
How to implement a 
write once register?

The mapping is recorded in a distributed “Paxos register” 
implemented via  a set of state machines called acceptors  


A leader never proposes a map that may conflict with what is 
stored in Paxos register


A leader, before attempting to create a new map between a slot 
number for which it knows not a decision and a proposal, “reads” 
the Paxos register to check whether such map may already exist


Once a leader learns that a new mapping has become permanent, 
it informs the replicas

Note: Though state machines, acceptors 
are NOT replicas of each other!



Each leader has an infinite supply of ballots


The set of ballots of different leaders are 
disjoint

Ballots: 

Permissions to write 

5555856543210

555585654321

555585654321

555585654321

5555856543210000



Each leader has an infinite supply of ballots


The set of ballots of different leaders are 
disjoint


Ballots are lexicographically ordered pairs

Ballots 

5555856543210

555585654321

555585654321

555585654321

5555856543210000

hseq no, LIdi



Acceptors

Send messages only 
when prompted


Can crash...


...but we assume no 
more than a minority 
will


Need at least        
acceptors to tolerate   
 faults

2f+1

f

Acceptors

Each acceptor    maintains two 
variables:


               , initially

            , a set of pvalues, 
initially empty

↵

↵.ballot num ?

↵.accepted

A pvalue              is a triple

   ballot number

   slot number

   a proposal

e=hb, s, pi
b :

s :

p :

   accepts 

   adopts

↵ e ⌘ e 2 ↵.accepted

↵ b ⌘ ↵.ballot num :=b



...once it is accepted by a majority of 
acceptors – the pvalue is then chosen


   accepts a pvalue only if it includes the 
ballot most recently adopted by


To make mapping       permanent,    needs a 
majority of acceptors to adopt the ballot of 
the pvalue that contains 

A mapping is forever...

↵
↵

hs, pi

hs, pi

�



Acceptor

On receiving <p1a      >

adopts   iff larger than              

returns to    all accepted pvalues

,�, b

ballot numb

�

Invariants

A1. An acceptor 
can only adopt 
strictly increasing 
ballot numbers

A2. An acceptor 
can only accept      
  if hb, s, pi
b = ballot num

A3. An acceptor 
can not remove 
entries from 
↵.accepted

↵

process

 var 

 for ever

  switch 

  case <p1a      > :


 if                   then 

         

   end if

              p1b

  case <p2a            > :

   if                   then

 


   end if        

            p2b 

  end switch

 end for

end process

Acceptor()

ballot num := ?, accepted := ;;

receive();
,�, b

b > ballot num

send(�, h , self(), ballot num, acceptedi);
,�, hb, s, pi

ballot num := b;

ballot num := b;

accepted :=accepted [ {hb, s, pi}

send(�, h , self(), ballot numi);

b � ballot num
On receiving <p2a            >


adopts   iff larger than              

accepts   if   equal to 

returns to   the current 

ballot numb

,�, hb, s, pi

� ballot num

ballot numbe

(i.e., “partially reads the Paxos register”)



Acceptor

On receiving <p1a      >

adopts   iff larger than              

returns to    all accepted pvalues

,�, b

ballot numb

�

Invariants

process

 var 

 for ever

  switch 

  case <p1a      > :


 if                   then 

         

   end if

              p1b

  case <p2a            > :

   if                   then

 


   end if        

            p2b 

  end switch

 end for

end process

Acceptor()

ballot num := ?, accepted := ;;

receive();
,�, b

b > ballot num

send(�, h , self(), ballot num, acceptedi);
,�, hb, s, pi

ballot num := b;

ballot num := b;

accepted :=accepted [ {hb, s, pi}

send(�, h , self(), ballot numi);

b � ballot num

A4. For a given   and  , at most one 
proposal can be under consideration 
by the acceptors: 

b s

hb, s, pi 2 ↵.accepted^
hb, s, p0i 2 ↵0.accepted =) p = p0

A5. Suppose a majority of acceptors 
has                    .   . If    
and                          , then hb0, s, p0i 2 ↵0.accepted

hb, s, pi 2 ↵.accepted b0 > b
p = p0

On receiving <p2a            >

adopts   iff larger than              

accepts   if   equal to 

returns to   the current 

ballot numb

,�, hb, s, pi

� ballot num

ballot numbe

? ?



