
Chapter 2. Calculus and the Real Numbers 

Section 1 establishes some conventions about sets and functions. The 
next three sections are devoted to constructing the real numbers as 
certain Cauchy sequences of rational numbers, and investigating their 
order and arithmetic. The rest of the chapter deals with the basic ideas 
of the calculus of one variable. Topics covered include continuity, the 
convergence of sequences and series of continuous functions, differen­
tiation, integration, Taylor's theorem, and the basic properties of the 
exponential and trigonometric functions and their inverses. Most of the 
material is a routine constructivization of the corresponding part of 
classical mathematics; for this reason it affords a good introduction to 
the constructive approach. 

We assume that the reader is familiar with the order and arithmetic of 
the integers and the rational numbers. For us, a rational number will 
be an expression of the form p/q, where p and q are integers with 
q=FO. Two rational numbers p/q and p'/q' are equal if pq'=p'q. The 
integer n is identified with the rational number nil. 

There are geometric magnitudes which are not represented by 
rational numbers, and which can only be described by a sequence of 
rational approximations. Certain such approximating sequences are 
called real numbers. In this chapter we construct the real numbers 
and study their basic properties. Then we develop the fundamental 
ideas of the calculus. 

1. Sets and Functions 

Before constructing the real numbers, we introduce some notions 
which are basic to much of mathematics. 

The totality of all mathematical objects constructed in accordance 
with certain requirements is called a set. The requirements of the 
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construction, which vary with the set under consideration, determine 
the set. Thus the integers form a set, the rational numbers form a set, 
and (we anticipate here the formal definition of 'sequence') the col­
lection of all sequences of integers is a set. 

Each set will be endowed with a binary relation = of equality. 
This relation is a matter of convention, except that it must be an 
equivalence relation; in other words, the following conditions must 
hold for all objects x, y, and z in the set: 

(1.1) (i) X=X 

(ii) If X= y, then y=x 
(iii) If x = y and y= z, then x =Z. 

The relation of equality given above for rational numbers is an equiv­
alence relation. In this example there is a finite, mechanical procedure 
for deciding whether or not two given objects in the set are equal. 
Such a procedure will not exist in general: there are instances in 
which we are unable to decide whether or not two given elements of a 
set are equal; such an instance, in the theory of real numbers, will be 
given later. 

We use the standard notation aEA to denote that a is an element, 
or member, of the set A, or that the construction defining a satisfies 
the requirements a construction must satisfy in order to define an 
object of A. We also use the notation {aI' a2, ... } for a set whose 
elements can be written in a (possibly finite) list. 

The dependence of one quantity on another is expressed by the 
basic notion of an operation. An operation from a set A into a set B is 
a finite routine f which assigns an element f(a) of B to each given 
element a of A. This routine must afford an explicit, finite, mechanical 
reduction of the procedure for constructing f(a) to the procedure for 
constructing a. If it is clear from the context what the sets A and B 
are, we sometimes denote f by aH f(a), in order to bring out the 
form of f(a) for a given element a of A. The set A is called the domain 
of the operation, and is denoted by dmnf In the most important case, 
we have f(a) = f(a') whenever a,a'EA and a=a'; the operation f is 
then called a function, or a mapping of A into B, or a map of A into B. 
For two functions J,g from A into B, f=g means that f(a)=g(a) for 
each element a of A. Taken with this equality relation, the collection 
of all functions from A into B becomes a set. 

The notation f: A -+ B indicates that f is a function from the set A 
to the set B. 

A function x whose domain is the set 71+ of positive integers is 
called a sequence. The object Xn == x(n) is called the nth term of the 
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sequence. The finite routine x can be given explicitly, or it can be left 
to inference: for example, by writing the terms of the sequence in 
order 

(Xl' X2 , ••. ) 

until the rule of their formation becomes clear. Different notations for 
the sequence whose nth term is xn are: nt-+Xn, (Xl' X2 , ••. ), (Xn);,"'= l' and 
(xJ Thus the sequence whose nth term is n2 can be written nt--+n 2 , or 
(1,4,9, ... ), or (n 2 );,"'= l' or simply (n 2 ). 

