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82 A FORMAL SYSTEM CH. IV

Groupr A. Postulates for the predicate calculus.
Groupr Al. Postulates for the propositional calculus.

la. AD(BDA). , A ADB
Ib. (ADB)D((AD(BDC))D(ADC). ' B.
3. AD(BDA&B). 4a. A&BDA.
4b. AX&BDB.
5a. AJAVB. ' 6. (ADC)D((BDC)
5b. BOAVB. D(AVBD(Q)).
7. (ADB)D((AD =B)D nA). 8°. m=ADA.

Grour A2. (Additional) Postulates for the predicate calculus.
CDOA(x)

9. mA—(xT 10.  VxA(x) DA(t).
11 A(t) D IxA(x). 5, ﬁ%())_zj%

Groupr B. (Additional) Postulates for number theory.
13. A(0) & Vx(A(x) D A(x')) DA(x).

14, a'=b'"Da=b. 15. =a’'=0.

16. a=bD(a=cDb=c). 17. a=bDa'=b".
18. 4+40=a. 19.  a+b'=(a+b)".
20. a0=0. 2l. ab'=ab+a.

(The reason for writing “°’ on Postulate 8 will be given in § 23.)

One may verify that 14—21 are formulas; and that 1—13 (or in the
case of 2,9 and 12, the expression(s) above, and the expression below, the
line) are formulas, for each choice of the A, B,C orx, Ax), C, t, subject
to the stipulations given at the head of the postulate list.

The class of ‘axioms’ is defined thus. A formula is an axiom, if it has
one of the forms la, 1b, 3—8, 10, 11, 13 or if it is one of the formulas
14—21.

The relation of ‘immediate consequence’ is defined thus. A formula is
an tmmediate consequence of one or two other formulas, if it has the form
shown below the line, while the other(s) have the form(s) shown above
the line, in 2, 9 or 12.

This is the basic metamathematical definition corresponding to
Postulates 2, 9 and 12, but we shall restate it with additional terminology
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46 APPENDIX A. FAST INTEGER SQUARE ROOT ALGORITHM

vn:N. 3Jr:N. r’<n< (r+1)?
BY allr

n:N

F 3r:N. r?’<n< (r+1)?

BY NatlInd 1

..... basecase.....

F 3r:N. r’<0<(r+1)?
v BY existsR 101 THEN Auto

..... upcase. . ...
i:N*+, »:N, r2§i—l<(r+1)3

F 3r:N. r?<i<(r+1)?
BY Decide r(r+1)?<i1 THEN Auto
..... Case 1.....
i:N*, ©:N, r?<i-1<(r+1)?, (r+1)°<i

F 3r:N. r’<i<(r+1)?
y BY existsR r+11 THEN Auto’

i:Nt, r:N, r2<i-1<(r+1)?, —=((r+1)?<i)
F 3r:N. r?<i<(r+1)?
v BY existsR rx1 THEN Auto

Figure A.1: Proof of the Specification Theorem using Standard Induction.

let rec sgrt i

= 1f i=0 then <0,pf,> il g, Bges. 4

= 1f i=0 then 0

alas iit <E Pfetr = BUEE 171 else let r = sgrt (i-1)
if (r+1)?<n then =
=i = = if (x+1)2<n then r+1
<x+l,pf> else r

else <x,pf,’>

Using standard conversion mechanisms, Nuprl can then transform the algorithm into any programming
language that supports recursive definition and export it to the corresponding programming environment.
As this makes little sense for algorithms containing proof terms, we only convert the algorithm on the right.
A conversion into SML, for instance, yields the following program.

fun sgrt n = if n=0 then 0
else let val r = sgrt (n-1)
in
if n<(x+1)"2 then r
else r+l
end

A.2 Deriving an Algorithm that runs in O(,/n)

Due to the use of standard induction on the input variable, the algorithm derived in the previous section is
linear in the size of the input n, which is reduced by 1 in each step. Obviously, this is not the most efficient
way to compute an integer square root. In the following we will derive more efficient algorithms by proving
VYn3r r?<n an<(r+1)? in a different way. These proof, however, will have to rely on more complex
induction schemes to ensure a more efficient computation.