Commander

A leader holding                   and trying to 
map slot   to proposal   spawns a new 
commander thread for 


A commander’s mission has two possible 
outcomes:


success: the leader learns that the proposed 
mapping has been permanently established

failure: the leader learns that   may no longer be 
acceptable to a majority of acceptors

ballot num = b
s p

hb, s, pi

b



Commander invariants

A4. For a given   and  , at 
most one proposal can be 
under consideration by the 
acceptors 

sb

C1. For any   and  , at 
most one commander 
is spawned

sb



Commander invariants

spawned for          :       , then

C2. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If a commander is

b0 > bhb0, s, p0i p = p0

, then

A5. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If         and b0 > b
hb0, s, p0i 2 ↵0.accepted p = p0

?



process

 var 

                             p2a 

 for ever

  switch 

  case <p2b      > :


 if         then

    

  if                              then


         

               decision

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

, self (), hb, s, pi);

Commander(�, acceptors, replicas, hb, s, pi)
waitfor :=acceptors, pvalues :=;

8↵ 2 acceptors : send(↵, h

receive();
,↵, b0

b0 = b
waitfor :=waitfor � {↵};

|waitfor | < |acceptors|/2
8⇢ 2 replicas :
send(⇢, h , s, pi);

exit();

send(�, h , b0i)
exit();

Commander

R1. For any given slot, replicas 
decide the same command

Must enforce

, then

A5. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If         and b0 > b

hb0, s, p0i 2 ↵0.accepted p = p0

spawned for           :       , then

C2. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If a commander is

b0 > bhb0, s, p0i p = p0



process

 var 

                             p2a 

 for ever

  switch 

  case <p2b      > :


 if         then

    

  if                              then


         

               decision

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

, self (), hb, s, pi);

Commander(�, acceptors, replicas, hb, s, pi)
waitfor :=acceptors, pvalues :=;

8↵ 2 acceptors : send(↵, h

receive();
,↵, b0

b0 = b
waitfor :=waitfor � {↵};

|waitfor | < |acceptors|/2
8⇢ 2 replicas :
send(⇢, h , s, pi);

exit();

send(�, h , b0i)
exit();

Commander

A higher ballot   is active: a 
majority of acceptors may no 
longer be willing to accept 

b0

b



process

 var 

                             p2a 

 for ever

  switch 

  case <p2b      > :


 if         then

    

  if                              then


         

               decision

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

, self (), hb, s, pi);

Commander(�, acceptors, replicas, hb, s, pi)
waitfor :=acceptors, pvalues :=;

8↵ 2 acceptors : send(↵, h

receive();
,↵, b0

b0 = b
waitfor :=waitfor � {↵};

|waitfor | < |acceptors|/2
8⇢ 2 replicas :
send(⇢, h , s, pi);

exit();

send(�, h , b0i)
exit();

Commander

Notify the leader and exit



Scout
Before spawning commanders for ballot  , 
leader invokes a scout


Scouts read the Paxos memory to help leaders 
propose mappings that satisfy C2.


A scout’s mission has two possible outcomes:

success: the leader learns that the proposed ballot 
has been adopted by a majority of acceptors and 
receives all pvalues accepted by that majority

failure: the leader learns that   may no longer be 
acceptable to a majority of acceptors


b

b



process

 var 

                             p1a 

 for ever

  switch 

  case <p1b         > :


 if         then


    

  if                              then


               adopted

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

8↵ 2 acceptors : send(↵, h

receive();

b0 = b

waitfor :=waitfor � {↵};
|waitfor | < |acceptors|/2

exit();

send(�, h , b0i)
exit();

,↵, b0, r

pvalues :=pvalues [ r;

send(�, h , b, pvaluesi);

, self (), b);

waitfor :=acceptors, pvalues :=;
Scout(�, acceptors, b) Scout

Scout      

 gets a majority of 
acceptors to adopt  

 collects all pvalues 
that acceptors have 
accepted while 
adopting ballots no 
larger than              


b

b



Scoutprocess

 var 

                             p1a 

 for ever

  switch 

  case <p1b         > :


 if         then


    

  if                              then


               adopted

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

waitfor :=acceptors, pvalues :=;
8↵ 2 acceptors : send(↵, h

receive();

b0 = b

waitfor :=waitfor � {↵};
|waitfor | < |acceptors|/2

exit();

send(�, h , b0i)
exit();

Scout(�, acceptors, b)

, self (), hbi);

,↵, b0, r

pvalues :=pvalues [ r;

send(�, h , b, pvaluesi);
A higher ballot   is active: a 
majority of acceptors may no 
longer be willing to accept 

b0

b



Scoutprocess

 var 

                             p1a 

 for ever

  switch 

  case <p1b         > :


 if         then


    

  if                              then


               adopted

     

    end if;

   else

               preempted

           

    end if         

  end switch

 end for

end process

waitfor :=acceptors, pvalues :=;
8↵ 2 acceptors : send(↵, h

receive();

b0 = b

waitfor :=waitfor � {↵};
|waitfor | < |acceptors|/2

exit();

send(�, h , b0i)
exit();

Scout(�, acceptors, b)

, self (), hbi);

,↵, b0, r

pvalues :=pvalues [ r;

send(�, h , b, pvaluesi);