A subsequence of a sequence (xn) consists of the sequence (xn) and 
a sequence (nk )r'=l of positive integers such that n 1 <n2 < .... We 
identify such a subsequence with the sequence whose kth term is x nk • 

Sometimes we shall speak of sequences whose domain is some set 
of integers other than Z +. For example, we shall write (xn);,"'= 0 to 
denote a mapping X from the set of nonnegative integers, where 
xn=x(n) for each n. 

Another example arises as follows. If n is a positive integer, then a 
finite sequence of length n is a function from the set {1, 2, ... , n} into a 
set B. 

The cartesian product, or simply the product, of sets Xl' ... ' X n is 
defined to be the set 

of all ordered n-tuples (Xl' ... , xn) with Xl EX l' X2 EX 2' ... , and XnEX n· 

Elements (Xl' ... ' xn) and (x~, ... , x~) of the cartesian product are equal 
if the coordinates (or components) x k and x~ are equal elements of X k 

for each k. 
If X is a finite sequence of elements of a set B, then X can be 

identified with the element (x(l), ... , x(n)) of the cartesian product 

where n is the length of x. 
Returning to functions in general, we say that a function f: A --+ B 

maps A onto B if to each element b of B there corresponds an element 
a of A with f(a) = b. In other words, f maps A onto B if there is an 
operation g from B into A such that f(g(b)} = b for each b in B. A set 
A is countable if there exists a mapping of Z+ onto A; intuitively, this 
means that the elements of A can be arranged in a sequence with 
possible duplications. 

The elements of the cartesian product Z x Z of the set Z of 
integers with itself can be arranged in a sequence as follows. We order 
the elements (m, n) of Z x Z, first according to the value of Iml + Inl, 
then according to the value of m, and finally according to the value of 
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n. This produces the sequence 

(1.2) ((0,0), (-1,0), (0, -1), (0, 1), (1,0), (-2,0), (-1, -1), ... ), 

in which each element of 71 x 71 occurs exactly once. In the sequence 
(1.2), omit every term (m, n) with n = 0, and replace each term (m, n) 
with n=l=O by min; this produces the sequence 

(1.3) (0/ -1,0/1, -1/ -1, ... ), 

in which every expression p/q, with p and q integers and q =1= 0, occurs 
exactly once. Keeping only the term 0/1 of (1.3), and those terms for 
which q > 0, p =1= 0, and p is relatively prime to q, we obtain a sequence 

(1.4) (0/1, -1/1,1/1, ... ) 

which has the property that for any given rational number r there 
exists exactly one term equal to r. 

F or each positive integer n, let 71n be the set {O, 1, ... , n -l}.If there 
is a mapping of 71n onto the set A, then we say that A has at most n 
elements. A set with at most n elements for some n is said to be 
sub finite, or finitely enumerable. Note that every subfinite or countable 
set has at least one element. 

Before we introduce stronger notions than countability and sub­
finiteness, we must discuss the composition of functions. The com­
position of two functions f: A -+ Band g: B -+ C is the function go f: 
A -+ C defined by 

(gof)(a)=:;g(f(a)) (aEA). 

Composition is associative: 

h 0 (go f)=(h 0 g)o f 

whenever the compositions are defined. 
If f: A-+B, g: B-+A, and g(f(a))=a for all a in A, then the 

function g is called a left inverse of f, and the function f is called a 
right inverse of g. (Note that f has a left inverse if and only if it is 
one-one, in the sense that a = a' for all elements a, a' of A with f(a) 
= f(a').) When g is both a left and a right inverse of f, then it is 
simply called an inverse of f; f is then called a one-one correspon­
dence, or a bijection, and the sets A and B are said to be in one-one 
correspondence with each other. 

A set which is in one-one correspondence with the set 71+ of posi­
tive integers is said to be countably irifinite. For example, let f be the 
sequence (1.4), and define a function g from the set <Q of rational 
numbers to 71+ by writing g(r) =:; n, where n is the unique positive 
integer for which f(n)=r. Then g is an inverse of f; so that the set <Q 
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is countably infinite. A similar proof using (1.2) shows that 7l x 7l is 
countably infinite. 

A set which is in one-one correspondence with tln is said to have n 
elements, and to be finite. Every finite set is countable. 

It is not true that every countable set is either countably infinite or 
subfinite. For example, let A consist of all positive integers n such that 
both nand n+2 are prime; then A is countable, but we do not know 
if it is either countably infinite or subfinite. This does not rule out the 
possibility that at some time in the future A will have become count­
ably infinite or subfinite; it is possible that tomorrow someone will 
show that A is subfinite. This set A has the property that if it is 
subfinite, then it is finite. Not all sets have this property. 

