Optimal solution of binary problems

Much material taken from:

=Olga Veksler, University of Western Ontario



Announcements

= Project proposal due March 31
— Email to RDZ
— One or two paragraphs

= Project will be due the last week of
classes, or perhaps a bit later

= Ashish will lecture on Friday
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Motivating example

= Suppose we want to find a bright object
against a dark background

— But some of the pixel values are slightly wrong

Input Best thresholded image
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Optimization viewpoint

= Find best (least expensive) binary image
— Costs: C1 (labeling) and C2 (boundary)

= C1: Labeling a dark pixel as foreground
— Or, a bright pixel as background

= If we only had labeling costs, the cheapest
solution is the thresholded output

= C2: The length of the boundary between
foreground and background
— Penalizes isolated pixels or ragged boundaries
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MAP-MRF energy function

= Generalization of C2 is ) Vjq(ap, zq)
p,q

— Think of V as the cost for two adjacent pixels
to have these particular labels

— For binary images, the natural cost is uniform
= Bayesian energy function:

E(x1,...,7n) = Z Dp(fﬁp) + Z Vp,q(fﬁpa xq)
p p,q
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Generalizations

= Many vision problems have this form

= The optimization techniques are specific to
these energy function, but not to images
— See: [Kleinberg & Tardos JACM 02]

= Historically solved by gradient descent or
related methods (e.g. annealing)

— Optimization method and energy function are
not independent choices!

— Use the most specific method you can
 And, be prepared to tweak your problem
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Binary labeling problems

= Consider the case of two labels only
— Surprisingly important
« Lots of nice applications
- Same basic ideas used for more labels

= There is a fast exact solution!
— Turn a problem you don’t know how to solve
into a problem you do (reduction)
 Due to Hammer (1965) originally
« Job scheduling problems: Stone (1977)
- Images: Greig, Porteus & Seheult (1989)
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Binary Labeling: Motivation

= Suppose we receive a noisy fax:

— Some black pixels in the original image
were flipped to white pixels, and some
white pixels were flipped to black

original image

n We want to try to clean up (or restore)
the original image:

n This problem is called image
restoration (denoising) restored image
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= Fax image is binary: each pixel is either

n

Binary Labeling Problem :

Motivation

— black (stored as 0)
— or white (stored as 1)

What we know:

y
2)

3)

In the restored 1mage, each pixels should
also be either black (0) or white (1)

Data Constraint: if a pixel is black in the
original 1mage, it 1s more likely to be
black 1n the restored image; and a white
pixel in the original image 1s more likely
to be white 1n the restored 1mage

Prior Constraint: in the restored image,
white pixels should form coherent groups,
as should black pixels
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Binary Labeling Problem

= We can formulate our restoration

s B
problem as a labeling problem: _-."'-1':' "
i ‘F- ..I-. 1]
— Labels: black (0) and white (1) __E_I I

- I will say set of “sites” or set of OOO0O0O00000
pixels interchangeably HEEEE) IEEQEEE
HEEE § § REREEN
* Assign a label to each site (either the El| E = E = = El| El|
black or the white label) s.t. HE R R R N QAN
— If a pixel is black (white) in the original image, = E EII Ell E|| E = E||

it 1s more likely to get the black (white) label

— Black labeled pixels tend to group together, set of sites P and
and white labeled pixels tend to group together one possible labeling
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Binary Labeling Problem:

Constraints

Our Constraints:

1. If a pixel is black (white) in the original
image, it is more likely to get the black
(white) label

2. Black labeled pixels tend to group
together, and white labeled pixels tend

togroup together

HEE EREEE NN EEEEROCOOO
HEH) REREpENE EEEEROCOOO
HE § B JEQEEN EEEECOO0OO
Hy §EQ § pEpE EEEEROCOO0
EEEREENLC[] EEEEROCOOO
EEEREERNE[] EEEEROCOOO
_JEREREY § N EEEECOO0OO
HENNEREREY N EEEEROCOO0
(constraint 1)
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Binary Labeling Problem: Data

Constraints
= How can we find a a good labeling . -?:'J-_' ..
(i.e., satisfying our constraints)? ] -,I:.l'ﬂ' "
n Formulate and minimize an energy '..-1.";&-!"-'..-. .:.'
function on labelings L: "= | mm

* Let L, be the label assigned to pixel p original image

— L,=0or L,=1 OO0
* LetI(p) be the intensity of pixel p in the EII EII EI = E S S EII
original 1image O0OBOEEBOO
* Data constraint is modeled by the Data HE B 0 B § pEEEH
Penalty D p(Lp) El = E E E = = Ell

— Dp(0)<Dy(1)1if I(p) =
 by0)> D1 it ) -1 0000080

a good labeling L
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Binary Labeling Problem: Data