Notify the leader and exit



Leader

Spawns a scout for 
initial ballot number


Enters a loop waiting for 
one of three messages:


 propose       from a 
replica

 adopted                       
from a scout

 preempted           from a 
commander or a scout

h , s, pi

h

h

, ballot num, pvalsi

, hr0,�0ii

Each leader    maintains three 
variables:


               , initially 0

         , boolean, initially false

             , an initially empty map 

�

�.ballot num

�.active

�.proposals
hslot number , proposali

Leader moves between active 
and passive mode


in passive mode is waiting for       
adopted

in active mode spawns commanders 
for each of the proposal it holds


h , ballot num, pvalsi



Suppose   learns that a majority of acceptors 
has adopted its ballot   ( adopted          )

�
b , b, pvalsih

spawned for           :       , then

C2. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If a commander is

b0 > bhb0, s, p0i p = p0

How a leader enforces

CASE 1: if for some slot   there is no value    
in      , then it is impossible that a permanent 
mapping for a smaller ballot already exists or will 
ever exist for  : any proposal by    will satisfy C2

s
pvals

s �



Suppose   learns that a majority of acceptors 
has adopted its ballot   ( adopted          )

�
b , b, pvalsih

spawned for           :       , then

C2. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If a commander is

b0 > bhb0, s, p0i p = p0

How a leader enforces



Suppose   learns that a majority of acceptors 
has adopted its ballot   ( adopted          )


CASE 2: let          be the pvalue with the maximum 
ballot number   for  . 


by induction, no pvalue other than   could have 
been chosen for   when          was proposed

since a majority of acceptors has adopted  , no 
pvalues with ballot between    and    can be 
chosen

by proposing   with ballot  ,   enforces C2

�
b , b, pvalsih

s
hb0, s, pi

p

p b �

b
bb0

hb0, s, pis

b0

How a leader enforces

spawned for           :       , then

C2. Suppose a majority of acceptors has 
hb, s, pi 2 ↵.accepted . If a commander is

b0 > bhb0, s, p0i p = p0



receive(); Leader

Leader(acceptors, replicas)

ballot num := (0, self ()),active = , proposals :=;
spawn(Scout(self(), acceptors, ballot num);

, s, p
@p0 : hs, p0i 2 proposals
proposals :=proposals [ {hs, pi}
active
spawn(Commander(self(), acceptors, replicas, hballot num, s, pi);

, ballot num, pvals
proposals=proposals � pmax(pvals)
8hs, pi 2 proposals : spawn(Commander(self(), acceptors, replicas, hballot num, s, pi);
active :=

, r0,�0

(r0,�0) > ballot num
  end case       

  end switch

 end for

end process

active :=
ballot num := (r0 + 1, self());
spawn(Scout(self(), acceptors, ballot num);

pmax (pvals) ⌘ {hs, pi | 9b : hb, s, pi 2 pvals ^
8b0, p0 : hb0, s, p0i 2 pvals ) b0  b}

x� y ⌘ {hs, pi | hs, pi 2 y _
(hs, pi 2 x ^ @p0 : hs, p0i 2 y)}

process

 var                                      false 

                              

  for ever

  switch 

  case <propose      > :


 if                           then

    

  if        then


    end if

   end if

  end case

  case <adopted                      >

  

 

              true

  end case

        case <preempted        >

   if                         then 

                false;  


   

 end if



Implementing State 
Machine Replication

Implement a sequence of separate instances of 
consensus, where the value chosen by the 
instance is the     message in the sequence.


Each server assumes all roles in each instance 
of the algorithm.


Assume that the set of servers is fixed

<latexit sha1_base64="2TYoS8J77XXpTsy7YSJRSlsXahQ=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiB4ChNxO3gIePEYwSyQjKGn05O06ekeumuEMOQfvHhQxKv/482/sbMcVBR8UPB4r4qqemEihUXf//ByC4tLyyv51cLa+sbmVnF7p2F1ahivMy21aYXUcikUr6NAyVuJ4TQOJW+Gw8uJ37znxgqtbnCU8CCmfSUiwSg6qSFuMxyMu8VSpexPQf4mJZij1i2+d3qapTFXyCS1tl3xEwwyalAwyceFTmp5QtmQ9nnbUUVjboNseu2YHDilRyJtXCkkU/XrREZja0dx6DpjigP705uIv3ntFKPzIBMqSZErNlsUpZKgJpPXSU8YzlCOHKHMCHcrYQNqKEMXUOF/ITSOypXT8sn1cal6MY8jD3uwD4dQgTOowhXUoA4M7uABnuDZ096j9+K9zlpz3nxmF77Be/sE6CaPWA==</latexit>