2. The Real Number System 

The following definition is basic to everything that follows. 

(2.1) Definition. A sequence (xn) of rational numbers is regular if 

(2.1.1) 

A real number is a regular sequence of rational numbers. Two real 
numbers x == (xn) and y == (Yn) are equal if 

(2.1.2) 

The set of real numbers is denoted by IR. 

(2.2) Proposition. Equality of real numbers is an equivalence relation. 

Proof: Parts (i) and (ii) of (1.1) are obvious. Part (iii) is a consequence 
of the following lemma. 

(2.3) Lemma. The real numbers x==(xn) and Y==(Yn) are equal if and 
only if for each positive integer j there exists a positive integer N j such 
that 

(2.3.1) 

Proof: If x=y, then (2.3.1) holds with N;==2j. 
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Assume conversely that for each j in 7l+ there exists Nj satisfying 
(2.3.1). Consider a positive integer n. If m and j are any positive 
integers with m ~ max U, N), then 

Ixn- Ynl ~Ixn-xml +Ixm- Yml +Iym- Ynl 
~(n-l +m- 1)+r 1 +(n- 1 +m- 1)<2n- 1 + 3r 1. 

Since this holds for all j in 7l +, (2.1.2) is valid. D 

Notice that the proof of Lemma(2.3) singles out a specific Nj 

satisfying (2.3.1). This situation is typical: every proof of a theorem 
which asserts the existence of an object must embody, at least im­
plicitly, a finite routine for the construction of the object. 

The rational number Xn is called the nth rational approximation to 
the real number x=(xn). Note that the operation from IR to <Q which 
takes the real number x into its nth rational approximation is not a 
function. 

For later use we wish to associate with each real number x=(xn) 
an integer Kx such that 

This is done by letting Kx be the least integer which is greater than 
I x 11 + 2. We call K x the canonical bound for x. 

The development of the arithmetic of the real numbers offers no 
surprises: we operate with real numbers by operating with their ra­
tional approximations. 

(2.4) Definition. Let x=(xn) and Y=(Yn) be real numbers with re­
spective canonical bounds Kx and Ky. Write 

k=max {Kx,Ky}. 

Let IX be any rational number. We define 

(a) X+ Y=(X Zn + YZn):;"= 1 

(b) XY=(XZknYZkn)::"= 1 

(c) max {x,y} = (max {Xn,Yn}):;"= 1 

(d) -X=( -Xn):;"= 1 

(e) IX* = (IX, IX, IX, ... ). 

(2.5) Proposition. The sequences x + y, x y, max {X, Y}, - x, and IX* of 
Definition (2.4) are real numbers. 
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Proof: (a) Write zn=x2n + Y2n' Then x+ y=(zlI)' For all positive In­

tegers m and n, 

IZm - znl ~ IX 2m - x 2nl + lY2m - Y2nl 
~(2n)-1 +(2m)-1 +(2n)-1 +(2m)-1 =n- 1 +m- 1. 

Thus x + y is a real number. 
(b) Write Zn=X2kllY2kll' Then xy=(zn)' For all positive integers m 

and n, 

IZm - znl = IX2km(Y2km - Y2kll) + Y2kn(x 2km -x2kIl)1 

~ klY2km - Y2knl + klx 2km - X2kn l 
~ k((2km)-1 + (2kn)-1 + (2km)- 1 +(2kn)- 1) =n- 1 +m- 1. 

Thus xy is a real number. 
(c) Write zn=max {xn'Y,I}' Then max {x,y} = (Z,I)' Consider positive 

integers m and n. For simplicity assume that 

Then 
IZm -znl = Ixm-max {xlI'YII}1 

=xm-max {XII'Y,I} ~xm-x,l~n-l +m- 1. 

Thus max {x, y} is a real number. 
(d) For all positive integers m and n, 

I-xm-( -x,l)1 =Ixm -x,II ~m-l +n- 1• 

Thus -x is a real number. 
(e) This is obvious. 0 

There is no trouble in proving that (x,Y)t--+x+ y, (x,Y)t--+xy, and 
(x,Y)t--+max{x,Y} are functions from IRxIR to IR; that xt--+-x is a 
function from IR to IR; and that IXt--+IX* is a function from <Q to IR. 

