, N
   X(f(I)) = ...
10 = ...X(g(I))..

• Conditions for flow dependence from iteration I_w to I_r:

• 1 ˇ Iw ˇ Ir ˇ N (write before read)

• f(I_w) = g(I_r) (same array location) • Conditions for anti-dependence from iteration I_g to I_o:

• 1 ˇ Ig < Io ˇ N (read before write)

• f(I_o) = g(I_g) (same array location) • Conditions for output dependence from iteration I_w1 to I_w2:

• 1 ˇ Iw1 < Iw2 ˇ N (write in program order)

• f(I_w1) = f(I_w2) (same array location)

10

’

&

       $

       %

Dependences in nested loops

 DO 10 I = 1, 100
  DO 10 J = 1, 200
   X(f(I,J),g(I,J)) = ...
10 = ...X(h(I,J),k(I,J))..

Conditions for flow dependence from iteration (I_w, J_w) to (I_r, J_r): Recall: ¯ is the lexicographic order on iterations of nested loops. 1 ≤ Iw ≤ 100 1 ≤ Jw ≤ 200 1 ≤ Ir ≤ 100 1 ≤ Jr ≤ 200 (I1, J1) ⪯ (I2, J2) f(I1, J1) = h(I2, J2) g(I1, J1) = k(I2, J2) 11

’

&

       $

       %

Anti and output dependences can be defined analogously.

12

’

&

       $

       %

Array subscripts are affine functions of loop variables => dependence testing can be formulated as a set of ILP problems

13

’

&

       $

       %

ILP Formulation

DO I = 1, 100
  X(2I) = .... X(2I+1)...

Is there a flow dependence between different iterations? 1 ≤ Iw < Ir ≤ 100 2Iw = 2Ir + 1

which can be written as 1 ≤ Iw Iw ≤ Ir − 1 Ir ≤ 100 2Iw ≤ 2Ir + 1 2Ir + 1 ≤ 2Iw

14

’

&

       $

       %

The system

1 ≤ Iw Iw ≤ Ir − 1 Ir ≤ 100 2Iw ≤ 2Ir + 1 2Ir + 1 ≤ 2Iw can be expressed in the form Ax ≤ b as follows

−1 0 1 −1 0 1 2 −2 −2 2

[ Iw Ir ] ≤

−1 −1 100 1 −1

15

’

&

       $

       %

ILP Formulation for Nested Loops

DO I = 1, 100
 DO J = 1, 100
   X(I,J) = ..X(I-1,J+1)...

Is there a flow dependence between different iterations? 1 ≤ Iw ≤ 100 1 ≤ Ir ≤ 100 1 ≤ Jw ≤ 100 1 ≤ Jr ≤ 100 (Iw, Jw) ≺ (Ir, Jr)(lexicographic order) Ir − 1 = Iw Jr + 1 = Jw

Convert lexicographic order ≺ into integer equalities/inequalities. 16

’

&

       $

       %

(Iw, Jw) Œ (Ir, Jr) is equivalent to Iw < Ir OR ((Iw = Ir) AND (Jw < Jr)) We end up with two systems of inequalities: 1 ≤ Iw ≤ 100 1 ≤ Ir ≤ 100 1 ≤ Jw ≤ 100 1 ≤ Jr ≤ 100 Iw < Ir Ir − 1 = Iw Jr + 1 = Jw

OR

1 ≤ Iw ≤ 100 1 ≤ Ir ≤ 100 1 ≤ Jw ≤ 100 1 ≤ Jr ≤ 100 Iw = Ir Jw < Jr Ir − 1 = Iw Jr + 1 = Jw Dependence exists if either system has a solution.

17

’

&

       $

       %

What about affine loop bounds?

DO I = 1, 100
  DO J = 1, I
    X(I,J) = ..X(I-1,J+1)...

1 ≤ Iw ≤ 100 1 ≤ Ir ≤ 100 1 ≤ Jw ≤ Iw 1 ≤ Jr ≤ Ir (Iw, Jw) ≺ (Ir, Jr)(lexicographicorder) Ir − 1 = Iw Jr + 1 = Jw

18

’

&

       $

       %

We can actually handle fairly complicated bounds involving min’s and max’s.

DO I = 1, 100
  DO J = max(F1(I),F2(I)) , min(G1(I),G2(I))
     X(I,J) = ..X(I-1,J+1)...

.... F 1(Ir) ≤ Jr F 2(Ir) ≤ Jr Jr ≤ G1(Ir) Jr ≤ G2(Ir) .... Caveat: F 1, F 2 etc. must be affine functions.

19

&

       $

       %

20

’

&

       $

       %

More important case in practice: variables in upper/lower bounds

DO I = 1, N
  DO J = 1 , N-1
    ....

Solution: Treat N as though it was an unknown in system

1 ≤ Iw ≤ N 1 ≤ Jw ≤ N − 1 .... This is equivalent to seeing if there is a solution for any value of N. Note: if we have more information about the range of N, we can easily add it as additional inequalities.

21

’

&

       $

       %

Summary Problem of determining if a dependence exists between two iterations of a perfectly nested loop can be framed as ILP problem of the form Is there an integer solution to system Ax ˇ b ? How do we solve this decision problem?

22

’

&

       $

       %

Is there an integer solution to system Ax ˇ b ? Oldest solution technique: Fourier-Motzkin elimination Intuition: ”Gaussian elimination for inequalties” More modern techniques exist, but all known solutions require time exponential in the number of inequalities => Anything you can do to reduce the number of inequalities is good. => Equalities should not be converted blindly into inequalities but handled separately.

23

&

       $

       %

24

&

       $

       %

25

&

       $

       %

26

&

       $

       %

27

&

       $

       %

28

&

       $

       %

29

&

       $

       %

30

&

       $

       %

31

&

       $

       %

32

&

       $

       %

33

&

       $

       %

34

&

       $

       %

35