ith

<latexit sha1_base64="2TYoS8J77XXpTsy7YSJRSlsXahQ=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiB4ChNxO3gIePEYwSyQjKGn05O06ekeumuEMOQfvHhQxKv/482/sbMcVBR8UPB4r4qqemEihUXf//ByC4tLyyv51cLa+sbmVnF7p2F1ahivMy21aYXUcikUr6NAyVuJ4TQOJW+Gw8uJ37znxgqtbnCU8CCmfSUiwSg6qSFuMxyMu8VSpexPQf4mJZij1i2+d3qapTFXyCS1tl3xEwwyalAwyceFTmp5QtmQ9nnbUUVjboNseu2YHDilRyJtXCkkU/XrREZja0dx6DpjigP705uIv3ntFKPzIBMqSZErNlsUpZKgJpPXSU8YzlCOHKHMCHcrYQNqKEMXUOF/ITSOypXT8sn1cal6MY8jD3uwD4dQgTOowhXUoA4M7uABnuDZ096j9+K9zlpz3nxmF77Be/sE6CaPWA==</latexit>

ith



The role of the leader

In normal operation, elect a single server to be 
a leader. The leader acts as a distinguished 
proposer in all instances of the consensus 
algorithm.


Clients send commands to the leader, which decides 
where in the sequence each command should appear.

If the leader, for example, decides that a client 
command is the kth command, it tries to have the 
command chosen as the value in the kth instance of 
consensus.



What if a new 		is elected?

Since				serves also as a replica (i.e., a learner) in all 
instances of consensus, it should know most of the 
commands that have already been chosen. For example, 
it might know commands for slots 1-10, 13, and 15.


It executes phase 1 for slots 11, 12, and 14 and of all 
slots 16 and larger. 


may find that some value was already accepted for 
slots 14 and 16 and that slots 11, 12 and all slots 
after 16 have accepted no command.

  then executes phase 2 of 14 and 16, using the 
value with the highest ballot it retrieved for those 
slots

λ

λ

λ

λ



Stop-gap measures

All replicas now can execute commands 1-10, but not 
13-16 because 11 and 12 haven't yet been chosen.


   can either take the next two commands it receives 
by clients to be commands 11 and 12, or can propose 
immediately that 11 and 12 be no-op commands.


this is what happens on “Olive Day”!


   runs phase 2 of consensus for slots 11 and 12.


Once consensus is achieved, all replicas can execute 
all commands through 16.

λ

λ



To infinity, and beyond

  can efficiently execute phase 1 for infinitely 
many instances of consensus! (e.g. command 16 
and higher)


   just sends a message with a sufficiently high 
proposal number for all instances


An acceptor replies non trivially only for instances for 
which it has already accepted a value

λ

λ



Paxos and FLP

Paxos is always safe–despite asynchrony


Once a leader is elected, Paxos is live.


“Ciao ciao” FLP?

To be live, Paxos requires a single leader

“Leader election” is impossible in an 
asynchronous system (gotcha!)


Given FLP, Paxos is the next best thing:     
always safe, and live during periods of synchrony



A Lower Bound
Theorem


There is no algorithm that solves the 
consensus problem in fewer than  
rounds in the presence of   crash 
failures, if 


We consider a special case         to study  
 the proof technique

n ≥ f+2

f+1

f

(f =1)



Views
Let α be an execution. The view of process    in   
. , denoted by        , is the subsequence of 
computation and message receive events that 
occur in    together with the state of    in the 
initial configuration of 

p1 p2 p3 p4

p1 p2 p3 p4

α|pi

pipi

pi

α

α



Views

p1 p2 p3 p4

p1 p2 p3 p4

from   . from  .

α|p3

p1 p4

Let α be an execution. The view of process    in   
. , denoted by        , is the subsequence of 
computation and message receive events that 
occur in    together with the state of    in the 
initial configuration of 

α|pi

pipi

pi

α

α



Similarity
Definition Let    and    be two 
executions of consensus and let    
  be a correct process in both    
  and     . 

     is similar to     with respect 
to   , denoted                if 

α1 α2

pi

α1 α2

α1 α2

pi α1 ∼pi
α2

α1|pi = α2|pi



Similarity
Definition Let    and    be two 
executions of consensus and let    
  be a correct process in both    
  and     . 

     is similar to     with respect 
to   , denoted                if 

α1 α2

pi

α1 α2

α1 α2

pi α1 ∼pi
α2

α1|pi = α2|pi

Note  If             then    
decides the same value in 
both executions

α1 ∼pi
α2 pi



Similarity
Definition Let    and    be two 
executions of consensus and let    
  be a correct process in both    
  and     . 

     is similar to     with respect 
to   , denoted                if 

α1 α2

pi

α1 α2

α1 α2

pi α1 ∼pi
α2

α1|pi = α2|pi

Note  If             then    
decides the same value in 
both executions

α1 ∼pi
α2 pi

Lemma  If             and    is 
correct, then dec(   ) = dec(   )

α1 ∼pi
α2 pi

α1 α2



Similarity
Definition Let    and    be two 
executions of consensus and let    
  be a correct process in both    
  and     . 

     is similar to     with respect 
to   , denoted                if 

α1 α2

pi

α1 α2

α1 α2

pi α1 ∼pi
α2

α1|pi = α2|pi

Note  If             then    
decides the same value in 
both executions

α1 ∼pi
α2 pi

Lemma  If             and    is 
correct, then dec(   ) = dec(   )

α1 ∼pi
α2 pi

The transitive closure of            
is denoted      .