The operation 
xt--+lxl =max {x, -x} 

is therefore a function from IR to IR, and the operation 

(x,Y)t--+min {x,y} = -max {-x, - y} 

is a function from IR x IR to IR. 
The next proposition states that the real numbers obey the same 

rules of arithmetic as the rational numbers. 

(2.6) Proposition. For arbitrary real numbers x, y, and Z and rational 
numbers IX and {3, 

(a) x+ y= y+x. xy= yx 



(b) (x+ y)+z=x+(y+z), x(yz)=(xy)z 

(c) x(y+z)=xy+xz 

(d) O*+x=x, l*x=x 

(e) x-x=O* 

(f) IxYI =lxllYI 
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(g) (rx+f3)*=rx*+f3*, (rxf3)*=rx*f3*, and (-rx)*= -rx*. 

We omit the simple proofs of these results. 
We shall use standard notations, such as x+y+z and max {x,y,z}, 

without further comment. 
There are three basic relations defined on the set of real numbers. 

The first of these, the equality relation, has already been defined. The 
remaining relations, which pertain to order, are best introduced in 
terms of certain subsets lR + and lR 0 + of lR. 

(2.7) Definition. A real number x==(xn) is positive, or XElR +, if 

(2.7.1) 

for some n in Z+. A real number x==(xn) is nonnegative, or XElRo+, if 

(2.7.2) 

The following criteria are often useful. 

(2.8) Lemma. A real number x == (xn) is positive if and only if there 
exists a positive integer N such that 

(2.8.1) 

A real number x == (xn) is nonnegative if and only if for each n in Z+ 
there exists Nn in Z+ such that 

(2.8.2) 

Proof: Assume that xElR+. Then xn>n- 1 for some n in Z+. Choose 
N in Z+ with 

Then 
xm~xn-Ixm-xnl ~xn-m-l _n- 1 

~xn-n-l _N- 1 > N- 1 

whenever m~N. Therefore (2.8.1) is valid. 
Conversely, if (2.8.1) is valid, then (2.7.1) holds with n = N + 1. 

Therefore XE lR +. 



22 Chapter 2 Calculus and the Real Numbers 

Assume next that xE1Ro+. Then for each positive integer n, 

xm~ _m- 1 ~ _n- 1 (m~n). 

Therefore (2.8.2) is valid with Nn == n. 
Assume finally that (2.8.2) holds. Then if k, m, and n are positive 

integers with m ~ Nn , we have 

xk~xm-Ixm-xkl ~ _n- 1 _k- 1 _m- 1. 

Since m and n are arbitrary, this gives X k ~ - k - 1. Therefore 
xE1Ro+. D 

As a corollary of Lemma (2.8), we see that if x and yare equal real 
numbers, then x is positive if and only if y is positive, and x is 
nonnegative if and only if y is nonnegative. 

It is not strictly correct to say that a real number (xn) is an 
element of 1R +. An element of 1R + consists of a real number (xn) and a 
positive integer n such that Xn > n -1, because an element of 1R + is not 
presented until both (xn) and n are given. One and the same real 
number (xn) can be associated with two distinct (but equal) elements 
of 1R +. Nevertheless we shall continue to refer loosely to a positive 
real number (xn). On those occasions when we need to refer to an n 
for which xn >n- 1, we shall take the position that it was there im­
plicitly all along. 

The proof of the following proposition is now easy, and will be left 
to the reader. For convenience, 1R * represents either 1R + or 1R 0 + . 

(2.9) Proposition. Let x and y be real numbers. Then 

(a) x+YE1R* and xyE1R* whenever xE1R* and yE1R* 

(b) X+ YE1R + whenever xE1R + and YE1Ro+ 

(c) IxIE1RO+ 

(d) max {x, Y}E1R * whenever xE1R * 

(e) min {x, Y}E1R * whenever xE1R * and YE1R *. 

We now define the order relations on 1R. 

(2.10) Definition. Let x and y be real numbers. We define 

x>y (or y<x) if x-YE1R+ 
and 

x~y (or y~x) if x-YE1Ro+. 

