Cornell University
CS 5788: Introduction to Generative Models
Spring 2026 Instructor: Andrew Owens

Problem Set 4: Language Models

Posted: Tuesday, April 7, 2026 Due: Tuesday, May 5, 2026

Please submit your written solution to Gradescope as a .pdf file. Please convert
your Colab notebooks to PDF. For your convenience, we have included the PDF conversion
script at the end of the notebook.

We recommend editing and running your code in Google Colab, although you are welcome to
use your local machine instead. Please note that problems marked optional will not be graded.

Problem 4.1 Decoder-only Transformer
We will implement the decoder-only transformer and use it to generate text. The architec-

ture closely follows that of the original paper (Attention Is All You Need). The notebook
decoder-only-transformer.ipynb will walk you through the implementation.

Problem 4.2 Supervised Finetuning and Direct Preference Optimization

We will implement the (DPO) algorithm. The notebook sft-dpo.ipynb will walk you through
the implementation.

Problem 4.3 Written problems

Please turn in your answers (either written or typeset) as a separate PDF.

(a) In this problem, we will justify the teacher-forcing objective used to train autoregressive
language models.

Let x be an input prompt and let y = (y1,...,yr) be a target output sequence drawn
from the dataset D. An autoregressive language model can be defined as

T
woly | 2) = [ mole | 2,90, (1)
t=1

where yoy = (Y1, -, Y1—1)-
The standard training objective is the teacher-forcing objective

T
Lrr(0) = —E(g4)~p [Z log o (s | $7y<t)] - (2)

t=1
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https://arxiv.org/pdf/2305.18290
https://drive.google.com/file/d/1XZml7_gtMCts1RcBUwr7Yw1pVW6DeaKR/view?usp=sharing

(i) Show that minimizing L1r(f) in Equation 2 is equivalent to maximum likelihood
estimation of the full conditional sequence model my(y | ) in Equation 1.

(ii) Now consider a hypothetical alternative training procedure where, at each step, the
model conditions on its own previously generated tokens

Q<t ~ 7['9(’ | (E),

and is trained with the objective

T
Lsaf(0) = —E(z D [Z log mo(y: | @, Q<t)] : (3)

t=1

Briefly explain why this objective is not a good maximum likelihood estimation for
the data distribution. Based on your reasoning, briefly justify why teacher forcing
remains the better objective for MLE, even though at test time the model will
generate tokens autoregressively using its own previous outputs.

(b) In this problem, we will derive the policy-gradient objective used in reinforcement learning
for language models. Consider a language model policy my(y | ), where z is a prompt
and y is a generated completion. We view my(- | ) as a distribution over completions
conditioned on the prompt. Let r(z,y) be a scalar reward assigned to the completion.

We define the reward-maximization objective as
‘](0) = E:ﬂND,yNWQHI) [T(LE, y)] (4)

In practice, this objective appears in reinforcement learning fine-tuning of language
models, where the reward may come from task success, human preference, a reward
model, or a verifier.

(i) Use the log-derivative trick

Voma(y | ) = m(y | )Vglogmy(y | x) (5)
to show that

VGJ(H) - ExND, y~mg () [T(x7 y)v9 log ﬂg(y ‘ l’)] : (6)
This is the REINFORCE gradient estimator.

(ii) A common variance-reduction technique is to subtract a baseline b(x) that depends
only on the prompt. Consider the estimator

Vo J(0) = Eonp, yoms (1) [(7(25y) = b(2)) Vg log mo(y | )] . (7)

Show that this estimator is still unbiased, i.e., it has the same expectation as
REINFORCE in Equation 6.

(c¢) In this problem, we study preference-based post-training of language models. We will first
derive the maximume-likelihood objective for reward-model training under the Bradley—
Terry model, and then derive the Direct Preference Optimization (DPO) objective from
a KL-regularized reinforcement-learning formulation.

Suppose we are given a dataset of preference comparisons of the form (z, 4™,y ), where
for prompt z, the response y™ is preferred over y~—. Let 74(z,y) denote a learned scalar
reward model.


https://proceedings.neurips.cc/paper_files/paper/1999/file/464d828b85b0bed98e80ade0a5c43b0f-Paper.pdf

(i) Bradley—Terry preference model.

In the Bradley-Terry model, the probability that y* is preferred to y~ is parame-
terized as

exp(ry(z,y"))
exp(re(z, y+)) + exp(ry(z,y7))

(a) Show that this can be rewritten as

Py(yt =y~ | z) = (8)

Pyly™ =y | o) =0 (re(z,y") —re(z,y7)), (9)
where o(z) = 1+1€_z is the logistic sigmoid.
(b) Given a dataset
Dpref = {(xwy:—7yz_)}f\i17 (10)

write down the likelihood of the dataset under the model, assuming all compar-
isons are independent.

(c) Derive the following negative log-likelihood objective that one would minimize
to train the reward model:

N
Leni(¢) = = logo(re(s, u) — re(wi,y;)) - (11)

i=1

(d) Show that if we replace the reward model ry(x,y) by

o(2,y) =ro(2,y) + c(2), (12)

where ¢(x) is any function that depends only on the prompt x and not on the
completion y, then the Bradley—Terry preference probability remains unchanged.
In other words, for each prompt x, adding the same constant to all candidate
completions does not change any pairwise preference probabilities, so the data
can only identify rewards up to an additive offset.

(ii) Deriving DPO from KL-regularized RL.

We now derive the DPO loss. Let mef(y | ) be a fixed reference policy, and
let w(y | =) be the policy we want to optimize. Consider the KL-regularized RL
objective

max Bpop [Eyr(jo)[r(2,y)] = B Du(w(- | 2) || mret (- | 2))] (13)

where 8 > 0 is a regularization parameter.

(a) Fix a prompt z. Expand the KL divergence in Equation 13 and show that the
inner optimization problem can be written as

m(y | x)
o S 2 ) — 105 T L (14)

(b) (Optional) Derive the optimal policy 7*(y | =) of the objective in Equation 13
and show that

7y ) = gy | ) exp(;m,y)) , (15)

where Z(x) is a partition function

20) = 3 mutly | 2)exp( Gr(e)). (16)
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(c) Based on Equation 15, show that the optimal policy implies the reward can be
written as "y | 2)
™y | x
r(z,y) = flog ————~
(=.9) Tret (Y | 2)
(d) Now suppose that preferences are generated according to the Bradley—Terry
model applied to the optimal reward:

+ plog Z(x). (17)

Ply" =y |z)=o(r(z,y") —r(z,y7)). (18)

Substitute the expression from part (c) into this probability and show that the
additive term S log Z(x) cancels.

(e) Replacing 7* by a parameterized policy my, derive the DPO objective for a
preference dataset

Dpref = {(l‘layjay;)}i\;l (19)

by showing that maximizing the likelihood of the preferences is equivalent to
minimizing

Lopro(0) = —gloga (5 {mg oy @) log Wi %:). D . (20)

Wref(y;— ED) 71'ref(?/z‘_ | @)

Credits. The problem set was written by Zhaolin Gao and Andrew Owens.



