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Theexplicit methodsproceedin thefollowing fashion:
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From the explicit method,we observe that the

 ;F doesnot influencethe values

below the grid points
��� F ���:��� ; ���
���#��� F � , ��� ; � , ���%$&$&$T�#�6� F � ; ��� E � . Thus, if

(
is

chosenlargeenoughsuchthat
�6(U) A � - � R � E � thentheboundaryconditiondoes

notaffect

 �6� E � > � .

V Cost: O(MN)V spacerequirementis W � A (=� if G 
 �6�����
�
	'� H is needed;W ��(=� if only theinitial
price


 �6� E � > � is wanted.

2. Stability and Convergence. (SeeOptionPricingfor DetailedAnalysis)

The differencebetweenthe PDE andthe FD equationis called truncation error.
For explicit method,at eachgrid point, thetruncationerroris W � - �'� - � , � .
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A FD methodis convergent if for all
>YX � X (Z� >YX @ X5A
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Convergenceof a FD methoddependson how error at time
�
	

grows at
�
	:���

; it
dependson thestabilityof theFD method.

A FD methodis stable if theroundingerrorsarenot magnifiedat eachsubsequent
iteration.

Theexplicit methodis stable if
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where
k

is a constantindependentof - �'� - � but dependon the coefficientsof the
PDE.For heatequation

kl� �, ; instability occurswhen
k R �, .

Thisputsrestrictionon thetimestepsize.

For theexplicit method,theconvergence rate is W � ^nmTo � - �'� - � , �:� .
3. Implicit Method.

Assumethat G 
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hasbeencomputed.

At
�6�����
�
	������

, usingforward FD for p�qp c , symmetriccentralFD for p9r�qp ` r , andcentral
FD for p�qp ` , weobtain
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Equivalently
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The valuesat the boundary
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Computation Cost.

V { 	:��� is tridiagonal;this structureneedsto beexploitedfor efficiencyV totalwork is morethantheexplicit methodbut still W � A (=�

Implicit methodis stableandits convergence rate is W � ^nmTo � - �'� - � , �:� .
4. Crank-Nicolson Method.

Canwe improvetheconvergencerateof theimplicit andexplicit methods?

Averagetheexplicit andimplicit methods:for
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arethesameasfor theimplicit methodand,for
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and
�� 	� � �� 	� � �� 	� arethesameasin theexplicit method.


 	:���E � 
 	����F arecomputedfrom theboundaryconditionsandatridiagonallinearsys-
temneedsto besolved.

Computation Cost.

V coefficientmatrix is tridiagonalV slightly morework thantheimplicit FD
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Crank-Nicolsonmethodis stableandits convergence rate is W � ^nmTo � - � , � - � , �:� .
In general:

V implicit methodis bestin stabilityV Crank-NicolsonhasthebestconvergencerateV explicit methodis thesimplestto implement

5. Solvning Linear System

To solvenumerically
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wecancomputea lower triangularmatrix � anduppertriangularmatrix � suchthat
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In general,row/column permutationhasto be used. This is not necessarywhen{ � �6�4��	��
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Matlab functionsTriDiLU, LBidiSol, andUBidiSol areprivided to computeLU
factorizationandtriangularsolvesfor a tridiagonalmatrix; thecostis roughly ¢ ( .
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