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Gaussian Singular Value Lemma.

If A is a matix with

-

m Nows

- n = m columns

- No,) ii . d,
entries

Mnemonie : total variance
perw

normalized to 1

then with probability > 1-be-tan
its singular values((A)5 ... &(A)

satisfy
I-s-m q + 1 + 2+



Analogy between hash functions

[n] -> [m] (nm)
S -

buckets
keys

and rundem matrices viewed as linear functions

R" - IR&

Hash functions when n mi

↓ potential collisions are inevitable

↑ ( * x+xh() = h(x))) = 1

②..... but hopefully rare when hash

fune is evaluated in a gecific
Smal set of keys.

Vx Pr(h() = G(x))[1 .

With mean
matrices when n > i

① positive dimensional nullspace is inevitable

Pr(Ix+0 Ax = 0) = 1 .

② ...
but hopefully every specific rector

is mapped far from zero whip .

(x+0 Pr(1lAx1)] (t-q)((x) 1
.
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terminology
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Suppose A R with

ii,d . No) entries .

S

mnemonici Burns have
tota variance

1
.

Suppose WEIR" is any (non-random)
de dimensiona linear subspace ,

dem.

Then with probability- /-Gesam2
the matrix A satisfies

VweW (l-2s)/I wil = 1 Awll -> (12) 11 wil

. W iS d dimensional so it

has an ortno-ma basis
ud

Sw, . . . .,Wa C R Let B + LR

the matia whose columns are wi.-Wa
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-weh (l-2s)(I wil = 1/ Awll -> (12) 1) wil

#
d

Yx + IR (1-23)(lbx1) - /(ABx)) = (1 + 2a)(1Bx))
Y I

(1-2a)(x1) (lr2z)(I xI)

llBx/ = 11 Exit 8

I

-[+2
= [x = 1(x12

WTSi P(AB)(1 + 25

YAB) 1-28 .
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all of these

one N(0
,
i)

,

ii
.

d.

FT: AB is a random mxd
Malix withiid No

,
2)

entres ,

Why Let Q be nx

orthogona m+X whose

first d columns are B.

AQ is G random mxn

matrix.



Its Nows are independent.

(The rows ofi are indep .)

Each now aiQ is

a sample from N(O, In),
rotated by Q.

But NCO
,

m In) is rotation

invariant:

Conclusion AQ has independent

random nows
each with

Nin 1n) distribution -

= AQ is composed of

iich random N(
,

mn)
matix entries.

AB is firsta columns of All



=> AB is composed of

ii . d random No
,
i)

entries-

WIS.
P(AB) < + 25

& (AB) < 1-2a-

We'll show these properties
for (AB)T .

Singular values preserved by
transposition becausee.

AB = UEVT

(B) = VITUT
The values appearing on the

diagona of E
,

2T are the same



LABJT is dxm (dam)
withiid N(0

,
i) entries .

Anahh ...
the tota

variance of the us

is now 1

.

with probability >1-2em

I-s-v -labi)p(a)(+T
It Il

1-22 I+ 25 -



son-LindenstraussLemma (PL)
If X

, . -.,ER arbitrary vectors,

and Act has indi NO
,
in

entries
,

where m > 16us)
2

then with probability =18

Vi
,j

(1-c)((xi -xj)) = 1) Ax =
- Axj)) = (1 + 3)(xi -*j/)

Prof.
Each o the (2) vector Xi -XJ

spans a 1-dimensional subsence Wij
invoke Gaussian Hash Lemma on each Wij.

Pr (Wijis distorted) Zen

P- (J: Wij distorted) < 2(2) -
em

Choose m large enough that RHS <S .