We say that       if there exist 
executions   such that


α1 ∼pi
α2

α1 ≈ α2

α1 ≈ α2

β1, β2, . . . , βk+1

α1 = β1 ∼pi1
β2 ∼pi2

. . . ,∼pik
βk+1 = α2

α1 α2



Similarity
Definition Let    and    be two 
executions of consensus and let    
  be a correct process in both    
  and     . 

     is similar to     with respect 
to   , denoted                if 

α1 α2

pi

α1 α2

α1 α2

pi α1 ∼pi
α2

α1|pi = α2|pi

Note  If             then    
decides the same value in 
both executions

α1 ∼pi
α2 pi

Lemma  If             and    is 
correct, then dec(   ) = dec(   )

α1 ∼pi
α2 pi

The transitive closure of            
is denoted      .


We say that       if there exist 
executions   such that


α1 ∼pi
α2

α1 ≈ α2

α1 ≈ α2

β1, β2, . . . , βk+1

α1 = β1 ∼pi1
β2 ∼pi2

. . . ,∼pik
βk+1 = α2

Lemma  If            then 

 dec(   ) = dec(   )

α1 ≈ α2

α1 α2

α1 α2



Single-Failure Case

There is no algorithm that solves consensus 
in fewer than two rounds in the presence of 
one crash failure, if n≥3



The Idea
By contradiction


Consider a one-round execution in which each 
process proposes 0. What is the decision value?

Consider another one-round execution in which 
each process proposes 1. What is the decision 
value?

Show that there is a chain of similar 
executions that relate the two executions.


So what?



 s
Definition 

     is the execution of the algorithm in 
which


no failures occur

only processes               propose 1

α
i

p0, . . . , pi−1

1

α
n

1

1

1

1

p0

pi−1

pi+1

pi

pn−1

α
0

0

0

0

0

0

p0

pi−1

pi+1

pi

pn−1

α
i+1

p0

pi−1

pi+1

pi

pn−1

1

1

0

0

1

p0

pi−1

pi+1

pi

pn−1

1

0

0

0

1

α
i

α
i



Claim: Adjacent    s 

are similar! 

If so, then 

and 

α
i

<latexit sha1_base64="MwzmetY1F9JAtr3a3kpOCJHQ+yA=">AAACIXicdVDLSgMxFM34rOOr6tJNsAhuHGZsqS4sFt24rGAf0Kklk0nb0MxkSDJCGfo13fgpuhFxU8W/8AtMHy7Gx4HAuefcm+RcL2JUKtt+NxYWl5ZXVjNr5vrG5tZ2dme3JnksMKlizrhoeEgSRkNSVVQx0ogEQYHHSN3rX038+j0RkvLwVg0i0gpQN6QdipHSUjt76SIW9dCdDV1JAzivnHnFfK5kyknCY2eYUvQlOceyp4D/k9zFZykajc1SpZ19dH2O44CECjMkZdOxI9VKkFAUMzI03ViSCOE+6pJkmnAID7Xkww4X+oQKTtVUHwqkHASe7gyQ6smf3kT8y2vGqnPWSmgYxYqEePZQJ2ZQcThZF/SpIFixgSYIC6p/CHEPCYSVXqqpo9tWvlhw8jb8Tb6j104sp2gVbpxc+RzMkAH74AAcAQecgjK4BhVQBRg8gGcwBm/GyHgyXozXWeuCMZ/ZAykYH1/UGaZl</latexit>

↵0 ⇠ ↵1 ⇠ . . . ⇠ ↵n�1 ⇠ ↵n
<latexit sha1_base64="GQZPIuDX1chRtHHVG04NJN+k6e4=">AAAB+HicdVDLSgMxFM34rOOr6krcBIvgapixpbqwWHDjsoJ9QKeWTJppQzOTkGTEWoq/IoiIGwW/wj8Qf8MvMH24qI8DFw7nnMt9BIJRpV33w5qZnZtfWEwt2csrq2vr6Y3NiuKJxKSMOeOyFiBFGI1JWVPNSE1IgqKAkWrQPR361SsiFeXxhe4J0ohQO6YhxUgbqZne9hETHXTpQh8JIfk1nAjGy3iOOwL8n2ROPgvi/t0ulJrpN7/FcRKRWGOGlKp7rtCNPpKaYkYGtp8oIhDuojbpjxYfwD0jtWDIpalYw5E6lUORUr0oMMkI6Y766Q3Fv7x6osOjRp/GItEkxuNBYcKg5nD4BdiikmDNeoYgLKnZEOIOkghr8yvbnO462XzOy7rwN/k+vXLgeHknd+5lisdgjBTYAbtgH3jgEBTBGSiBMsDgFjyAZ/Bi3Vh31qP1NI7OWJOeLTAF6/ULI2qWdg==</latexit>

↵0 ⇡ ↵n

Because they are similar,     and     should 
decide the same value – but by Validity of 
Consensus, they cannot! 