A real number x is negative if x < 0* - that is, if - x is positive. 
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Consider real numbers x, x', y, and y' such that (i) x = x', y = y', 
and x> y. We have 

x' -y'=x-yE1R + 

and therefore (ii) x' > y'. We express the fact that (ii) holds whenever (i) 
is valid by saying that> is a relation on 1R. More formally, a relation 
on a set X is a subset S of X x X such that if x, x', y, y' are elements 
of X with x=x', y= y', and (X,Y)ES, then (X',y')ES. 

We express the fact that x> y if and only if y < x by saying that > 
and < are transposed relations. Similarly, ~ and ~ are transposed 
relations. 

If x < y or x = y, then x ~ y. The converse is not valid: as we shall 
see later, it is possible that we have x~y without being able to prove 
that x < y or x = y. For this reason it was necessary to define the 
relations < and ~ independently of each other. 

The following rules for manipulating inequalities are easily proved 
from Proposition (2.9). We omit the proofs. 

(2.11) Proposition. For all real numbers x, y, z, and t, 
(a) x<z whenever either x<y and y~z or x~y and y<z 

(b) x~z whenever x~y and y~z 

(c) x+y~z+t whenever x~z and y~t 

(d) x+y<z+t whenever x~z and y<t 

(e) xy~zy whenever x~z and y~O* 

(f) xy<zy whenever x<z and y>O* 

(g) if x<y, then -x>-y 

(h) if x~y, then -x~ - y 

(i) max {x,y} ~x 

U) min{x,y}~x 

(k) if x~y and y~x, then X= y 

(1) Ixl ~O* 
(m) Ix+yl~lxl+lyl. 

An important property of the relation <, of which we shall make 
no use, is the antisymmetry property, which states that at most one of 
the relations x < y and y < x is valid for given real numbers x and y. 
This negative statement has no place in the affirmative mathematics 
we are trying to develop, except as motivation. Its place is taken by 
the affirmative statement (k) of Proposition (2.11). As a general prin­
ciple, negative statements are only for counterexamples and moti­
vation; they are not to be used in subsequent work. 
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(2.12) Definition. For real numbers x and Y we write x =F Y if and only 
if x<y or x> y. 

InequalitY=F is a relation because both < and> are relations. As 
motivation we have the negative statement that at most one of the 
relations x =F y, x = Y can hold for given real numbers x and y. In other 
words, at most one of the relations x < y, x> y, x = y can hold. This is 
clear from the definitions. 

The following proposition defines the inverse X-I of a real number 
x =F 0*, and derives the basic properties of the operation x ~ X-I. 

(2.13) Proposition. Let x be a nonzero real number (so that IxlEIR +). 
There exists a positive integer N with Ixml ~ N- 1 for m ~ N. Define 

Yn==(XN3)-1 (n<N) 
and 

(n~N). 

Then 
X-I == (Yn):'= 1 

is a real number which is positive if x is positive, and negative if x is 
negative .. also xx- 1 = 1 *. 

If t is any real number for which xt=l*, then t=x- 1. The oper­
ation X~X-l is a function. If X=FO and Y=FO, then (xy)-1 =x- 1 y-l. If 
I)(=FO is rational, then (1)(*)-1=(1)(-1)*. If X=FO, then (X- 1)-I=X. 

Proof: Our definitions guarantee that IYnl ~ N for all n. 
Consider positive integers m and n. Write 

j==max{m,N}, k==max{n,N}. 
Then 

IYm - Ynl = IYmllYnll x jN2 -XkN 21 
~N2(UN2)-1 +(kN2)-I)=j-l +k- 1 ~m-l +n- 1. 

Therefore x- 1 is a real number. 
Assume now that x> 0*. Then by (2.8), Xn > 0 for all sufficiently 

large n. Hence Yn>K;1 (where Kx is the canonical bound for x) for 
all sufficiently large n. It follows from (2.8) that X-I> 0*. A similar 
proof shows that X-I < 0* whenever x < 0*. 

Let k be the maximum of the canonical bounds for x and X-I. 
Write xx- 1 ==(zn). Then 

zn ==x 2nkY2nk == X2nk(X2nN2k)- 1 (n ~ N). 
Therefore 

IZn --.: 1 *1 = IX2nN2kl-llx2nk - X2nN2kl 
~ IYznkl((2nk)-1 +(2nN2 k)-I) ~n-l 

for n~N. It follows that xx- 1 =1*. 



