Lecture 9: Energy-based models

CS 5788: Introduction to Generative Models
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e.g. variational autoencoder

But isn't this a bit of a roundabout way of solving the problem?



Simpler idea: train network to output probabilities?
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Simpler idea: train network to output probabilities?
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What makes this idea challenging? Needs to sum to 1!



Energy-based moael

Energy function implemented
by neural net, Ey(x) : R" — |

exp(—E£y(x))
Z(H)\ Normalization constant

a.k.a. partition function

Po(X) =

where Z(6) = [ exp(— Ey(X))dx

X



The energy function must assign energy to data points.
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The energy function must assign energy to data points.
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The energy function must assign energy to data points.

Even “noise”l
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When computing Z(6), we need to integrate over
the full input space R¢ which makes it challenging.



Normalizing constant
/(0) = J exp(—Ey(X))dx

To compute Z(6), we would need to integrate over the full
input space RY This would be very expensive.



What is (and isn't) tractable to compute?

exp(—Ly(X))

Po(X) = 2(0)
EH(X) Yes, it E,is a neural net.
/(0) No! Requires integrating over huge space.

Only up to a constant factor (i.e., Z(60))

Po(X)



What is (and isn't) tractable to compute?

exp(—Ly(x1))

Po(X1) 7(6)
Ratios? = ————— = eXp(Ey(X,) — Ey(X¢))
(X ) exp(—Ey(X,))
Po\X> —Z0

For example: how much more likely one example is than another?



Derivatives

Score function:

V. log(py(x)) = V,log (Z(é’) exp(—EH(x)))
= V,|—10g(Z(0)) — Ey(x)| = — V, EyX)

Can use automatic differentiation it £, is a neural net.

Gradient of log likelihood:
Vlog(py(x)) = — VyEy(X) — Vlog Z(6)

First term? Again, can use autodift.
Second term? We'll come back to this...



Sampling from an EBM

® How do we draw a random sample from p,(x)?

® Use Monte Carlo sampling methods

® To give you a feel for how these methods work, we’'ll
go through a simple example: rejection sampling.



Example: Rejection sampling

Use a simple distribution g to propose samples, and accept them it
they pass a test.

0.8 - Want to sample from:
uugetp( )

I p(x) = p(x)/Z,
A A

0.6 A

- ' ' where Zp = L p(x)dx
0.2 - : L

We'll use a proposal distribution
g(x) such that: p(x) < Cg(x) tor
0700 075 050 025 000 025 050 075 1.0 some constant C.

X

density




density
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Example: Rejection sampling

ffli_)_(c_;j_S_) __________________ _Clq_.(_)fq)__t;{getp(x)____ 1. Samp‘e Xo ™ Q(.X) from proposa\
proposal g(x A l/t‘ (rejec:t) dIStrlbUthn.
AN 2. Sample u ~ U(0, Cq(x,)).
' P(ko) 3. Itu> p(xy), then reject the

W' (accept) sample. Otherwise, we'll accept

Yoz, X, as our sample.

0.0
—-1.00

_0.75 -050 -0.25 0.00 025 050 075  1.0C
X



Example: Rejection sampling

Why does this work?
P(x proposed & accepted) = g(x, = x)P(accept | xy = x)

084 Calx)(C=15) Cq(xo)

------------------------------------- % B(x) - ﬁ(x) ﬁ(x)
0.6 - eJect — Q(X) —
Cqg(x) C
/\/ \/ (xo) \ P(accepted) = J P(x proposed & accepted)dx
: (accept)
X
001 00 075 050 025 OOO 025 050 075 1 OC 7 Z
:J p(x) dx = P
. C C
P(x proposed & accepted) _ plx) C

— = p(x)
P(accepted) C Z, F

P(x | accepted) =

Problem: inefticient! It C is too high, it will rarely accept.



Sampling using Langevin dynamics

® A Monte Carlo method that exploits gradients.