<latexit sha1_base64="4TaBL3hm3Qgd5cgYvwWuUlxW5Ds=">AAAB5nicdVDLSgMxFL1TX3V8VV26CRbB1TCjpbqwWHDjsoJ9SFtLJs10QjMzIckIpfQX3Ii4URD8Gf9A/A2/wLTVRX0cuHA451xyT3zBmdKu+25l5uYXFpeyy/bK6tr6Rm5zq6aSVBJaJQlPZMPHinIW06pmmtOGkBRHPqd1v3829us3VCqWxJd6IGg7wr2YBYxgbaSrFuYixNcu6uTynuNOgP4n+dOPknh5s0uVTu611U1IGtFYE46Vanqu0O0hlpoRTkd2K1VUYNLHPTqcnDlCe0bqoiCRZmKNJupMDkdKDSLfJCOsQ/XTG4t/ec1UB8ftIYtFqmlMpg8FKUc6QePOqMskJZoPDMFEMnMhIiGWmGjzM7ap7jqHxYJ36KLf5Lt67cDxik7hwsuXT2CKLOzALuyDB0dQhnOoQBUIRHAHj/BkhdatdW89TKMZ62tnG2ZgPX8CuuaPYQ==</latexit>

↵0
<latexit sha1_base64="c9wocFIvw2vwwIAc3uIABWPW2qk=">AAAB5nicdVDLSgMxFL1TX3V8VV26CRbB1TCjpbqwWHDjsoJ9SFtLJs10QjMzIckIpfQX3Ii4URD8Gf9A/A2/wLTVRX0cuHA451xyT3zBmdKu+25l5uYXFpeyy/bK6tr6Rm5zq6aSVBJaJQlPZMPHinIW06pmmtOGkBRHPqd1v3829us3VCqWxJd6IGg7wr2YBYxgbaSrFuYixNcx6uTynuNOgP4n+dOPknh5s0uVTu611U1IGtFYE46Vanqu0O0hlpoRTkd2K1VUYNLHPTqcnDlCe0bqoiCRZmKNJupMDkdKDSLfJCOsQ/XTG4t/ec1UB8ftIYtFqmlMpg8FKUc6QePOqMskJZoPDMFEMnMhIiGWmGjzM7ap7jqHxYJ36KLf5Lt67cDxik7hwsuXT2CKLOzALuyDB0dQhnOoQBUIRHAHj/BkhdatdW89TKMZ62tnG2ZgPX8CFr+Pnw==</latexit>

↵n

Contradiction!



How to go from     to  

Starting from   , we build a set of executions   
 where                 as follows:


   is obtained from    after removing the 
messages that    sends to the  -th highest 

numbered processors (excluding itself)
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j α
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pi j

<latexit sha1_base64="DC70x7FAB1MLkZ37+KNF+r9zy+s=">AAAB6nicdVDJSgNBFHwTtxi3uNy8NAZBEIaZJERvBjzowUMEs0Ayhp5OT9KkZ7G7R4hDfsKLiBcFz36Hv+DRf/AD7CR6iEvBg6KqHv2q3YgzqSzrzUjNzM7NL6QXM0vLK6tr2fWNmgxjQWiVhDwUDRdLyllAq4opThuRoNh3Oa27/eORX7+mQrIwuFCDiDo+7gbMYwQrLTktzKMevkzYvj1E7WzONq0x0P8kd/Rx837yspVU2tnXVicksU8DRTiWsmlbkXISLBQjnA4zrVjSCJM+7tJkfOoQ7Wqpg7xQ6AkUGqtTOexLOfBdnfSx6smf3kj8y2vGyjt0EhZEsaIBmTzkxRypEI16ow4TlCg+0AQTwfSFiPSwwETp38no6pZZKBXtgoV+k+/qtbxpl8ziuZ0rn8EEadiGHdgDGw6gDKdQgSoQuII7eIQngxu3xr3xMImmjK+dTZiC8fwJRGmRmQ==</latexit>

↵i+1

    removes the two messages that    sends to the 
two processes with the highest id…  and so on

