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Define vectors VI . . -- ,VER"right singular ractors"

Sequence of optimization 11 . Il denotes G-norm Tex

vi =

any
wax GIAx1 : <,) = 0 Fj<i

11X11 = 1%
not obubus how to

solve efficiently.

Singular values T = 11 Arill

Lef singular vectors Ui = Are

By construction .
&V

....,m) are or the norma basis

of R" .

Loma.
A=

of.
Suffices to show Av =[iv]

For all veR"
.

In fact suffices to

show this for vedu, ...,v3 .

·When v = Vj/

#]r= (j)=u
= Ari



Letting Va = spandr ... -
,

last Lecture

ended with the claim that Ud
minimizes

dist (a,-P

over al d-dimension VaR

Prof.

If W - IR" is dimensional with

Orthonormal basis Sw
. , . - . wa,

then

for af at /R then projection

o 2 on
W is Sawi) wi

1) /ju=w:>

distla
.
W = lla-Caow)

Minimizingdistl, Wp same as

d

maximizing (aj . w)
-

To
prove Ud attains maximum of

indust on
d .

Base case dif :

definition of V
.

Genera case : suppose
W is a didim

subspace with outhonomer basis [Wsywa3.



Choose a bajis with
Wd

or theyou
z

to each of
Y - ,Aa

(W has a 1-dimensional subspace of

vectors orthogona to V
---,Vo

Choose ~
d

to be
any unit rector

in that subspace)
Il wall = 7

,
< wa ,

4)= 0 find

: 11 ArI ll A
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VI was chosen t maximize

III Aud Il under some constraints,
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,

by ind hyp[d (a·w
M

·
:

.
induction step confirmed



subspace W of dimension &

- Fi
-Pojy(a)-·

y=1)i

-

projy(am)-

The following optimization problems are equir

① min &dist(ai ,
Wh : dim W = d

② max 4 projula: din W = d)
Z

③ min & lai-bill : rank Bad]
3 = []

We proved dr
. ---,d) Span a

space that optimizes DQ.
So the eptimizer of B is the

matrk B whose rows are

projections of ai into Span (Vic.->d)



projki) =a
d

projetail as
= E

a now Vector

-proje(a- d Ay =

guj

( · & = (A)
-

p d

-Ej
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& laij-bijl over ranked
J matices ,

Y

1) A - 3/1 "squared Frobenius norm
"

F



A=in
I

A = uE vi
/
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nxn

If myn pick any Unzys - -

,
Um

unit-morm
,

ethogonal to m ... Un

-

[n Xn

mxn

7) man then
ma /Cut .... On were

already equal to zeroso the

product is unchanged if we

delete the counts mi Un .



In all eases
,

A = u[vT
T

#y &
by construction diagonar with by construction

,
Taster

, Th This matrix
columns are

unit norm.
on its diag.

is orthogona

=ri)=unit

Vector
.

Turns out U is also an

orthogonal matrix . Groof deferred)

Calculating Sm
, ...,493 and Su. . . . .Va]-

AAT = (UEVT) (aEvTyi
= UIVIvuT
= u(22T)uT



= U . Diag(,...,).
Clam AAT]n = u

: VisIm]·

Un-F(ai =

ei
-

un

Diag (5...) e
= Fe

u(e) = (4)=
: Ki is eigenvector of AAT

eigenvalue i

Similar calculation shows

ATA = v(z) vi

and
vi is egerect of ATA

2

with eigenvale F



Thi DR : right sing reat of A

=> eigrect of AA

left sing vest of A

= eigrest of AAT


