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Computability in All Types

Here is how Computational Type Theory (CTT)
defines recursive functions. Consider the 3x+1
function with natural number inputs.

f(x) = if x=0 then 1
else if even(x) then f(x/2)
else f(3x+1)
fi
fi

Alternative Syntax

f = function(x. if x=0 then 1
else if even(x) then f(x/2)
else f(3x+1))

Using Lambda Notation
f=A(x. if x=0 then 1
else if even(x) then f(x/2)
else f(3x+1))
Here is a related term with function input f
A(f. A(x. if x=0 then 1
else if even(x) then f(x/2)

else f(3x+1)))

The recursive function is computed using this term.

Defining Recursive Functions in CTT

fix(A(f. A(x. if x=0 then 1
else if even(x) then f(x/2)
else f(3x+1)
fi
fi))

Recursion in General
f(x) = F(f,x) is a recursive definition, also
f=A(x.F(fx)) is another expression of it, and the
CTT definition is:
fix(A(f. A(x. F(fx)))
which reduces in one step to:

A(xF(fix(A(f. A(x. F(f,x)))),x))

by substituting the fix term for fin A(x.F(fx)) .

Non-terminating Computations

CTT defines all general recursive functions,

hence non-terminating ones such as this
fix(A(x.x))

which in one reduction step reduces to itself!

This system of computation is a simple
functional programming language. In CTT it is
essentially the programming language also
used in the metatheory, ML. Later we add
non-functional features as well.
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