<latexit sha1_base64="mgnH00Ad4rPQwHGynD7qKnfXG0U=">AAAB6XicdVDLSgMxFL1TX7W+qi7dBIvgaphpS3VnwY3LCvYBnVoyaaYNzcyEJCOUoR/hRrQbBX/GX/Az/AMzrS7q48CFwznnknviC86Udpx3K7eyura+kd8sbG3v7O4V9w9aKk4koU0S81h2fKwoZxFtaqY57QhJcehz2vbHl5nfvqNSsTi60RNBeyEeRixgBGsjeR7mYoRvUzbtl/vFkms7c6D/Seni4ynDrNEvvnmDmCQhjTThWKmu6wjdS7HUjHA6LXiJogKTMR7SdH7pFJ0YaYCCWJqJNJqrSzkcKjUJfZMMsR6pn14m/uV1Ex2c91IWiUTTiCweChKOdIyy2mjAJCWaTwzBRDJzISIjLDHR5nMKprpjV2pVt+Kg3+S7eqtsuzW7eu2W6lVYIA9HcAyn4MIZ1OEKGtAEAgIe4BlerLF1bz1as0U0Z33tHMISrNdPHmiSQQ==</latexit>

↵i
2

<latexit sha1_base64="waZWrlPo9R8vmVUgF+ZgF5lx7V8=">AAAB4nicdVDLSgMxFL2pr1pfVZdugkVwNczYUt1ZcOOygtMW2lIymUwbmnmQZIQy9AfciLix4gf5C36Gf2Cm1UV9HLhwOOdcck+8RHClbfsdFVZW19Y3ipulre2d3b3y/kFLxamkzKWxiGXHI4oJHjFXcy1YJ5GMhJ5gbW98lfvtOyYVj6NbPUlYPyTDiAecEm0kNxlkfDooVxzLngP/TyqXH7McL81B+a3nxzQNWaSpIEp1HTvR/YxIzalg01IvVSwhdEyGLJufOMUnRvJxEEszkcZzdSlHQqUmoWeSIdEj9dPLxb+8bqqDi37GoyTVLKKLh4JUYB3jvC/2uWRUi4khhEpuLsR0RCSh2vxKyVS3rWq95lRt/Jt8V2+dWU7dqt04lUYNFijCERzDKThwDg24hia4QIHDAzzDDPnoHj2ip0W0gL52DmEJ6PUTUY+PeQ==</latexit>

pi

So,     removes no message: it is the same as 
<latexit sha1_base64="A1VyLkcZbomYDDE0VZ87Kmxgk6I=">AAAB6nicdVDLSgMxFL2pr1pfVZdugkVwNczYUt1ZcOOygn1AO5ZMmmlDMw+TjFCG/oQbqW4U/Bh/wc/wD8y0uqiPAxcO55xL7okXC660bb+j3NLyyupafr2wsbm1vVPc3WuqKJGUNWgkItn2iGKCh6yhuRasHUtGAk+wlje6yPzWHZOKR+G1HsfMDcgg5D6nRBvJ7RIRD8lNyic9G/eKJceyZ8D/k9L5xzTDY71XfOv2I5oELNRUEKU6jh1rNyVScyrYpNBNFIsJHZEBS2enTvCRkfrYj6SZUOOZupAjgVLjwDPJgOih+ull4l9eJ9H+mZvyME40C+n8IT8RWEc46437XDKqxdgQQiU3F2I6JJJQbX6nYKrbVrlacco2/k2+qzdPLKdqVa6cUq0Cc+ThAA7hGBw4hRpcQh0aQOEWHuAZXpBA92iKnubRHPra2YcFoNdPdFSSaQ==</latexit>

↵i
0

<latexit sha1_base64="C1pDOHa/38D4/SJr2plbrelC5lc=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapixQ3VnwY3LCvYBbS2ZNNPGZiZDkhHK0H9wI1IXCn6Nv+Bn+AdmWl3Ux4ELh3POJffEjzlT2nHerdzS8srqWn69sLG5tb1T3N1rKJFIQutEcCFbPlaUs4jWNdOctmJJcehz2vRHF5nfvKNSMRFd63FMuyEeRCxgBGsjtTuYx0N8k7IJ6hVLru3MgP4npfOPaYanWq/41ukLkoQ00oRjpdquE+tuiqVmhNNJoZMoGmMywgOazg6doCMj9VEgpJlIo5m6kMOhUuPQN8kQ66H66WXiX1470cFZN2VRnGgakflDQcKRFihrjfpMUqL52BBMJDMXIjLEEhNt/qZgqjt2ueK5ZQf9Jt/VGye2W7G9K7dU9WCOPBzAIRyDC6dQhUuoQR0ICHiAZ3ixbq1769GazqM562tnHxZgvX4CThGRxg==</latexit>