® |tis a Markov Chain Monte Carlo (MCMC) method. It keeps a state of
orevious proposals and transitions to new ones (we won't cover the
details of MCMC in this class, but you can see the textbook for details).

® Start with a random noise example x, ~ U(0,1)

® Update the random noise by taking a gradient step and adding noise.

2
€
X, =X + Ex V. log(py(x,) + €z, z~ N, I)
where a controls the step size. Recall: V_ 1og(p,(X,)) = — V E,(X)

® |f there were no random noise, what would happen?



Langevin MCMC

Metropolis-adjusted Langevin algorithm Simulation options

Algorithm [MALA V]

Target distribution ‘W‘

Autoplay

Autoplay delay _ 1000
Tweening delay 0 4
Step

Reset

Visualization Options

hS

Animate proposal (v}
Show target v

Show samples

\ Show histogram v}
. ’.\ Histogram bins
1 )Y
\\ / Algorithm Options

H
\\\ / Proposal o - 0.5

Close Controls

hS

<

Source: https://chi-feng.github.io/mcmc-demo/app.html?algorithm=MALA&target=banana



https://chi-feng.github.io/mcmc-demo/app.html?algorithm=MALA&target=banana

Training an EBM



Maximum likelihood

Want to maximize:

What if we use gradient ascent? Recall:

Vylog(py(x)) = — VyaEN(X) — V,ylog Z(6)



Maximum likelihood
Vlog(py(x)) = — VyaENX) — V,log Z(6)

Problem: The normalizing constant depends on @, and it's
hard to compute it (or its derivative) directly.

log Z(0) = log[ exp(—Ey(X))dx Vylog Z(0) =7

X



Computing the gradient

V, IX exp(—E4(x))dx

Vlog Z(0) = Vglogj exp(—Ey(x))dx = (chain rule)

X J exp(—Ey(x))dx
- fX V pexp(—Ey(X))dx - JX exp(—Ey(X))( — VyEy(X))dx . ‘
[ ep-Ex)dx [ exp(—E(x))ax chain rute)
]
= J' W exp(—Ey(x))( — VyEy (X))dx
X Jy (%
=[ — exp(—EfX))( — VyEAx))dx =[ PoX)( — VyEyx)dx  (Getintion of
 Z(0) 7 - o 00 EBM)

:EXNpg(X) [_ VQEQ(X)] (rewrite as an expected value)



Maximum likelihood estimation via sampling

Through algebraic manipulation, we found:
1 N

Volog Z(0) = Ey., [~ VoEf®)] ~ = D VyEx)
=1

— Sample a batch of N examples, and average the gradient!

This is convenient, since we already know how to draw samples.

Volog Z(0) ~ — V,E,(X) where Xis an Monte Carlo sample



Maximum likelihood estimation via sampling

Putting these equations together:
Vylog(py(x)) = — VyEN(X) — Vylog Z(0)

Vylog Z(0) ~ — V,E,(X) where X is a Monte Carlo sample

| earning rule:
Volog(py(X)) & — VyEy(X) + Vo LEy(X)



Contrastive divergence

L earning rule:
Volog(py(x)) = = Vo Ly(X) + Vo Ey(X)

Contrastive divergence [Hinton 2002]: instead of sampling X from
scratch, which is slow, initialize the the sampler using our training example,

X. Typically only run the chain tor a tew iterations.

Ey()] ()]

;B

Each iteration, decrease energy for dataset examples, increase energy
for samples from the model.

Figure source: Torralba et al. FCV book and [Hinton, 2002]



Sampling from an EBM

Using extended version ot CD [Nijkamp et al., 2019]



Combining multiple EBMs together

energy A energy B energy A+ B

1
Product of experts: P12(X) = Z—P1(X)P2(X)
12

Implemented as two EBMs:  E|y(x) = Ep (X) + E (X)

Source: Du et al. via Murphy PMLAT



Combining multiple EBMs together

E1(x) i

| ConJunctlon (AND) | Disjunction (OR) Negatnon (NOT)

°* M D

E4(x) + Ez(x) -logsumexp(-E4(x),-E2(x)) || -E4(x) + E2(x)

Source: [Du et al., 2020]



Combining mul’uple EBMs together

Source: [Du et al., 2020]



Energy-based models

+Very flexible. Detine Ey( . ) architecture however you'd like!