2. The Real Number System 25 

If t is any real number with x t = 1 *, then 

x- 1 =x-1(xt)=(x- 1 x)t=(xx-1)t=t. 

If x = x', then 
X'X- 1=xx- 1=1*. 

Therefore x- 1=(x')-1. It follows that Xf->X- 1 is a function. 
If x*O and y*O, then 

(xy)x- 1 y-l =xx- 1 yy-l = 1 *. 

Therefore x- 1 y-l = (x y)-l. 
If rJ. * ° is rational, then rJ.* == (rJ., rJ., ... ). Therefore 

(rJ.*)-1 =(rJ.-1,rJ.- 1, ... )=(rJ.- 1)*. 

For each x in JR.+, x- 1 is in JR.+, and thus (X-1)-1 exists. Since 
x- 1x=xx- 1=1*, it follows that (X-1)-1=X. Similarly (X-1)-1=X if 
x is negative. Therefore (x - 1) - 1 = x whenever x * 0. D 

Of course, we often write x/y instead of xy-1 when x and yare 
real numbers with y * 0. 

As the previous propositions show, (rJ.{3)*=rJ.*{3*, (rJ. + {3)* =rJ.* +{3*, 
(-rJ.)*=-rJ.*, (1rJ.1)*=IrJ.*I, and (rJ.-1)*=(rJ.*)-1 for all rational numbers 
rJ. and {3. Also rJ. b,{3 if and only if rJ.* b,{3*, where b, stands for any of 
the relations =, <, >, and *. This situation is expressed by saying 
that the map rJ.f->rJ.* is an order isomorphism from <Q into JR.. This 
justifies identifying <Q with a subset of JR., as we previously identified 
7L with a subset of <Q. Henceforth we make no distinction between a 
rational number rJ. and the corresponding real number rJ.*. 

The next lemma shows that the nth rational approximation Xn to a 
real number x == (xn) actually approximates x to within n - 1. 

(2.14) Lemma. For each real number x==(xn), we have 

Ix-xnl ~n-l (nE7L+). 

Proof: By (2.4) and the definition of I I, the mth rational approxima­
tion to n-1-lx-xnl is 

n- 1 -lx4m -xnl ~n-l-«4m)-1 +n- 1)= -(4m)-1 > _m- 1. 

By (2.7), we have n- 1 -Ix - xnl EJR. 0 +. Therefore Ix - xnl ~ n- 1. D 

(2.15) Lemma. If x==(xn) and y==(Yn) are real numbers with x<y, then 
there exists a rational number rJ. with x < rJ. < y. 
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Proof: By (2.4), we have Y-X=(Y2n-X2n);,"'=1. Since y-xEIR+, by (2.7) 
there exists n in Z+ with Y2n-x2n>n-1. Write 

IX =i(x2n + Y2n). 
Then 

Also, 

Therefore x < IX < y. D 

As a corollary, for each x in IR and r in IR + there exists IX in <Q 
with Ix -IXI < r. Here is another corollary. 

(2.16) Proposition. If X1' .•. 'Xn are real numbers with x 1+ ... +xn >0, 
then Xi >0 for some i (1 ~ i ~n). 

Proof: By (2.15), there exists a rational number IX with 0<IX<X 1 + ... 
+ xn • For 1 ~ i ~ n let ai be a rational number with 

lXi-ail «2n)-1 1X• 

Then 
n n n 

L ai~ L Xi- L lXi-ail >ilX. 
i=1 i=1 i=1 

Therefore ai>(2n)-1 1X for some i. For this i it follows that 

xi~ai-Ixi-ail >0. 0 

(2.17) Corollary. If x, Y, and z are real numbers with y<z, then either 
x<z or x> y. 

Proof: Since z-x+x- y=z- y>O, either z-x>O or x- y>O, by 
(2.16). D 

The next lemma gives an extremely useful method for proving 
inequalities of the form x ~ y. 

(2.18) Lemma. Let x and Y be real numbers such that the assumption 
x> Y implies that 0 = 1. Then x ~ y. 

Proof: Without loss of generality, we take y=O. For each n in Z+, 
either xn ~ n - 1 or xn > n - 1. The case X n > n -1 is ruled out, since it 
implies that x>O. Therefore -xn~ _n- 1 for all n, and so -x~O. 
Thus x~O. D 
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(2.19) Theorem. Let (an) be a sequence of real numbers, and let Xo and 
Yo be real numbers with xo<Yo. Then there exists a real number x such 
that xo~x~Yo and x=l=an for all n in 7l+. 

