’

&

       $

       %

Computational Requirements of Scientific Applications

’

&

       $

       %

Computational Science Applications Simulation of physical phenomena

ffl fluid flow over aircraft (Boeing 777 designed by simulation) ffl fatigue fracture in aircraft bodies ffl bone growth ffl evolution of galaxies

Two main approaches

ffl continuous methods: fields and partial differential equations (pde’s) (eg. Navier-Stokes equations, Maxwell’s equations, elasiticity equations..)

ffl discrete methods: particles and forces between them (eg.

Gravitational/Coulomb forces)

We will focus on pde’s in this lecture.

&

       $

       %

&

       $

       %

&

       $

       %

&

       $

       %

&

       $

       %

&

       $

       %

’

&

       $

       %

Jacobi: a (slow) iterative solver Example:

4x + 2y = 8
3x + 4y = 11

Iterative system:

xn_{+1} = (8 − 2yn)/4 yn_{+1} = (11 − 3xn)/4

n 1 2 3 4 5 6 7 8
- - - - - - - - -
x 0 2 0.625 1.375 0.8594 1.1406 0.9473 1.0527 ...
  =
y 0 2.75 1.250 2.281 1.7188 2.1055 1.8945 2.0396 ...

&

       $

       %

&

       $

       %

’

&

       $

       %

Reality check:

• Jacobi is a very old method of solving linear systems iteratively. • More modern methods: conjugate gradient (CG), GMRES, etc.

converge faster in most cases.

• However, the structure of these algorithms is similar: MVM is the key operation.

• Major area of research in numerical analysis: speeding up iterative algorithms further by preconditioning.

’

&

       $

       %

Tangential Discussion

ffl Calculus problem Lu = f ⇒ linear algebra problem Kc = b. ffl In some problems, we need to solve for multiple variables at each mesh point (temperature, pressure, velocity etc.) => solve many linear equations with same K, different b’s.

ffl This is viewed as matrix equation KC = B where C and B are matrices.

ffl Algorithms for solving single system can be used to solve multiple systems as well.

ffl Key computation in iterative methods: matrix-matrix multiplication (MMM) rather than matrix-vector multiplication (MVM).

ffl Non-linear pde’s lead to non-linear algebraic systems which are solved iteratively (Newton’s method etc.). Key computation: MMM or MVM.

’

&

       $

       %

Computational Requirements Let us estimate storage and time requirements.

ffl Assume 10^6 mesh points (rows/columns of A) ffl Assume iterative solver needs 100 iterations to converge ffl Assume simulation runs for 1000 time steps.

One MVM requires roughly 10^{12} flops => Overall simulation requires 10^{17} flops and 10^{12} bytes of storage! Can we do better?

&

       $

       %

&

       $

       %

’

&

       $

       %

Exploiting sparsity Store sparse matrices in special formats to avoid storing zeros => storage costs are reduced!

Avoid computing with zeros when working with sparse matrices. => MFlops needs are reduced!

Question: How do we represent sparse matrices and how do we compute with them?

&

       $

       %

’

&

       $

       %

MVM for CRS

for I = 1 to N do for JJ = A.rowptr(I) to A.rowptr(I+1) -1 do Y(I) = Y(I) + A.val(JJ)*X(A.column(JJ)) od od MVM for Co-ordinate storage

for P = 1 to NZ do Y(A.row(P)) = Y(A.row(P)) + A.val(P)*X(A.column(P)) od Sparse matrix computations introduce subscripts with indirection.

’

&

       $

       %

Computational Requirements with sparse matrices ffl Assume 10^6 mesh points (rows/columns of A). ffl Assume roughly 100 non-zeros per row.

ffl Assume iterative solver needs 100 iterations to converge. ffl Assume simulation runs for 1000 time steps.

One MVM requires roughly 10^8 flops => Overall simulation requires 10^{13} flops and 10^8 bytes of storage! This is roughly 100 seconds on a 100 Gflop supercomputer. Doable!

’

&

       $

       %

Flow-chart of Adaptive Finite-element Simulation of Fracture

’

&

       $

       %

Summary

ffl Computational science applications: solving pde’s or pushing particles ffl PDE’s are solved using approximate techniques like fe method ffl Time-consuming part: solving large linear algebraic systems ffl Two approachs: iterative methods and direct (factorization) methods ffl Key operations in iterative methods:

Basic Linear Algebra Subroutines (BLAS) ffl Level-1 BLAS: inner-product of vectors, saxpy ffl Level-2 BLAS: matrix-vector product, triangular-solve ffl Level-3 BLAS: matrix-matrix product, triangular-solve with multiple right-hand-sides ffl Important to exploit sparsity in matrix ffl Exploiting sparsity complicates code.