↵i

    removes the one message that    sends to the 
one process with the highest id

<latexit sha1_base64="vRt8mJJDUMHKgUsLb8tG/+h7QWc=">AAAB6XicdVDLSgMxFL1TX7U+WnXpJlgEV8OMLdWdBTcuK9gHdGrJpJk2NDMTkoxQhn6EG9FuFPwZf8HP8A/MtLqojwMXDuecS+6JLzhT2nHerdzK6tr6Rn6zsLW9s1ss7e23VJxIQpsk5rHs+FhRziLa1Exz2hGS4tDntO2PLzO/fUelYnF0oyeC9kI8jFjACNZG8jzMxQjfpmzad/ulsms7c6D/Sfni4ynDrNEvvXmDmCQhjTThWKmu6wjdS7HUjHA6LXiJogKTMR7SdH7pFB0baYCCWJqJNJqrSzkcKjUJfZMMsR6pn14m/uV1Ex2c91IWiUTTiCweChKOdIyy2mjAJCWaTwzBRDJzISIjLDHR5nMKprpjV2pVt+Kg3+S7euvUdmt29dot16uwQB4O4QhOwIUzqMMVNKAJBAQ8wDO8WGPr3nq0ZotozvraOYAlWK+fHO6SQA==</latexit>

↵i
1

<latexit sha1_base64="waZWrlPo9R8vmVUgF+ZgF5lx7V8=">AAAB4nicdVDLSgMxFL2pr1pfVZdugkVwNczYUt1ZcOOygtMW2lIymUwbmnmQZIQy9AfciLix4gf5C36Gf2Cm1UV9HLhwOOdcck+8RHClbfsdFVZW19Y3ipulre2d3b3y/kFLxamkzKWxiGXHI4oJHjFXcy1YJ5GMhJ5gbW98lfvtOyYVj6NbPUlYPyTDiAecEm0kNxlkfDooVxzLngP/TyqXH7McL81B+a3nxzQNWaSpIEp1HTvR/YxIzalg01IvVSwhdEyGLJufOMUnRvJxEEszkcZzdSlHQqUmoWeSIdEj9dPLxb+8bqqDi37GoyTVLKKLh4JUYB3jvC/2uWRUi4khhEpuLsR0RCSh2vxKyVS3rWq95lRt/Jt8V2+dWU7dqt04lUYNFijCERzDKThwDg24hia4QIHDAzzDDPnoHj2ip0W0gL52DmEJ6PUTUY+PeQ==</latexit>

pi
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Indistinguishability
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<latexit sha1_base64="O/jnMwKJVrW5PBR9zkIwN6LTtgo=">AAAB5XicdVDJSgNBFHwTtzhuUY9eGoPgaZgxQ/RmwIvHCGaBJISeTk/SpGex+00ghHyCFxHBBfwdf8HP8A+cSfQQl4IHRVU9+lV7sRQabfvdyC0tr6yu5dfNjc2t7Z3C7l5dR4livMYiGammRzWXIuQ1FCh5M1acBp7kDW94kfmNEVdaROE1jmPeCWg/FL5gFFOp2eY3iRiZZrdQdCx7BvI/KZ5/PGZ4qnYLb+1exJKAh8gk1brl2DF2JlShYJJPzXaieUzZkPb5ZHbllBylUo/4kUonRDJTF3I00HoceGkyoDjQP71M/MtrJeifdSYijBPkIZs/5CeSYESyyqQnFGcoxymhTIn0QsIGVFGG6cdk1W2rVHadkk1+k+/q9RPLKVvulVOsuDBHHg7gEI7BgVOowCVUoQYMJNzBM7wYfePWuDce5tGc8bWzDwswXj8BY66QAQ==</latexit>

⌘



Indistinguishability
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<latexit sha1_base64="+kydfyacHzwOQyOca0Jus8xrZj4=">AAAB4nicdVDLSsNAFL2pr1pfVZduBovgKiQ2VHcW3LisYNpCW8pkMmmHTh7M3Ail9AfciLix4gf5C36Gf2DS6qI+Dlw4nHMuc894iRQaLevdKKysrq1vFDdLW9s7u3vl/YOmjlPFuMtiGau2RzWXIuIuCpS8nShOQ0/ylje6yv3WHVdaxNEtjhPeC+kgEoFgFDPJ7WoRlvrlim1ac5D/SeXyY5bjpdEvv3X9mKUhj5BJqnXHthLsTahCwSSflrqp5gllIzrgk/mJU3KSST4JYpVNhGSuLuVoqPU49LJkSHGof3q5+JfXSTG46E1ElKTII7Z4KEglwZjkfYkvFGcoxxmhTInsQsKGVFGG2a/k1S2zWnPsqkV+k+/qzTPTrpnOjV2pO7BAEY7gGE7BhnOowzU0wAUGAh7gGWaGb9wbj8bTIlowvnYOYQnG6yeS0o74</latexit>

⇠
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