Proof: We construct by induction sequences (xn) and (Yn) of rational 
numbers such that 

(i) xO~xn~xm<Ym~Yn~Yo (m;;:;n;;:; 1) 

(ii) xn>an or yn<an (n;;:;1) 
(iii) Yn-xn<n-1 (n;;:;1). 

Assume that n;;:;1 and that XO, ... ,Xn _ 1, YO' ... 'Yn-l have been con­
structed. Either an>xn_ 1 or an<Yn-l. In case an>xn_1, let Xn be any 
rational number with xn_1<xn<min{an,Yn_rl, and let Yn be any 
rational number with xn <Yn < min {an' Yn-l' Xn +n- 1}. Then the rele­
vant inequalities are satisfied. In case an < Yn-l' let Yn be any rational 
number with max {an,xn_rl <Yn<Yn-l' and Xn any rational number 
with max{an,xn_l,Yn-n-l}<xn<Yn. Again, the relevant inequalities 
are satisfied. This completes the induction. 

From (i) and (iii) it follows that 

I xm - xn I = xm - Xn < Y n - Xn < n - 1 (m;;:;n). 

Similarly IYm- Ynl <n- 1 for m;;:;n. Therefore x==(xn) and Y==(Yn) are 
real numbers. By (i) and (iii), they are equal. By (i), xn~x and Yn;;:;Y 
for all n. If an<xn, then an<x and so an=l=x. If an>Yn, then an>y=x 
and so an =l= x. Thus X has the required properties. D 

Theorem (2.19) is the famous theorem of Cantor, that the real 
numbers are uncountable. The proof is essentially Cantor's "diagonal" 
proof. Both Cantor's theorem and his method of proof are of great 
importance. 

The time has come to consider some counterexamples. Let (nk ) be 
a sequence of integers, each of which is either 0 or 1, for which we are 
unable to prove either that nk = 1 for some k or that nk = 0 for all k. 
This corresponds to what Brouwer calls "a fugitive property of the 
natural numbers". For example, such a sequence can be defined as 
follows. Let nk be 0 if ut + vt =l= wt for all integers u, v, w, t with 0 < u, v, 
w ~ k and 3 ~ t ~ 2 + k. Otherwise let nk be 1. Then we are unable to 
prove nk = 1 for some k, because this would disprove Fermat's last 
theorem. We are unable to prove nk = 0 for all k, because this would 
prove Fermat's last theorem. 

Now define xk==O if nj=O for all j~k, and xk==2-m otherwise, 
where m is the least positive integer such that nm = 1. Then x == (xk ) is a 
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nonnegative real number, but we are unable to prove that X> 0 or x 
= O. Since nothing is true unless and until it has been proved, it is 
untrue that x> 0 or x = o. 

Of course, if Fermat's last theorem is proved tomorrow, we shall 
probably still be able to define a fugitive sequence (nJ of integers. 
Thus it is unlikely that there will ever exist a constructive proof that 
for every real number x~O either x>O or x=O. We express this fact 
by saying that there exists a real number x ~ 0 such that it is not true 
that x>o or x=O. 

In much the same way we can construct a real number x such that 
it is not true that x~O or x~O. 

3. Sequences and Series of Real Numbers 

We develop methods for defining a real number in terms of approxi­
mations by other real numbers. 

(3.1) Definition. A sequence (xn) of real numbers converges to a real 
number Xo if for each k in 7L+ there exists Nk in 7L+ with 

(3.1.1 ) 

The real number Xo is then called a limit of the sequence (x n). To 
express the fact that (xn) converge9 to Xo we write 

or 

or simply Xn --+ Xo. 

A sequence (xn) of real numbers is said to converge, or be con­
vergent, if there exists a limit Xo of (xn). 

It is easily seen that if (xn) converges to both Xo and x~, then Xo 

=x~. 
A convergent sequence is bounded: there exists r in IR. + such that 

IXnl ~r for all n. 
A convergent sequence of real numbers is not determined until the 

limit Xo and the sequence (Nk) are given, as well as the sequence (xn) 
itself. Even when they are not mentioned explicitly, these quantities 
are implicitly present. Similar comments apply to many subsequent 
definitions, including the following. 