+Easy to estimate (unnormalized) probabilities.

+Simple idea. No encoder, latent code (unlike VAE)

- Hard to generate samples.
- Hard to train.

- No latent code (which is useful for some applications)



Score-based models



What it we directly estimate the score?

® Can we directly learn sy(x) = Vylog(py(x))?

® Don't need to directly model Z(0), since V log(py(X,)) = — V E,(X).

® And we could plug it into Langevin dynamics:
2
€

X, =X + X V. log(pyx,)) +e€z, z~ N, I)

, v

€
X, =X, + ?SQ(X) + €z,




Score estimation by training score-based models

Probability density .I.d. samples Score function
pdata(x) X1,X2, " ,Xp So(X) ~ Vy log pgata(X)
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Slide Source: Stefano Ermon



What it we directly estimate the score?

How does true distribution Score function for our learned
change when you change X?  distribution (implemented as s,(X).
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Dp(pp(X) || pe(x)) = Eyp, [— | Vyloz pp(x) - Vylogpyx) | ]

where pj, is the true distribution. However, we don't know V, log(p,(x))!

Many approaches to address this (see textbook for details). We'll do a very
briet overview ot a few approaches, without going into much technical detail.



Using 2nd derivatives

We don't know V., log p,(X). But we can place constraints on 2nd derivatives.
You can show [Hyvarinen, 2005]:

|
D(pp(X) || py(X)) = S [5 || V. log pp(x) — V 1og py(x) “ 2]

2
- I i (aEe(X)) - OEyx) | after some algebra and

2 0x; ox? calculus identities

X~Pp
2 l

i=1
only have to take 7st
derivatives of 5,(X)

1
=x~pp [EHSH(X)Hz + (Vs (X))]

Where do 2nd derivatives come from? It comes from integration
by parts and lots of algebra.



Denoising score matching

ldea #2: It's easier to use the score function tfor noisy inputs.

Suppose X = X + €, where e ~ #(0, [) Then ¢(X) = | J(X;X, o*Dpp(X)dx

When conditioned on an example X, the score function has a simple form:

~ - ) ()’2 o X)
Vidogg(X | x) = Vidog /(X | X,0°]) = —

2




Denoising score matching

ldea: It's easier to use the score function for noisy inputs.

X . > (X — X)
VioggX | x) =V log N (X | X,06°]) = — ——

G2

We can take advantage of this to define a simpler loss tunction (sketch):

add noise to
each example

+ constant

1 ~ . )
q&X)pp(9 [5 || Vilog py(X) — Viq(X | X) ||

.
.
.
.
.
S
.




Denoising score matching

ldea: It's easier to use the score function for noisy inputs.

Vilog g(x | x) = Vilog /(X | X, o’l) = —

G2

(X = X)

We can take advantage of this to rewrite the loss function (sketch):

Dr(g(X) || po(X)) =

1
= q(X|X)pp(x) [5

So(X) —

(X —X)

G2

1 N § >
= (& IX)pp(x) [5 | Vilog py(%) — Vig(X | %) |

2
] + constant

| - 2
@ [5 ” V. log py(X) — V. q(X) || ]

+ constant

add noise to
each example

olug in formula
for score of noisy
data



Sampling from a trained score matching model
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[Song & Ermon, "Generative Modeling by Estimating Gradients of the Data Distribution”, 2019]



Samples from denoising score matching

Samples from [Song & Ermon 2021]



Score-based models

Model the score function of an EBM s4(x) = V. log p(x)

Designed for easy sampling
Avoids modeling the normalizing constant Z(6)
Doesn’t explicitly model py(x) or Ey(X).

Many ways to train them, including by denoising.



Next class: diffusion models