Constraints
= In our example, we can make " . - : -
— if I(p) = black then - . |ﬁ .
D, (black) = 0 - e
D,(white) = 4 o
— if I(p) = white then e " mm
Dy(black) = 4 original image
Dp(white) = 0 ulsl=lsl=l=l=l=
HEEREE REEEEEEE
' ' HEEE § R NN
n To figure .ou.t how well image as a OOmOmE OO
whole satisfies the data constramnt, sum COHEEE N OO
- : : HE R R R R QW
up data terms over all image pixels: T Tlalsl T 1=
ZD(L) BOO0O00EO
P\™p .
a good labeling L

P
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Binary Labeling Problem: Prior
Constraints

= To mode| our prior constraints, simply count the
number “discontinuities” in a labeling L:

— There is a discontinuity between pixels p and q if labels p
and g have different labels

— The more pixels with equal labels group together in
coherent groups, the less discontinuities there are

some discontinuities all discontinuities
are marked are marked
oOooooooO HEEE L
§ F B CHEEREEN
HEEREy H
minl § 1 ' § B B pENEEEEN
O O HEEERE-[][][]
al HENEE-[][][]
- ' § B B CHEEREEN
Lt EEEEOO00
HEEBEE-[][][]
31 discontinuities 8 discontinuities
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Binary Labeling: Data
] Constraints ooooooos
= How to count the number of ettt

|
discontinuities in a labeling L? HH OO
. S

— Let N be the set of all adjacent

Hglglglglglgligh

i -+

T o W consists of e S
— Thus our N consists of edges

between immediately adjacent H A HHH A H

pixels N consists of all edges

L]
L]
L]
L]
L]
L]
L]
L]

* Let I(b) be the identity function 00O CHE-0 O O O
e I(b) =1 when its argument bistrue OICIH M LCICIC]
« I(h) =0 when its argument b is false % E =-E-= = % %
* To count all discontinuities in a labeling E - E EEENLD
L It ) OO mED
Y I, =L, ROO000EO

pgeN 31 discontinuities
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Binary Labeling Problem:
Energy Formulation

= Qur final energy, which takes into consideration
the data and the prior constraints is:

data term prior term

EL)=>D.l(L) / + A IL,#L)
&N
Data term says that in a Prior term says that in a
good labeling L pixels good labeling L pixels
should be labeled as should be labeled as to
close as possible to their form spatially coherent
colors in the original blocks (as few
(noisy) image discontinuities as
possible)
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Binary Labeling Problem:
Energy Formulation

E(L) = @7 A ﬁ;_::;.,}

= Note that data term and prior term want different
things:
* Best labeling as far as the data
term 1s concerned 1s the original
image:

* Best labeling considering
only the prior term 1s
completely black or
completely white:

] I. " ‘l: : I.
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Binary Labeling Problem:
Energy Formulation

data term prior term
EL=YD,(L,) + @ZI(LP #L )
p pEN

= A serves as a balancing parameter between the data term and
the prior term:

— The larger the 4, the less discontinuities in the optimal labeling L

— The smaller the 4, the more the optimal labeling L looks like the
original image

e A=0 _ _ A=huge number

Ef@j% Cornell University
&ies”



s-t Graph Cuts for
Binary Energy Minimization

data term prior term
EL=YD,(,) + aYIlL,=L)
p pEN

= Now that we have an energy function, the big question is how do
we minimize it?

HHHHHHH-
i
afatitetututuly

n Exhaustive search i1s exponential: if n 1s the

?;)?Esr Soi pixels, there are 2" possible :I::::I:'I_:I::'_:I:
£ I-I.I-I-I.I.I-I-I-I.I-I-I.I-I
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Maximum flow problem

- = Max flow problem:

— Each edge is a "pipe”

“source” \“sink” — ‘I‘:ind th"e largest flow F of
water” that can be sent

» — — » from the “source” to the
“sink” along the pipes

— Source output = sink
input = flow value

— Edge weights give the
pipe’s capacity

A graph with two terminals
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Minimum cut problem

acut C = Min cut problem:

! — Find the cheapest way to
cut the edges so that the

SourC sink “source” is separated
from the “sink”

— Cut edges going from
source side to sink side

| — Edge weights now

! represent cutting “costs”

A graph with two terminals
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Max flow/Min cut theorem

= Max Flow = Min Cut:

— Proof sketch: value of a
flow is value over any cut

» . n e — Maximum flow saturates
source o | 1 AN sink the edges along the
/
q

: minimum cut

» »  Ford and Fulkerson,
, 1962
I  Problem reduction!

: = Ford and Fulkerson gave
first polynomial time

. . algorithm for globally

A graph with two terminals optimal solution
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