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1. Explicit Method. Considebackward FD in timeat (.S;, ¢;)

1) Vit =V AV IV, i=1,2,- N —1
where

. 1 ot 1 ot

5 —  Z(,9\2¢2 _ (r—_ L

el 2<U ) 7 55«2 2(7‘ Q>SL55

@& = 1-(o )53%—7«&

= 1 1 ot

) 2 Z(r — L

fz 2( ) SL 532 (T q>Sl53

Theexplicit methodgoroceedn thefollowing fashion:

VM = payof(S;), i =0,---,N
for j=M:—-1:1
computeVy " and V!
compute{V; "'} X" from {V/} X,
end

NoticethatthevalueV;/ ' depend®nly onthreevaluesV;’ |, v/, V7. ,. Graphically
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From the explicit method,we obsenre that the V)’ doesnot influencethe values
below the grid points (Sy 1, tar1), (Sv—2,tar—2), -+, (Sn_ar, to). Thus,if N is
choserlargeenoughsuchthat(N — M)dS > Sy, thentheboundaryconditiondoes
notaffect (S, 0).

e Cost: O(MN)
e spacaequirements O(MN) if {V(S;,t;)} isneededOD(N) if only theinitial
priceV (S, 0) is wanted.

. Stability and Convergence. (SeeOptionPricingfor DetailedAnalysis)

The differencebetweenthe PDE andthe FD equationis calledtruncation error.
For explicit method,at eachgrid point, thetruncationerroris O(ét, §5?).
1



A FD methodis convergent if forall 0 <: < N,0<j < M

58,5t—0

Corvemgenceof a FD methoddependson how error at time ¢; grows at ¢;_,; it
depend®n the stability of the FD method.

A FD methodis stable if the roundingerrorsarenot magnifiedat eachsubsequent
iteration.

Theexplicit methodis stable if

O<ﬁ<
55z = ¢

wherea is a constantindependenbf §t, .S but dependon the coeficients of the
PDE.For heatequationo = %; instability occurswhena > %

This putsrestrictionon thetime stepsize.
For theexplicit method the convergence rate is O(max(dt, 6.52)).
. Implicit Method.

Assumethat{V/}¥ ! hasbeencomputed.

At (S, tJ 1), usingforward FD for at,symmetrlccentralFDfor BSQ,andcentraI
FD for 8S,Weobtaln
Vi-viTh o1 Vinh—ovi vt Vit vt
i 1 S2 i+ i i—1 . Sz L+1 i—1 V]—l =0
el 557 Hr=aS =gV
Equivalently
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where
j—1 1
€ 1 —3(o] 3253# +5(r—q)Sigs
di” =14 (0] )S} 5% + ot
[T = 3028 e — 5 — ) Sigt
The valuesat the boundaryV;/ and Vi areknown. Let 27! = [V~ ... ViZl].
Then

Al tgi =l =l
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whereA’~1is (N — 1) x (N — 1) tridiagonalmatrix

ATl = diagle’ (2 : N), —1) + diag(d’™*, 0) + diag( f/ (1 : N — 1),1)),

el =[]l el ], and
Vi—e7'viTt T
V]
V= :
J
. VN*.QI -
J J— J—
L Vo — vV

Computation Cost.

o A’~tistridiagonal;this structureneedso be exploitedfor efficiency
e totalwork is morethantheexplicit methodbut still O(M N')

Implicit methodis stableandits convergencerate is O(max(dt, 65?)).
4. Crank-Nicolson Method.
Canwe improve the corvergencerateof theimplicit andexplicit methods?

Averagethe explicit andimplicit methodsfori=1,---, N — 1,

[ s gt - s - ]
U5 + Yot s e L (- s e v 0
Or,
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wheree! ', @', f7~! arethesameasfor theimplicit methodand fori = 1,--- N—

(2

1 ande!, @ f7 arethe sameasin the explicit method.

29 1)

vy, Vi~ arecomputedrom theboundaryconditionsanda tridiagonallinearsys-
temneedgo besolved.

Computation Cost.

e coeficientmatrixis tridiagonal
e slightly morework thantheimplicit FD
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Crank-Nicolsormethodis stableandits convergencerate is O(max(dt?, §5?)).
In general:

e implicit methodis bestin stability
e Crank-Nicolsorhasthebestconvemgencerate
¢ explicit methodis the simplestto implement

. Solvning Linear System

To solve numerically
Axr=1»

we cancomputealower triangularmatrix L. anduppertriangularmatrix U suchthat
A=LU

In general,row/column permutationhasto be used. This is not necessaryvhen
A = (a;5) is diagonallydominant(which is the casefor implicit/Crank-Nicolson
methodif §t is sufficiently small),i.e.,

Jaal > layl, Vi

J#i
Assumethat A is atridiagonalmatrix (with diagonaldominance)
d1 f1 0 0 0 T bl
es do f2 0 0 T2 bo
0 0 €4 d4 f4 T4 b4
O 0 0 €5 d5 Ty b5
d f1 0 0 0 1 0 0 0 0 up, fr 0 0 0
ea dy fo 0 O lLb 1 0 0 O 0 uy fo 0 0
0 €3 d3 fg 0 = 0 lg 1 0 0 0 0 Uus f3 0
0 0 €4 d4 f4 0 0 l4 1 0 0 0 0 Uy f4
0 0 0 e ds 0 0 0 I5 1 0 0 0 0 |us
By comparingthetwo sides
(L) : dy=u = wu=d
(2, ].) toes = lhus = Iy = 62/%1

(2*2) d2212f1+U2 eSS UQ:dg—lgfl

Matlab functionsTriDiLU, LBidiSol, and UBidiSol are privided to computelLU
factorizationandtriangularsolvesfor atridiagonalmatrix; the costis roughly 8 V.
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