
29 Apr 2026 Sparse Recovery.

& XeIR" is -sparse if it has is

non-zero components,

Problem. Given matrix Act, rector bett,

sparsity bound set find a -sparse

solution of Ax = b if one exists.

Engi decomposing sound wave into &S frequencies

decoding positions of stars from space telescope
Ru data .

statistician searching for linear relationship
among smal subset of1 variables-

Themes. O Sparsity as a way
to circumvent

"curse of dimensionality .

"

"You can search in a very high
dimension for a very space vector

and still hope to find it."

② Random matrices enable efficient algo's,

③ Statistical vs. Computational tradeoffs
.

The minimum amt of data that

enables a problem to be solved is much

less then the amt required to solve efficiently.



m = "around of data"

Problem. Given matrix Act, rector bett,

sparsity bound set find a -sparse

solution of Ax = b if one exists.

%. If men and A invertible

then X = Atb .

# If mas then multiph susparseAnswer

solutions are guaranteed to exist.

Even if we commit to sparse
vectors

of the form (x, , . . ., xs ,
0
,

0
, 0 . -

,
07 EIR

,

then

(ts)tms)) <s rows
,

↓
s colums

Finding * amounts ↑ solving As = b
.

37
any

solutions exist
,

I infinitely many
solutions because As has positive
dimestand nullspace .

Answer2. If A has mads nows

and there is no linear dependency
among any as columns of A



their Ax = 6 cannot have more

than one sparse solution

. Suppose X1
and X2 both -sparse,

Them A(x
, -Xz) is a linear

combination of 25 columns of A.

=> either X, = x3 or

A(x
,
-xz) +0

In latte care Ax
,

and An
can't both equal b.

= Ax = b has at most 1 sparse
solution:

Remark, If entries of A are

iiid. NO
,

1) and mys

↑ (5 Es or fewer lin dept cos) =0

Jon ,
If A draw fromConclusi

this distribution
,

and X

is Esparse,
then x is the

unique -sparse solution to Ax= b
.



Problem.

For A-psn no

efficient algorithm to find

is known.

O(slogn)xn
We'llsee.

For Aft

you can find or whip by

solving min 11x111[ JSit. Ax =b
.

↳ can be solved &

using up,

efficiently

*
"Minimizefrom S,partity"



Jef .
Ati

*

satisfies S-restricted
&

sometryproperty Cs-RIP) with

cost E
,
O if the following

is satisfies by every S-sparse N:

2

(1) ((xi = IAxIP = (1 + &)1xI) .

Compare with Gaussing Hashing Lemma :

weh (d-dimensional

(l-22) II wll = ll Awll = (1+2d) Kwll ·

#
11-2lIWIP-11 Awl-> (112UWIR

ET.
At

M
with No,) id

entries and

ms(sh() + en()



then u. prob > 1-8

A satisfies S-RIP with

censt Esa
Prefe Gaussian Hash Emma

plus unior bound ,

S S-sparse rectors)
= union of (5) subspaces

each ofdimension So

call them W
. . . .,Ws)


